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Statement of scope and purpose
In engineering and science, it is often necessary to estimate functions based
on a small number of evaluation points. We provide an estimation procedure
that bounds a function using a Lipschitz bracket. We prove that the best
sampling strategy is to sample at the midpoint of a specific interval.
Abstract
A procedure to estimate a univariate Lipschitz continuous function and provide upper and lower bounds is given in this paper. The
procedure evaluates the function at the midpoint of the interval with
the largest bracket. We provide a worst case analysis that proves this
procedure is optimal in the sense that it maximizes the minimal removal region on each iteration, thus providing the tightest bounds in
the least number of iterations possible.
Key words: Lipschitz functions, function estimation, interpolation,
sampling strategy.
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Introduction

Estimation of functions is an important topic in engineering. Interpolation (e.g. polynomial interpolation, splines, Bézier curves) has been
used extensively [3, 4, 9] to create an estimating function based on
a relatively small number of evaluation points. Interpolation is typically used when the function values are free of error. Interpolation or
estimation is also useful when a function evaluation for a given point
can be calculated, but the computation time may be significant.
In contrast to function evaluations that are free of error, function
evaluations that contain errors due to random variation are often approximated by using regression analysis (e.g. least squares). Function
evaluations containing error would include experimental data where
different function evaluations are returned by the experiment at a
given data value. In this paper, we restrict our consideration to the
first category of functions that are free of error, sometimes referred to
as black-box functions.
In estimating black-box functions, the large computation time motivates gaining as much information about the function with as few
sample points as possible. The objective of this paper is to determine
which points should be evaluated in order to maximize the information
gained. Specifically, we prove a sampling algorithm that minimizes the
maximum error.
Several authors have in particular looked at interpolation of Lipschitz continuous functions. In [8] a review of shape preserving approximation methods and algorithms is given. The primary focus is
on interpolation methods by polynomials and splines. In [1] shapepreserving approximations and interpolation of function by box spline
surfaces is studied. Other methods where the Lipschitz constant is
used for function interpolation are discussed in [2] and [14]. In [2], the
Lipschitz constant is used to get a linear approximation to a function
and deriving a worst case error bound. In [14] the Lipschitz condition is used to create an octree representation that accelerates volume
rendering.
The theory of Lipschitz continuous functions has also been used
in global optimization, and is based on the fundamental work of [11]
and [13]. More recent work involving Lipschitz methods for global
optimization include [5, 6, 7, 10, 15, 16]. The emphasis of this paper is
on estimation of the function, rather than optimization, and to provide
tight bounds of the entire function based on only a few sample points.
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In this paper the objective is to determine the best location of the
sample points. The method used in this paper is to derive upper and
lower bounds on a function f (x) that is Lipschitz continuous. The
data points and function evaluations, together with the Lipschitz constant can be used to bracket the function. As the upper and lower
bounds get closer together, the area of the bracket is reduced, thus
providing a better estimate of the function. In this paper, we obtain
the location of sample points that minimizes the area of the bracket.
This is equivalent to minimizing the maximum possible error for any
function with that Lipschitz constant, as is explained in detail in the
paper. We prove that the best estimate is obtained by sampling the
midpoint of the interval with maximum volume. Although the Lipschitz constant is needed to provide the exact upper and lower bounds,
the result that the optimal location of the sample point is at the midpoint of an interval is true, independent of the value of the Lipschitz
constant. The benefits of estimating a function using the Lipschitz
constant is that, in addition to the sample points, there exists an estimation function and a bracket that gives upper and lower bounds
on the function. It is therefore guaranteed that the function can not
have points outside these bounds.

