Physics 505 Fall 2007

Homework Assignment #7 — Solutions

Textbook problems: Ch. 5: 5.4, 5.7, 5.8, 5.9

5.4 A magnetic induction B in a current-free region in a uniform medium is cylindrically
symmetric with components B (p, z) and B,(p, z) and with a known B, (0, z) on the
axis of symmetry. The magnitude of the axial field varies slowly in z.

a) Show that near the axis the axial and radial components of magnetic induction
are approximately

Bipo) = 302 - (5 ) [0 + -

mine=-()[2522] - (8) 258 -

Near the axis (p =~ 0), we may perform a series expansion of the magnetic induc-

tion
Bz(p, Z) = bO(Z) + pb1<Z) 2b2 Z p_b
B,(p,2) = co(z) + per(2) + 3p%ca(z Z P (1)
By(p,z) =0

Since the region is current free, the magnetic induction must satisfy the mag-
netostatic equations V- B = 0 and V x B = 0. In cylindrical coordinates, the
divergence equation gives

oo

- = 10 0 (n+1)pn1 ",
—V-B= B, B, = § AN £
0 B p@pp +8 :o< n! en(2) + 1)

We shift n — n + 1 in the first term in the sum to obtain

_ —co +Z - (”H%H(z)m;(z))

Since this vanishes for any value of p, each term in the sum must vanish individ-
ually. This gives us

n+1,
) ©)

co(2) =0, Cnt1 =



We now continue with the curl equation. The only non-trivial component is

e . o o B ° pn , B pn—l
0=[VxBly=5-B,- apB ;(n!cn(z) (n_l)!bn(z)

Shifting n — n + 1 in the second term in the sum gives

Z% 2) = bt ()

so that
bny1(2) = ¢, (2)

Combining this with (2) gives us the recursion relation

b () = €4(2) = =<t (2)

Taking into account the fact that c¢o(z) = 0, we see that bi(z) = 0. On the other
hand, bo(z) is undetermined. The recursion relation can then be used to relate
bn(2) to by(z) where n is an even integer. The result is

R 3)
—1)n/2 n!
- OIS (n even)

where b(()n)(z) indicates the n-th derivative of by(z). Using (2), we then see that
the odd ¢, (z) terms are non-vanishing, and are given by

. ) — (—1)n/2+1 (n+1)! (n+1) . n o

Inserting these expressions into the Taylor expansion (1) finally gives

_ N~ (DR [875B.(0,2)

B.(p,2) —kzzo 4k (kD)2 { 0z%k } )
L& ()R pleke 0?1 B (0, 2)

B,(p,z) = Z AR (2K 1 2)(k))2 [ 72k +1 }

=
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where we have made the identification by(z) = B.(0, z). The first few terms in
the expansion gives the desired result

2 10%B,(0, 2
Bz(ﬂv Z) = Bz(oa Z) - pz [%] +

p [0B.(0,z) p> [93B.(0,2)
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Incidentally, another approach to this problem is to note that, for a current-
free region, the magnetic induction may be given in terms of a magnetic scalar
potential

B=-Vd,, V20, =0

Solving Laplace’s equation in cylindrical coordinates gives an expansion in terms
of Bessel functions. Choosing the modes to be oscillating in p and exponential in
z allows us to write

w62 = 3 [ b )T gt

where A,, (k) are a set of expansion coefficients. Since the problem is cylindrically
symmetric, only the m = 0 component contributes

Drr(p,2) = /dk Ag(k)Jo(kp)er?

As long as we are only interested in the field near the axis, we may Taylor expand
the Bessel function Jy(kp) for small p. Using

nie) =3 G (1) )

we find

= (~1)®
=> 4(5 28 / dk Ag(k) k>3 e*?

Since the exponential e** blows up as z — oo (for positive k) or z — oo (for
negative k), this expression is not be well defined in all of space. However, we
may consider either working in a finite range of z or treating this as a formal
expression. In any case, we note that powers of k inside the integral corresponds
to taking z derivatives of the exponential

k — — (7)

Hence
o0
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Setting p = 0 in this expression gives

D (0,2) = /dk Ay (k)er



Substituting this back in allows us to write

> (_1)8 2s 625
(DM(Oa Z) = Z 48(8!)2p 0225 (DM(Oa Z)
5=0

Finally, using B = —V®,, allows us to reproduce the series expansion of the
magnetic induction given in (4). Incidentally, we note that the coefficients in the
solution to the b, (z) recursion relation given in (3) matches the Taylor coefficients
of the Jy Bessel function, (6). In fact, if desired, we may use (7) to write the
formal expression

Bar(p, 2) = Jo (p%) B (0, 2)

Then 5
Bz<p7 Z) = JO (p£> Bz(O,Z)

By(o.2) =3t (- ) B0.2) = =1 (037 ) Bu00.2)

b) What are the magnitudes of the neglected terms, or equivalently what is the
criterion defining “near” the axis?

