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Abstract

The dynamics of highway traffic is examined by investigating an optimal-velocity car-following
model which includes the reaction time delay of drivers. Drivers with identical characteristics

are considered and periodic boundary conditions are applied in space.

Bifurcations of the corresponding system of delay differential equations are studied ana-
lytically and by numerical continuation techniques. By investigating the linear stability of the
uniform flow solution, Hopf bifurcations are identified and it is shown that the consequent os-
cillations correspond to travelling waves, with different wave numbers, that propagate against

the flow of traffic.

After eliminating a continuous translational symmetry of the system, normal form calcu-
lations are carried out showing that the Hopf bifurcations are robustly subcritical due to the
inclusion of the delay. Consequently, the resulting oscillations are unstable in the vicinity of

the Hopf bifurcation points, revealing the possibility of bistable behaviour.

The full nonlinear dynamics of the system is investigated by numerical continuation tech-
niques. By following branches of periodic solutions, regions in parameter space are determined
where the stable uniform flow co-exists with periodic solutions corresponding to single or mul-
tiple traffic jams. Regions of stopping and collision are also computed. As the number of
cars is increased, trends are identified by monitoring how the boundaries of these domains

change.

It is shown that for large numbers of cars the periodic solutions develop stop-fronts and
go-fronts corresponding to the entry and exit points of traffic jams. Detailed investigation of
the stability of periodic solutions provides information about the low-dimensional dynamics

of the amalgamation and the dispersion of traffic jams.
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CHAPTER 1

INTRODUCTION

Every day the demand for travel increases and consequently roads are becoming more con-
gested. Congestion results in increased travel times and exhaust fume emissions [2,'4, 11,12].
Politicians have thus realised that it is necessary to tackle congestion, either by suppressing
the demand for travel or by sponsoring improved methods of traffic management. For ex-
ample, in the UK the Department of Transport has developed a Ten Year Plan [13] for the
reduction of congestion. Broadly speaking, roads may be categorised as either (i) part of a
dense urban network or (ii) part of the long distance trunk road/motorway network. This

thesis is concerned with some modelling aspects of the latter.

The economical significance of motorways is enormous. In the UK motorways constitute
only one percent of the entire road network in length, but provide approximately one fifth of
the country’s overall traffic (measured in vehicle kms) [10]. Furthermore, Britain’s motorway

traffic has increased by more than one third in the last ten years.

Information technology is making available new methods for the measuring, control and
optimisation of motorway traffic. For instance, in the UK the Highways Agency [3] has
developed the MIDAS (Motorway Incident Detection and Automatic Signalling) temporary
speed limit system [7]. The agency has also created the ATM (Active Traffic Management)

system [1] where vehicles are diverted to run on hard shoulders at peak times, and the RM
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(Ramp Metering) system [9] where the flow of vehicles joining the main carriageway from
entry slip roads is controlled by traffic lights. Note that ramp metering is also in use in the

USA in many urban areas [8].

Here we give a brief overview of the MIDAS system, which was first installed on London’s
M25 orbital motorway [5]. The system consists of a distributed network of traffic and weather
sensors, and in the case of the M25, variable speed limit signs which control traffic speeds
with little human supervision. Speed and flow data is collected by double inductance loops
every 500m along the carriageway and this data can be post-processed and used to visualize
the macroscopic (by which we mean over large length and long time scales) dynamics of

traffic.

In Fig. a space time diagram is depicted showing a 17.5 km long section of the M25
during a four and half hour time interval. Each of the 36 sensors averages the velocity of
traffic at one minute intervals and a colour is applied according to the computed average
velocity. High and low velocity regions are indicated by blue and red colours, as detailed
in the colour bar on the right-hand side of the figure. One may recognize that the flow is
not homogenous, instead, low and high velocity regions alternate in space, forming patterns
which propagate upstream (opposite to the flow of vehicles). This moving pattern consists

of so-called stop-and-go waves.

It is possible to reconstruct the motion of (hypothetical) individual vehicles (shown by
black curves in Fig.|1.1), so that the slope of the z(t) curves are given by the measured average
velocities. When driving through stop-and-go waves, vehicles decelerate, stand still/drive
slowly, and then accelerate. Thus, patters are formed by vehicles’ collective motion. The
emergent stop-and-go waves are sometimes called ‘phantom’ traffic jams since drivers are
unable to observe their original cause, because they are far away (both in space and time)
from the point where the traffic jam is initiated. It is curious to note that such large-scale
structures exist given that drivers tend only to make microscopic actions in response to the

speed limit signs and to the motion of the preceding vehicles.
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Fig. 1.1: Spatio-temporal plot of a section of one carriageway of London’s M25 ring road. The
measurements are made with the help of the inductance loops of the MIDAS system. High velocity
regions are depicted as blue and low velocity regions as red, according to the colour bar on the
right-hand side. The black curves indicate (typical, not measured) vehicle trajectories.

In order to optimize systems like MIDAS we have to understand the fundamental macro-
scopic dynamics of highway traffic (what happens over large time and length scales). It is
possible to construct macroscopic models that describe the dynamics in terms of density and
velocity distributions in space and to compare the obtained results with measurements. How-
ever, ultimately traffic flow is a discrete phenomenon, so it is important to understand how
macroscopic dynamics results from microscopic models of driver behaviour. In the mathemat-
ics and physics literature of microscopic traffic models, the psychological reactions of drivers
are grossly simplified, but even so they may qualitatively reproduce the correct macroscopic

stop-and-go waves whose wavelengths are many times the separation of individual vehicles;

see, e.g., [15,107].

Fig.[1.2/shows a spatio-temporal diagram produced by the microscopic model investigated
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Fig. 1.2: Spatio-temporal plot of a ring road obtained from the model analysed in this thesis when
the uniform flow is linearly unstable. Due to the periodic boundary conditions, the boundaries x = 0
and z = L = 100 are equivalent. The stop-and-go traffic jams are shown in red. The trajectories of
every fifth forward travelling vehicle are shown by blue curves (the trajectory of the first vehicle is
emphasized in black).
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Fig. 1.3: Spatio-temporal plots of a ring road obtained from the model analysed in this thesis when
the uniform flow is linearly stable. Due to the periodic boundary conditions, the boundaries x = 0
and z = L = 150 are equivalent. The stop-and-go traffic jams are shown in red. The trajectories of
every fifth forward travelling vehicle are shown by blue curves (the trajectory of the first vehicle is
emphasized in black). Panel (a) demonstrates the linear stability of the uniform flow, while panel (b)
shows that, by applying sufficiently large perturbations, stop-and-go traffic jams may occur.

in this thesis. Stop-and-go waves propagate backward along a circular road. Traffic jams (red

regions) are detected when vehicles’ velocities drops below one third of the velocity of sparse

4



uniform flow. The blue and black curves show how individual drivers pass through these
waves. Note that both the macroscopic and microscopic results agree qualitatively with the

MIDAS measurements, compare Fig.|1.1/and Fig. 1.2.

The main focus of this thesis is to investigate the dynamics of microscopic models and
the emerging macroscopic features. Particularly, we focus on a so-called optimal velocity car-
following model where driver behaviour is modelled by differential equations. In this thesis,
the technical challenge from the mathematical point of view is the inclusion of delay to model

the reaction time of drivers. The principal advances are two-fold:

1. This is the first time that the nonlinear dynamics of a traffic model has been investigated
systematically by using bifurcation tools. These investigations provide a deep insight

into the dynamics ruled by stable and unstable oscillations.

2. We manage to go beyond the simplest ordinary differential equation case and deal
with technically challenging delay differential equations. Thus are we able to study the

robust effects caused by the drivers’ reaction time delay.

The mathematical tools used in this work are principally from analytical and numerical
bifurcation theory, including the application of the numerical continuation package DDE-
BIFTOOL [36]. With these tools branches corresponding to uniform flow and stop-and-go
wave solutions may be determined as functions of parameters. Bifurcation points can also
be detected on these branches showing where the dynamics change qualitatively. Since both
stable and unstable solutions can be found, this approach allows us to describe even the
‘hidden’ dynamics of the system, which cannot be explored by numerical simulation. Con-
sequently, applying bifurcation analysis and numerical continuation is a much more efficient

way to explore parameter space than the repeated use of numerical simulation.

While the microscopic models without delay are described by ordinary differential equa-
tions (ODESs) presenting the dynamics in finite-dimensional phase spaces, the appearance of
the reaction time leads to delay differential equations (DDEs) and to infinite-dimensional

phase spaces. The finite-dimensional bifurcation theory that is available in basic textbooks
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[47,173] has been extended to DDEs in [31, 49,50, 67]. The infinite-dimensional dynamics
make the bifurcation analysis more abstract and complicated: functionals and operators need
to be handled analytically and their discretised counterparts, (i.e., large matrices) are tackled

in numerical tools; see Chapter[2.

In the mathematics and physics literature, linear stability arguments have been used
before to investigate the formation of traffic jams 63]. Actually, traffic jam formation
had been equated with linear instability of the uniform flow equilibrium (a kind of steady
state where equidistant vehicles flow with the same time-independent velocity); see Fig.[1.2]
for demonstration of this instability. However, it is also thought among traffic engineers
that certain events, like a truck pulling out of the slow lane, can trigger traffic jams even
when the uniform flow is stable. One of the key advances here is a proper examination of
the subcriticality of bifurcations and the co-existence of the stable uniform flow with stable
stop-and-go waves. In parameter ranges of co-existence, large enough perturbations can still

lead to pattern formation even when the uniform flow is linearly stable.

An initial demonstration of this co-existence is given in Fig.|1.3. Panel (a) demonstrates
a case when the uniform flow equilibrium is (linearly) stable. However, as shown in panel
(b), by applying sufficiently large random perturbations in vehicles’ separations and velocities
one can obtain stop-and-go waves in this case as well. This co-existence effect is analysed in
Chapters|3 and 4 by applying analytical and numerical bifurcation theory. In Chapter[5 it is
shown that numerical bifurcation analysis also allows us to investigate the long-time merging

and dispersing dynamics of traffic jams; see Fig.[1.2 and Fig.[1.3[b).

1.1 Review of modelling approaches for vehicular traffic

In this section we give a brief review of the mathematics and physics literature of simpli-
fied highway traffic models. In fact, traffic engineers use much more complicated models,
for example, as implemented in the software packages AIMSUN, DRACULA, PARAMICS,
SISTM, and VISSIM [6]. However, the dynamics of these complicated systems may only be
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investigated by numerical solution of the initial value problem. In contrast, detailed inves-
tigation of the dynamics of simple models is necessary for the basic understanding of the
pattern formation mechanisms of real-world traffic. For more discussion and a much more

detailed review see Helbing [53].

A central question in all models is what scales need to be represented. There are macro-
scopic models which do not consider individual vehicles but rather deal with continuous
density and velocity distributions as functions of space and time. These so-called continuum
models describe the dynamics by partial differential equations (PDEs). There are also mi-
croscopic models which model at the level of individual vehicles. These include two types of
models, namely car-following models and cellular automata models. In car-following models
discrete entities move in continuous space and time and the vehicles’” motions are described
by ordinary differential equations (ODEs) or by delay differential equations (DDEs). In cel-
lular automata models, not only cars but also space, time, and velocities are considered to be

discrete and update rules are used to describe the time development of the system.

1.1.1 Continuum models

In continuum models, individual vehicles are neglected and traffic is modelled via a density
distribution p(x,t) and a velocity distribution v(x,¢) which are continuous functions of posi-
tion x and time ¢. In all such models, we have conservation of vehicles, so that in the absence

of sources and sinks due to on- and off-ramps,

pt+ (pv)a =0, (L.1)

where the subscripts ¢ and = stand for partial derivation. (Further refinements are possible

when one considers multi-species models [16], multi-lane models [26, 27,46, 101], or junctions
20, 113].)

To close the model, either velocity or acceleration information must be provided. The

simplest setting, introduced by Lighthill and Whitham [76], supplements (1.1) with

v=V(p), (1.2)
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where V(p) is a decreasing function which models that dense traffic should travel slower than
sparse traffic for safety reasons. If we initialize this model so that fast traffic is placed behind
slow traffic, the solution profile sharpens and a discontinuous shock develops in finite time,
at which vehicles’ velocities jump downwards. By investigating the so-called fundamental
diagram, which is the plot of the flow Q(p) = pv against density p, we obtain information
about the propagation of shocks. This analysis indicates that, in a wide range of situations,
shocks propagate against the flow of traffic in accordance with the empirical data shown in

Fig. 1.1; for more details see Whitham’s book [118].

