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SUMMARY

Hybrid Monte Carlo (HMC) hasbeensuccessfullyappliedto molecularsimula-
tion problemssinceits introductionin the late 1980s. Its usein Bayesiancom-
putation,however, is relatively recentandrare (Neal 1996). In this article, we
investigatestatisticalmodelsin which HMC shaws an edgeover the more stan-
dard Monte Carlo techniquessuchas the Metropolis algorithm and the Gibbs
sampler Themodelsunderinvestigationincludethe indirectobsenationmodel,
nonlinearstate-spacenodelandnon-linearrandom-efectsmodel. We alsopro-
posetwo methodsthe multi-point methodandparalleltemperingfor improving
HMC'’s efficiengy.

Keywords: HYBRID MONTE CARLO; MARKOV CHAIN MONTE CARLO; MULTIPLE-
POINT; PARALLEL TEMPERING; INDIRECT OBSER/ATION; STOCHASTIC VOLATILITY;
NONLINEAR RANDOM-EFFECTSMODEL; BAYESIAN COMPUTATION.

1. MOTIVATING PROBLEM

Hybrid Monte Carlo (HMC) asfirst introducedby Duaneet al. (1987)is a Markov chain
Monte Carlo (MCMC) techniquebuilt uponthe basicprinciple of Hamiltonianmechanics.
Its applicationgn molecularsimulationhave attractednuchinterestfrom researcherslts
potentialin Bayesiarcomputationhowever, hasnot beenfully explored. We show in this
articlethatHMC canbevery effective meandor exploring complec posteriodistributions.

To motivateour investigationconsiderthefollowing indirectobsenationmodel. Let
0 be a parameterectorandlet X, be a vectorof randomvariableswhosedistribution is
completelyknown givend. Supposeave obseneonly Y, where

Y = g(Xy,0), (1)

andthefunctionalform of g(-) is known, whereasXy is notdirectly obsenable.Of interest
is the Bayesianinferenceon the parametewectord. Sincethe analyticalcomputation
of the likelihood function of 8 is generallyinfeasible(when g is comple), the standard
maximumlik elihoodestimatiormethodcannotbe applied.We overcomethis difficulty by

formulatinga nev modelwhich canbeviewedasa “contaminatedrersion”of (1):

Y = g(X0,0) + (2)



wheree ~ N(0,021), I is theidentity matrixande is atuningparametecontrolledby the
user Treatingtheproblemasausualmissing-datgroblem,we write the“pseudo-posterior
distribution” of X and@ asfollows:

o (X, 0]Y) o go (Y| X, 0) f (X |6) 70 () 3)

whereg, representshe densityfunction of the model (2) and g is the prior for 8. It
canbe shovn thatundermild conditions the “pseudo-posteriordf § convergesto its true
posterioralmostsurelyasa? — 0.

However, producingsatisctoryMonte Carlosampledrom (3) is not easyto achieve
either Although a MCMC proceduresuchas the Metropolis algorithm (Metropolis et
al. 1953) might be applicable,the randomwalk natureof the algorithm makesit very
inefficientto explorethe posteriodistribution definedby (3). For instanceijn thefollowing
trivial example

y=>0z, x~N(@b,1),

thesamplegrom the“pseudo-posterior(3), whene is small,lie in thevicinity of thecurve
20 = y, asdisplayedin Figurel. Wheno = 0.05, for example,it needsmary iterations
for aMetropolissamplerto traversethe entirebanana-shapedhlley depictedn thefigure
andthesituationbecomesvorseaso decreasedn contrastHMC canfollow thedynamics
of this distribution ratherwell.
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Figure1l. Thecontourplotsof densityr,(x, #) with a flat prior 7 (8) = c.

The remainderof this paperis organizedas follows. Section2 reviews briefly the
generaHMC procedure.Section3 describeswo improvementmethods.Section4 stud-
ies someexamplesand comparesHMC with someother MCMC approachesSection5
concludeswith abrief discussion.



2. HYBRID MONTE CARLO

Supposewve wish to drav Monte Carlo samplesfrom w(x) « exp{—U(x)}, wherex =
(z1,---,z4). In physicscontets, x canbe regardedasa positionvectorand U (x) the
potentialenegy function. We introducea fictitious “momentumvector’p = (p1, - - -, pa)
andthe correspondinginetic enegy K (p) = 1 2?21 p? /m;, wherem; representshe
“mass”of componeni andwe write m = (my, ..., mg4). Thetotalenegy is then

H(x,p) =U(x) + K(p)- (4)

Clearly, if we cansample(x, p) from thedistribution(x, p) o exp{—H (x, p)}, thenthe
maminal distribution of x is exactly thetargetdistribution 7 (x).