We see from (4) that the n-th term in the series expansion of B(p, z) is of the
form
p" 0" B, (0, 2)
27[(n/2)!]? 0z

Ignoring constant factors, this indicates that the ratio of adjacent terms in the
series is roughly

An+2 2 [8n+2Bz(07 Z)/8Zn+2]
an P T [07B.(0, 2) /02"

In general, this ratio needs to be less than one for the series to converge. Hence,
this provides a criterion for being “near” the axis

[0"B,(0,z2)/0z"]
p KL \/[8”+2BZ(0, 2)/027+2]

For a smooth function B,(0,z), the n-th derivative behaves roughly as 1/L"
where L is the scale of variation of the field. As a result, we demand p < L
where L is a typical length for the variation of the magnetic induction B, along
the z direction.

5.7 A compact circular coil of radius a, carrying a current I (perhaps N turns, each with
current I/N), lies in the x-y plane with its center at the origin.



a)

By elementary means [Eq. (5.4)] find the magnetic induction at any point on the
z axis

As long as we restrict ourselves to the z axis, the magnetic induction is given by
an elementary application of the Biot-Savart law.

d

By symmetry, only the z component contributes

B ,uOI/ [d?x E]Z B uOI/dKRsina B /L()IQ a pola?

B, _
47 R3 A

R3 a7 'R T 2R®

Substituting in R? = a? + 22 yields

B. = pola?
2(a? + 22)3/2

An identical coil with the same magnitude and sense of the current is located
on the same axis, parallel to, and a distance b above, the first coil. With the
coordinate origin relocated at the point midway between the centers of the two
coils, determine the magnetic induction on the axis near the origin as an expansion
in powers of z, up to z* inclusive:

B. - (,uolaz) [1 N 3(b> —a?)z?  15(b* — 6b%a® + 2at)2* L }

2d4 + 1648
where d? = a? + b? /4.

By shifting the origin around, it should be obvious that the magnetic induction
is given exactly by

B. = —“‘);“2 ((a® + (= = 3072 4+ (@ + (2 + 30)2)7?) (8)

All we must do now is to Taylor expand the terms to order z*. Noting that we
are seeking an expansion in powers of z/d?, we may write

I 2
B, = u02a ((d2 —bz+ 22732 4 (4 bz + zz)_3/2>
2
= PO (1= bC + ¢ 4 (14 b+ 2¢) ) )
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where we have introduced ¢ = z/d?. Expanding this in powers of ¢ yields

p. — ol [1+§(b2— )¢+ 15 (0" — 6b%a® + 2 4)C4+---] (10)
z — 2d3 2 a 16 a a

which is the desired result.

Show that, off-axis near the origin, the axial and radial components, correct to
second order in the coordinates, take the form

2
B, =00+ 02 <22 — %) ; B, = —03zp

In principle, we may compute the vector potential or magnetic induction off-
axis through the Biot-Savart law. However, near the axis, it is more convenient
to perform a series expansion of the magnetic induction and use the results of
problem 5.4 above. The result of part b indicates that

B.(0,2) = 00+ 092 + - -

where
 pola? _3(b* —a?)
00 - dS 9 01 - 2d4

Inserting this expansion into (5) gives

00

B.(p,z) = o0+ 022 + -] = 1p°[o0 + 0227 + -] + - -
=09 + 02(2* — %p2)_|_...

B,(p, z) = _%P[UO + 092 +o
= —09pz+ -+

For the two coils in part b show that the magnetic induction on the z axis for
large |z| is given by the expansion in inverse odd powers of |z| obtained from the
small z expansion of part b by the formal substitution d — |z|.

For large |z| we Taylor expand (8) in inverse powers of z

_NOIGQ -1 2 | 112\,—-2\-3/2 -1 2 | 132\, -2\-3/2
Bz_zyzp (1=bz"" 4 (a® + 30%)272) 2 + (1 + bz ! + (a® + 1b7)27?)

Comparing this with the last line of (9) shows that the Taylor series is formally
equivalent under the substitution ¢ — z~!, which may be accomplished by taking
d—|z|.

