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ABSTRACT

In modern imaging systems, it is possible to collect informa-
tion about an image on multiple channels. The simplest ex-
ample is that of a color image which consists of three chan-
nels (i.e. red, green, and blue). However, there are more
complicated situations such as those that arise in hyperspec-
tral imaging. Furthermore, most of these images are sparse
or highly compressible. We need not measure thoroughly on
all the channels in order to reconstruct information about the
image. As a result, there is a great need for efficient algo-
rithms that can simultaneously process a few measurements
on all channels. In this paper, we discuss how the Simultane-
ous Orthogonal Matching Pursuit (SOMP) algorithm can re-
construct multichannel images from partial Fourier measure-
ments, while providing more robustness to noise than multi-
ple passes of ordinary Orthogonal Matching Pursuit (OMP)
on every channel. In addition, we discuss the use of SOMP
in extracting edges from images that are sparse in the total-
variational sense and extend the ideas presented in this paper
to outline how sparse-gradient multichannel images can be
recovered by this powerful algorithm.

Index Terms— image reconstruction, image edge analy-
sis, algorithms, Fourier transforms

1. INTRODUCTION

As human beings, we are blessed with a visual system that
allows us to see in color. Any image that is captured by the
eye can be thought of as a combination of three black and
white channels, namely a red channel, a green channel, and a
blue channel. Yet we are unaware of this process as our visual
system seamlessly combines and processes all three channels.
In the digital world, a colored image is really three different
images, with each image corresponding to a different primary
color channel. In addition, one often encounters images with
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hundreds of channels in certain applications such as chemical
spectroscopy. Such hyperspectral images contain many chan-
nels isolating data at different frequencies. In many cases,
multi-channel images enjoy sparsity in some domain. As a
result, one often obtains a huge amount of data (a large im-
age for each channel), which contains a limited amount of ac-
tual information. We are interested in seeking efficient com-
pressed sensing algorithms that can simultaneously handle all
the given channels.

One novel technique involves the use of the Simultane-
ous Orthogonal Matching Pursuit (SOMP) algorithm, as pre-
sented in [5]. We assume that we receive partial Fourier mea-
surements of a multichannel image which is sparse or com-
pressible in some domain. Several previous works demon-
strate both theoretically and empirically that the Orthogonal
Matching Pursuit (OMP) algorithm recovers compressible sig-
nals and images from partial Fourier coefficients. We extend
these empirical observations to multichannel signals. What
constitutes a channel depends on the imaging application and,
as such, we construct four examples with: (i) the standard
three color channels, (ii) a variable number of channels (mod-
eling a hyperspectral imaging system), (iii) multiple direc-
tional derivatives in a single grey-scale image, and (iv) multi-
ple directional in a multi-channel (colored) image.

In the remainder of this paper, we shall present the SOMP
algorithm as well as a discussion of how it compares to sev-
eral channel-wise passes of ordinary OMP (see [4] for the al-
gorithm). As we shall see, increasing the number of channels
increases our robustness to noise. We finish by introducing a
new, interesting application of SOMP, involving edge detec-
tion via multiple directional derivatives. Then we extend this
idea by outlining how multi-channel images that are sparse
under differentiation can be efficiently recovered from their
Fourier measurements.



2. PRELIMINARIES

Let X € C4*4*K be a K-channel image of spatial dimen-
sion d by d. We shall denote each individual channel as X}, €
C*d with 1 < k < K. Furthermore X (n,m) € CK shall
denote the vector value of X at position (n, m). The sparsity
T of X is defined to be the number of positions (n, m) where
X(n,m) is a non-zero vector. The special image 0(,, ) €
C*4 will denote the delta function centered at (n,m). We
shall let €2 represent a set of N randomly chosen Fourier co-
efficients from the set (Z/dZ)? We will not have access to X
itself, but rather we will have knowledge of €2 and the Dis-
crete Fourier Transform of each channel of X on the frequen-
cies specified by 2. Note that these are the same frequen-
cies on each channel, as opposed to a different set on each
channel. We denote the Fourier Transform of image X, as
by, = Fo X € CV. The collection of Fourier coefficients for
all of X will similarly be denoted by B = FoX € CN*K,
We will let F¢, denote the Hermitian dual of Fq. Now assum-
ing that X is sufficiently sparse and that we have knowledge
of (2 and F X, we can use the following algorithm to recover
X.