On the otherhand,if a physicalsystemunderconsideratiorconseresthe total en-

ergy (i.e. H remainsasa constant)thenits evolution dynamicscanbe describedy the
Hamiltonianequationswvhich arederivedby differentiating(4) with respecto x andp:
oH . OH
ox P op
Becausethe Hamiltonian dynamicsis time-reversible, volume-preservingand enegy-
preservingthe resultingmovesleave 7 (x, p) invariant. Thatis, if (x(®),p(®) ~ =, then
afterthe conseredsystemevolvesfor time ¢, the new configurationattime ¢, (x(9), p®),
alsofollows distribution 7.
In practice the Hamiltoniandynamicss oftenapproximatedy a discretizedversion,
calledthetheleapfrog algorithm, with a smalltime step-size):

(t+4/2)

x. (5)

x(t+8) = x(t)+02

ou
0x (t)

wheretheratio betweertwo vectorsis operateccomponent-wiseAlthough eachleapfrog
move remainstime-reversibleandvolume-preservingt no longerkeepsH constant.Du-
aneetal. (1987)suggestedo usethe Metropolisrule to correctthis discrepang. Suppose
the configurationat the n-th iterationof HMC is (x,,, p,). The next stateis obtainedas
follows:

p(t+6/2) = p(t—4/2)—-¢

1. Generatea nev momentumvector p from the Gaussiardistribution 7(p)
exp{-K(p)};

2. Runtheleapfrogalgorithm(or ary time-reversibleandvolume-preservinglgo-
rithm) for L stepsto reacha new configurationin the phasespace(x’, p');

3. Let (xXp41,Pnt+1) = (X', —p') with probability
min[1,exp{—H (x', —p') + H (xn, P)}] (6)
andlet (X,41, Pnt1) = (Xn, p) With theremainingprobability.

The succesf the methodstemsfrom the fact that the exploration of the phasespace
is driven by basicphysicslaws. SeeNeal (1996)for a detailedreview of HMC andits
applicationto neuralnetwork training.



3. IMPROVEMENTS ON HMC
3.1. Multiple-pointMethod

The basicHMC considersonly the endingstateof an L-stepleapfrogtrajectoryasa can-
didateconfiguration.This makesthe acceptancerobability very low whenthe step-size)
is large. Neal (1994) presentech window methodto increasehe acceptanceate by con-
sideringwindows of statesat bothendsof a trajectory We proposea multi-point method
which approachethe problemfrom a differentangle.

Supposetiterationn the configurationis ¢(©) = (x,,, p,) in the phasespace Start-
ing from statey(®, we run L leapfrogstepsto obtain (@ o) ... »F)  For afixed
W (betweenl and L + 1), a candidatestatewithin thewindow (oE=W+1 ... o)) s
choseraccordingo the probability distribution

wy exp(—H (o))

Ski—p-w Wi exp(~H (p(¥)))’
wherewy, is a weightingfactorgivenin advanceby the user Reasonablehoicesof wy,
includev/k andlog k, bothgiving higherweightsto statescloserto theendof atrajectory
Supposehe chosenstateis ("~ ). We thenrun K backward leapfrogstepsfrom the
currentstatep(?), producingstatesp(— ), - -+, (=1 Usingthe“generalized’Metropolis-
Hastingsrule by Liu etal. (2000),we accepty(“~ ) with probability

F b w1 Wi exp{—H (oL~ —K))}

P(p®)) =

(7)

p=min 1,

()

andacceptp(® with probability 1 — p. The multi-point methodis valid in thatthe above
dynamicaltransitionssatisfythe detailedbalancecondition. A graphicalillustrationof the
methodis givenin Figure?2.
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Figure2. A graphicalview of themultiple-pointHMC method.

3.2. Parallel Tempering

We considertheindirectobsenationmodelmentionedn Sectionl. Whenthe control pa-
rametero is sufficiently small,the Markov chainmight oscillatewithin alocal region. To
addresghis problem,we incorporateparalleltempering(Geyer 1991)in HMC. Thebasic
ideaof paralleltemperings to allow the systemto “exchange’configurationcorrespond-
ing to differently“tempered”distributions,enablingthe sampletto explorethephasespace
in amoreflexible way.



In theindirectobsenationmodel,werun  HMC chainsin parallelwith o; o5
o . After afixednumber(kq, for instance)of HMC transitionswithin eachchain,
we choosetwo chains,i and (correspondindo o; ando ), say atrandom. Supposep;
andy arethe currentstatesof thesetwo HMC chains,respectiely. We exchangethem
with probability
exp{—H(p; 0%) — H(

exp{—H(p; o2) — H(

It is easyto show thatthe joint distribution 7, (¢1) -+ @, (p ) isinvariantunder
this exchangeoperation.Thus, at the end of the paralleltemperingsimulation,we obtain

estimategmay be posteriormeansor modes)§(c1),6(02),---,6(c ). A gquadratic
function

. ¢ oi)}
min 1, o 02)} . ()

0(0)2 o+ 10+ 2(72

canthenbefitted andthe paramete# is estimatedy theintercept .