However, not all empirical features can be captured by the Lighthill-Whitham model, and

for this reason, second order models have been developed in the form
vy 4 vuy = a(V(p) —v) + N, (1.3)

where the left-hand side expresses the total derivative of the velocity. The first term on the
right-hand side corresponds to relaxation to a density dependent optimal velocity given by
V(p) with a relaxation time 1/a. Note that this idea also appears in microscopic modelling
as explained further below. The second term on the right-hand side is chosen as N = —pp,./p
by Payne [90], as N = —pup,/p—vvy, by Kithne [72], and as N = —pup,/p—vv,,/p by Kerner
and Konhé&user [65]. The pressure terms ~ p, model anticipation of drivers to events ahead of
them on the road, that is, increasing/decreasing density produces deceleration/acceleration,
while the diffusion term ~ wv,, corresponds to the averaged effects of noise. By including
these extra terms, the model (1.3) is able to reproduce uniform flow as well as stop-and-go
travelling waves (without discontinuities) in correspondence with empirical data; see Fig.[1.1.
However, it is not obvious what pressure and viscosity correspond to at the microscopic
level. Therefore, most recently, continuum models have also been developed from microscopic

models; see [18, 74].

We note that Boltzman-type gas-kinetic models, which are based on ‘collisions’ of parti-
cles, contain noise explicitly as established by Prigogine and Herman [93] and developed by
Helbing [52]. However, these models cannot be written in the form (1.3).
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The partial differential equations (PDEs) (1.1) and (1.3 can be investigated using ana-
lytical methods and numerical simulation, and the results can be compared directly to the
results of empirical measurements, e.g., through the fundamental diagram [62, 66]. However,
one has to bear in mind the limitations due to the fact that fundamentally discrete systems

are being modelled as a continuum.

As mentioned before, microscopic models dealing with individual cars can also reproduce
the macroscopic waves appearing on freeways. There are two main types of microscopic
modelling approaches considered in the literature, namely car-following models and cellular

automata models.

1.1.2 Car-following models

Car-following models are the focus of this thesis. In these models vehicles are considered
as discrete entities moving in continuous time and continuous one-dimensional space; see

Fig.[1.4. At time ¢ positions of cars are denoted by x;(¢), their velocities by
vi(t) = 2i(t) , (1.4)

and their relative displacements, usually called the headways, by

hi(t) = xip1(t) — x;i(t), (1.5)
as is shown in Fig. Consequently, the relative velocities are given by the rate of headways,
ie.,

hz(t) = Ui+1(t) — Ui(t) . (1.6)
Note that each of the above quantities is a function of the time ¢, and the dot denotes

derivation with respect to t.

To simplify matters, drivers with identical characteristics are usually considered and the
accelerations v¥; of vehicles are given as a function of stimuli which are usually the headway,

the relative velocity, and the velocity, that is,

0i(t) = f(hi(t =), hilt = o), vit = 5)) - (1.7)
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Vi—1 Uj Vi1 Vi4+2
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h; = Ti41 — T4 hi+1 = Ti+2 — Ti+1

Fig. 1.4: Sequence of cars on a single-lane road in a car-following model showing vehicles’ positions,
velocities, and headways.

The reaction time delays 1,0,k > 0 are generally different, but sometimes, for the sake of
simplicity, they are considered to be equal to each other or even to be zero. The dynamical
equation (1.7) together with any of the supplementary kinematic conditions (1.4) or (1.6)
constitute a system of delay differential equations (DDEs), which is simplified to a system of
ordinary differential equations (ODEs) for 7 = 0 = k = 0. (Of course, when the constraint

(1.4) is considered the definition (1.5) is substituted into (1.7).)

The study of car-following models began in the fifties by Herman and his colleagues
[25, 40, 41], constructing models of the form

i ()" hy(t — 7)%2

'Uz<t) = hi(t—T)S?’ ) S1, 52,53 €N7 (18)

and investigating the linear stability of the uniform flow equilibrium. However, they were
not able to investigate the nonlinear behaviour due to limitations in computing at that time.
Comparing (1.8) with the general setup (1.7), one can see that kK = 0 and 7 = ¢ > 0
is considered here. Further models in this class were investigated later by analytical and

numerical methods [33, 77, 91].

Other models, like Newell’s [82], were also constructed where, rather than acceleration,

velocities v; are given as a function of stimuli, that is,
vi = V(hi(t—1)), (1.9)

which does not conform to (1.7), but rather is similar to the continuum model (1.2). Never-
theless, (1.9) still reproduces some qualitative dynamics correctly as is shown in [58]. Also
more complicated models, such as that of Gipps [42], have been investigated in detail [119].

Reviews of the above car-following models are given by Berg [17] and by Holland [57].

10
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Development and investigation of higher fidelity car-following models is still an ongoing
procedure. For example, one may consider the generalized force model [54] and the intelligent
driver model [113] built by Helbing et al., the model of Safonov et al. [95,96] (with and
without delay), and the recent model of Gasser et al. [38].

There are two obvious extensions of the general car-following model (1.7). One of them

is the so-called multi-look-ahead approach [55, 114,121]. Here drivers respond to the

motion of more than one vehicle ahead. For example, a double-look-ahead model is generally

described by the DDEs
bi(t) = f(hi(t — 1), hi(t — o), vi(t — ), (hs + hig1)(t — ), (hi + hiy1)(t = 6)),  (1.10)

where 7,0, k,7,0 > 0, and indeed the relative displacements h;(t) + hi11(t) = z;i12(t) — 24(t)
and the relative velocities h;(t) + his1(t) = viya(t) — v;(t) appear in the right-hand side; see
Fig. 1.4. It can be shown that these next-nearest neighbourhood interactions can stabilise
the uniform flow. Furthermore, there exist multi-species models [79,/80] that consider drivers

with different characteristics and consequently the system
bi(t) = fi(hi(t — 73), hi(t — 03),vi(t — Ky)) (1.11)

with 73, 04, k; > 0. However, usually only two different species are mixed corresponding to cars
and lorries. One might also construct car-following models which are capable of modelling

multilane traffic or junctions [30, 56, 97].

It is also possible to include noise to model that drivers are not deterministic (they change
their behaviour from time to time) and to model external disturbances (such as the weather or
road unevenness). However, in the current mathematics and physics literature car-following
models with noise are not typical. Many of them use dicretised time (but still continuous

space and velocity), e.g., [64, (70, 110] and only a few of them consider continuous time

[111, 112].

A famous class of car-following models are the so-called optimal velocity (OV) models

where the accelerations are given by
0i(t) = a(V(hi(t = 7)) —v;(t — K)) . (1.12)

11
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Here a > 0 is known as the sensitivity and V(h) is known as the optimal velocity (OV)
function. In this model, drivers wish to achieve the optimal velocity given by V(h) in a

characteristic relazation time T = 1/cv.

The first OV model, called the California model [25], contained a linear OV function and
set the delays 7 = k > 0. The first nonlinear OV function was introduced by Bando et al.

[15] in the mid-nineties who also chose the simple setup 7 = x = 0 and obtained the ODEs
54(t) = a(V(h(t)) — vi(1) - (1.13)

Using numerical simulation they were able to reproduce traffic waves when the uniform flow
equilibrium was unstable. This model generated much interest and many modifications and
extensions; for example, piecewise linear OV functions were used in [107] and delays 7 = k > 0
were included in [14] while delays 7 > 0, kK = 0 were applied in [28, 29]. The last of these
is considered in this thesis as detailed in Section [1.2. Most of the authors used numerical

simulation to examine the model (1.13), but in some recent articles bifurcation tools have

begun to be applied [19, 39].

1.1.3 Cellular automata models

Cellular automata models are similar to car-following models, but they involve discrete vehi-
cles moving in discrete time and space with discrete velocities. The road is divided into cells
of a certain size which can be occupied by one car only (see Fig.[1.5), and the discretised
velocity v can take only the integer values 0, 1, ..., v™#*. The time development of the system
is governed by a couple of updating rules in each time step. One of the most widely analysed
updating schemes, proposed by Nagel and Schreckenberg [81], is described in Fig. 1.5. Note
that car-following models may be obtained as natural continuum limits of cellular automata

models; see [70].

Since each quantity in cellular automata models is discrete, a quick realization of numer-
ical simulations is possible. Cellular automata models are found to be successful models of

highways [98], and they are also applicable to model city traffic since it is easy to introduce

12



1.2. DETAILS OF THE MODEL USED IN THIS THESIS
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e if the velocity v of a vehicle is smaller than the speed v and the distance
to the preceding car is larger than v + 1, then the velocity is increased by 1;

e if a driver with velocity v sees the car ahead at distance j < v it reduces its
velocity to j — 1;

e the velocity of each car is decreased by 1 with probability p when v > 0;

e cach vehicle is advanced by as many sites as the value of its velocity.

Fig. 1.5: Cell hopping on a single lane according to the updating rules of the Nagel-Schreckenberg
cellular automata model [81].

junctions and traffic lights [117].

1.2 Details of the model used in this thesis

In this section we describe the delayed optimal velocity car-following model that is subject
to detailed investigation within the main body of this thesis. We chose a very simple op-
timal velocity model which nevertheless describes certain features of traffic correctly at the

qualitative level.

We consider drivers with identical characteristics and the optimal velocity model given
by (1.12). Furthermore, we take the assumptions 7 > 0 and x = 0, that is, the accelerations

of vehicles are given by
@i(t) = Oé(V(hi(t — T)) — Ui(t)) . (1.14)

Recall that « is the sensitivity, 7 is the reaction time delay of the drivers, and V(h) is the
optimal wvelocity function. Note that 7 is different from the characteristic relazation time
T = 1/« for adjustment of the vehicles’ velocities. Considering the kinematic conditions
(1.6), the corresponding equations (1.6) and (1.14) constitute a system of delay differential
equations (DDEs) for the vehicles’ motions. (Of course, one may consider the kinematic
conditions and the corresponding DDE system (1.4),(1.14))). The model (1.14) has

recently been investigated with numerical simulation by Davis [28] 29]. The case where (the

13
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same) delay occurs both in the drivers’ perceptions of their headway and in their perceptions
of their own velocities (i.e., 7 = k > 0) was considered by Bando et al. [14]. In our view, it is
more realistic to suppose that drivers know their speed, i.e., they react to it instantaneously,

but they react only to their headway via the delay 7.

We consider a single-lane model without overtaking (as shown in Fig.[1.4), but to further

simplify matters we suppose that n vehicles are placed on a circular road of length L, so that

n n—1
D hi(t) = (i (t) — wi(t) + (w1(t) — 2a(t) + L) = L. (1.15)
=1 =1

All OV models (1.12) (including (1.14)) admit a one-parameter family of uniform flow

equilibrium solutions of the form
Rt = h*, vt)=0*, i=1,...,n. (1.16)

When considering the system on the closed ring we obtain

h*=L/n>0, v*=V(h"). (1.17)
This yields
w4 (t) =vt 42, i=1,...,n, (1.18)
where
rig—x;=x]—x,+L=h", i=1...,n—-1. (1.19)

Previous studies in both ODE and DDE settings have been concerned with the linear
stability calculation of the uniform flow solution and numerical simulation when the flow is
unstable [14, 15, 28,29,/107]. The loss of linear stability of uniform flow solutions is widely
accepted as a cause of traffic jams. However, in this thesis we show that this is not necessary

for traffic jam formation.

The main task now is to identify desirable properties of the OV function V(h) and to
estimate physical ranges for the parameters. Since V(h) describes the uniform flow equilibria,

the following properties seem necessary from the modelling point of view:

14
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1. V(h) is continuous, nonnegative, and monotone increasing. (Drivers wish to travel
forward and the desired velocity should increase smoothly as headway increases. Note
that if V(h) were to attain negative values, there would exist unrealistic equilibria where

vehicles reverse.)

2. V(h) — v% as h — oo. (In the case of very large headway, the desired velocity should
approach an upper limit v° called the desired speed. This limit should be related to the

legal speed limit.)

3. There exists a jam headway hstop > 0 such that V(h) = 0 for h € [0, hgtop). (If cars
become too closely packed, then drivers want to come to a full stop.) In our view,
one should take hgiop strictly positive. Firstly, this is because real vehicles have finite
length, so that small positive headways correspond to collisions, and secondly because
real traffic flows have a finite characteristic jam density at which traffic comes to a

complete stop.

Note that a further advantage of choosing hstop > 0 is that maximum principles may be
used to show that vehicles do not reverse under any (even dynamic) situations, for either
model (1.13) or (1.14). However, it is still possible for vehicles to collide if other parameters

are chosen appropriately.

