Int. J. Rock Mech. Min. Sci. & Geomec~. Abstr. Vol. 22, No. I, pp. 31-38, 1985

Printed in Great Brilain. All rights reserved

0148-9062/85 $3.00 +0.00
Copyright :~" 1985 Pergamon Press Ltd

Limit Analysis of Quasi-static Pyramidal
Indentation of Rock
R. L. MICHALOWSKI*I"

An approximate analysis of pyramidal indentation into a rock is presented in
which the upper bound approach of limit analysis is utilized. The rock is
assumed to obey the Mohr-Coulomb yield condition with a small tension
cut-off. Two kinematically admissible mechanisms of possible deformation
processes, based upon the non-associated flow rule, are adopted for predictions
of gemoetrical variations. The phenomena experimentally observed in rocks,
such as dilatancy and deterioration of strength while undergoing deformation,
are accounted for approximately in the analysis. The kinematical approach of
limit analysis to the problem of block-splitting under pyramidal indentation is
also presented in the paper. A number of possible failure modes are examined
and those which give the least upper splitting force are shown in detail.
Although the particular soluions presented have limited engineering capacity,
the method proposed in the paper may find application in solving man), rock
engineering problems related to drilling, tunnelling, excavating, etc.

INTRODUCTION

Drucker [6] and others [7, 8] in problems involving the
analysis of rocks. Theoretical justification can be found
in [6].
In the present paper, the upper bound theorem of limit
analysis is used in order to estimate the force on a
penetrating tetrahedral indenter. As the boundary of the
raised material is part of the solution, the theorems of
limit analysis (based on the principal of virtual work) are
not directly applicable. In order to obtain the solution,
the kinematics of the finite process of pentetration
(including the shape of the moving boundary) is assumed, and the estimation of the penetration force has
a sense of the upper bound for this assumed finite
kinematics.
The next Section contains the description of the yield
criterion and the flow rule used in the analysis, and also
some remarks on work dissipation and density variation
occurring on the velocity discontinuity surfaces. In the
following Section, two kinematically admissible mechanisms of indentation are shown and some computational results are presented. The limit analysis (kinematical approach) of the bearing capacity of square
blocks under pyramidal indentation is presented in the
penultimate Section.

A large number of theoretical studies have been devoted
to the problem of quasi-static indentation of perfectly
plastic materials. The solution to the plane problem of
wedge indentation into an incompressible frictionless
and weightless material was first given by Hill et al. [1],
and into a dilational weightless material by Shield [2].
Similar formulation of the wedge indentationproblem in
relation to rock drillings was then presented by
Cheatham [3], Pariseau and Fairhurst [4], and Paslay
et al. [5]. Axi-symmetrical (conical) indentation into a
frictional material has also been studied, usually in
relation to the fall-cone test of soils, and pyramidal (and
conical or spherical) indentation into a frictionless material in connection with hardness tests of metals.
The experimental research of stress-strain behaviour
of rocks leads to the conclusion that rocks can be
modelled as plastic bodies only to some extent. The
plastic flow of rocks is observed under high hydrostatic
pressures, while for low pressures very little plastic flow
occurs prior to yielding by fracture. Thus, the formulations of a rock indentation problem based upon plastic
behaviour seem to be appropriate for applications such
as deep drilling below the earth's surface. Although
the brittleness of rocks enables them to be modelled
as perfectly plastic bodies only to some extent, the
theorems of limit analysis were utilized by Chen and
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YIELD CRITERION, FLOW RULE AND
WORK DISSIPATION