4. NUMERICAL EXAMPLES
4.1 UncoupledOscillators

Considera systemof N uncoupledscillators(Neal 1994)with the potentialenegy func-
tion

Ux) = 1 292, (10)
i=1

FourHMC methodsi.e. thebasicHMC, thewindow HMC of Neal(1996),theunweighted,
andthe weightedmulti-point methods were appliedto a 1600-dimensionakystem. The
step-sizesvere sampleduniformly from internval (0, 2¢/ ). We comparecthe inte-
gratedautocorelationtime (1AT), definedasthe sumof all autocorrelationsandthe CPU
time (in secondsper effective sample(wherethe effective samplesize(ESS)is definedas
total samplesize/IAT).

Table 1. Comparisonof four methods:(A) basicHMC, (B) windowHMC, (C)
unweightednulti-point,and (D) weightedmulti-point.

c=1 A B C D c=2 A B C D
IAT 735 832 504 1.11 1119 731 7.61 3.25

— 082 111 0.71 0.15 130 099 111 044

From the two realizationsof the algorithmsreportedin Table1, onecanclearly see
thatthetwo multi-point HMC methodsaresuperiorto the othertwo HMC methods.



4.2. CompetingRiskModel

SupposeX = (X;,X») follows a bivariate Gaussiardistribution with unknavn mean

= ( 1, 2) andunknown covariancematrix . We obsereY = m x(X;,X5). To
draw inferenceon , we introducean artificial Gaussiamoisewith mean0 andvariance
o2 into themodel:

Y =m x(X1,X2) + ¢, e~ N(0,07). (11)

Wethensample(X, , ) from theirjoint pseudo-posteriadistribution by usingHMC.
For illustration,we simulated100 independenbbsenationsfrom N( , ) with

2 0
12 7 0 3
Theprior distributionfor waschoserasN ( ,10I) andthatfor , aWishartdistribution.
Our o2 takesfour values: 1,.5,.2, and.1, respectiely. We constructedcan independent
HMC chainfor eacho?. Theparametersf HMC weretunedaccordingo thespecificnoise
level. A large step-sizas alwayspreferredunlessit makesthe acceptanceatetoo low. A
rule of thumbis to maintainan acceptanceate of ~70%. The numberof leapfrogsteps
in eachdynamictransitionis usually chosento be reasonablyjtarge so that the trajectory
is long enoughto avoid arandomwalk; on the otherhand,an excessvely large numberof
leapfrogstepsmight be wastefuland alsorequiresmore evaluationsof the derivatives of
the Hamiltonian.

Table2 displaysthe numbersof leapfrogstepsL andthe correspondingtep-sizes
for differento?. As canbe seenfrom the table, a larger step-sizes often followed by a
larger o2. We also obseredthat for small o2, the autocorrelationsvere very high even
whena relatively large numberof leapfrogtransitionswerecarriedout. This slow-mixing
problemcanbealleviatedby paralleltempering.

Table2. Tuningparametesfor HMCin 4.2.

o? 1 b 2 1
L 40 60 70 0
A4 12 10 .0

Figure 3 plotsthe posteriordensityestimatesandautocorrelationgor | and », re-
spectiely. It canbe seenfrom the figure that the posteriordistribution for ; hasa high
modenear12 and a low andflat modenear8. This is in fact dueto the natureof the
problem:with theinformationat handonecannotobtaina consistenestimatorof ; even
with aninfinite numberof obsenations. The middle two plots of Figure3 show thatthe
autocorrelationsverestill ratherhigh evenwith the aid of paralleltempering. Theseau-
tocorrelationscan be further reducedby using the multi-point method,as shavn by the
bottomtwo plotsof Figure3.
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Figure 3. Top plotsfromlefttoright: the posteriordensityestimategor  and
; middle plots: their respectiveautocorelationsusing HMC; bottomplots:
their respectiveautocorelationsusingthe multiple-pointmethod.

4.3. Stodastic\olatility Model

Thestochastig/olatility modelis anonlinearstate-spacenodelandcanbe consideredsa
generalizatiorof the celebratedlack-Scholegormula (Hull andWhite 1987). A simple
stochasticvolatility modelhastheform:

Yt = € exp(xt/2), Tgp1 = Tp+ ¢, t=1,---, (12)

wheree; ~ N(0,1) and ; ~ N(0,0?). One canseethat log{var(y;)} follows an
AR(1) processDueto its nonlinearnature the usualGibbs samplercorvergesextremely
slowly. ShepharandPitt (1997)providedanimprovedMCMC algorithmwhich emplgys
a‘“grouping” techniquebasedn a Gaussiarapproximatiorto thelog-likelihood.