If b = a, the two coils are known as a pair of Helmholtz coils. For this choice of
geometry the second terms in the expansions of parts b and d are absent (oo =0



in part c¢). The field near the origin is then very uniform. What is the maximum
permitted value of |z|/a if the axial field is to be uniform to one part in 10%, one
part in 1027

For b = a the axial field is of the form
 pola? (1 45 a*z* )

B, = —
2d3 16 d8
4 2 4
_dmldt (M eyt
53/2a3 125 \a

Taking the (|z|/a)* term as a small correction, the field non-uniformity is

0B 144z 4
B 125 (5)

For uniformity to one part in 10%, we find |z|/a < 0.097, while for uniformity to
one part in 10%, we instead obtain |z|/a < 0.305. These numbers are actually
pretty good because of the fourth power. For example, the first value indicates
we can move =~ +10% of the distance between the coils while maintaining field
uniformity at the level of 0.01%. Helmholtz coils are very useful in the lab for
canceling out the Earth’s magnetic field.

5.8 A localized cylindrically symmetric current distribution is such that the current flows
only in the azimuthal direction; the current density is a function only of r and 6 (or
p and z): J = ¢J(r,0). The distribution is “hollow” in the sense that there is a
current-free region near the origin, as well as outside.

a) Show that the magnetic field can be derived from the azimuthal component of
the vector potential, with a multipole expansion

Ay(r,0) = —Z—; Z mpr® P} (cos )
L

in the interior and

outside the current distribution.

b) Show that the internal and external multipole moments are

1
me= =gy | o Elees0) )
and 1
= =gy | Fer i) 6.0



We work out both parts a and b simultaneously. For a current density J, , the
vector potential in Coulomb gauge has the expression

IL’ / d3 /
\x

- 21 1 C; J(r' 0,8 (0,0)Y"*(0,¢") r?dr'd¢’ d(cos §")

where r- = min(r,r’) and r~ = max(r,r’). For the cylindrically symmetric
current distribution J = ¢J(r, ), the vector potential becomes

A(j) 2l +1 / l—|—1 )
X Y™(0,0)Y;™ (6", 0)e"™ =) 12 dr' dg d(cos 0')

where we have also explicitly written out the azimuthal dependence of the spher-
ical harmonics. Noting that Y™ *(6,¢) = (—1)"Y,”™(0, ¢) and that ¥, (0,0) =
Y;"*(6,0), the sum over m may be put into the form

—

x}flm(e,omm*(e’ 0) cos[m(¢ — ¢)] r"*dr'd¢'d(cos §')
(11)

We now focus on the azimuthal part of this integral

271
Im= [ ¢ cosim(¢—¢)|d¢’ (12)

0

paying attention to the fact that the primed (/3’ direction may not be the same
as the unprimed ¢ direction for the observer. In particular, we note that the
cartesian components of the spherical coordinate basis vectors are

7 = (sin @ cos ¢, sin 0 sin ¢, cos )
6 = (cos B cos ¢, cos 0 sin ¢, — sin 0)

b= (—sin ¢, cos ¢, 0)

Thus an arbitrary vector 1% may be decomposed as
V=>@FV)i+@-V)i+(d-V)d

In particular, for the é’ unit vector, this decomposition becomes

¢’ =sin(¢ — ¢')(#sin @ + 6 cos 0) + cos(¢p — ¢')p



Substituting this into (12) yields

27
I, = / [Sin(gb — ¢')(Fsinf + 0 cos 0) + cos(¢p — qb’)qﬂ cos[m(¢p — ¢")]d¢’
0

As a result, the expression for the vector potential, (11), becomes

AF) = “0

in 2 2l+1 Y™ (6,0)Y;*(6",0) r"?dr'd(cos 6")

l—|—1

This demonstrates that only the azimuthal component of the vector potential is
non-vanishing (in Coulomb gauge). Writing out the spherical harmonics in terms
of associated Legendre polynomials gives

_@ Pll(COSQ) / < 1 N A2 7.0 !
A¢(r,9)—47T l 0+ 27 l+1J(r 0") Py (cos0") r'*dr'd(cos §")

(cos ) r
Zl /lilJ( ,0"YP}(cos ') d*’

For the interior region, we take r < r’, since the observer at r is closer to the
origin than then region containing the current J(r’,6’). This gives

Aln

!/ 0/
Pl COSQ)/(](Z—;l)PZI(COSQI)dg'.T/
r

(1

On the other hand, r~ and r~ are flipped for the exterior region (r > r’), so that
A (r Zl n 1 s, P} (cos 9)/r'lJ(r',9’)Pll(cos 0')d*x’

Finally, defining

1 P} 0

=gy [
! ' (13)

W= I /rlPll(cos 0)J(r,0) d*x

gives the desired vector potential multipole expansion
in IU’O
Ay = ~ Z myr! P} (cos 6)

: (14)

Ho Hi
A = ~ Tl+1Pl (cos @)
l



Note that an alternate method of solving part a is to the vector potential in a
current-free region satisfies the homogeneous equation

VA =0 (in Coulomb gauge where VA= 0)

Taking A = Agy(r, Q)QAS and using the expression for the Laplacian in spherical
coordinates gives

