APPROXIMATING THE MOMENTS OF MARGINALS OF
HIGH DIMENSIONAL DISTRIBUTIONS

ROMAN VERSHYNIN

ABSTRACT. For probability distributions on R™, we study the optimal sam-
ple size N = N(n,p) that suffices to uniformly approximate the p-th mo-
ments of all one-dimensional marginals. Under the assumption that the
support of the distribution lies in the Euclidean ball of radius O(y/n) and
the marginals have bounded 4p moments, we obtain the optimal bound
N = O(nP/?) for p > 2. This bound goes in the direction of bridging the
two recent results: a theorem of Guedon and Rudelson [6] which has an
extra logarithmic factor in the sample size, and a recent result of Adam-
czak, Litvak, Pajor and Tomczak-Jaegermann [1] which requires stronger
subexponential moment assumptions.

1. INTRODUCTION

We study the following problem: how well can one approximate one-dimensional

marginals of a distribution on R™ by sampling? Consider a random vector X in
R™, and suppose we would like to compute the p-th moments of the marginals

(X, x) for all x € R™. To this end, we sample N independent copies X, ..., Xy

of X, compute the empirical moment from that sample, and we hope that it
gives a good approximation of the actual moment:

(1.1) sup

zesSn—1

N

1

¥ 21X, 2)P — E|(X, 2)”| <e.
i=1

Indeed, by the law of large numbers this quantity converges to zero as N —

0o. To understand quantitative nature of this convergence one would like to
estimate the optimal sample complexity N = N(n,p,e) for which (1.1) holds

with high probability. For p = 2 this problem is equivalent to approximating
the covariance matrix of X by a sample covariance matrix, and it was studied

in 7, 3, 11, 8, 2, 1]. For p # 2, the problem was also studied in [4, 5, 6, 9, 1].
A well known lower bound for the sample complexity is N 2 n for 1 <p <2
and N > n?/? for p > 2. O. Guedon and M. Rudelson [6] proved the upper
bound N = O(np/ 2logn) for p > 2 under quite weak and natural moment
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assumptions:
(1.2) | X2 = O(v/n) as., (E|(X,z)[P)Y? =0(1) for all z € "1,

The logarithmic term can not be in general removed from the sample complex-
ity, as is seen from the example of a random vector X uniformly distributed
in a set of n orthogonal vectors of Euclidean norm /n. On the other hand,
R. Adamczak et al. [1] recently managed to remove the logarithmic term for
random vectors X uniformly distributed in an isotropic convex body K in R",
showing that for such distributions one has N = O(n) for 1 < p < 2 and
N = O(n?/?) for p > 2. Their result actually holds for all random vectors X
that satisfy the sub-exponential moment assumptions

(1.3)

Xl = O(vn) as., (E|(X,z)|)"?=0(q) for all ¢ > 1 and z € S"~ L.

At this moment there is no complete understanding which distributions on
R™ require logarithmic oversampling and which do not. There is clearly a gap
between the minimal moment assumptions (1.2) of [6] and the subexponential
assumptions (1.3) of [1]. The present note makes a step toward closing the gap
in this picture. We show that a version of the result of Adamczak et al. [1] for
p # 2 holds under finite moment assumptions; for example, the logarithmic
oversampling is not needed if we replace p by 4p in the minimal moment
assumptions (1.2). We shall thus consider independent random vectors X; in
R"™ that satisfy

(1.4) | Xl < Kv/noas.,  (E[(X;,z)|9)Y9 < L for all z € "L,

Theorem 1.1. Let p > 2, ¢ > 0 and 6 > 0. Consider independent random
vectors X; in R™ which satisfy (1.4) for ¢ = 4p. Let N > CnP/? where C is a
suitably large quantity that depends only on K, L, p,e,6. Then with probability
at least 1 — 9 one has

N

1
(1.5) sup | — E (X5, z) [P — E|(X;, ) |P| < e.
IES’"‘71 N i—1

Remark. 1. A more elaborate version of this result is Theorem 4.2 below.
One can get more information on the probability in question using general
concentration of measure results as is done in [6]. One can also modify the
argument to deduce a version of this result “with high probability” in spirit of
[1], i.e. with probability converging to 1 (at polynomial rate) as n — oo.