The Mohr-Coulomb failure criterion with a small
tension cut-off, as shown in Fig. 1, is adopted in this
paper. Parameters f~ and f~ denote the unconfined
compressive and tensile strength, respectively. Compressive strength f~ can be expressed in terms of co-
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in Fig. 1, is from [6]
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where [V] is the length of the velocity jump vector across
the discontinuity surface and 0 is shown in Fig. 1. The
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osurface of the velocity discontinuity is usually interJ
IC
\
\
preted in plasticity of dilational media as a mathematical
approximation of a thin (but finite) material layer.
Assigning a finite thickness to such a layer in incipient
Fig. 1. The modified Mohr-Coulomb yield condition with a small flow problems is necessary to preserve the finite dilation
of the material. It was shown, however, by Drescher and
tension cut-off.
Michalowski [10] that in problems treated as nonsteady (pseudo-steady) flow processes rather than
hesion (c) and the internal friction angle (4'), namely incipient mechanisms, the velocity discontinuity can be
regarded as "shock" in dilating material, and the con2 c cos 4,
f~ = 1 - sin-----~'
(1) tinuity condition and principle of mass conservation can
be satisfied without assigning any thickness to the disIt is further assumed that the material is isotropic and continuity. The flux of matter across the discontinuity
initially homogeneous. The limit analysis method is surface has to satisfy the equation
based upon the idea of the perfectly plastic behaviour of
[pV °] = 0,
(4)
solids in which the strain rate tensor ~a is related to the
stress tensor o Uby the potential flow rule associated with where p is the density of the material and V" is the
the yield condition F(o,j)
normal component of the material speed of discontinuity
propagation, and the brackets denote the jump. Equa• OF(a°) )~ > O,
(2) tion (4) will be utilized in computations of density
variations, although the influence of these variations on
where ;( is a non-negative scalar function. For a material the distribution of gravitational forces will be neglected
obeying a convex yield criterion F(a0) and the flow rule as the material is treated as weightless.
in equation (2), the lower and upper bounds to the true
value of the limit load can be rigorously proven [9].
PYRAMIDAL INDENTATION INTO A ROCK
When used in equation (2), the Mohr-Coulomb yield
function provides much larger dilatancy than that obTwo mechanisms of the process of tetrahedral indenserved experimentally in rocks. For that reason, it is tation will be described in this Section. The first one,
postulated here that the material obeys the non- shown schematically in Fig. 2, consists of four identical
associated flow rule, and the location of the boundaries flow areas, each adhering to one side of the tetrahedral
of the "piled-up" material are predicted from the kine- pyramid (driving tool). An overall view of the material
matically admissible mechanism obeying such a rule. raised above the original plane surface xOy is shown in
The plastic potential is assumed to have a form similar Fig. 2a, while half of the selected area of deformation
to the standard Mohr-Coulomb yield function, but with (BOF in Fig. 2a) is shown in Fig. 2b. The mechanism is
~b replaced by the dilation angle t~* (0~<q~*<O). pseudo-steady; thus, any stage of deformation can be
Although the limit analysis method is based on the idea selected for the analysis of the kinematic field. Each of
of perfectly plastic behaviour of the material, the the four deformation areas consists of two rigid-motion
changes in strength are approximately incorporated into regions. For the sake of clarity, the velocities (in crossthe analysis. The effect of hardening in the first stage of section ABCD) are shown separately in Fig. 3. While the
deformation of the material is neglected, and the par- pyramid KLMND is driven in the direction of the z-axis
ameters describing the strength of the virgin material with the velocity V0, the region ACDF is moving with
correspond to the ultimate loading surface (failure the velocity V~, causing relative sliding on the wall KLD
criterion). The strength of the material is expected to of the pyramid. The region ACDF is separated from the
deteriorate due to large strains and the creation and virgin material by the triangle velocity discontinuity
propagation of internal cracks. The material is treated as surface CDF. The second region, ABCF, moves with the
a continuum and, therefore, this deterioration of velocity V2 and is separated from the first region by the
strength will be interpreted as strain-softening. In order surface of velocity discontinuity ACF, and from the
to make the upper bound theorem applicable, the mate- virgin material by the surface BCF. The vectors V~, V2
rial is treated as perfectly plastic, with non-homogeneous and that of the velocity jump [V] along the surface ACF
local strength (caused, in fact, by the softening), and the are parallel to the plane xOz. For the mechanism of the
associated flow rule in equation (2) is used for evaluation process to be kinematically admissible, it is necessary
of the rate of work dissipation. The rate of energy that V~, V~ and [V] satisfy the conditions: (i) Vt be
dissipation, Da per unit area of discontinuity surface for compatible with V0, i.e. no overlap or gap along AFD
the modified Mohr-Coulomb failure function, as shown will occur, and be inclined at the angle th* to the plane
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Fig. 2. Kinematically admissible mechanism (I) of pyramidal indentation, (a) overall view, (b) half of deformed area adhering
to one side of the pyramid.

