9.1 Problem 9.1

9.1.1 Part a

The general solution for the vector potential in Lorentz gauge with source J (Z,t) is

/d3’/dt s(v+ 2=,
5t T in \x—x T

Then if we look at a Fourier-transformed (in time) field,
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where k£ = w/c and we have made no assumptions about the source.

9.1.2 Part b

If we have a charge ¢ rotating in a circle of radius R about the 2z axis, it is easiest to use
cylindrical polar coordinates, with the charge at 7, with coordinates p = R, ¢ = wyt, 2 = 0.
The current density is
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A little care is needed in converting 6(p — wot) to a delta function in ¢, because it requires
its argument to be zero modulo 27, so
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Now from the expansion of the Green’s function we have
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The angular integral restricts the values of ¢ and m’ which can contribute. We have

(204 1) (¢ —m/)!
e’ (04 m')!

/dQ'é(r' oS 9')é:0eim‘0,Y[;n,(0', ¢') = \/
27T ! N N4 N !
X / do' P (cos(m/2)) e™"™ % ™ (—sing'é, + cos ¢'é,)
0

_ \/ CELITLE= 1) oo (0) e, — i —m)ey) (1)

4 (+mnt
X [0(m' —m —1) +d6(m' —m+1)]

Note that the ¢’ integral forces m — m' = +1, so higher frequency modes, with w = mwy ,
can only enter with ¢ > m — 1. Furthermore, as Yy, (7/2, ¢') = 0 for £ —m' odd, even values
of m have only odd values of ¢, and vice-versa.

For £ = 0 we have only w = wy, and PP =1, so (for r > R)
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For ¢/ = 1, we have no contribution at w, as the magnetic dipole moment m = %ff x J =
quwoR?é, is a constant, and the quadrupole term (and Mg),
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which has only components at w = 2w,. From (1), for m = 2, we get a factor of

1 /370! R
7\ Iin(O)(eIzey)

2



We have j,(kR) = SnkH — coshR) “y7 (g, p) = —/Esinfe'e, PL0) = —1, WV (kr) =
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9.7 Problem 9.7

To get the instantaneous power, we need to evaluate
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and not just the average power. As the actual fields E(t) and FH(t) are real, we need

the Fourier transforms for negative w, which are necessarily E(f, —w) = (E(f,w)) , and

similarly for H. Then,
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The Fourier transformed vector potentials are, to leading order in 1/r, all of the form
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where V = p for an electric dipole, V =c'#xmfor a magnetic dipole, and V= g—‘gf - for an
electric quadripole. Notice that all of these values of V(w), and of A: satisfy the condition
that w — —w is equivalent to complex conjugation. Again to leading order in 1/r, we have

N . w2 6zwr/c

1
—V x A=
Lo demr 7

—

H =

rxV

and

. 2 iwr/e .
E:Mowe fx(fo)
4 r

3



So evaluating the power per sterradian:
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For the electric dipole,
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For the magnetic dipole, 7'is replaced by 7 x 7, and (7 x A)? — (7 - (7 x A))?
for the magnetic dipole
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Pl = A2 — (f . A) , we have, all together,
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So, just as for the electric dipole, we have:
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