2. A standard modification of the argument (as in [1]) gives an optimal
result in the range 1 < p < 2. Namely, if the random vectors satisfy (1.4) for
some g > 4p, g > 4, then the conclusion (1.5) holds for N > Ck 1, q.c.6n-

3. The method of the present note does not seem to work for p = 2; this
important case will hopefully be addressed in a sequel paper.
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Theorem 1.1 yields sharp bounds on the norms of random operators o — £,,.
The following corollary is a version of a result of [1] proved there under the
stronger sub-exponential moment assumptions (1.3).

Corollary 1.2. Let p > 2 and 6 > 0. Consider independent random vectors
X; in R™ which satisfy (1.4) for ¢ = 4p. Then the N x n random matriz A
with rows X1, ..., Xy satisfies with probability at least 1 — & that

E[[Alleyg, < C(n'/? + N'7)

where C' depends only on K, L,p,J.

J. Bourgain [3] first demonstrated that proving deviation estimates like (1.5)
reduces to bounding the contribution to the sum of the large coefficients — those
for which |(X;,x)| > B for a suitably large fixed level B. Such reduction is
used in some of the later approaches to the problem [5, 1] as well as in the
present note. However, after this reduction we use a different route. Suppose
for some vector x € S"! there are s = s(B) large coefficients as above. The
new ingredient of this note is a decoupling argument which is formalized in
Proposition 2.1. It transports the vector x into the linear span of at most 0.01s
of these X;, while approximately retaining the largeness of the coefficients,
|(X;,x)| > B/4. Let us condition on these 0.01s random vectors X;. On the
one hand, we have reduced the “complexity” of the problem — our x now lies
in a fixed 0.01s-dimensional subspace, which has an %—net in the Euclidean
metric of cardinality €®%?*. On the other hand, the inequality |(X;,z)| > B
holds for the remaining 0.99s vectors X; of which x is independent; by (1.4) and
Markov’s inequality this happens with probability (L/B)?. Choosing the level
B suitably large so that (L/B)% < e~ %925 allows us to take the union bound
over the net, and therefore to control the contribution of the large coefficients.

In Section 2 we develop the decoupling argument. We use it to control
the contribution of the large coefficients in Section 3. This is formalized in
Theorem 3.1 where we estimate the norm of a random matrix A with rows
X; in the operator norm ¢, — /5, and also in Lemma 4.1. In Section 4,
we deduce in a standard way the main results of this note — Theorem 1.1 on
approximating the moments of random vectors and Corollary 1.2 on the norms
of random matrices o — £,,.

In what follows, C' and ¢ will stand for positive absolute constants (suitably
chosen); quantities that depend only on the parameters in question such as
K, L,p,q will be denoted Ck 1 p4-
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2. DECOUPLING

Proposition 2.1 (Decoupling). Let X, ..., X be vectors in R™ which satisfy
the following conditions for some Ky, Ks:

1
21 X <Kwa - > Xy X< Kin,  k=1..s

i<s, itk

Let 6 € (0,1) and let B > C5 32K, M > C6Y?K2/K,. Assume that there
exists x € S™1 such that

(Xi,x) > By/n/s+ M, i=1,...,s.

Then there exist a subset I C {1,...,s}, |I| > (1 — d)s, and a vector y €
St N span(X;)iere such that

(X, y) > %(B\/n_/s—ir M), iel.

Proof. Without loss of generality we may assume that 6 > 0 is smaller than a
suitably chosen absolute constant.
Step 1: random selection. Denote a := By/n/s+ M. Then

(Xifa,x)y > 1, i=1,...,s.