CDF; (ii) [V] be inclined at t~* to the plane ACF; (iii)
V2 be the sum of VI and [V] and inclined at ~b* to BCF.
These conditions allow for computing the angles 2~, 2:
and 23 (Fig. 3). The algorithm for obtaining the unknown angle r/(Fig. 3) is similar to that shown by Hill
et all [1] for the pseudo-steady plane-strain process of
wedge indentation, and the derived equation is given in
Appendix I along with the expressions for velocities and
angles 2~ (i = 1, 2, 3). After the angle r/is obtained, the
geometry of the deformed regions can be determined (for
any stage of indentation) and the upper bound to the
penetration force can be computed from the incipient
kinematical mechanism associated with the yield function. The angles 2~ (i = 1, 2, 3) and the velocities for the
incipient mechanism can be obtained from the same
expressions as previously (Appendix I), but with the
angle ~b* replaced by 0 (~b ~< 0 ~< rt/2). Finally, the upper
bound to the driving force for a pyramid with frictionless
flanks can be written as
p0 = Voo
8 [V lksCt)F + V~kSBCF + [V]kSACF]'

(5)

where k is given by equation (3) and S denotes the areas
of discontinuity surfaces, respectively. When friction
(~b,) between the flanks of the pyramid and the rock is
taken into consideration, the penetration force is
p0
P =
(6)
1 - [V]'
sin q~w
V 0 sin (/~ + ~,)
The second mechanism of indentation, shown in Fig.
4, consists of four symmetrical areas separated by four
cracks. The mechanism is again assumed to be pseudosteady; thus, the cracks are expected to propagate according to the increasing depth of indentation. The
deformed area shown in Fig. 4b (corresponding to the
part BOB' in Fig. 4a) consists of two rigid-motion
regions: ACDC', separated from the virgin material by
the surface C D C ' , with ADC' being the crack surface;
RMMS.

22 I

C

and ABCC'B', separated from the virgin material by the
surface BCC'B' and with AB'C' being the crack surface.
Note that the region ACDC' adheres to wall K L D of the
pyramid only along the edge AD. Figure 3 can be
adapted to analyse velocities, with angles 2i (i = 1, 2, 3)
replaced by ~*, and the expressions in Appendix I can
be adapted directly after substituting q~* for 2i. Further
procedure in order to obtain the upper limit load is the
same as in the case of the first mechanism considered,
and for frictionless sides of the pyramid yields
p0 = V0
8 IV1k S coc, + V2kS Bcc'B' + [V]kSACC'],

(7)

[for a frictional pyramid see equation (6)]. Propagation
of the macro-cracks was assumed here as part of the
kinematically admissible mechanism of deformation; the
work dissipated on the crack's front was, however,
neglected in the analysis. In mechanisms with rigidmotion regions such as considered here, a velocity
discontinuity adjacent to the crack tip must exist in order
for the velocity field with the crack propagation to be
admissable (Fig. 5). Assigning the critical stress following from the yield criterion (Fig. 1) to the tensile zone
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Fig. 3. Hodograph (velocity vector diagram) for the mechanism of
indentation.