2

Methodology

The function f (x) that we want to estimate is a real valued function
where x ∈ IR and f (x) : IR → IR. We assume that f (x) satisfies the
Lipschitz condition with a Lipschitz constant L, i.e.
|f (x) − f (y)| ≤ L||x − y|| for all x, y.
The Lipchitz condition assumes a bound on the rate of change of a
function. When such a bound for a function exists, it is said to be
Lipschitz continuous.
Given a Lipschitz continuous function f (x) with a Lipschitz constant L over an interval [a, b], we construct an estimating function
fˆ(x), and lower and upper bounding functions F (x) and F (x) respectively, such that F (x) ≤ f (x) ≤ F (x) for any x ∈ [a, b] with the
following procedure:
Step 1 Initialize x1 = a and x2 = b and evaluate f (x1 ) and f (x2 ) to
create an initial parallelogram. Set k = 3 and let x3 = (a + b)/2
the midpoint of the interval. Evaluate f (x3 ).
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Step 2 Update a list of parallelograms P = {v1 , v2 , . . . , vk } where
vi is the leftmost coordinate for each parallelogram. Order the
elements in the list by area, such that the first parallelogram
has the maximum area. The area of a parallelogram with left
x-coordinate vi is calculated by:
(L2 (vi − vi+1 )2 − (f (vi ) − f (vi+1 ))2 )
.
2L

(1)

Step 3 Check a termination criterion. if the first parallelogram has
an area larger than δ, set k = k + 1, evaluate the next iterate xk
at the midpoint of the first parallelogram (with maximum area)
in the list P and go to Step 2. Otherwise, stop. The estimating
function fˆ(x) can be constructed from the sample points, for
i = 1, . . . , k:

fˆ(x) =



 f (vi )



Lx + L(vi +vi+1 )+f2 (vi )+f (vi+1 )
f (vi+1 )

for vi ≤ x < vi + di
for vi + di ≤ x < vi+1 − di
for vi+1 − di ≤ x ≤ vi+1
(2)

where di = L(vi+1 −vi )+f2 (vi+1 )−f (vi ) . The upper and lower bounds
for f (x) are:
F (x) =
F (x) =

f (xi ) + L|x − xi |

(3)

max f (xi ) − L|x − xi |

(4)

min

i=1,2,...,k
i=1,2,...,k

Figure 1 shows fˆ(x) and the upper and lower bounding functions
after two iterations with function evaluations at x1 , x2 , x3 and x4 . The
bounding functions form three dark gray parallelograms and guarantee
that the function will lie within this shaded bracket. The estimation
function fˆ(x) always lies equidistant between the bounding functions.
In step 2 a list of parallelograms is maintained, ordered by area.
To illustrate using Figure 1, after the point x3 is sampled we have
two parallelograms. The left parallelogram with left coordinate x1
has a larger area than the right parallelogram (with left coordinate
x3 ) because the difference in function values, f (x1 ) − f (x3 ), is smaller
than f (x3 ) − f (x2 ):
2
2
2
2
L2 ( a−b
L2 ( a−b
2 ) − (f (x1 ) − f (x3 ))
2 ) − (f (x3 ) − f (x2 ))
>
.
2L
2L

4

(5)

Figure 1: Successive bracketing of a function f (x) using the Lipschitz constant.
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Notice in this case the ordering of the parallelograms is determined
solely by the function evaluations because the length of both intervals
is the same ( a−b
2 ). It is also interesting that the smaller the difference
in function values, the larger the area of the parallelogram. In the
extreme, if a function evaluation happened to land on the bounding
function (the largest possible difference in function values), then the
area of the parallelogram would be zero because the function must
travel along the bounding function. This provides an intuitive explanation as to why it is less desirable to sample in that interval.
Following the procedure with regard to Figure 1, the next point x4 to
3
be evaluated would be in the middle of the left interval, x4 = x1 +x
2 .
The corresponding parallelograms would be added to the list. As more
iterations are performed, the bracket tightens and provides a better
estimate of the function. When the largest parallelogram is small
enough, we terminate the method.
When selecting the next iteration point xk+1 it is not obvious which
point is going to give the best approximation in the fastest way. Work
done in global optimization [7] indicates that selecting the deepest
point of some interval, but not necessarily the interval with the lowest
bound, will give the fasted convergence of the optimization algorithms.
This analysis uses an “average case” which is based on the assumption
that possible points are uniformly distributed in the bracket. In the
following section we use a worst case analysis to prove that, in fact,
it is best to choose the midpoint (not necessarily the deepest point)
of the interval with the largest parallelogram as the next iterate to
remove the most area and hence tighten the bound and speed the
approximation of the bracket.