The convex hull K := conv(X;/a)cs is separated in R™ from the origin by the
hyperplane {u : (u,z) = 1}. By a separation argument, one can find a vector
z € conv(K U0), ||Z|l2 =1 and such that

(2.2) (Xifa,z)>1, i=1,...,s.

We express T as a convex combination

T = Z)\iXi/a for some \; > 0, Z)\i < 1.
i=1

=1

By Markov’s inequality, the set £ := {i < s : )\; < 1/ds} has cardinality
|E| > (1 —§)s. We will perform a random selection on E. Let 6y,...,d5 be
ii.d. selectors, i.e. independent {0, 1} valued random variables with Ed; = .
We define the random vector

Y= Z5i/\iXi/a + Z 0N X;/a; then Ey = oz.

S SO
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Step 2: control of the norm and inner products. By independence and
by definitions of a, £ and B we have

EH@—éa@H%:EHZ@,-_@M/G ZE5_5 A2||X||2
i€l

Kin < K2
(By/nfs)* — 0B~

< s6-(1/0s)? <0.16%

By Chebyshev’s inequality, we have with probability at least 0.9 that

(2.3) 19ll2 < |y — 62|2 + [|62]|2 < 26.
Now fix k € E. By definition of § and by (2.2), we have
(2.4) E(Xy/a,7) = 6(Xi/a,T) > 0.

We will need a similar bound with high probability rather than in expectation.
More accurately, we would like to bound below

pr = P(((1 = 08) Xi/a,5) > 6/2).

Consider the random vector *) obtained by removing from the sum defining
y the term corresponding to Xj:

g = 3" GNXiJa+ ) oNXi/a = — M X /a.
i€E, ik icEe
Then §® is independent of &, which gives
pr=P(0 = 0) - P((Xp/a,5") > 5/2).

By definitions of a, F and B we can bound the contribution of the removed
term as

||Xk||% Kin K}
s

(By/n]s)? 0B

Then the random variable 7, := (X}, /a, §'®) satisfies by (2.4) that

EZ, = (Xi/a,7) — E(Xy/a, 0u . Xi/a) > 6 —0.16° > 0.96.

Similarly to the argument in the beginning of Step 2, we obtain

< 0.16%.

Var Z, = E(Z, — EZ,)? = ]E<Xk/a, Y @ 5))\Z-Xi/a>2

i€E, ik
=Y (e e
7 ) 4
i€E, itk a
1\2 K4ns K?
<45 <_> Z_ <0.016°.
- 0s/ (By/n/s+ M)* 532]\42 0.0
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By Chebyshev’s inequality, we conclude that P(Z; > 6/2) > 1 — . We have
shown that

P> (1—=0)(1—6)>1—2.

Step 3: decoupling. Denoting by & the event ((1 — d;x)Xy/a,y) > §/2, we
have shown that P(&;) > 1—24 for all k € E. An application of Fubini theorem
yields that with probability at least 0.9, at least (1 — 200)|E| > (1 — 220)s of
the events & hold simultaneously. More accurately, with probability at least
0.9 the following event occurs: there exists a subset [ C E, |I| > (1 — 224)s,
such that &, holds for all k£ € 1.

Assume the latter event occurs. By definition of &, we clearly have d; = 0
whenever & holds. Hence by definition of ¢ one has y € span(X;);cre. Also,
by definition of &, one has

(Xi/a,y) >0/2, kel

Once we set y := y/||yl|2, this and (2.3) complete the proof. O

3. NORMS OF RANDOM OPERATORS {3 — {3 o

Recall that the weak fo-norm ||z||2, of a vector x = (z1,...,zx) € RV is
defined as the minimal number M for which the non-increasing rearrangement
(z}) of the sequence (|zy|) satisfies 23 < Mk=Y/2 k=1,..., N. One can easily
check that c,||z||, < ||z]]2,00 < ||z]|2 for all p > 2.