In the original paper by Bando et al. [15], the OV function was given (in rescaled coor-
dinates) by
Vgi(h) = tanh(h — 2) + tanh(2) . (1.20)

It may be shown that this OV function satisfies each of the properties 1.-3. above, although
with hgtop = 0, which we do not regard as suitable. The later paper of Bando et al. [14] uses

a dimensional OV function of the form
Via(h) = 16.8(tanh(0.086(h — 25)) + 0.913) , (1.21)

which was fitted to Japanese highway traffic data. Here h is measured in meters and V(h)

in meters per second. It may be shown that hsop ~ 7.0319 m and ) ~ 32.1384 ms~ L.

15
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Table 1.1: Dimensional parameters with estimates of their ranges.

Name Symbol Estimated values
Reaction time T 05—-2s
Relaxation time | T =1/« 0.5-50s
Sensitivity a 0.04 —2s7!
Desired speed 0° 10 — 35 ms~!
Jam headway hstop 2—15m
Average headway | h* = L/n

However, Va(h) is a poor model for small headways since it is negative for h € [0, hstop)-

Thus properties 1.-3. are satisfied by the OV function

Vis(h) = max|0, Va(h)] . (1.22)

The numerical continuation method used in this thesis requires the continuous differentiability
of the model’s right-hand side in terms of its dependent variables. Since Vp(h) is not
continuous at h = hgiop, we must use a different OV function. Our goal is therefore to choose
an OV function V(h) that satisfies properties 1.-3. with hgop > 0 and for which V'(h) is
continuous. The OV function should also have the correct S shape, i.e., we require V'(h) to

have a single maximum strictly to the right of hgop.

Table 1.2: Non-dimensionalized parameters and their ranges.

Name Symbol and Definition | Estimated values
Sensitivity a=ta=1/T 0.02—-4
Desired speed % = 07/ htop 0.33 — 35
Average headway h* = h* /hsiop

Our approach is to first non-dimensionalize (1.14). Since we assume that 7, hgiop > 0,
we may introduce the rescaled variables ¢ := ¢/7 and h:=h /hstop- All speed-like quantities

(including the OV function) have rescalings of the form © = v7/hgtop. To simplify notation

16
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we remove tildes, so that the rescaled version of (1.14) becomes
0;(t) = a(V(hi(t —-1)) — vi(t)) . (1.23)

Table[1.1 suggests ranges for dimensional parameters and Table 1.2 gives the non-dimensionali-
zed counterparts. The dimensional desired speed v° corresponds to the speed limit or to a
speed chosen according to weather and road conditions. The dimensional relaxation time
T = 1/« is approximately the time which is needed for a single vehicle to reach the desired

speed.

Note that definition (1.5) and the kinematic conditions (1.4) and (1.6) keep their form
after rescaling. Furthermore, the uniform flow equilibrium may still be written in the form

(1.16) using rescaled quantities. The rescaled OV function V(h) has the following properties:
1. V(h) is continuously differentiable, nonnegative, and monotone increasing.

2. V(h) — 0" as h — oo, where v is the rescaled desired speed.

3. V(h) =0 for h € [0, 1], so that 1 is the rescaled jam headway.

The remainder of this thesis uses the rescaled OV function

0, if 0<h<1,
V= O U )/s)” it h>1 (24
1+ ((h—1)/s))" ’

which satisfies properties 1.-3. above, has the requisite shape, and is smooth at h = 1.

This OV function possesses two non-dimensional parameters, namely v° and s. The former
is determined by the dimensional version of v" and the applied rescaling. However, s is a
wholly new parameter that describes how the OV function is stretched to the right of h = 1.
In this thesis we choose s = 1; the parameter s may be varied to shift the value of A at which

V'(h) attains its maximum.
Figures [1.6(a) and 1.6(b) compare (1.24) and its derivative (blue solid curves) with the
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Fig. 1.6: Three different rescaled optimal velocity (OV) functions given by (1.24), (1.25), and (1.26)
are shown in panel (a) as blue solid curve, green dashed-dotted curve, and red dashed curve, respec-
tively. The corresponding derivatives with respect to the headway h are depicted in panel (b).

rescaled version of the OV function (1.22) defined by

0, if 0<h<1,
Via(h) = (1.25)

v"(0.523 tanh(0.605h — 2.15) + 0.477) , if h>1,

(green dashed-dotted curves). For comparison, we have also included a plot of the OV

function

0, if 0<h<l,
Vg(h) = (1.26)

v (1—1/h?), if h>1,

(red dashed curves), which does not have an S shape for h > 1.

The key point we wish to emphasize is that, although one may consider different OV
functions, we have found that the results presented in this thesis are robust in the sense that

the qualitative features do not depend on the precise analytical form of the OV function.

18
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1.3 Outline of thesis

In this section we briefly summarize the framework of this thesis. The modelling issues have
already been discussed earlier in this chapter. In Chapter [2 the theoretical background of
delay differential equations is described since it is necessary for understanding in detail the
technical results of the thesis. After some basic definitions related to the infinite-dimensional
dynamics of DDEs, the stability and bifurcations of equilibria and periodic solutions are
considered. Then we describe the basic tools used later in the thesis, namely, the analytical

Hopf bifurcation calculations and the numerical continuation package DDE-BIFTOOL.

The detailed investigation of our traffic model is commenced in Chapter |3, where the
stability of the uniform flow equilibrium and small amplitude oscillations are investigated
analytically. First, Hopf bifurcations of equilibria are detected revealing oscillations and
corresponding waves with several different wavelengths. The investigation of the criticality
of these bifurcations via Hopf normal form calculations shows that fully-developed waves
might co-exist with stable uniform flow. In order to carry out these investigations a theory
of Hopf bifurcation calculations is developed for systems containing translational symmetry.

The main work of this chapter has been published in [86, 87].

Chapter 4 is devoted to the detailed numerical investigation of the consequent oscillations
and corresponding waves using numerical continuation techniques. First, for proof-of-concept
purposes the system is investigated for n = 3 cars. Then the number of cars is increased
towards more realistic traffic situations and the corresponding trends determined. In parame-
ter space, regions of bistability and co-existence (between stable uniform flow and waves) are
computed systematically. Furthermore, motions like collision or stopping are also investigated

in detail. The main work of this chapter has been published in [85,/89].

Traffic waves are subject to further study in Chapter 5, where the long-time dynamics of
the system is investigated. By using DDE-BIFTOOL, it is shown how unstable oscillations lead
to stop-fronts and go-fronts moving relative to each other. The motions of these fronts are

then studied by numerical simulation. The main work of this chapter has been published in
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[85]. Finally, in Chapter 6 conclusions are drawn and possible future research is discussed.
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CHAPTER 2

REVIEW ON DELAY DIFFERENTIAL EQUATIONS

WITH A SINGLE FIXED DELAY

Equations (1.6) and (1.14) constitute a system of delay differential equations (DDEs) with a
single fixed delay. We now recall some basic facts from the bifurcation theory for DDEs as

needed in later chapters. In general form, such a system can be written as

a(t) = flax@t),x(t —7);n), (2.1)

where dot refers to derivation with respect to the time ¢, z: R — R™ is the state variable,
the function f: R™ x R™ x R! — R™ is differentiable, 7 € R is the time delay, and n € R! is
a (multi-dimensional) parameter. For system (1.6),(1.14) we have m = 2n (or m = 2n — 1 if

we apply the condition (1.15)) and [ = 3 corresponding to the parameters h*, o and v°.

The bifurcation theory of ordinary differential equations (ODESs) can be generalized to de-
lay differential equations (DDEs) through the investigation of retarded functional differential
equations (RFDEs) and operator differential equations (OpDEs); see Hale & Verduyn Lunel
[50] or Diekmann et al. [31] for details. We recall the fundamental description of RFDEs and
OpDEs in Section [2.1 showing the connection with DDEs, while the stability of equilibria

and periodic orbits are discussed in Section 2.2.
The theory of normal form calculations for DDEs has been reviewed by Hale et al. in
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[49]. For Hopf bifurcations of equilibria the first closed-form normal form calculations were
executed by Hassard et al. in the case of a simple scalar first order DDE, while Stépan
presented first such calculations for system of DDEs [104,/105]. The normal form calculations,
which are discussed in Section 2.3, use third order approximations to nonlinearities to find the
criticality of bifurcations and the amplitude of oscillations in the vicinity of the bifurcation
point. In Section 3.2, these calculations are extended to systems with translational symmetry.

Using this method we carry out the Hopf calculations for system (1.4),(1.23) in Section3.3.

In Section 2.4, we discuss the capabilities of the Matlab package DDE-BIFTOOL that has
recently been developed by Engelborghs et al. [35, 36]. This continuation package can
compute branches of stable and unstable equilibria and periodic solutions against a chosen
bifurcation parameter. This numerical method uses the exact form of the nonlinearities,
hence it provides reliable results even when the chosen bifurcation parameter is far away
from its critical value taken at the bifurcation point. In Chapter[4 this package is applied to

explore the global dynamics of system (1.6),(1.23).

2.1 Infinite-dimensional dynamics

In this section we explain how the dynamics of (2.1) become infinite-dimensional and con-
sequently more complicated through the functional and the operator formalism of DDEs.
Since the delay 7 > 0 in (2.1) we may introduce the rescaled time ¢ := /7 and the function

f:=7f. After rescaling we may drop the tildes immediately and obtain

a(t) = f(a(t), z(t —1);n). (2.2)

Note that the rescaled model (1.4),(1.23) is written the above form. The vector € R!
consists of the rescaled bifurcation parameters, and we assume that for a fixed n there exist

an equilibrium
z(t)y=z(t—-1)=c, (2.3)
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where the constant vector ¢ = ¢(n) € R is defined by

fle,esm) =0. (2.4)

Note that initial data must be prescribed in the form of a continuous function over the
interval [—1, 0] with values in the physical space R™. Therefore, the phase space Xgm of R —
R™ continuous functions, is infinite-dimensional. Particularly, in this section [—1,0] — R™

functions are considered.
Equation (2.4) can be written as a retarded functional differential equation (RFDE)
#(t) = G(zm), (2.5)

where dot refers to the derivative with respect to the (rescaled) time ¢, the state variable is

x: R — R™, while the function z;: R — Xgm is defined by the shift
r(¥) =z(t+9), —-1<9<0. (2.6)
The nonlinear functional G: Xgm x R — R™ defined as

G@mn)=g</jd%ﬁwa@G+ﬂ%%n>, (2.7)
where g: R™ x Rl — R™, pg: R™ x R — R™, and the matrix dvy: [~1,0] — R™*™ is defined
as

dy(9) =1(6(9) +6(9 + 1))dv, (2.8)
where I € R™*™ is the m x m identity matrix. Here the equilibrium (2.3) is written as
z(t)=z,=c. (2.9)

The form (2.5) with general functional G is used to construct the general theory of RFDEs
as described in [50]. Furthermore, equations (2.2) and (2.5) can be rewritten as an operator
differential equation (OpDE)

& = G(xt), (2.10)

where the nonlinear operator G: Xgm x R! — Xgm is defined by

0
— 1 — 1<
750(0). if —1<9<0,

G(o) (V) = (2.11)
f(9(0),6(=1);m), if 9 =0.
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The linearization of this operator is used when investigating the linear stability of equilibrium
(2.9) as described in Section [2.2. Note that G still depends on the parameter 7 as indicated
(only) on the right-hand side of definition (2.11): we adopt this abbreviated notation for
the remainder of the thesis. We note also that one may consider only the first row of G
as an operator on a domain in Xgm defined by the second row of G; this gives the same

mathematical description as shown in [31, 115].
Using the initial function zg = ¢(¥) ,9 € [—1, 0], the solution of (2.10) can be written as
xy = T(xo) (2.12)

where the nonlinear operator 7;: Xgm — Xgm, called the solution operator or the semiflow,
gives the evolution of the state variable x; € Xgm. The linearization of this operator is used

to investigate the stability of periodic orbits as shown in Section [2.2.

2.2 Stability and bifurcations

In this section we discuss the stability and bifurcations taking place in system (2.2). First

we define the perturbation
y(t) = x(t) — c, (2.13)

around equilibrium (2.3) and consider the linearization of (2.2) as

§(t) =L(n) y(t) + R(n) y(t — 1), (2.14)

where y: R — R™ and L,R: R! — R™ ™ are constant matrices (depending only on the
parameter 7). By inserting trial solutions in the form y(t) = Ce, C € C™,\ € C into
(2.14), one obtains the characteristic equation

D(X;n) = det (Al — L(n) — R(n) e_k) =0. (2.15)

This equation has infinitely many characteristic exponents (also called characteristic roots)
A € C, which have no accumulation point in C (because of the fixed delay; see [50]). Further-

more, only a finite number of these characteristic roots are situated in the right-half complex
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plane [105]. The linear equation (2.14]) can be rewritten as the OpDE
Yt = Ly, (2.16)

where y;: R — Xgm is also defined by a shift so that y(9) = y(t + ), ¥ € [—1,0], and the
linear operator £: Xgm — Xgm is defined by

— (), if —1<9<0,
L) = 59" 1 =vUs (2.17)

L(n¢(0) + R(no(—1), if 9=0.