MIt~HALOWSKI:

34

LIMIT ANALYSIS OF PYRAMIDAL INDENTATION

Mecnamsm II

(a]

(b)

B

N

K

x

,crack
Y
z

B'

Fig. 4. Mechanism of indentation (II) with four macro-cracks, (a) overall view, (b) part of the deformed regions.

mately, by assuming that the cohesion c' of the material
within the deformed regions is
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Fig. 5. Crack in a plane kinematically admissible velocity field.

OO' (with a length dependent on the plastic deformability of the material in tension) preceding the crack
opening, the rate of work dissipation due to the crack
growth can be approximately determined and added to
the total rate of work dissipation in the analysis.
In the examples computed, angles ~ti (Fig. 3) in both
mechanisms were optimized in order to obtain the least
upper penetration force ( p u ) ; the material was treated
as weightless and, therefore, angles ~t~corresponding to
P~" were independent of the depth of indentation. The
material parameters of the rock were the internal friction
angle tk, cohesion c and the ratio of unconfined compressive strength to unconfined tensile strength j~/j[.
Such a set of parameters is equivalent to q~,J~ and f( [see
equation (1)]. Both mechanisms of indentation were
assumed to be pseudo-steady and, consequently, the
penetration force can be expressed in a dimensionless
form (for given fl, th, ~b* and q~,.)
(8)

where P is the penetration force and h is the depth of
indentation. Some computational results are shown in
Fig. 6a and b. The results were not obtained for any
particular kind of material for which the physical
strain-strength relation is given. Therefore, the deterioration of strength was taken into account approxi-

(9)

where c is the cohesion of the virgin material. This results
in a smaller contribution of work dissipation along the
velocity discontinuities within the deformed material. In
the calculations of the work-dissipation along the surfaces separating the virgin material from the deformed
regions, the strength of the virgin material was used. In
the examples computed, the angle of dilation was assumed to be ~b*= 5° along the discontinuity surfaces
separating the deformed regions from undisturbed material, and ~ * = 0 (incompressibility) within the deformed
regions. Numerical procedure showed that the least
upper limit to the penetration force for both mechanisms
corresponds to the angle 0 = ~. It is seen from Fig. 6
that, depending on the included half-angle fl of the
pyramid, for given material parameters, either mechanism I or mechanism II may yield the lower value of the
penetration force. Further computations showed that
the range of ~ for which mechanism II yields a lower
estimation of the penetration force increases with the
increase of 4~ and/or ~b,,.
Although the density of the material prior to deformation was assumed homogeneous, three regions of
P
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Fig. 6. Force of penetration (dimensionless) vs the included half-angle
of the pyramidal indenter.
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order to evaluate the bearing capacity of blocks under
strip or square loads.
Fifteen mechanisms of possible fragmentation of
blocks with square bases were considered. Six of them
are shown schematically in Fig. 8. The velocities and the
contours o f the material raised above the original top
plane of the blocks during indentation, and the regions
of the deformed material within the blocks are not
I ~ / ' / (
r" ( f I ICl l I l l l j l l i l t l l
IItllllllllll
shown in the figures deliberately, in order to preserve the
IIIl!!!llll!
clarity of the failure modes. The penetrating tetrahedral
pyramid is treated as a tool driven with only the vertical
velocity component being controlled. Thus, the failure
mode of the block can be either symmetrical (with
Fig. 7. Deformation of the originallysquare material grid in the plane
of symmetry xOz, corresponding to the mechanism of deformation respect to two planes), such as shown in Fig. 8b, c and
shown in Fig. 2.
e, or like the ones in Fig. 8a, d and f in which the limit
load is still vertical but the tool "chooses" a non-vertical
velocity when failure occurs. In the examples computed
different denstiy can be distinguished within the de- the best upper estimations of the splitting force for high
formed area for both mechanisms. Creation of the blocks were obtained from mechanism (a), and for short
regions with different density will be explained here only blocks from mechanism (e).
for mechanism I; however, the same reasoning can be
Fragmentation of blocks is treated here as an incipient
extended for the second mechanism. The three regions of flow problem and therefore only the velocity field assodifferent density, shown in Fig. 2b, are: G C D F with the ciated with the yield function is now of our interest.
density Pl, ABCF with the density P2, and A C G F with Figure 9a shows the cross-section of the failure mechP3. The dilation of the material within the region G C D F anism shown in Fig. 8a, corresponding to the plane
occurred exclusively across the propagating discon- ABCD. Part of the block, A G B G ' E ' C E D , is assumed to
tinuity surface CDF. Similarly, dilation of the material
within the region ABCF occurred across discontinuity
tensile crock
(a)
(b)
./
surface BCF. The material in the third region, A C G F ,
(
first dilated along the surface BCF and then was subjected to additional dilation while passing the surface ACF.
Deformation of the originally square material grid in the
plane of symmetry x O z is shown in Fig. 7. The speeds
of propagation of the discontinuity surfaces were computed from the geometrical relations in Fig. 2b and Fig.
,
203 (as functions of V0) and equation (4) was used in order
to compute Pl, P2 and P3. In the examples, the angle ~ *
within the deformed region was taken as O; hence it is
tensile crocks
(c)
"
(d)
obvious that in such a case P2 = P3. In the examples
I
where # = 30 °, ~b = 20 °, ~,, = 10°, to = 0 and the density
of the virgin material P0 = 2.00 (Mg/m~), the densities p~
and p, = P3 were: 1.80 and 1.83 for mechanism I and 1.89
and 1.94 (Mg/m 3) for mechanism II, respectively.
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FRAGMENTATION OF A BLOCK SUBJECTED TO
PYRAMIDAL INDENTATION
If indentation into a finite block of rock takes place,
the mechanisms of penetration discussed in the previous
Section can be considered only to a certain extent. At
some stage of indentation, the block is likely to fail by
splitting into smaller blocks. It is assumed that sufficient
plastic deformability (both compressive and tensile) exists to permit the application of the limit theorems to the
rocks under consideration. In this Section, some of the
kinematically admissible mechanisms for block-splitting
are examined and the kinematical approach of limit
analysis is applied in order to estimate the load necessary
to produce fragmentation of the block. The same approach was applied earlier by Chen and Drucker [6] in