Although || ||2,00 is not a norm, for linear operators A : R™ — RY we will be
interested in the “norm” [|Al|¢,—¢, . defined as the minimal number M such
that [|Az||s,00 < M||x|2 for all z € R™.

Theorem 3.1. Consider random vectors Xu, ..., Xy which satisfy (1.4) for
some q > 4. Then, for every t > 1, the random matriz A whose rows are X;
satisfies the following with probability at least 1 — Ct=°9. For every index set
I C{1,...,N}, one has

2
1Pt ANt < Crcig |V + /1] (N/11) ]
where Py is the coordinate projection in RN onto R!. In particular, one has

|Alle—ts . < Crepg(Vn+1VN).

Remarks. 1. This theorem is a finite-moment variant of Corollary 3.7 of [1],
where a similar result is proved under the stronger sub-exponential moment
assumptions (1.3). The latter is in turn a strengthening of an inequlity of
Bourgain [3] that has some unnecessary logarithmic terms.
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2. The conclusion of Theorem 3.1 can be equivalently stated as follows. For
every subset I C {1,..., N}, one has

|25, = Coesa |Vl w11 (1))
iel

3. It seems possible that Theorem 3.1 holds for the spectral norm || Al|z,—¢,.
This would imply that Theorem 3.1 holds in the important case p = 2.

The proof of Theorem 3.1 is based on the Decoupling Proposition 2.1. So
we will first need to verify the assumptions on the vectors (2.1).

Lemma 3.2. Let Zy,...Zy > 0 be independent random vectors which sat-
isfy EZ! < B9 for some q > 4 and some B. Consider the non-increasing
rearrangement (ZF) of (Z;). Then, for everyt > 1, one has with probability at
least 1 — Ct~9/N that

(3.1) ZF < 2tB(N/i)¥?, i=1,... N.

In particular, (3.1) implies

EZ(Z;V < C*B*(N/s)*1, s=1,...,N.
=1
Proof. By homogeneity, we can assume that B = 1. Then by Markov’s in-
equality we have P(Z; > u) < u~? for every j < N and u > 0. Now, if Z > u
then there exists aset J C {1,..., N}, |J| =i such that |Z;| > u for all j € J.
Taking union bound over possible choices of the subsets .J, using independence
and Stirling’s approximation, we obtain for all i < N/2:

N . (N N
P(ZF > u) < < > [maxP(Z; > u)]" < ( ,)u‘qZ < (eu™N/i)".
? J<N ?

Choosing u = t(eN/i)*? with a sufficiently large absolute constant C, we
conclude that P(ZF > t) < (t79/eN)". Then

N/2

P(3i < N/2: Z7 >t) <) (t7%/eN)" < Ct™*/N.

i=1
This easily implies the first part of the lemma. The second part follows by
summadtion. O

Lemma 3.3. Consider independent random vectors X1, ..., Xy in R™ which
satisfy (1.4) for some q¢ > 4. Then for every t > 1 the following holds with
probability at least 1 —Ct~9. For every subset E C {1,..., N} and every k < N

one has )
= 3 (X, X < CPR2L (N/|E)) .

|E] i€E, itk
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Proof. We fix k < N and apply Lemma 3.2 to the random variables Zi(k) =
(X, Xk)|, @ < N, i # k. By assumptions (1.4), we have EZ! < (KLy/n)q.
Then with probability at least 1 — Ct~9/N, we have

1 S
—§ ZWN N2 < C 2 K2L* (N/s)Yin, s=1,...,N.
(( % q
S
i=1
Taking union bound over k < N completes the proof. U

Proof of Theorem 3.1. By homogeneity, we can assume that L = 1. Denote by
£ the event in the conclusion of Lemma 3.3. If £ holds, then the assumptions
(2.1) of Decoupling Proposition 2.1 are satisfied for every s and every subset
(X)ier, E C {1,...,N}, |E| = s, and with parameters K; = K, K; =
Ct2K2%(N/s)*4. So, in view of application of Decoupling Proposition 2.1, we
consider B = B(K,0) and M; = M;(q,6,t) defined as

B:=C5?*K;, M=Cs"Kj/K;=C5 "t(N/s)*"=: My (N/s)*.