The operator £ provides the same characteristic roots as the characteristic equation (2.15),

when its eigenvalues are computed from
Ker(A\Z — L) # {0} . (2.18)

Equation (2.16]) is the linearization of (2.10) around equilibrium (2.9]), because the operator
L (2.17) is the linearization of the operator G (2.11).

The trivial solution (2.3) of the nonlinear DDE (2.2) is asymptotically stable (that is,
stable in the Lyapunov sense as well) for a fixed value of the bifurcation parameter 7 if all the
infinitely many characteristic exponents are situated on the left-hand side of the imaginary
axis. Since (2.15) and (2.18) have infinitely many solutions for A, infinite-dimensional version
of Routh-Hurwitz criteria are needed to decide on whether the steady state is stable or
unstable for a fixed value of the bifurcation parameter 7. These kind of criteria can be
determined by calculating complex integrals around the characteristic exponents; see [68, 92,

105] for detailed calculations.

Although the technical details are more difficult, the bifurcation theory of ODEs [47, 73]
can be extended to DDEs and the same kind of bifurcations of equilibria occur. Now we briefly
discuss these bifurcations. We should note that system (1.4),(1.23) possesses a translational
symmetry: shifting the position of all vehicles along the ring by an arbitrary distance results
in the same system. This gives rise to a zero characteristic exponent, which requires the

analysis introduced in Section 3.2.
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When varying 7, the equilibrium can lose its stability if some of the infinitely many
characteristic roots move into the right-hand side of the complex plane. The bifurcation
happens when these roots are situated at the imaginary axis for a critical parameter value
Ner- A fold bifurcation takes place if (2.15) and (2.18) possess a zero characteristic root at
Ner, that is,

No(1er) = 0. (2.19)

In the parameter space n € R the corresponding stability boundaries are (I — 1)-dimensional
hypersurfaces which are described by

ReD(0;7n¢) =0, Im D(0;7¢) = 0. (2.20)

Note that in the presence of translational symmetry the zero root may exist for any values

of n: this case is not a fold bifurcation and is discussed further in Section 3.2.

Apart from the zero characteristic root (2.19) there is another condition for the existence
of a fold bifurcation, namely the critical characteristic exponent has to cross the origin with

a non-zero speed as the bifurcation parameter 7 is varied, that is,

e <M > R (_amo;ncr) <<9D(/\0;77cr)>_1> L0 221)

dn on oA

where the first equality can be verified by implicit differentiation of the characteristic function
. Note that 7 is usually varied so that only one of its components is changed and its

other (I — 1) components are kept fixed.

A Hopf bifurcation may occur at the critical parameter value 7., if there exists a complex

conjugate pair of purely imaginary characteristic exponents
Ma(Ner) = tiw, we RT. (2.22)

At this bifurcation periodic oscillations appear or disappear around the equilibrium. In this
case the corresponding stability boundaries ((I — 1)-dimensional hypersurfaces) are described
by

R(w) = Re D(iw;ner) =0, S(w) =Im D(iw;ner) =0, (2.23)

26



2.2. STABILITY AND BIFURCATIONS

which are parameterised by the frequency w € R™.

Again, apart from the purely imaginary characteristic roots (2.22) there is another condi-
tion for the existence of a Hopf bifurcation, namely the critical characteristic exponents have

to cross the imaginary axis with a non-zero speed as the bifurcation parameter 7 is varied,

Re (M ) R (_aml,z;na) (aml,z;ncr))l) 40 (2.24)

that is,

dn on o\
has to be satisfied.

In the same way as for ODEs [47, 73], the above bifurcations can occur together in DDEs
when their hypersurfaces intersect each other in the parameter space. In the case when a zero
exponent and a pair of purely imaginary exponents co-exist at 7., then a fold bifurcation
occurs together with a Hopf bifurcation, as was found by Sieber & Krauskopf [102] in an
unfolding of a degenerate case of a controlled inverted pendulum. The intersection of a fold
hypersurface and a Hopf hypersurface locates this bifurcation in the parameter space. When
not only one but two pairs of purely imaginary characteristic exponents +iw; and +iws co-
exist at 7e (with two different frequencies w; € RT and wy € RT), then a co-dimension
two double Hopf bifurcation occurs as was demonstrated by Stépan & Haller [106] for robot
dynamics and by Green et al. [45] in laser systems. Due to this bifurcation quasi-periodic
oscillations appear around the equilibrium. The intersection of two Hopf hypersurfaces shows
where this bifurcation takes place in the parameter space. Note that phase-locking happens
on the torus of quasi-periodic oscillations (i.e., the oscillations become periodic) when the
two frequencies wi and wo are rationally related. This can be expressed by njwi = nsws for

ni,n2 € NT, ny > no. Note also that strong resonances occur in the cases ni/ns = 1,2, 3, 4.
It is also possible to investigate the system around a periodic solution
a(t) = xp(t) = ap(t +Tp) (2.25)

with period T}, € R*. If the periodic orbit is born in a Hopf bifurcation then close to the

bifurcation point the period 7}, can be approximated as T}, ~ 27 /w, where w is the frequency

given by (2.22).
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By defining the perturbation
z(t) = x(t) — zp(t), (2.26)
around the periodic solution (2.25), the linearization of (2.2) can be written as
2(t) = Lp(tin) 2(8) + Rp(t;m) 2(6 = 1), (2.27)

where the matrix functions Ly, Rp: R x Rl — R™X™ are periodic in time so that Ly(t;n) =
Lp(t+Tp5m), Rp(t;n) = Rp(t+Tp;m). Note that the period T}, = T}, (n) itself also depends on
the parameters. By using the notation z;(9) = z(t + ), ¥ € [—1,0] again, and considering
an initial condition zg = (1) the solution of (2.27) is given by

Zt = Z/{tzo s (228)

where Uy : Xgn — Xgn is the semiflow. Equation (2.28) is the linearization of (2.12) around

the periodic orbit (2.25) because the operator I, is the linearization of the operator 7;.

The operator Uy, is called the monodromy operator. Its infinitely many eigenvalues are

called the Floquet multipliers and they are defined by
Ker(uZ — Ur,) # {0} . (2.29)

It can be shown that Uz, is a compact operator and, hence, the only accumulation point
of the infinitely many Floquet multipliers is the origin [50]. Note that there is always a
trivial Floquet multiplier at 1 which corresponds to a shift along the periodic orbit. Further
note that Ur, cannot be written in closed form, but can only be tackled numerically by

semi-discretization [59] or by full discretization [35,/60].

The periodic solution (2.25) is stable when all the infinitely many Floquet multipliers p
(except the trivial one) are situated inside unit circle on the complex plane. In a similar way
as for ODEs [47, 73|, the periodic solution can lose its stability thought different bifurcations
when the parameter takes a critical value 7. A fold (saddle-node) bifurcation of the periodic

solution happens when a (non-trivial) Floquet multiplier satisfies

po(Mer) =1, (2.30)

28



2.3. HOPF BIFURCATION CALCULATION: WEAK NONLINEARITIES

i.e., crosses the unit circle at 1. A torus (Neimark-Sacker) bifurcation of the periodic motion

takes place when a pair of complex conjugate multipliers

p12(ne) = e7X, x € (0,7), (2.31)

crosses the unit circle. This bifurcation yields quasi-periodic oscillations with frequencies
x/Tp and 27 /T;,. Note that phase-locking occurs on the bifurcating torus (that is, the oscil-
lations become periodic) when these frequencies are rationally related. In this case we have
nix = n92m for ni,ny € N, ny > 2no. Note also that strong resonances take place in the

cases ni/ng = 3,4. Finally, a period doubling bifurcation occurs for a Floquet multiplier

#S(ncr) =-1. (2'32)

We remark that the above bifurcations take place in (I — 1)-dimensional hypersurfaces of the
parameter space and they can coincide in co-dimension two bifurcations when these hypersur-

faces intersect each other, yielding even more complicated motions in their neighbourhood.

2.3 Hopf bifurcation calculation: weak nonlinearities

In this section we show how a Hopf bifurcation can be analysed analytically, giving the first
Fourier approximation of stable or unstable periodic solutions as a function of the bifurcation
parameters. However, this approach is only weakly nonlinear and is acceptable only for
parameters close enough to the bifurcation point, since it uses a third order Taylor series
expansion of the DDE’s nonlinearity. These analytical normal from calculations are very
complicated, particularly in systems where a centre manifold reduction is required. However,
in some cases it is possible to use computer algebra packages to simplify the matter; see, e.g.,

Campbell & Bélair [21].

This approximate analytical approach is useful in many applications, especially when
the bifurcating periodic solutions are unstable, i.e., when the Hopf bifurcation is subcritical.

Analytical studies of Hopf bifurcations in delayed systems are carried out, for example, on
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machine tool vibrations by Kalmér-Nagy et al. [61] and on voltage oscillations of neuron

systems by Shayer & Campbell [100].

The conditions (2.22) and (2.24) can be checked using the variational systems (2.14) and

(2.16). However, the super- or subcritical nature of the Hopf bifurcation, i.e., the stability and
estimated amplitudes of the periodic solutions arising about the stable or unstable equilibrium
(2.3),(2.9) can be determined only by the investigation of the third degree power series of the
original nonlinear systems (2.2) and (2.10).

Let us consider the third order approximation of the nonlinear system (2.2) around the

equilibrium (2.3) in the form

§(t) = L(n) y(t) + R(n) y(t — 1) + F(y(t),y(t — 1);n), (2.33)

where L, R: R! — R™*™ are the matrices already shown in (2.14), and F: R™"xR™ xRl — R™
is an analytic function with the near-zero feature F (0,0;7m) = 0, which contains the second

and third order terms.

As mentioned above, we suppose that the necessary conditions (2.22) and (2.24) of Hopf

bifurcation are also fulfilled, that is, there exists a critical parameter 7. such that

AM2(Ner) = tiw, Re (%ﬁ) #0. (2.34)

By considering (2.33) at the critical parameter 7., we may obtain

y(t) = Ly(t) + Ry(t — 1) + F(y(t),y(t — 1)), (2.35)

where the matrices L, R € R™*™  and the nonlinear function F': R™ x R™ — R™ are given

by

L=L(«), R=R(), and F(y(t),yt—1))=Fy),y(t —1);m) (2.36)

preserving the near-zero feature according to F(0,0) = 0. The DDE (2.35) can also be

rewritten in operator differential equation (OpDE) form
it = .AZIIt + f($t) y (237)
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where the linear and nonlinear operators A, F: Xgm — Xgm are defined as

— (V) if —1<9<0,
Ap(9) = 59" 1 B (2.38)

Lo(0) + Ro(—1), if 9 =0,

0, it —1<9<0,
F()(9) = (2.39)

F((0),6(-1)), if ¥=0.

Indeed (2.37) is the third order approximation of (2.10) around the equilibrium (2.9) at 7,
so that the operator A contains the linear and the operator F contains the nonlinear part of

the operator G . Furthermore, comparing (2.17)) and (2.38) one can see that A = L(7c;).

We now briefly discuss the algorithm of Hopf bifurcation calculation for the OpDE (2.37]),
when the system does not possess any special symmetry. More technical detail can be found
in [84]. The case with an additional translational symmetry (an original result of this thesis)

is presented in Section 3.2 with all the technical details.