(e)

S

tensile crocks
/,

(f

Fig. 8. Kinematically admissible failure modes for blocks under
indentation. The contours of the material raised above the
original top surface of the blocks and the regions of material deformed
during indentation are not shown in order to preservethe clarity of the
failure modes.
pyramidal
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Fig, 9. Hodographs (velocity vector diagrams) for the failure modes (a) and (e) from Fig. 8.

move as a rigid block with the velocity Vt parallel to the
plane ABCD. The Coulomb friction on the sides of the
pyramid is incorporated into the analysis using the
method suggested by Collins [11]. A "fictitious" incipient velocity field is assumed, such that the velocity vector
V0 of the moving pyramid is inclined to the planes
ADEG and ADE'G' at the angle of Coulomb friction
~b,, and vector [V] of relative sliding on the two flanks
adhering to the rigid-motion region is inclined to these
flanks also at the angle ~b, (for angle 3 in Fig. 9a see
Appendix II). Such a velocity field provides that the rate
of work dissipation due to the Coulomb friction on the
flanks is equal to zero. For known ct and 0, an angle
0' of inclination of vector Vt to the planes ADEG and
ADE'G' can be found and, finally, the upper bound to
the true limit load can be expressed as
VI

P = Voo

[k(O)sCEDE'+2k(O')sDEGJ]'

(10)