Note that we can assume that C’ZI > 12, which we will use later.

We will now need a convenient interpretation the conclusion of the theorem.
Given = € S"!, we denote by [(X;(), )| a non-increasing rearrangement of
the sequence |(X;,z)|, ¢ = 1,...,N. Denote by D the minimal number such
that for every z € S"! and every s < N/2 one has

[(Xn(e), )| < Ry := D[By/n/s + M, (N/s)¥1].

Since ¢ > 4, the quantity /s(N/s)?/? is non-decreasing in s. Therefore one
has for every s < m < N/2:

[(Xrs), )| < D[B\/n/s+M1\/m/s (N/m)Q/q}.
It follows that for every x € S"7 !, every m < N/2, and every index set
I C{1,....,N}, |I| =m, one has

(X5 2ietlla.co < DBV + Miy/m (N/m)?1].

If we are able to show that D < 1 with the high probability as required in
Theorem 3.1, this would clearly complete the proof.

Since the event £ holds with probability at least 1 — Ct™9, it suffices to show
that the event {€ holds and D > 1} occurs with probability at most Ct~9%.
Let us assume that the latter event does occur. By definition of D, one can
find a number s < N, asubset £ C {1,..., N}, |E| = s, and a vector x € S~
such that

(X, z)| > Ry, 1€ E.

By the definition of R, B, M above, Decoupling Proposition 2.1 can be applied
for (X;)icp, and it yields the following. There exists a decomposition £ = TU.J
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into disjoint sets I and J such that [I| > (1 —§)s, |J| < ds, and there exists a
vector y € span(X;)jes, |lyll2 = 1, such that

(3.2) (X, 9)| > Ry/4, i€l

Let 8 = ((d) > 0 be a sufficiently small constant to be determined later.
Consider a [-net N of the sphere S"~! N span(X;);c;. As in known by vol-
umetric argument (see e.g. [10] Lemma 2.6), one can choose such a net with
cardinality

Wsl < (3/8)7.
We can assume that the random set N depends only on § and the random

variables (X;);ecs. There exists y € Nj such that ||y — yo|l2 < 8. By definition
of D, this implies that

[(Xr@s): ¥ — yo)| < Rss - B < (Ry/V8)3 = R,/8

if we choose 3 = v/6/8. This means that all but at most s coefficients i in I
satisfy the inequality [(X;,y — vo)| < Rs/8, and therefore (by (3.2)) also the
inequality |(X;, yo)| > Rs/8. Let us denote the set of these coefficients by .

Summarizing, we have shown that the event {£ holds and D > 1} implies
the following event that we call &: there exist a number s < N, disjoint index
subsets Iy, J C {1,..., N} with cardinalities |/y| > (1 — 2J)s, |J| < ds, and a
vector yy € Ny such that

(Xi,v0)| > Rs/8, i€ .

Without loss of generality, we can assume that |Io| = [(1 — 20)s], |J]| = [ds].
Note that by Markov’s inequality and independence, for a fixed yo € S"! and
a fixed set Iy C {1,..., N} as above, one has

(3:3) P([(X;, yo)| > Ro/8, i € ) < (R,/8)~%"l.