Due to the Hopf bifurcation the two eigendirections of the equilibrium (2.3),(2.9) belonging
to the characteristic roots (2.34) become unstable. In order to analyse the bifurcation we
need to project the system onto the plane spanned by these two directions and onto its

complementary space.
The real and imaginary parts sq,s2 € Xgm of the eigenvector of the linear operator A,

which belongs to the critical eigenvalue A1 = iw, can be determined by

./4(81 + 182) =)\ (81 + 182) =  Asy = —wsy, Asy=wsq. (2.40)

In order to project the system onto the plane spanned by s; and s3, and onto its comple-
mentary space, we also need to determine the the real and imaginary parts nq,ns € Xz, of
eigenvectors of the adjoint operator A* associated with A\] = —iw. These are given by

A*(m + inz) = /\“{(m + ing) = A'ni=wng, A*ng = —wnq. (2.41)
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where the adjoint operator is defined by

—iw(a), if 0<o<1,
Ap(o) ={ 0o (2.42)
L*(0) + R*y(1), if =0,
where * denotes either adjoint operator or transposed conjugate vector and matrix.
These vectors also have to satisfy the orthonormality conditions
<n1,51) = 1, <n1,52> = 0, (243)
where the inner product is calculated by
0
(1, ) = "(0)9(0) + / 1 P*(§ + 1Re(£)dE. (2.44)

With the help of the right and left eigenvectors si, so and ni,ns of operator A, we are

able to introduce the new state variables

Z1 = <n1,yt> )
2= (n2,u1) . (2.45)

W =Yy — 2151 — 2282,

where 2z1,29: R — R and w: R — Xgm. Using the eigenvectors given by (2.40) and (2.41),
and the inner product definition (2.44), the OpDE (2.37) can be rewritten with the new
variables (2.45) as

2 0 w O] |~
|l =|-w 0 Of |2
W 0 0 A| |w

(2.46)
ni(0)F (2151 + 2252 + w)(0)

+ n3(0)F (2151 + 2252 + w)(0)
—2j=121(0)F (2181 + 2282 + w)(0)s; + F (2151 + 2282 + w)
It shows the structure of OpDE (2.37) after projection onto the plane spanned by s; and ss,
and onto its complementary space. Note that the first two equations still contain the variable

w.
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The plane spanned by the eigenvectors s; and ss is tangent to the centre manifold at
the origin. This means, that the centre manifold can be approximated locally as a truncated

power series of w depending on the second order of the co-ordinates z; and 25 as

w(ﬂ) = (hgo(ﬁ)Z% + 2h11(19)2’12’2 + hgg(ﬁ)zg) . (2.47)

1
2
The unknown coefficients hsg, hi1, hgo € Xgm can be determined by calculating the derivative
of w and substituting into the third equation of (2.46). The resulting w can be substituted
into the first two equations of (2.46), thus these two equations lead to ODEs with right-hand
sides containing only the variables z; and z2. These equations describe the flow restricted to

the two-dimensional centre manifold.

The so-called Poincaré-Lyapunov coefficient A can be determined by the Bautin formula
as shown in 105], which shows the (super- or subcritical) type of the bifurcation and
approximate amplitude of the periodic solution. The Hopf bifurcation is supercritical (sub-

critical) if A < 0 (A > 0), and the amplitude of the stable (unstable) oscillations is expressed

by
A= \/ —%R(‘“d—é”)) (= er). (2.48)

As mentioned above we consider the variation of 7 through its chosen (scalar) component.

In the cases of super- and subcritical bifurcations not only the sign of A changes but also the
sign of (7 — ner). Thus, in the case of supercritical bifurcation a branch of stable oscillations
appears ‘above’ the unstable part of the branch of equilibria, while when the bifurcation is
subcritical a branch of unstable oscillations exists ‘above’ the stable part of the branch of

equilibria. The first Fourier term of the oscillations on the centre manifold is given by

21(t) A cos(wt) ‘ (2.49)
z9(t) — sin(wt)

Since y(t) = y;(0) by definition, and close to the critical bifurcation parameter 7., we have

Yt (9) = 2z1(t)s1(9) + 22(t)s2(1), the formula (2.49) for periodic solutions yields
y(t) &~ 21(t)s1(0) + 22(t)s2(0) = A(s1(0) cos(wt) — s2(0) sin(wt)) . (2.50)
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The nonlinear oscillations around the equilibrium (2.3),(2.9) are well approximated with these

harmonic oscillations when |1 — 7| is sufficiently small.

2.4 Numerical continuation: strong nonlinearities

Our principal tool in Chapters|4/ and |5 is the numerical continuation package DDE-BIFTOOL
[35, 136] which is able to follow branches of equilibria and periodic solutions of DDEs as
parameters are changed, similarly to the package AUTO [32] for ODEs. Stability information
is computed along solution branches. Co-dimension one bifurcation points, where the stability
of solutions changes, are detected automatically. In particular, we may follow the branches
of periodic solutions that are born at Hopf bifurcations and detect subsequent secondary
bifurcations such as fold (saddle-node) bifurcations. Furthermore, the Floquet multipliers
and the corresponding eigendirections are available from DDE-BIFTOOL. This allows us to

identify characteristic time scales of repulsion when the solutions are unstable.

To avoid the singularities caused by translational symmetry of system (1.6]),(1.23) we use
and define

n—1

ho(t) =L =Y hi(t), (2.51)

i=1
reducing the number of equations to 2n — 1. (Note that the problem of symmetry is handled
in a different way in Section (3.2.)

At first we fix (I — 1) of the [ parameters contained by 1 € R! and vary the remaining one.
Substituting the equilibrium (2.3) into (2.2) we obtain the algebraic equation (2.4) which
can be solved numerically for a chosen parameter n by using, e.g., the Newton-Raphson
method. Then this result can be used as an initial approximation when solving the same
algebraic equation for the slightly changed parameter 1 + dn. By continuing this process,
a branch of equilibria is obtained as a function of the bifurcation parameter. Problems
may occur when the branch folds back, and arclength parametrization of the curve is used

in DDE-BIFTOOL to avoid this problem. In order to determine the stability of equilibria,
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the operator £ (2.17), that is, the eigenvalue problem (2.18), needs to be discretised and
the eigenvalues of the resulting (large-sized) matrix have to be computed. DDE-BIFTOOL
computes these eigenvalues and detects fold and Hopf bifurcations of equilibria when a real or
a pair of complex conjugated characteristic exponents crosses the imaginary axis as discussed
in Section [2.1. The corresponding eigenvectors, e.g., s; and sg in (2.40) for the critical
eigenvalue \; = iw, can also be computed numerically. They are necessary for starting data
when one continues branches bifurcating from the bifurcation points, e.g., branches of periodic

solutions as discussed below.

It is also possible to fix only [ — 2 parameters and vary the remaining two. Thus the
corresponding intersection of a stability boundary ((I — 1)-dimensional hypersurface) and the
plane of the two non-fixed parameters is a curve. Applying the condition of the bifurcation
taking place on the boundary (zero root (2.19) for fold bifurcation and purely imaginary roots
(2.22) for Hopf bifurcation), DDE-BIFTOOL is able to follow the corresponding curves. This

two-parameter continuation gives a discretized representation of the boundaries (2.20) and

(2.23).

When the periodic solution (2.25) is considered the differential equation (2.2) has to be
solved. In order to do this, the periodic solution is represented by a number of mesh points,
with a (small) number of so-called collocation points in between them. On each mesh interval
the solution is represented by a polynomial, and the number of collocation points defines
its degree [34]. Thus, the DDE with condition (2.25) leads to algebraic equations.
Hence, in a way similar to the continuation of equilibria, the branch of periodic solutions
can be continued using pseudo arclength continuation. Note that the oscillations computed
by continuation is well approximated by (2.50) in the vicinity a Hopf bifurcation point of
equilibria. In order to determine the stability of periodic solutions, the operator Uz, defined
by (2.28), that is, the eigenvalue problem (2.29), needs to be discretised and the eigenvalues
of the resulting (large-sized) matrix have to be computed. By computing these eigenvalues,
fold and period doubling bifurcations of the periodic solutions can be detected when real

Floquet multipliers cross the unit circle at 1 and —1, respectively. Torus bifurcations may
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also be found by detecting when a pair of complex conjugated Floquet multipliers crosses the
unit circle. These bifurcations were discussed in Section 2.1. The eigendirections belonging
to these multipliers are also available from DDE-BIFTOOL, which can give an indication how

the repelling/attracting dynamics change along the periodic orbit.

We note that it is not possible at present to perform two-parameter continuation of
bifurcations of periodic orbits with DDE-BIFTOOL, i.e., to determine curves where fold, torus,
or period doubling bifurcation takes place. However, the package PDDE-CONT has recently
been developed by Szalai [108, 109], which is able to follow the boundaries of fold and period
doubling bifurcations in autonomous systems described by and also in periodically forced

delayed systems.

Overall, DDE-BIFTOOL performs similar functions for DDE systems that the well known
package AUTO [32] performs for ODE systems. In general, the application of continuation
packages such as AUTO and DDE-BIFTOOL is a much more efficient way of exploring parameter

space than performing mass ensemble simulation of the initial value problem.
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CHAPTER 3

LLOCAL STABILITY ANALYSIS

The goal of this chapter is the local stability analysis of the DDE model (1.23) about the
uniform flow equilibrium (1.16),(1.18). This includes a linear stability analysis of system
(1.4),(1.23) and the detection of Hopf bifurcations in the neighbourhood of which there are
small amplitude oscillating solutions. We also present a weakly nonlinear analysis which
examines the criticality of the Hopf bifurcations, that is, the stability of the small amplitude

oscillations.

Bando et al. [14,15] and many subsequent papers have explained traffic jam formation in
terms of the loss of linear stability of the uniform flow equilibrium (1.16),(1.18) to oscillations.
The weakly nonlinear analysis presented here shows that the Hopf bifurcations are generally
subcritical, that is, the oscillations appearing in the vicinity of the Hopf bifurcation points
are unstable. In Chapter 4|we show that the branches of unstable oscillations usually undergo
fold bifurcations which give the co-existence of stable periodic solutions with stable equilibria.
Thus, put together, our analysis shows that the linear instability of the uniform flow is not

necessary for traffic jam formation.

The linear stability analysis is presented in Section 3.1 where it is shown how the develop-
ing oscillations lead to wave formations propagating in the opposite direction to the vehicle

flow. In Section 3.2 we develop a general theory extending standard normal form calcula-
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tions [21, 51, 84, 104, 105] of DDEs with a single time delay to a situation when translational
symmetry is included in the system. Finally, in Section we apply this general theory to
the car-following model (1.23). This is a very complicated calculation which motivates the

numerical bifurcation analysis presented in Chapter[4. The material presented in this chapter

was published in the articles 86, 187].

3.1 Linear stability analysis

Here we perform a linear stability analysis of the DDE system (1.4),(1.23) following the
methodology of Section 2.2. The details of the analysis are presented in Section [3.1.1, and

are summarised in the form of two-dimensional stability diagrams in Section [3.1.2!

3.1.1 Determination of Hopf bifurcation curves

Let us define the perturbed solution of (1.4),(1.23) about the equilibrium (1.16),(1.18) as

22(t): = zi(t)—(wt+af), oP(t): =vi(t)—v", RY(): =h(t)—-h*, i=1,...,n, (3.1)

7

hy(t)=ap  (t) —2P(t), i=1,...,n. (3.2)

Note that v* = V(h*) is defined by (1.17). Linearizing V(h) around h = h* (1.23) gives the

differential equations
0P (t) = —avl (t) +aV'(h*) (af  (t—1) —aP(t—1)), i=1,...,n. (3.3)

In (3.2) and (3.3) we model the circular road by identifying the (n+1)-st vehicle with the first
one, ie., z  (t) = 27 (t), vy, (t) = v7(t), and A}, (t) = h{(t). In addition, the kinematic

condition (1.4) can be written in the form

W) =dP(t), i=1,....n. (3.4)
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We now substitute the trial solution

oP(t) = P, aP(t) = Py, i=1,...,n, (3.5)

7
into system (3.3),(3.4), where A, P; € C. Thus we obtain the linear homogeneous equation

P1 Pl
A+ o)1 aV/(h*)e A
—I A
P2n P2n
where A € C?" x C?, 1 € R™" is the n x n identity matrix, and the matrix A € R™*" is

given by

—1

The characteristic equation is given by

D (N a, V'(h*) = det A (Ao, VI(R*)) = (A2 + aX + aV/(h*)e™)" — (aV'(h*)e™)" = 0.
(3.8)

At a bifurcation point defined by h* = h}.