For relatively short blocks, mechanism (e) gives lower
estimations of the upper bound to the true limit load
than mechanism (a). The hodograph for that mechanism
is relatively simpler (Fig. 9b). In order to include the base
friction, vector V t is assumed to be inclined to the base
at the angle of friction $b (the contribution to the work
dissipation due to the base friction could be, in this case,
expressed explicitly). The upper bound to the true limit
load for the mechanism shown in Fig. 8e can be
expressed as
P=
l -

4x/2 tan (fl + ~b") dt~t"~'ABCDE,
tan (fl + ¢~.) tan ~bb

(il)

where f~ is the unconfined tensile strength. It should be
noted that, if the second mode of indentation (Fig. 4)
occurs prior to the failure mechanism shown in Fig. 8e,
then the area S ABcDEin equation (1 l) should be reduced
by the area of the crack being intersected by the plane
ABCDE.
Some computational results for selected data are
shown in Fig. 10. The thick parabolic curves describe the
increase of the penetration force due to the increasing
depth of indentation h. Simultaneously solving the least
upper bound to the force of penetration and expressions
(10) or (11) (broken lines) yields the approximate load
and depth of indentation corresponding to the failure of
the block (small circles in Fig. 10). Figure 10 indicates
that (for given data) mechanism (a) yields a better

where k is given by equation (3), and V~ and 0' are given
in Appendix II. Geometrical changes and deterioration
of the strength of the material due to the-process of
indentation prior to the fragmentation of the block
should be incorporated into the analysis. It is obvious
that if the second mechanism of indentation (Fig. 4)
occurs prior to the failure mechanism shown in Fig. 8a,
the plane DEGJ intersects the virgin material as well as
the deformed material raised above the original top
plane surface of the block (not shown in Fig. 8a), the
deformed regions within the block and the crack. The
p
~ = 25°
part of the cross-section due to the crack should be
c : 2000 kN/m 2
(kN)
/3 ~.40o
~w:¢b=lSO
excluded from the area S DEGJin equation (10), and part
(e)
~-4
~ = 01
of the cross-section due to the material raised above the
"~'~Os~
I
f~/f~ : 5
# : 200
original top surface should be included. Further, if the
3000
--. ~.
cohesion of the material is assumed to drop due to the
deformation during the process of indentation, only the
fraction co [see equation (9)] of the cross-section through
~ooo 2 " 4 . " . / (~/
/
the deformed material should be included in S DEGJ.If the
t~)
" / %H°0~ /
first mode of indentation (Fig. 2) takes place before the
failure mechanism shown in Fig. 8a, the plane DEGJ
intersects only the virgin material of the block and S DEcJ
in equation (10) is exactly the area shown in Fig. 8a. In
the examples computed, angles 0t and 0 (~ ~< 0 ~< n/2)
o.os
olo
o15
(m)
were optimized in order to obtain the least upper limit
force (pm~n). It was found that for all examples pmi, Fig. 10. Force-penetration curves for a block of rock, and the splitting
forces corresponding to mechanisms (a) and (e) from Fig. 8.
corresponds to 0 = ~b.