3

Midpoint sampling

Performing successive bracketing of a function f (x) results in a series
of parallelograms as illustrated in Figure 1 and previously discussed.
We now prove that the tightest bracket is obtained by sampling the
midpoint of the interval with the largest parallelogram.
The objective of minimizing the area of the bracket is equivalent to
minimizing the maximum possible estimation error. The error at any
given point is the difference between the function estimate and the
actual function value. The error could be as great as the difference
between the values at the bracket, or function bounds. We choose
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our estimate as the midway point between the function bounds, which
yields the estimation function given in equation 2. This function is flat
until the first point of the parallelogram, which is equidistant between
the upper and lower bounds. Then the function has a slope L until
the peak, and then it is flat again. The estimation function is always
half the distance between the Lipschitz bounds, and thus minimizes
the maximum possible error. An estimate of the total possible error is
one-half of the area of the parallelogram. As we continue to sample we
tighten the Lipschitz bounds, generating more parallelograms with less
total area than the original parallelogram. As we reduce the total area
of the parallelograms, we reduce the worst case error of our estimate.
The proof is based on a worst case analysis. We first consider a
single interval [x1 , x2 ] and characterize the area of the region that will
be removed from the parallelogram if the function evaluated at point
a in the interval is f (a). This area is stated in Theorem 1. The next
step in the analysis is to find the optimal location of point a in the
interval. For any point a, there is a range of possible values for f (a) in
the bracket, and we want to perform a worst case analysis, i.e. maximize the minimal removal region. Theorem 2 states that the midpoint
of the interval is the optimal place to sample. During the estimation
procedure, a collection of intervals and corresponding parallelograms
are generated. The final step in the analysis is to determine which
interval should be sampled to provide the best estimate. It is shown
in Theorem 3 and Corollary 1 that the interval with the largest parallelogram should be chosen to maximize the minimum removal region.
Hence the procedure as stated in section 2 selects the best sample
points to evaluate to obtain the tightest bracket on the function to be
estimated.
Consider a parallelogram as illustrated in Figure 2. This parallelogram is formed by the upper and lower bounding functions generated
by the function evaluated at x1 and x2 . These create two pairs of
parallel lines with absolute value slope of L and length l and h. We
will consider the effect of evaluating the function at point a, where
x1 ≤ a ≤ x2 . The removal regionis defined as the regions above and
below the point (a, f (a)) bounded by lines parallel to h and l as shown
in figure 2. We can remove this region because by the Lipschitz condition, we know that f cannot lie in this region. We also let xd denote
the deepest point in the lower bounding function.
Let the angle whose tangent is 1/L be α as shown in Figure 2. We
will also make use of the following relationships:
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Figure 2: Removal region.
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sin α =
cos α =

1
1 + L2
L
√
1 + L2
√

sin 2α = 2 cos α sin α =

(6)
(7)
2L
.
1 + L2

(8)

We now state in Theorem 1 an expression for the area of the removal region, based on (x1 , f (x1 )), (x2 , f (x2 )) and the sample point
(a, f (a)).
Theorem 1 Given points (x1 , f (x1 )), (x2 , f (x2 )) and (a, f (a)), the
area of the Total Removal Region, TRR(a, f (a)) is
TRR(a, f (a)) =

L2 (a−x1 )(x2 −a)−(f (a)−f (x1 ))(f (x2 )−f (a))
L

(9)

where, x1 , x2 , a and f (x1 ), f (x2 ) and f (a) are shown in Figure 2.
Proof.
To represent the area of the total removal region, we use the lower
envelope function F (x) = f (xi ) − |x − xi | to express two lines; yh =
f (x1 ) + L(x1 − x) and yl = f (x2 ) + L(x − x2 ) as illustrated in Figure 2.
Similarly, the line ym that is parallel to yl and goes through the point
(a, f (a)) can be expressed as ym = f (a) + L(x − a).
We determine xi by finding where yh and ym intersect, yielding:
L(x1 + a) + f (x1 ) − f (a)
.
2L
Similarily xd the deepest point, is determined by finding where yh and
yl intersect;
L(x1 + x2 ) + f (x1 ) − f (x2 )
xd =
.
2L
From xi and xd , we can also express the distance from x1 to the
first peak, which equals the distance from the deepest point to x2 ,
d = xi − x1 = x2 − xd . This is used in Step 3 of the algorithm.
We can now derive the lengths k, m, l and h (see Figure 2).
√ Using
k sin α = xd −xi = xj −a and equation 7 we have k = (xd −xi ) 1 + L2 ,
which gives
√
(L(x2 − a) − f (x2 ) + f (a)) 1 + L2
.
k=
2L
xi =