-, Hopf bifurcations may occur when there exists

a complex conjugate pair of purely imaginary characteristic exponents
)\172(h:r) =+tiw, we R* s (39)

which satisfies (3.8). To find the Hopf boundaries in the parameter space we substitute the
critical eigenvalue A\ = iw into (3.8]), and after taking real and imaginary parts, and some

further calculation, we find that

w
V'(hE) = )
(her) 2 cos(w — ¥T) sin(AT)
a = —wcot(w— L), (3.10)
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where £ = 1,...,n — 1 is introduced by taking the nth root of unity. Equation (3.10) can

also be written in the form

CoOsSw = 2V’wh* ] (— + COt(%)) ,
w < w (3.11)

sinw = 5o ) < ~ co (=),

which yields
V'(h5)® 5 w?
w;r sin® () = 1+ ok (3.12)
By substituting (3.11) into (3.6), we may find the eigenvector components
ok 1 .omk.
P=e® P=—d i=1,...,n, (3.13)
iw

where i is the imaginary unit. This shows that k is the discrete spatial wave number of
oscillations along the ring. The effects of (3.13) on the infinite dimensional dynamics are
described in Section 3.3l Note that we have omitted the discussion of the k = 0 (spatially

independent) mode, since it violates the constraint

n

SRR =3 (@l (1) —ab () =0, (3.14)
=1

i=1

implied by (1.15).
By using (3.5) and (3.13) and taking the real part, the perturbation can be written as

0P (t) = vamp cos(ZEi +wt), i=1,...,n, (3.15)

K3 n

where the amplitude vamp is determined by the nonlinear terms as shown in Section|3.3. This
perturbation mode corresponds to a wave travelling upstream (opposite to the car flow) with
spatial wave number k (i.e., with spatial wavelength L/k = h*n/k), and with frequency w.

Thus the related wave speed is

P
Cwave

= —5=h*w < 0. (3.16)
Using (3.12) and (3.16), and assuming that % < 1, we obtain
Do = —HV' (1) (1= 0(22)*). (3.17)
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Since this motion is a perturbation relative to the equilibrium (1.16),(1.18) where vehicles
travel downstream with speed v* = V(h*), the speed of the wave relative to the absolute

spatial coordinate is given by

Cwave = v* + C\Ii)vave = V(h*) - h*V/(h:r) (1 N O(k%)2>

(3.18)
~ V(h*) — h*V'(R},).

By considering the optimal velocity function (1.24), we obtain cyave < 0, that is, the resulting

wave propagates in the opposite direction to the flow of vehicles. Note that the non-delayed

model introduced in [15] exhibits the same wave speed apart from some differences in the

coefficient of the correction term O(kn—”)? Furthermore, this small-amplitude wave speed is

consistent with that predicted by the Lighthill-Whitham continuum theory of highway traffic;
see [76, 118].

Now, note that if (w, k) solves (3.10), then so does (—w,n — k). Here we chose to work
with w > 0 and the full set of £k = 1,...,n — 1. Alternatively, one could work with general
w € R and restrict attention to k = 1,...,n/2 (even n) or k = 1,...,(n —1)/2 (odd n).
However, as can be seen below, even when considering w > 0 only the wave numbers k < n /2

are significant.

Equations (3.10) describe branches of curves in the (V'(h*), ) parameter plane, which
are parametrised by the frequency w. Since we require w, o, V/(h*) > 0, for each k, we find a

sequence of feasible intervals

k k
we(—g+—w+21m—ﬂ+2lﬂ>ﬂR+,l—0,1,2,---, (3.19)
n n

each of which traces out a different stability curve. Hence, we have a two-parameter family

of stability curves described by k=1,...,.n—1and [ =0,1,2,....

We now consider the left-most branch of curves in the (V/(h*), «) plane which belongs
to [ = 0. It turns out that this branch is responsible for the loss of stability of equilibrium
(1.16),(1.18). Each curve belongs to a particular wave number k and is parameterised by the
frequency w € (0, kw/n). However, we are only interested in the curves for k& < n/2 because

those for k > n/2 correspond to conjugated waves, i.e., to the same spatial patterns. When
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n is even, the Hopf bifurcation curve for k = n/2 starts (w = 0) from the point (1/2,0) but
all other Hopf bifurcation curves, for n even or odd and for any k, start from the origin.

Further, all curves converge to the vertical asymptotes

Vi(h*) = #I{/:/n) (3.20)

when w — km/n; see already Figs.[3.1(a) and[3.2(a). This means that the curves are ordered
from left to right as k increases. When n — oo, the first asymptote for k = 1 converges
to V/(h*) = 1/2, while the last asymptote for & = n/2 or k = (n — 1)/2 converges to
V/(h*) = m/4. Further, the k¥ > 1 curves accumulate on the k¥ = 1 curve when n — oc.
Using the stability criteria presented in [105], one may show that the stability boundary for
the equilibrium is the first (i.e., k = 1) Hopf bifurcation curve. This means that the uniform
flow equilibrium (1.16),(1.18) is stable to the left of the & = 1 Hopf bifurcation curve; see
Figs. [3.1(a) and [3.2(a). It may also be shown that the uniform flow equilibrium remains
unstable to the right of the £ = 1 curve, and as each of the k& > 1 curves is crossed from
left to right, an extra pair of complex conjugate characteristic exponents crosses into the

right-half complex plane.

3.1.2 Two-dimensional stability diagrams

We now summarise the results of Section [3.1.1 by using two-parameter diagrams, i.e., we
present the Hopf bifurcation curves in the (h*,a) plane for representative values of
v? and n. We first focus on the case of n = 3 cars, where h* = L/3 and wave numbers
k = 1,2 describe the same spatial pattern, i.e., one wave along the ring. It may be shown
that the & = 1 curve, which is parametrised by w € (0,7/3) and depicted in Fig. 3.1(a),
is the left-most curve in the (V/(h*), ) plane found by the above theory. This curve has a
monotone shape with a vertical asymptote at V/(h*) = 7v/3/9, ~ 0.6046.

By considering large «, one may apply infinite-dimensional Routh-Hurwitz criteria (see
Stépan [105]), to show that the uniform flow equilibrium is stable to the left of this curve

(all eigenvalues are situated in the left-half complex plane); see the blue shaded region in
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Fig. 3.1: Stability diagrams for n = 3 cars where blue shading denotes the stable region. Panel
(a) shows the sensitivity a as a function of the slope of the OV function V’'(h*), where the dashed
asymptote is situated at V/(h*) ~ 0.6046. Panels (b) and (c¢) show stability diagrams in the (h*,a)
plane for particular values of v° (indicated in each panel), which correspond to V/ . =~ 0.5459 and
V! o = 0.8399, respectively.

max —

Fig.[3.1(a). The equilibrium is linearly unstable in a neighbourhood of the right of the curve
(there exist eigenvalues in the right-half complex plane). Hence, the k = 1 curve divides the

(V/(h*), «) plane into regions where the uniform flow state is linearly stable or unstable.

Our main interest is to convert Fig. 3.1(a) to a stability diagram in the average headway-
sensitivity (h*, ) plane, when we choose the optimal velocity function V(h) given by (1.24)
with s = 1. In this case V/(h) has a single maximum over the interval h € [1,00) (blue solid
curve in Fig.[1.6(b)). Hence, the (h*, «) stability diagram can be obtained from the (V'(h*), a)
diagram by a kind of nonlinear folding about a vertical line whose abscissa corresponds to

the maximum value V], of V/(h); see Fig.[3.1(b) and (c), where the blue shaded regions

max
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are stable. For V(h) given by (1.24) with s = 1, we have V/ . = (2v/2/3)v°, ~ 0.8399°.

max

Hence, two qualitatively different cases of diagrams in the (h*, «) plane are possible:

1. In the first case shown in Fig. [3.1(b), the maximum value V/ . is to the left of the
asymptote on the (V/(h*),a) plane. This corresponds to v < mv/3/6v/2, ~ 0.7198. In
this case, there is a critical sensitivity, &; such that for a > &, uniform flow equilibria
are stable for all values of the average headway h*. For a < &, there is a bounded

interval of h* corresponding to unstable equilibria.

2. In the second case shown in Fig.|3.1(c), the maximum value V! is to the right of the
asymptote on the (V/(h*),a) plane. This corresponds to v > mv/3/63/2, ~ 0.7198. In
this case, for any value of a there is an unstable interval of the average headway h*. It

is not possible to stabilise all uniform flows by increasing a.

In either of the two cases above, decreasing a (or increasing v°) increases the size of the
unstable h* interval, with the left-hand end point approaching 1, and the right-hand end

point approaching +oo, as a — 0.

When we consider different values of the scaling parameter s the stability charts shown
in Fig. 3.1(b) and (c) do not change qualitatively. Here V/ .. = (2V/2/3s)v°, ~ (0.8399/s) v"

max

for general s, which only yields quantitative changes.

The qualitative picture for OV functions Vp4(h) (1.25) and Vg(h) (1.26) (green dashed-
dotted and red dashed curves in Fig. 1.6) is similar, except for the following. For the function
Vs(h), the left-hand end of the unstable h* interval is fixed at h* = 1 for all « for which there
is instability. For the function Vg4(h), the left-hand end point of the unstable h* interval
attains h* = 1 for positive . These features are due to the discontinuities in the functions

Vi4(h) and V§(h) at h* =1 and the fact that V{(h) also has its maximum at h* = 17.

Now, we demonstrate how the stability diagrams change when the number of the cars is
increased. In Fig. 3.2 we present stability diagrams for n = 9 cars. There are four nested

Hopf bifurcation curves corresponding to the four admissible wave numbers k = 1,2, 3,4. This
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Fig. 3.2: Stability diagrams for n = 9 cars where blue shading denotes the stable region. Panel
(a) shows the sensitivity a as a function of the slope of the OV function V'(h*), where the dashed
asymptotes are situated at V/(h*) ~ 0.5103, V'(h*) ~ 0.5431, V'(h*) ~ 0.6046, and V’'(h*) ~ 0.7089.
Panels (b)-(f) show stability diagrams in the (h*,«) plane for particular values of v° (indicated in
each panel), which correspond to V! .. ~ 04619, V! ..~ 05123, V! ~0.5627, V! . ~ 0.6367, and

max max max max
/ -
Viiax =~ 0.8399, respectively.
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example is sufficient to give an indication of the structure for large n. The Hopf bifurcation
curves are shown in the (V/(h*),«) plane in Fig. [3.2(a). The stability boundary, i.e., the
curve for k = 1, is the bold curve. The asymptotes are indicated by vertical dashed lines and

the blue shaded area is the stable region of the uniform flow equilibrium (1.16),(1.18).

Since the first derivative of the OV function (1.24) has a turning point (see Fig.[1.6(b)),
the (V/(h*), ) stability diagram of Fig.[3.2(a) may be transformed again into the (h*, ) plane
by a sort of nonlinear folding. Here, five qualitatively different configurations are possible and
shown in Figs.[3.2(b)~(f); which situation occurs depends on the value of V/ ., = (2v/2/3)v°,

max

~ (0.8399 9.

The blue shaded area again corresponds to the stability of the uniform flow equilibrium
,(1.18) and the Hopf bifurcation curves are nested in strict order from outside to inside

as k increases. When V! __ is to the left of a particular asymptote in the (V/'(h*), «) plane,

max
the corresponding curve in the (h*,a) plane is a single curve with a maximum. On the
other hand, when V!, is to the right of this asymptote, there are two corresponding curves

in the (h*, a) plane and each possesses a vertical asymptote. Correspondingly, all curves

have maxima in Fig. [3.2(b) because V!

max

is to the left of the first (bold) Hopf curve in
Fig.[3.2(a). When V/ .. exceeds the V'(h*) value of the asymptote of a certain Hopf curve in
the (V/(h*), ) plane, then the corresponding curve in the (h*, «) plane becomes unbounded.
Because there are four Hopf curves, this analysis leads to the additional four possibilities
shown in Fig.3.2(c)—(f). The left-hand endpoints of the Hopf curves approach (1,0), while

their right-hand endpoints approach (+00,0).

By considering and taking into account the first derivative of the OV function
(1.24), it can be shown that when V’ . > /4, (that is, when v° > 37/8V/2, ~ 0.9351), the
asymptotes converge to particular values of h* as n — oo; see Fig.[3.2(f) for which v* = 1.0.

Moreover, the k > 1 curves accumulate on the k = 1 curves as n — oo.

In the absence of reaction time delay, it may be shown that the Hopf bifurcation curves are

straight lines in the (V/(h*), ) plane given by a = 2 cos?(km/n) V'(h*). As a consequence, the
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stability diagram in the (h*, ) plane is always qualitatively the same as that in Fig.[3.2(b).
Further, for non-zero delay, the Hopf curves are always nested in strict order in the (h*, a)
plane when V! > /4 (i.e., when v° > 37/8%/2, ~ 0.9351). However, when the delay is
zero, such a nesting only occurs for sufficiently large v°. Thus even at the linear level, the

inclusion of delay leads to new types of qualitative dynamics.

In Chapter 4] numerical continuation software is used to add further curves to Figs. 3.1

and 3.2 corresponding to fold bifurcations of the periodic orbits.

3.2 General theory of weakly nonlinear analysis

We now attempt a weakly nonlinear analysis of the Hopf bifurcations which were analysed
at the linear level in Section [3.1. In particular this allows us to determine the criticality of
these bifurcations. This work is split into two parts: in this section we develop a general
theory for the Hopf bifurcation calculation in the presence of translational symmetry, and in

Section |3.3|we apply this theory to the car-following example (1.4),(1.23).