Algorithm 1. Simultaneous Orthogonal Matching Pursuit
Inputs:
1. An N x K matrix B consisting of Fourier measurements
of X.
2. A set Q of N frequencies.
3. Number of iterations (usually equal to the sparsity T').
4. Some norm || - || on C¥ that will measure the size of X at
each position.
Outputs:
1. A set A of T positions where the nonzero values of X
occur.
2. Ad x d x K data structure X that approximates X.
3. An N x K residual matrix Rp.
Procedure:
1. Initialize the residual matrix Ry := B, index set Ay = ),
and the iteration countert = 1.
2. Find the position (n, m) that maximizes || F&Ri—1(n, m)]|.
3. Set Ay = A U {(n,m)}.
4. Set A; to be an N x K matrix whose kth column is the pro-

jection of the kth column of B onto span,, ,,)en, {F20(n,m) }-

Set Ry = B — A,.

5. Ift < T, goto step 2.

6. Use a least-squares procedure to calculate an approxi-
mation X with entries in locations corresponding to A that
minimizes || B — Fo X ||r where || - || denotes the Frobenius
norm.

As a side note, if the norm that we input into the above al-
gorithm corresponds to an £, norm with 1 < p < oo, we shall
abbreviate the algorithm as SOMP,,. The algorithm presented
in [5] is technically SOMP;. We also emphasize that it is not
a stringent requirement that || - || corresponds to a norm. It

can be replaced by some other suitable atom selection mea-
sure. Although still an open problem, it is conjectured that if
N = O(T polylog(d)), then X = X with very high proba-
bility. With this framework, we now discuss the problem of
sparse multi-channel image recovery from Fourier measure-
ments.

3. SPARSE MULTI-CHANNEL IMAGES

Suppose first that X is some sparse 3-channel image (e.g., a
color image) that is T-sparse. Unlike the setting presented in
[1], we will have a fixed set of given frequencies {2 common
for each channel. This setting is representative of situations
that arise in imaging applications. Our objective is to compare
the performance of SOMP; in this case against the perfor-
mance of three independent channel-wise passes of ordinary
OMP in the presence of noisy Fourier measurements. We re-
peatedly generated 40-sparse 3-channel 32 by 32 images and
selected half the available frequencies (N = 512) for our set
Q. Then we added independent white Gaussian noise of var-
ious strengths onto each measurement channel. A plot of the
average {1 error of our reconstructions as a function of the
SNR of our Fourier measurements is shown in Figure 1.
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Fig. 1. The ¢; error in reconstructing noisy 3-channel 40-
sparse 32 x 32 images given 512 Fourier coefficients.

As can be seen from the plot, SOMP’s gain over OMP
increases considerably as noise power is increased. This is
because of SOMP’s simultaneous pixel selection criterion: an
incorrect noisy pixel is less likely to be chosen.

For the next experiment, we compared the performance
of SOMP; against that of ordinary OMP when the number
of signal channels varied. To keep all other factors constant,
we fixed T' = 40, N = 512, and thus maintained a nearly
fixed SNR of approximately 17 dB. A plot of the average ¢;
reconstruction error as a function of the number of channels
is shown in Figure 2.
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Fig. 2. The ¢; error in reconstructing noisy K -channel 40-
sparse 32 x 32 images given 512 Fourier coefficients.

In the presence of noise, using more channels reduces the
reconstruction error. Since SOMP selects a common pixel
for each channel at each iteration, the existence of a noisy
pixel in one channel becomes insignificant when a large num-
ber of channels are present. It should be noted that we also
conducted the previous two tests using SOMP; and SOMP,
but the resulting reconstructions were essentially identical to
those generated by SOMP;.