9

Similarily m sin α = xj − xd = a − xi and therefore m = (a −
√
xi ) 1 + L2 , which gives
√
(L(a − x1 ) + f (a) − f (x1 )) 1 + L2
m=
.
2L
√
Similarily l sin α = x2 − xd and therefore l = (x2 − xd ) 1 + L2 ,
which gives
√
(L(x2 − x1 ) + f (x2 ) − f (x1 )) 1 + L2
l=
.
2L
√
Similarily h sin α = xd − x1 and therefore h = (xd − x1 ) 1 + L2 ,
which gives
√
(L(x2 − x1 ) + f (x1 ) − f (x2 )) 1 + L2
h=
.
2L
This gives
√
(L(a − x1 ) − f (a) + f (x1 )) 1 + L2
h−k =
2L
√
(L(x2 − a) + f (x2 ) − f (a)) 1 + L2
l−m=
.
2L
The area of the total removal region is T RR = km sin 2α + (h −
2L
k)(l − m) sin 2α = (km + (h − k)(l − m))( 1+L
2 ), see figure 2.
Substituting for k, m, h, l and simplifying gives:
T RR(a, f (a)) =

L2 (a − x1 )(x2 − a) − (f (a) − f (x1 ))(f (x2 ) − f (a))
.
L

Using the expression for the total removal region given in Theorem 1, we next show that the midpoint is the best place to sample
between x1 and x2 to maximize the minimal removal region.
Theorem 2 The best place to sample in the interval [x1 , x2 ] in order
to maximize the minimal area of the total removal region, is a∗ =
x1 +x2
2 , the mid point.
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Proof. For a given sample point a the function f (a) can take any
value on the line x = a within the parallelogram. We first find f (a)∗
that gives the minimum total removal region for a fixed a, and then
we find a∗ that maximizes that minimal area (max worst case). For a
fixed a, we minimize the removal region

T RR(a, f (a)) =

L2 (a − x1 )(x2 − a) − (f (a) − f (x1 ))(f (x2 ) − f (a))
L

by taking the partial derivative with respect to f (a) and simplifying,
∂T RR(a, f (a))
1
= (2f (a) − f (x1 ) − f (x2 )).
∂f (a)
L
Setting the above equation to zero and solving for f (a) gives:
f (a)∗ =

f (x1 ) + f (x2 )
.
2

To check if this is the minimum, we take the second partial derivative,
∂ 2 T RR(a, f (a))
= 2,
∂ 2 f (a)
(x2 )
which is positive. Therefore T RR(f (a)) is convex and f (a)∗ = f (x1 )+f
2
(x2 )
gives the minimum removal region as long as f (x1 )+f
is in the in2
terval defined by the upper and lower envelopes for x = a.
(x2 )
When f (x1 )+f
is not within the parallelogram then f (a)∗ must
2
be at either one of the bounding functions over which f (a) can range
within the parallelogram for a given a.
As illustrated in Figure 3, the bold line indicates the worst possible
value f (a)∗ for a in the interval [x1 , x2 ] that minimizes the removal
region. Given this worst case f (a)∗ , we now find the value for a that
maximizes the worst case removal region. We again consider two cases;
(x2 )
the first case is when f (a)∗ = f (x1 )+f
is inside the parallelogram
2
for a given a, the second case is when f (a)∗ is on the envelope.
(x2 )
Consider the first case where f (a)∗ = f (x1 )+f
is inside the par2
allelogram. The minimum removal region for a given a at f (a)∗ is

T RR(a, f (a)∗ ) =

4L2 (a − x1 )(x2 − a) − (f (x2 ) − f (x1 ))2
.
4L

11

(10)