The presence of translational symmetry gives rise to a zero characteristic exponent in the
linearized system at any of the equilibrium solutions. This happens in a way similar to that
of the so-called compartment systems presented by Krisztin in [71], and causes singularities
in the standard Hopf bifurcation calculation shown in Section|2.3\ Some of the corresponding
linear algebraic equations, which arise in the standard Hopf bifurcation calculation, cannot be
solved due to the presence of the zero characteristic root. This causes major difficulties when
the algorithm is implemented in symbolic manipulation (such as Maple or Mathematica).
To avoid this problem, we develop the Hopf bifurcation calculation for these systems after
subtracting the subspace related to the translational symmetry. We note that this kind of
symmetry can also be found in the dynamics of coupled cell networks near an equilibrium,
as presented by Campbell et al. [22], and in the dynamics of semiconductor lasers near a
continuous wave state, as shown by Rottschafer & Krauskopf [94] and by Verduyn Lunel &
Krauskopf [115].
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3.2.1 Analytical framework in the presence of translational symmetry

When translational symmetry occurs in a delayed dynamical system, its motion can be shifted
by constant values, in the following sense. Let us consider the special nonlinear retarded

functional differential equation (RFDE) in the form

y(t) = f(Kyin), (3.21)

where the dot refers to the derivative with respect to the time ¢, the state variable is y: R —
R™, and the function y;: R — Xgm is defined by the shift y,(¥) = y(t + ), ¥ € [—r, 0], where
the length of the delay r € RT is assumed to be finite. The linear functional K : Xgm — R™
acts on the function space Xgm of R — R™ continuous functions. Particularly, in this
section we consider [—r,0] — R functions, while in the subsequent section we deal with
[-1,0] — R™ functions. For the sake of simplicity, let the bifurcation parameter be the

scalar n € R, and then let the function f: R™ x R — R™ be analytic, and

f(O;m) =0, (3.22)

for any 7. Thus the trivial solution y(¢) = 0 of the RFDE (3.21) exists for all the values of
the bifurcation parameter. Since the space Xgm is infinite-dimensional, the dimension of the

phase space of RFDE (3.21) also becomes infinite.

According to the Riesz Representation Theorem, the linear functional K has the general

form defined by the Stieltjes integral

0
Ky = / dy(9)y(t + 9), (3.23)

T

where the matrix v: [—r,0] — R"™*™ is a function of bounded variation.

The translational symmetry of the system (3.21) is expressed by the following property
of the linear functional K:
0 0
Ker </ d’y(ﬂ)) #{0} <« det/ dy(¥) =0. (3.24)
Consequently, if there is a solution ¢(t) of (3.21) for a certain parameter 7, then §(t) + c is

also a solution if the constant vector ¢ € R™ satisfies K¢ = 0 or, equivalently, if the linear
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homogeneous algebraic equation

0
/ dy(?)c =0, (3.25)
is satisfied. Indeed,
S0 +0) = §(0), (3.26)
and
(K (G +c)in) = f(Kge + Keyn) = f(Kgin), (3:27)

which is implied by (3.24). Condition (3.24) also implies that infinitely many vectors ¢ satisfy
(3.25).

In other words, y(t) = 0 is not the only trivial solution of RFDE (3.21). Any solution

y(t) = c satisfies (3.21) for all the parameter values 7 since

F(Kem) = f ( / a9 n) — f(0im) =0 (3.28)

-

is satisfied by infinitely many vectors ¢ due to the property (3.24).

The class of delayed systems described above can be generalised further for systems gov-
erned by
y(t) = fi(Kiyen) + fa(Kayem) - (3.29)

These systems also have translational symmetry if the two linear functionals satisfy

Ker ( /_ 0 dyl(ﬂ)) N Ker < /_ 0 d’m(@?)) £ {0}, (3.30)

which implies that the corresponding determinants are zero:

det /0 dyi(¥) =0, det /0 dy2 () = 0. (3.31)

—r —r
However, it is condition (3.30) that guarantees that infinitely many constant vectors ¢ satisfy
Kic = 0 and Ksc = 0. Consequently, if there is a solution () of (3.29) for a certain

parameter 7, then ¢(¢) + ¢ is also a solution.

The linearization of RFDE (3.21) at any of its trivial solutions ¢ in (3.25) results in the

variational system

0
(1) = / daC Oyt +9) (3.32)

b
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where the matrix function n: R x R — R"™*™ is defined by

C(95m) = Dy f(0;7)7(I) , (3.33)

and the matrix D, f € R™*™ is the derivative of f. Clearly, condition (3.24) yields
0

et [ agcoin) = de (Du10050) [

-r -r

dfy(ﬁ)) ~0, (3.34)

for all values of the bifurcation parameter 7.

Similar to the case of linear ODEs, the substitution of the trial solution y(t) = Ce*
into (3.32)) with a constant vector C' € C™ and characteristic exponent A € C results in the
characteristic equation

0
D(X\;n) = det </\I—/ dﬂ((ﬁ;n)ew> =0. (3.35)
—r

Among the infinitely many characteristic exponents, there is
Ao(n) =0, (3.36)

for any 7, since ( satisfies (3.34). If the multiplicity of the zero characteristic exponent is
only one, the corresponding eigenvector spans the linear one-dimensional eigenspace embed-
ded in the infinite-dimensional phase space of the nonlinear RFDE (3.21). Along this the
trivial solutions y(t) = ¢ satisfying condition (3.25) are located. In the same way, possible

corresponding high-dimensional subspaces can also be identified for the more general case

(3.29)).

Obviously, these trivial solutions of the nonlinear RFDE (3.21) cannot be asymptotically
stable for any bifurcation parameter 7. Still, they can be stable in the Lyapunov sense if all
the other infinitely many characteristic exponents are situated in the left half of the complex
plane. Also, Hopf bifurcations may occur in the complementary part of the phase space with
respect to the eigenspace of the zero characteristic exponent if there exist purely imaginary

characteristic exponents at some critical parameter value n,:
Ma2(e) = Hw, weRT. (3.37)
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Similarly to the case without translational symmetry described in Section [2.2, the corre-

sponding stability boundaries are described by
R(w) =Re D(iw;ne) =0, S(w) =Im D(iw;ne) =0, (3.38)

and are parameterised by the frequency w € RT referring to the imaginary part of the critical
characteristic exponents (3.37). Since (3.35) has infinitely many solutions for A, infinite-
dimensional version of Routh-Hurwitz criteria are needed to decide on which side of the

stability boundaries the steady state is stable or unstable [68,/92, 103| 105].

Another condition on the existence of Hopf bifurcation is the nonzero speed of the critical
characteristic exponents A2 (3.37) when they cross the imaginary axis due to the variation

of the bifurcation parameter 7:

Re <M> — Re (-81)(“2; er) <6D(A1’2; ’7“)>_1> £0. (3.39)

dn an O\
This can be checked by implicit differentiation of the characteristic function (3.35).

The super- or subcritical nature of the Hopf bifurcation, that is, the stability and esti-
mated amplitudes of the periodic motions arising about the stable or unstable trivial solu-
tions, can be determined via the investigation of the third-degree power series of the original

nonlinear RFDE (3.21). The above conditions (3.37) and (3.39) can be checked using the

variational system (3.32) independently from the zero characteristic exponent (3.36)). In con-
trast, the lengthy calculation with the nonlinear part leads to unsolvable singular equations

if the eigenspace corresponding to the zero characteristic exponent is not removed.

In the subsequent sections, the type of the Hopf bifurcation is determined when a zero
characteristic exponent exists due to the translational symmetry in the nonlinear system
(3.21) induced by (3.24). The algorithm will be presented for the case of a single discrete
time delay.
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3.2.2 Hopf bifurcation calculations in the presence of translational sym-

metry

The following analysis is based on the work of Stépan [104, 105]. However, the calculations
here are carried out for a DDE system of arbitrary size and also for the case of a singular
Jacobian resulted by a translational symmetry as explained above. Let us consider the

following autonomous nonlinear system

(1) = L(ny(t) + Ryt — 1) + F(y(t), y(t — 1)in) (3.40)

where the delay has already been rescaled to 1. According to (3.24), the constant matrices
L,R: R — R™™ gsatisfy

det(L(n) + R(n)) = 0. (3.41)

The near-zero analytic function F': R™ x R”™ x R — R™ keeps the translational symmetry,

so that

Fy(t) +c,y(t —1) + ) = Fy(t),y(t —1);in), (3.42)
for all ¢ # 0, such that (i(n) + R(n))c = 0. This condition is fulfilled, for example, by

Fy(t),y(t —1);m) = F*(L(n)y(t) + R(ny(t - 1)) , (3.43)

when system (3.40) is considered in the form of (3.21) satisfying conditions (3.24), and con-
sequently (3.25).

The characteristic equation of (3.40) assumes the form
D(X;n) = det (Al — L(n) — f{(n)e_’\) =0. (3.44)
Condition (3.41) implies that the zero exponent (3.36) exists, that is,
Ao(n) =0 (3.45)

is always a characteristic root.
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Furthermore, we suppose that the necessary conditions (3.37) and (3.39) are also fulfilled,

i.e., there exists a critical parameter 7, such that

dA or
Mﬂmoziw,l%<—%%il>¢o. (3.46)

At the critical bifurcation parameter 7., the delay differential equation (3.40) takes the form

y(t) = Ly(t) + Ry(t — 1) + F(y(t),y(t — 1)), (3.47)

where the matrices L, R € R™*™ and the near-zero nonlinear function F': R™ x R™ — R™

are given by

L= I:(ncr) , R= R(ncr) , and F(y(t)a y(t - 1)) = F(y(t)v y(t - 1); ncr) . (3'48)

Equation (3.47) can be rewritten in the form of an operator differential equation (OpDE):
U = Ayt + F(yt) , (3.49)

where the dot still refers to differentiation with respect to the time ¢, and the linear and

nonlinear operators A, F: Xgm — Xpm are defined as

)
2 509), it —1<9<0,
Ag(9) = 594 ' = (3.50)

Lo(0) + Re(~1),  if 9 =0,

0, if —1<9<0,
F(o)(0) = (3.51)
F(6(0),6(-1)), if 9=0

We note that here the [—1,0] — R™ functions are considered in the function space Xgm of

R — R™ continuous functions.

The translational symmetry is inherited by the DDE (3.47) and by the OpDE (3.49),
since (3.41) implies
det(L+R) =0, (3.52)

and similarly, (3.42) implies that the near-zero nonlinear function F' and the near-zero non-

linear operator F satisfy
Flyt) + eyt —1)+c)=Fylt),yt—1)) <  Flye+c)=TF(y), (3.53)
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for all ¢ # 0, such that (L + R)c = 0. In accordance with (3.43)), condition (3.53) is fulfilled,
for example, by

F(y(t),y(t — 1)) = F*(Ly(t) + Ry(t — 1)) . (3.54)

Clearly, the characteristic roots of the linear part of delay differential equation (3.47) are

the same as the eigenvalues of operator A:
D(X\ne) =det(\I—L—-Re™) =0 & Ker(\Z — A) # {0}, (3.55)

and the corresponding three critical characteristic exponents (3.45) and (3.46) are also the

same:

o) =0,  Ai2(ne) = Hiw. (3.56)

If the zero characteristic root appeared only for the critical bifurcation parameter 7,
then it would mean that a fold bifurcation occurs together with a Hopf bifurcation, as was
found by Sieber & Krauskopf [102] in an unfolding of a degenerate case of a controlled
inverted pendulum. In contrast, we consider the case where the determinants (3.41) and (3.52)
hold, and the corresponding zero characteristic exponent (3.45),(3.56) exists for arbitrary
bifurcation parameter 7. In this case, it is impossible to carry out the Hopf bifurcation
calculation by disregarding this zero characteristic root. More exactly, the centre manifold
reduction related to the purely imaginary characteristic roots cannot be carried out by the
usual algorithm: a linear non-homogeneous equation occurs with coefficient matrix (L 4+ R)

which cannot be solved.

We can avoid the above problem in the phase space if we restrict the system to the
complementary (infinite-dimensional) space of the linear one-dimensional invariant manifold
spanned by that eigenvector of the operator .4 which belongs to the zero eigenvalue. After
the construction of the reduced OpDE, the usual Hopf bifurcation calculation algorithm
can be carried out including the centre manifold reduction related to the purely imaginary

eigenvalues.