Then we can bound the probability of & by taking the union bound over all
s, Iy, J as above, conditioning on the random variables (X;);e; (which fixes
the net N;), taking the union bound over yo € N, and finally evaluating the
probability using (3.3). This yields

Ha) = % (i) () pot s

Recall that with our choice 8 = v/§/12, we have |Nj3| < (24/v/0)!. Further,
by our choice of M; we have R,/8 > §~'t (N/s)*4. Using Stirling’s approxi-
mation, we obtain

e <SG G (2
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Replacing s in the summand by 2|1,| and using the inequalities |Iy| > (1—20)s
and |J| < ds along with monotonicity, we conclude for a sufficiently small §
that

P(&,) < gé <C<g)q%>(126)s<$§;)6s < %/é (Z—%)(l&s)s < 09009,
s=1

s=1

This completes the proof of Theorem 3.1. U

4. SAMPLING AND NORMS OF RANDOM OPERATORS {y — £,

In this section we consider independent random vectors Xq,..., Xy in R"
which satisfy (1.4) for some ¢ > 4. To facilitate the notation, we will write
a<bifa<Ckrpsh. For B>1and z € S"!, consider the index set of large
coefficients

Ep=FEp(z)={i < N: |[(X;,z)| > B}.

Lemma 4.1 (Large coefficients). Lett > 1, ¢ € (0,1) and B > t(eN/n)¥ (@9,
Then with probability at least 1 — Ct=°% one has for every v € S™1:

|Es| St*n/eB?,  ||((Xi,2))iens 200 S tV/1/e.

Proof. By definition of the set Ep and the norm ||-||2,c and using Theorem 3.1,
we obtain with the required probability:

4
(4.1) B2|Ep| < [((Xi,2))icmp 20 S 1+ | Es| (N/|Eg|)"".

It follows that |Eg| < n/B% 4 N(t/B)¥?. This and the assumption on B
implies that |Ep| < t?n/eB? as required. Substituting this estimate into the
second inequality in (4.1), we complete the proof. O

Proposition 4.2 (Deviation). Let p > 2, ¢ € (0,1) and § > 0. Consider
independent random vectors X; in R™ which satisfy (1.4) for ¢ = 4p. Then
with probability at least 1 — 6 one has

N
1 p/2 3/2
R S (5 RT3 o PTG ity (IS
=1

(4.2)  sup N aN

resSn—1

Remarks. 1. Theorem 1.1 follows immediately from this result.
2. One could of course optimize the right hand side in €; we did not do this
in order to make clear where the three terms come from.

Proof. Without loss of generality, one can assume that K = 1. Choose t =
t(d) to be sufficiently large so that the probability in Lemma 4.1 satisfies
1 —Ct7%% >1-§/2. Let also B :=t(eN/n)¥ @4,

The argument described in [1] in the beginning of proof of Proposition 4.3,
which consists of an application of symmetrization, truncation, and contraction
principle, reduces the problem to estimating the contribution to the sum of
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large coefficients. Denoting by E the left hand side of (4.2), one obtains this
way with probability at least 1 — /2 that

1
(4.3) ESB”_H/%%— sup NZ|<X“$ + sup E—Z|Xl,x|

—1 1
zeSn icEp reS"— icEp

(In fact one obtains a similar estimate on the expectation on F, from which
(4.3) follows by Markov’s inequality).

By our choice of B, the first term in the right hand side of (4.3) is < &'/2
required. The second term can be bound using Lemma 4.1. Since |||, < [|]|2.00
for p > 2, we obtain with probability at least 1 — §/2 that

n/e)p/?
wp 37 |2 S (X a) e e § LT

1
reES"— icEp

as required. To compute the third term in the right hand side of (4.3), consider
for a fixed x the random variable Z; = |[(X;, x)|. Since EZ! < L9, an appli-
cation of Holder and Markov inequalities yield EZP1(,5p < (EZ9)P/9(P(Z >
B))'~P/a < [ BP~4, Therefore, by our choice of B, we have

3/2

sup IE— Z (X, x)|P = sup ZEZ liz>py < LPBP7 S ( 5 ) )
zesSn—1 zeEB zesn—1 N

Combining these estimates, we complete the proof. O

Remark. Corollary 1.2 now follows easily. Indeed, for N < n this result follows
from Theorem 3.1 since ||A|—r, S ||Alles—- For N > n, the result follows
from Proposition 4.2.
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