4. EDGE DETECTION VIA SOMP

Another application of SOMP is that of edge detection. In
this setting, let Y € C%*¢ be a sparse gradient image, i.e.
one with large constant valued regions separated by edges.
Our goal is to recover the edges of Y given N frequencies
Q and FqY. One naive approach is to chose some direction
specified by a unit vector v and then attempt to recover VY -
u where, in the discrete world, VY (n,m) := (Y (n,m) —
Y(n—1,m),Y(n,m)—Y (n,m—1)). This is possible using
OMP; however, the edges which are parallel to the direction
of u will not be recovered. If we select two or more different
directions with which to examine our image, we should not
miss anything. Let K > 1 represent the number of directions
we wish to use. Set uy := (cos(n(k — 1)/2K),sin(n(k —
1)/2K)) for 1 < k < K and ug := (0,1). Define the
K-channel signal X by X, = VY - uy. It is possible to
compute Fo X using the observation that at each frequency
(w1, ws) € Q, we have that

fQXk(WhCUQ) — (1 _ e—27riw1/d’ 1— 6—27Tiw2/d)
cupFoY (w1, we).

Thus, we can now obtain the edges of Y by recovering X via
SOMP,, and then setting the edge image Y, equal to 1 at all
positions where X (n,m) # 0 and 0 otherwise. The reason

for selecting the ., norm is because at every position (n, m),
we have the following approximation for large K:
ma VY - upl|oe = [VY] (4.1)
where the later expression is precisely the total variation
operator (TV), which at each edge position, returns the mag-
nitude of the largest jump over that edge. Thus, by using
multiple derivative channels, we are effectively working with
Fourier observations of the image under the total variation
operator, which would be impossible to directly obtain oth-
erwise from the original Fourier measurements due to non-
linearity. Also, by approximating the edge jump of largest
magnitude, we are strengthening our pixel selection criterion
against the effect of noisy observations. We note that it is also
possible to reconstruct the original image from its gradients
via a simple system of differential equations.

We tested this procedure on a noiseless 64 x 64 version
of the famous Shepp-Logan Phantom image (the original is
reproduced below in figure 3) with only 15% of all Fourier
coefficients given. We repeatedly ran SOMP, on this image
with different numbers of directional derivatives chosen for
the edge detection (with a fixed sampling percentage of 15%).
Figure 4 shows a plot of the average /1 reconstruction error
of the edges as a function of the number of directions K.

Fig. 3. The Original Shepp-Logan Phantom

When K = 1, the ¢; error was on the order of 400. This
is no surprise since a single directional derivative will miss
all parallel edges. We obtain a rapid drop in error after the
second direction is introduced. Introducing additional deriva-
tives does not significantly reduce the error (as 15% Fourier
coefficients is probably an insufficient sampling rate for this
image, regardless of the number of derivatives).

Next, we took a noiseless 128 x 128 Shepp-Logan phan-
tom and reconstructed its edges from 15% of its Fourier Coef-
ficients using 1, 2, and 3 directional derivative channels. The
reconstructions are shown in figure 5. Again, we see that the
biggest drop in error occurs when transitioning from one to
two derivatives. With one derivative, which happens to be
acting in the vertical direction, all purely vertical edges are
missed, contributing to the large error. The second direction
alleviates this problem. Adding a third derivative actually in-
creases the ¢; error by a trivial amount. We seem to have
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Fig. 4. The ¢; error in detecting the edges of the Shepp-Logan
phantom as a function of the number of directional derivatives
chosen.

hit a limit as to the accuracy we can obtain using our current
Fourier sampling scheme. All our experiments seem to sug-
gest that given an edge image of some sparsity, we will require
roughly the same number of Fourier measurements of that im-
age to satisfactorily reconstruct it, regardless of the number of
derivative channels that we choose. However, this should not
discredit the use of multiple derivatives. They may become
invaluable in situations where Fourier measurements of some
set of directional derivatives are directly given a priori and
one or more of these channels are corrupted by noise or other
artifacts. In addition, Figure 5 also suggests that the incor-
rectly chosen pixels using two and three derivative channels
are different. This suggests that we could combine the two re-
spective reconstructions to obtain an even more accurate edge
representation.