Figure 3: For a ∈ [x1 , x2 ], the thick line indicates the value of f (a)∗ that is
the worst case, i.e. has minimal removal region.
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Taking the partial derivative with respect to a gives
∂T RR(a, f (a)∗ )
= L(−2a + x1 + x2 )
∂a
and setting equal to zero and solving for a gives
a∗ =

x1 + x2
.
2

This is the midpoint of the interval [x1 , x2 ].
In the second case when f (a)∗ is on the envelope, it is clear that
the removal region for a in these intervals is smaller than the removal
region at the midpoint. In fact, the removal region decreases as a∗ is
further from the midpoint. Hence it is clear that the midpoint will
give the maximum removal region.

The following theorem expresses the area of a parallelogram, and
Corollary 1 states that the best parallelogram to sample is the one
with the largest area.
Theorem 3 The area of a parallelogram defined over the interval
[x1 , x2 ] with function values f (x1 ) and f (x2 ) can be expressed as
(L2 (x1 − x2 )2 − (f (x1 ) − f (x2 ))2 )
.
2L
Proof. Consider a parallelogram over the interval [x1 , x2 ], where the
leftmost corner has the coordinates (x1 , f (x1 )) and the rightmost corner has the coordinates (x2 , f (x2 )). The area of the parallelogram (see
Figure 4) can be expressed as
hl sin 2α =

2Lhl
.
1 + L2

Using several identities given in equations (3), (4) and (8) we can
express h and l in terms of the coordinates (x1 , f (x1 )), (x2 , f (x2 ))
and the Lipschitz constant.
The lower bracketing function that goes through points (x1 , f (x1 ))
and (xd , f (xd )) has the representation yh = f (x1 )−L|x−x1 | = L(x1 −
x) + f (x1 ) for x ∈ [x1 , xd ]. Similarly the lower bracketing function
that goes through points (xd , f (xd )) and (x2 , f (x2 )) can be written as
yl = f (x2 ) − L|x − x2 | = L(x − x2 ) + f (x2 ) for x ∈ [xd , x2 ].
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The two lines intersect at xd , and we find the intersection point by
letting yh = yl and solving for x, which gives:
L(x1 + x2 ) + f (x1 ) − f (x2 )
.
2L
√
Using that h = (xd − x1 ) 1 + L2 and using the expression for xd
just derived gives
√
(−L(x1 − x2 ) + (f (x1 ) − f (x2 ))) 1 + L2
h=
.
2L
√
Similarily, for l we get l = (x2 − xd ) 1 + L2 , or
√
(−L(x1 − x2 ) − (f (x1 ) − f (x2 ))) 1 + L2
l=
2L
xd =

after simplifying, the area of the parallelogram can be expressed as
2Lhl
(L2 (x1 − x2 )2 − (f (x1 ) − f (x2 ))2 )
=
.
1 + L2
2L

Corollary 1 Given a sequence of points v1 , v2 , . . . , vn+1 and n parallelograms, the next parallelogram to use for sampling to maximize
the minimal total removal region is the parallelogram with the largest
area.
2
Proof. For a given interval [x1 , x2 ], the midpoint, a∗ = x1 +x
max2
imizes the minimal removal region and gives the worst case removal
region as

T RR(a∗ , f (a)∗ ) =

L2 (x2 − x1 )2 − (f (x2 ) − f (x1 ))2
.
4L
2

2

2

(x2 )−f (x1 ))
The area of any parallelogram is L (x2 −x1 ) −(f
, and there2L
fore the total removal region is maximized by picking the interval with
the largest parallelogram.
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Figure 4: Calculating the area of a parallelogram.
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4

Conclusions

The procedure presented in section 2 provides an estimate and bounds
for a Lipschitz continuous function by sampling the midpoint of the
interval with the largest bracket. Section 3 presents a worst case analysis that proves this procedure is optimal in the sense that, on each
iteration, the choice of point to be evaluated maximizes the minimal
removal region. This is equivalent to minimizing the maximum possible error of the estimate. This single procedure provides an efficient
and effective means to provide a tight bracket to estimate a Lipschitz
function.
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