We now reportsomepromisingresultsby usingHMC to impute the statevariables
x,t = 1,---, . Our datasetconsistsof daily exchangeratesof Pound/Dollarfrom



10/1/1981to 6/28/1985(i.e. 946 obsenations). Let ; denotethe daily exchangerate
andlet ; =log ¢+1 —log ;. Define

ye=100-( ¢— ¢/ ) (13)
fort =1,---, . Weemployedthefollowing stratey in ourimplementation:
1. Giventhestatessample ,o and from their conditionaldistributions.
2. Given , ¢ and , imputethestatese;,t =1,---, byHMC.

Table 3 summarizeghe Bayesianestimatef ,o and obtainedfrom 10, 000 it-
erationsin the equilibrium stage. The posteriordensityestimateand the autocorrelations
for , which measureshe persistencef volatility over periods,aredisplayedin Figure
4. Theseresultsindicatethatthe efficiency of HMC is comparabldo thatof the multiple-
move simulationin ShepharcandPitt (1997). Sincethe HMC algorithmis applicableto
all the systemswvherethederivativesof thelog-likelihoodfunctionsareavailable,it should
be usefulfor the Bayesiamanalysisof mary othernonlinearandnon-Gaussiastate-space
models.

Table 3. Bayesiarestimate®f , o and in thestodasticvolatility model.

Parameter Mean StdErr Covariance

.6647 1237 1.5306e-02 -5.3229e-04 2.9903e-04

o 1428 .0262 -5.3229e-04 6.8651e-04 -1.5714e-04
9815 .0092 2.9903e-04 -1.5714e-04 8.4321e-05
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Figured. Theposteriordensityestimateandthe autocorelationsfor



4.4. NonlinearRandom-EectsModel
Considetthefollowing model

200k ;k ; _ —
yi =log W( B 1 (14)

wheree; ~ N(0,02). Herey; standgor the -th obsenationof subjecti. Let

log( 4) 1
0; = log(ki) = 2+
log(k ;)

and ; ~ N(0, ) where = (-3,.2,-2) ,02 = .01, is a diagonalmatrix with
diagonalelements04, .04 and.01. A datasetof 50 subjectss simulatedfrom the model
with ¢; ~ Unif(0,12). Only oneobsenation( = 1) is collectedfor eachsubject.Assume
o? is known. We wishto estimatehemean andthe covariancematrix

Shih(1999)appliedtherejectionGibbs,theindependenMetropolis-Hastingandthe
random-valk Metropolis algorithmson this model. For comparisonwe usedthe same
settingsasthosein Shih (1999). As with Section4.3, we iteratethe following two steps:
(a)drav and from their posteriodistributionsconditionalon thestatevariables;, i =
1,---,50; and(b) draw the statevariablesf; by HMC conditionalon and . Table
4 givesthe IAT, ESS,andthe CPU time (in secondsyer effective samplefor the HMC
method. The CPU time per effective samplefor the rejectionGibbs,whoseperformance
wasthe bestamongthe threeMCMC methodsin Shih(1999),is alsoincludedin Table4
for comparison.

Table4. Simulationresultsfor therandom-efectsmodel.

T R
1 20 2150 A2 14
2 32 1344 .20 .35
31 1387 A9 24
5. DISCUSSION

This paperpresentssomeexperimentalresultsfor using HMC in Bayesiancomputation
andtwo methodgor improving the performancef a standardHMC. Our experimentation
with differentHMC methodsfor a systemof uncoupledoscillatorsshavs that the multi-
point methodcansignificantlyimprove the efficiency of a standardHMC. The numerical
analyseof theindirect obsenation model,the nonlinearstate-spacenodel,andthe non-
linearrandom-efectsmodeldemonstratéhatHMC canbemoreefficientthanthestandard
MCMC methodsn thesevery nonlinearsituations.



Although HMC hasbeenfound useful for Bayesiancomputationsmary important
issuegemainopen.For example,how to chooseuningparameterin HMC, e.g.,thestep-
sizeandthenumberof theleapfrogiterations,is still adifficult problem.A rule of thumbis
to maintainanacceptanceateof ~70%. But thereseemgo benocleartheoreticabasisfor
thisrule. Fromour numericalstudieswe alsofind thatthe efficiency of HMC canoftenbe
improvedsignificantlyby adjustingthefictitious massvariablem; fori = 1,..., . Thisis
equialentto adoptingdifferentleapfrogstep-sizeslongdifferentdirections.lt is intuitive
to choosethem; inverselyproportionalto the maminal standarddeviation of = alongthat
direction.But this maynotbedesirablavhenastrongcorrelationbetweertwo components
of x is present. The multi-point methodrequireseven moretuning: the window size W
andtheweightingfactorw, canbothbeadjustedreely. How to tunethesenew parameters
to resultin anefficient multi-point HMC warrantsfurtherinvestigation.
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