2
10 ,0 L RS

r2or  Or + r2 sin 6 00 00 ' r2ginZg 0¢? (Ag(r; 6)9)

Note that the Laplacian must also act on the unit vector ngS, as it rotates along
with the azimuthal angle ¢. In particular, it is easy to see that

952~ 7
This results in the Laplace’s equation
10 5,0 1 0 0 1
=|=—r‘—+ ———sinf—— ——| A 0
0 Lﬂ? o ar T am0 00 2056 2amze) MY

which may be compared with the ordinary separation of variables solution to the
scalar Laplacian in spherical coordinates. Since this corresponds to an azimuthal
quantum number m = =+1, the solution is then of the form

Ag(r,0) = [Art + Blr~'71 P} (cos 0)
l

(where we have used the fact that Pl1 and Pl_1 are linearly dependent, so we are
free to restrict to m = 1). Taking the appropriate inside and outside solutions,
then immediately gives (14).

5.9 The two circular coils of radius a and separation b of Problem 5.7 can be described in
cylindrical coordinates by the curent density

J=¢I5(p—a)[d(z —b/2) + 6(z + b/2)]

a) Using the formalism of Problem 5.8, calculate the internal and external multipole
moments for L =1,...,5.

In principle, all we are asked to do here is to compute the moments (13) using the
current density given above. However, there may be a bit of a subtlety in whether
we choose to use cylindrical or spherical coordinates. Although (13) was worked
out in spherical coordinates, the integral can be performed in any coordinate
system, so long as we use the appropriate expressions for » and cos . Since J is



given in cylindrical coordinates, we take this to be the natural coordinate system
to use. In this case, (13) may be reexpressed as

1 P1 \/ 2)
/ (/v p* + 2 p, z) pdpdpdz

W+1) ) (p? +z2)<l+l>/2
1
’u:_l(l—{—l) /(,0 + 2%) l/2P1 (z/\/ p? + 22) z) pdpdpdz

where we have made use of the transformation

r=+/p?+ 22, tan@zg

m; = —

Using
J=1I6(p—a)[d(z—b/2) + (2 + b/2)]

immediately gives us

=~ R /2d) + P b2
ﬁu::-—léffa)d%fz(b/?d)%—fﬁ (~b/2d)]

where we have defined
d=+/a®>+b%/4

Since the associated Legendre polynomials have definite parity
P (~z) = (-1)"F"P" (2)

we see that only the odd [ moments survive

dmla

=— d—HPl b/2d
4WIa

= — le b/2d

Since

Pla) = —v/1—a?
Pi(z) = —3(52% = 1)V/1 — 2 (15)
Pi(z) = =18 (212" — 142% + 1)\/1 — 22

the first few internal moments are

2rla?

=T
orla? b? — a?

A ST 1o
2w la? b* — 6a2b? + 2a*

ms =

d’ 16d4



and the first few external moments are

w1 = 2mwla?
b2 2
us = 2mla® 1
ps = 2mla? b — 6a”0? + 207

16

Using the internal multipole expansion of Problem 5.8, write down explicitly an
expression for B, on the z axis and relate it to the answer of Problem 5.7b.

We begin with the internal multipole expansion of the vector potential, which
was given in (14)

Ay = —Z—i [marP} (cos0) + msr®Ps (cos 0) + msr® Py (cos ) + - -+
= Z—Osinﬁ[m1r+m37’3%(5c0829 —1) (17)
7r

+ msr°i2(21 cos* 6 — 14 cos® 0 + 1) + - -]

Note that we have used the explicit forms of the associated Legendre polynomials
given in (15). Since Ay is the only non-vanishing component of A, the magnetic
induction is given by

. . 1
B=Vx(Asp) =7+

g . . ~1 0
%(Sln 9A¢) — 0;5(7"14@5)

rsin 6
Substituting in (17) gives
5 Mo, 2 2
B = o [Tc080<m1 + 3mgr*(5cos” 6 — 3)
T
+ LBmsrt (63 cos” 6 — 70 cos® 0 + 15) + - - )

— ésin@(m1 + 3m3r2(5 cosZ 6 — 1)
+ A§—5m5r4(21 cos*@ —14cos? 0 + 1) + - )}

To obtain the magnetic induction on the z axis, we let # = 0 in the above and
find
B, = 5—0 (m1 + 6msz? 4+ 15ms2* + - - )
T

(where we have taken r = z along the axis). Finally, substituting in the internal
moments, (16), gives

B, =

pola? 302 —a® /2\2 15b* — 6a%b® + 2a* /2\4
142 d - z
& [ > &2 <d> 16 4 <d> +

which agrees with the answer to Problem 5.7b, given by (10).