5. DECOMPOSITION OF CHANNELS

We can combine the two primary uses of SOMP outlined ear-
lier in order to derive a third interesting application, which
involves breaking down image channels into different chan-
nels that are easier to process. For example, consider a col-
ored sparse gradient image X which consists of the three
channels red, green, and blue. Unfortunately, none of these
channels are themselves sparse. They are only sparse in gra-
dient. In other words, V.X}, - u is a sparse image for each
k = 1,2,3 and any unit vector u. For the sake of simplicity,
let us work with the vertical and horizontal directions only
and denote the partial derivatives of any channel X}, as D, X},
and Dy, X, respectively. We can decompose each color chan-
nel into these two derivative channels, giving us 6 channels
all together onto which we can apply the SOMP algorithm.
For each color channel k, this will return reconstructions of
D, Xy and Dy Xy. Then we can use the following expres-
sion, which is derived in [3], in order to recover the original
colored image Xj.

1 Derivative
¢4 error = 1052

3 Derivatives
£1 error = 68

2 Derivatives
¢1 error = 56

Fig. 5. The edges of the original Shepp-Logan phantom plus
reconstructions using one, two, and three directional deriva-
tives.

Xy ~ Dy Dy Xg] + D} [DyXy] — D; ' Dyt Dy [Dy Xy

In this expression, D! is the vertical summation operator
given by

Dy Xi(n,m) = > Xp(j,m). (5.1)
j=1

D;l is similarly defined. All items shown in brackets
were estimated directly using SOMP.

Figure 6 shows various reconstructions of a 128 x 128 col-
ored Shepp-Logan phantom. After taking the Fourier Trans-
form of the original image and randomly discarding 80% of
the coefficients, we were able to use the technique outlined
above to generate an exact reconstruction, which is the lower-
left image. Compare this to the naive estimate (upper-right)
generated by applying the Fourier back-projection operator
JF§ onto our given measurements. In addition, we corrupted
the original colored phantom with white Gaussian noise (SNR
~ 40dB) and then used the same procedure to obtain the lower-
right image.

Unfortunately, errors in the edge detection step lead to the
vertical stripe artifacts seen in the last reconstruction. Fortu-
nately, these undesired lines do not introduce blurring of the
edges, and therefore, all major features of the original image,
including the small ellipses, are still present. Furthermore,



Original

SOMP Reconstruction

Noisy SOMP Reconstruction

Fig. 6. The original colored phantom, its trivial back-
projection reconstruction, as well as noiseless and noisy
SOMP-based estimates.

post-processing of the image could easily remove the vertical
artifacts.

6. CONCLUSION

In the noisy world that we live in, any image or signal pro-
cessing algorithm must be robust to noise. Often times, we
are interested in collecting and analyzing data that arrives
in multiple streams or channels, each of which is corrupted
with noise. Fortunately, there are algorithms such as SOMP
that efficiently and accurately recover such signals from a
small number of Fourier measurements when they are sparse
in some domain. As either noise levels or the number of signal
channels increase, SOMP’s edge over ordinary OMP begins
to grow, making it quite robust to noise if enough channels are
present. SOMP also has other applications in image process-
ing: it is a powerful edge detector. By utilizing two or more
derivative channels, the likelihood of missing an edge pixel is
greatly reduced. Furthermore, by decomposing ordinary im-
age channels into derivative channels, it is possible for SOMP
to detect the edges of multi-channel sparse gradient images.
Then by using the simple integration and correction procedure
introduced earlier, these images can subsequently be recov-
ered from their edges. The results of this paper present sev-
eral challenges that should be addressed in the future. First,
how can we efficiently combine edge reconstructions gener-
ated by different numbers or sets of directional derivatives in
order to create an even more accurate representation of an

image’s edges. Solving this problem will be beneficial as the
vertical line artifacts seen in the reconstructions of sparse gra-
dient images will be greatly reduced. Secondly, how can we
speed up this algorithm? There are sublinear time Fourier al-
gorithms (see [2]) that essentially can perform the same func-
tion as OMP with Fourier coefficients. It may be worthwhile
to investigate whether such algorithms can perform well in a
simultaneous sparse approximation setting. It is our ultimate
goal to greatly improve the speed at which we can process
and reconstruct large multi-channel data sets.
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