,C-7,.,
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(lower) estimation o f the splitting force than mechanism
(e) for fl = 40 ° and blocks higher than 0.45 m, and for
fl = 20 ° and blocks higher than 0,59 m.
CONCLUSIONS
The problem o f pyramidal indentation into a rock was
solved approximately using the upper b o u n d a p p r o a c h
o f limit analysis. The first mechanism considered was
similar to one used in metal plasticity [12]. It is surprising
to notice that for the material whose yield criterion is a
function o f hydrostatic prssure this mechanism yields
increasing penetration force with decreasing half-angle
o f the pyramid fl (for a certain range o f fl). A kinematically admissible velocity field o f this shape c a n n o t
be constructed for small angles fl and ~b > 0. I n c o r p o rating macro-cracks into the mechanism o f deformation
(Mechanism II) provides kinematical admissibility also
for small ft. The mechanism with p r o p a g a t i n g m a c r o cracks provides values o f the penetration force lower
than Mechanism I for a b r o a d range o f fl (depending on
material properties). The deterioration o f strength, as
approximately incorporated into the analysis, has no
major effect on the penetrating force since in the mechanisms considered the majority o f the w o r k is dissipated
along the discontinuity surfaces m o v i n g into the virgin
material.
The solution to the problem o f indentation presented
in the paper m a y be useful in evaluating forces involved
in hollowing and fragmentation o f rocks, wherever the
rock-crushing is d o n e by pyramidal indentations. The
diagrams, as shown in Fig. 6, can be used for predicting
the force on a single bit necessary to proceed with the
process o f hollowing. A n example where the prediction
o f block splitting by a pyramidal tool is carried out was
also presented. The unconfined compressive strength o f
the block used in the example was 6279 k N (f~ x area
o f the block). It is seen from Fig. 10 that the force
necessary to split the block can be very effectively
reduced when it is applied t h r o u g h the pyramidal indenter. Results o f c o m p u t a t i o n s confirm the " c o m m o n sense" supposition that the block-splitting force decreases with the decrease o f the angle o f the pyramid.
The extension o f the analysis to other than square base
pyramids and different shapes o f blocks, including falsenose formations, and further refinement o f the failure
modes based on experiments m a y enable the analysis to
be useful in size-reduction operations in which a required
shape of rock fragments is desired.
The presented solutions to rock indentation and block
splitting problems have limited engineering application.
It is believed, however, that the m e t h o d proposed in this
paper, although approximate in its nature, m a y find
application in solving m a n y rock engineering problems
related to drilling, tunnelling, excavating, etc. It should
be noticed that the procedure used for tracing the
kinematics o f the deformation process by means o f
kinematically admissible (non-associated) velocity fields
m a y become progressively less accurate as deformation
proceeds. Therefore, for obtaining realistic results,
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experimental verification o f the velocity fields is recommended. I n c o r p o r a t i n g the strength deterioration o f
rock into the analysis, as proposed, m a y impose some
limitations as to the type o f rock for which the analysis
can be applied.
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APPENDIX I
The angle r/(Fig. 3) can be iteratively evaluated from the equation
V sin r/
0~

-

V2sin 0? + ~., + 22) =

0.

The velocities VI, V2, IV] and IV]', shown in Fig. 3, are
V I= Vo

sin fl
cos (/~ +~t +2~)'

V~ = Vt cos (fl + ct~- ~t3+ ~.~+ 23)
cos (/~ + a2 - % + 12 + 23)'
sin (~t2 - a~ + )-2 - )-R)
IV] = Vl
COS(fl +Gt2-~t 3+2 2+)-3)'
cos (=. +)-~)
IV]' = Vo
cos(fl + ~ +Z~)"
The angle ~ (Fig. 3) is analytically described as a function of r/
tan ¢ = (cos # - B sin tl)/(B cos r/+ sin fl),
B = [cos (fl + ct1)cos (a2 + fl - ct3)]/[sin(~2 + r/) cos (~t3- ctt
- #)1.
Angles )-, (i = 1, 2, 3) can be obtained from the relation
sin 21= sin q~*/sin #,, i = 1, 2, 3,
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where

where
tan/a I = sin/~/cos ( / / + a I ),

sin 6 = sin q~..sin 2/~"/sin/~',

tan/~: = tan/~ tan ¢/[sin a2 (1 - tan/~ tan ~)],
tan #3 = tan #2 sin a, cos (8 - r/)/(sin "3 sin q).

and
tan/~' = ~

APPENDIX

tan/~" = sin/L

The angle 0' of inclination of vector V~ to the planes A D E G and
A D E ' G ' (Fig. 8a) can be computed from the relation

The velocity V I in Fig. 9a is
V~ = V o

tan 8,

II

sin 2(~' + ~)

cos~B' + ~ + 0 -et)'

sin O" = sin//' cos (0 - / ~ ' - ~)/sin 2//".