Although the reduction of the OpDE (3.49) can be carried out for any value of the

bifurcation parameter 7, the calculations are presented for only the critical value 7., since
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the subsequent Hopf bifurcation calculations use the system parameters only at the critical

values.

The eigenvector sy € Xgm of A associated with the eigenvalue Ag = 0 satisfies
.AS() = )\080 = .AS() =0. (3.57)

The definition (3.50) of the linear operator A in (3.57) leads to the simple boundary value

problem
0
%50(19) =0, LSO(O) + RSo(—l) =0. (3.58)
Its constant solution is
80(?9) =5 € Rm, (L + R)So =0. (3.59)

In order to project the system to sg and to its complementary space, we also need the
adjoint operator:

—Ew(a), it 0<o<1,
Oo

A*p(o) = (3.60)

L*)(0) + R*p(1), if o=0,

where * denotes either adjoint operator or transposed conjugate vector and matrix. The

eigenvector ng € X, of A* associated with the eigenvalue \j = 0 satisfies
.A*TLO = )\Sno = A*no =0. (361)

Using the definition (3.60) of the adjoint operator A* in (3.61) results in another boundary
value problem
0
om0(@) =0, Long(0) + Rng(1) = 0. (3.62)
o
Its solution gives

n()(O') =Ny e R™, (L* + R*)No =0. (363)

Note that, as the vectors sy and ng are the right and left eigenvectors of the operator A
belonging to the eigenvalues Ao = 0 and \j = 0, similarly the vectors Sy and Ny are the right

and left eigenvectors of the matrix (L + Re™), belonging to the same eigenvalues.
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One of the two free scalar variables in Sy, Ny is determined by the normality condition
<n0, S(]) =1. (364)

Defining the inner product

0
(1, ) =¥ (0)9(0) + /1 P (€ + 1Re(£)dE, (3.65)
condition (3.64) gives the scalar equation

NE(I+R)So=1. (3.66)

Let us separate the phase space with the help of the new state variables zp: R — R and

y; : R — Xpm defined as
20 = (no, Yt) »
(3.67)

Y¢ = Yt — 2080 -

Now the OpDE (3.49) can be semi-decoupled by using the above definitions, the normalised

eigenvectors (3.59) and (3.63) satisfying (3.57) and (3.61), the inner product definition (3.65),
and the translational symmetry expressed by (3.53):

2.:0 - <n07yt> = <n07~’4yt +f(yt)>
= (A" ng,y) + (no, F(y; + 2050))
=n4(0)F(y, + 2050)(0) = Ny F(y, )(0),
0(0)F (v 050)(0) 0F (y; )(0) (3.68)
Yy =y — Z0so = Aye + F(ye) — no(0)F (y, + 2050)(0)s0
= Ay, + 20As0 + F(y, + 2050) — ng(0)F(y; + 2050)(0)s0

= Ay, + F(y; ) — NoF(y; )(0)So.

In the first part, the scalar differential equation of (3.68]) becomes fully separated, if the
equation is restricted to the corresponding manifold spanned by the eigenvector sg. Assuming
y, = 0 implies Z9 = 0; hence, all the trivial solutions y(t) = ¢ = 205y are situated along a

straight line (the corresponding invariant manifold) at any constant zg.
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In the second part, the operator differential equation of (3.68) is already fully decoupled,

and can be re-defined as

U =Ay +F (v ), (3.69)

where the new nonlinear operator 7~ assumes the form

o) - — N3 F(6)(0)S , if —1<9<o0, 50

F(¢)(0) = NgF(#)(0)So,  if 9 =0,

and after the substitution of definition (3.51) of the near-zero nonlinear operator F we obtain

F(0)(9) = —NiF(9(0),0(—1))So, it —-1<9<0, (3.71)

F(¢(0), ¢(=1)) = NgF((0), 6(=1))So,  if 9 =0.

While the linear operator remains the same, the reduction of the system related to the
translational symmetry changes the nonlinear operator. This change will have an essential

role in the centre manifold reduction of the Hopf analysis given below.

The algorithm of the usual Hopf bifurcation analysis, reviewed in Section [2.3] is well
known and presented in several books 105]. Here, we apply this for the reduced OpDE
(3.69). First, let us determine the real and imaginary parts si,se € Xgm of the eigenvector

of the linear operator A associated with the critical eigenvalue A\; = iw. These vectors satisfy
A(Sl + 182) =\ (81 + iSQ) =  As1 = —wso, Aso =wsy. (3.72)

After the substitution of definition (3.50) of operator A, these equations form a 2m-dimensional

linear first-order boundary value problem:

o |s1(9) 0 —I| [s1(9) L wI| [51(0) N R 0f [s1(-1) 0
—_— = W s =
99 | 5,() I 0] |s2(9) ~wl L] |s2(0) 0 R| |s2(—1) 0
(3.73)
Its solution is )
v S —S.
51(9) — |7 cos(wd) + ? sin(wd) , (3.74)
52(19) SQ Sl
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with constant vectors S, Sy € R™ having two freely eligible scalar variables while satisfying

the homogeneous equations

L+Rcosw  wl+Rsinw| |5 0
= ) (3.75)
—(wl+ Rsinw) L+ Rcosw | |S2 0

The real and imaginary parts ni,ns € Xg.n of the eigenvector of the adjoint operator A*

associated with the eigenvalue \] = —iw are determined by
A*(ny +ing) = Aj(ng +ing) =  A'ny =wny, A*ng=—wn;. (3.76)

It results in the 2m-dimensional boundary value problem

9 ni(o) iy 0 —I| [ni(o) L* —wI| |n1(0) N R* 0| [m(1)| |0
99 |1y (o) 1 0] [me(e)| ol L* | |ne0) 0 R*| [mo(1)] o]’
(3.77)

when one uses definition (3.60) of operator A*. It has the solution

(o) = M cos(wa) + V2 sin(wo) , (3.78)
TLQ(O') No Ny

where the constant vectors Ny, No € R™ also possess two free scalar variables while satisfying

L*4+R*cosw —(wl+R*sinw)| | Ny 0
= . (3.79)
wl 4+ R*sinw L*+R*cosw Ny 0

As s1 +is9 and ny + ing are the right and left eigenvectors of the operator A belonging
to the eigenvalues A; = iw and A\] = —iw, the vectors S; +1S and N; 41Ny are similarly the

right and left eigenvectors of the matrix (L + Re™) belonging to the same eigenvalues.

The orthonormality conditions
<77,1, 81> =1 s <n1, 82> =0 (380)

determine two of the four free scalar values in vectors S1,S2, N1, No. The application of the

inner product definition (3.65) results in two linear equations, which are arranged for the two
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free parameters in N1 and N in the following way:

1|57 (21 + R* (cosw + ¥2¢)) + S¥R*sinw  —SjR*sinw + S3R* (cosw — S2¢)

w

2 —SiR*sinw + S5 (2I+ R* (cosw + S22))  —GiR* (cosw — SL2) — IR~ sinw | (3.80)
Ny 1
X =
Ny 0

Note that taking 1 and 0 as first (or last) components of the vectors S; and Ss, respectively,

is a reasonable choice for the two remaining scalar parameters; see Section[3.3]and also [21].

With the help of the right and left eigenvectors s1, so and ni,ns of operator A, we intro-

duce the new state variables

Z1 = <n17yt_>7

2= (no,y) (3.82)

w=1yY; — 2181 — 2282,

where z1,29: R — R and w: R — Xgm. Using the above definitions, the eigenvectors (3.74)
and (3.78) satisfying (3.72) and (3.76), the inner product definition (3.65), and the definition
of operator F~ (3.70), the reduced OpDE (3.69)) can be rewritten in the form

2= (1,9 ) = (n, Ay, +F (y; ) = A",y ) +(n, F ()
0
= w(ng,y; ) +n7(0)F (y; )(0) +/ ni(€+ DRF (y, )(§)d¢

-1
0

= w2 + 0} (0)F (4 (0) — (n’{(O)I -/

[ (e sk (3£ )0)50)

= wzy + <Nf - ((Nl*(l + SLER) _ NjlmCoswR) So)Na‘)f(yt)(O) :
(3.83)
o= —wm (5~ (7= 4 NS4 421) )5 ) F07)(0),

W=y, —2151 — 22520 =Ay; +F (y; ) —wz2s1 + wz152

- (97 = (Vs ) - s 50) N ) #0700

= (v - (v N ) 50) 8 ) £ )02
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The introduction of the new scalar parameters

q = (Nik(1+ sinw )_NQ*I_Z?S“)R) SO,

w

. (3.84)
go = (N L=S89R 4 N3 (I 4+ S2eR))

is related to the translational symmetry, that is, ¢; and ¢go would be zero if there were no
zero characteristic root in the system (3.49), because in that case Sy = 0. But even if the
translational symmetry is there, it is often possible to find N{RSy = NyRSy = N{ Sy =
N3Sp = 0 resulting in ¢ = g2 = 0, for example, when RSy = 0 also holds in addition to
(L+R)Sp =0 in (3.59).

The structure of the new form of the reduced OpDE (3.69) is as follows:

1 0 w O |~
2.,’2 - —W 0 O Z9
w 0 0 Al |w

(3.85)
(NT — 1 N§) F (2151 + 2252 + w)(0)

+ (.Nék — qug)f(lel + 2989 + w)(O) )
=2 jm12(NF — @i NG)F (2181 + 2252 + w)(0)s; + F~ (2181 + 2282 + w)

where F(z181 + 2282 + w)(0) = F(2151(0) 4 2252(0) + w(0), z2151(—1) + 2252(—1) + w(—1))
according to (3.51), and this expression also appears in F~ (2181 + 2282 + w) as defined by

(3.70) and (3.71).

We need to expand the nonlinearities in power series form, and to keep only those which
result in terms up to third order after the reduction to the centre manifold. In order to do this,
we calculate only the terms having second and third order in z1, zo and the terms wz;, wzs
for Z1, 25, while only the second-order terms in z1, 29 are needed for w; see already (3.87)
and (3.88)). This calculation is possible via the Taylor expansion of the analytic function
F:R™ x R™ — R™ of (3.48) in the definitions (3.51) and (3.71) of the near-zero operators
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F and F~. The resulting truncated OpDE assumes the form

2 0 w Of |z 2;21;02 3 z{ 2%
ol =—-w 0 O |29 + ;2];023 i z] 2%
w 0 0 A| |w i Eﬁioz (F(k °) cos(wd) + F(k 9 sln(wﬂ))zlzéC

—(Ffél)* (0) + F10
1)
(Fl(g - w(0) + F10

1))z + (Féll)*w(O) + Félr)*w(—l))zg

+ (Féfl)*w(()) + Féfr)*w(—l))zg

(3.86)

w(=
w(-1)) 21
),

+
1 Z;—IZ];OQFJ(Z leza if —1<9<0,
k=2 '
L Z;k>0 ( ik +F( )) zé“, if 9=0 |

The subscripts of the constant coefficients fy(,i)  f ](z) € R and the vector ones Fj(;l), Fj(;r), Fj(,fl),

2r 3c 3s 3—
FE RS F09 F®) pG)

F L E Ey € R™ refer to the corresponding jth and kth orders of z; and

2o, respectively. The terms with the coefficients F](,:jc) and Fﬁjs) come from the linear combi-
nations of s1(1)) and s2(¢). Note that all coefficients of the nonlinear terms are influenced by
the scalar parameters ¢; and g2 (see (3.84)) related to the translational symmetry, except for
Fj(,?) and Fj(,?*) (see (3.85)). The terms with coefficients Fj(,f) and Fj(,i’*) refer to the structure
of the modified nonlinear operator F~ (see (3.70), (3.71)), that is, the vectors Fj(,z’_) appear

due to the translational symmetry only, while the vectors F j(,‘:f) would appear anyway.

The plane spanned by the eigenvectors s; and ss is tangent to the centre manifold at
the origin. This means that the centre manifold can be approximated locally as a truncated

power series of w depending on the second order of the coordinates z; and zs:

w(9) = = (hao(9)2] + 2h11(9)z122 + hoo (V) 23) - (3.87)

1
2
The unknown coefficients hog, h11, ho2 € Xgm can be determined by calculating the derivative

of w in (3.87). On the one hand, it is expressed to second order by the substitution of the

linear part of the first two equations of (3.86):

W) = —whq1(9) 23 + wlhao(9) — hoa (V) 2122 + whiy (V)2 . (3.88)

On the other hand, this derivative can also be expressed by the third equation of (3.86). The

comparison of the coefficients of z%, z129, and zg gives a linear boundary value problem with

61



CHAPTER 3. LOCAL STABILITY ANALYSIS

differential equation

h20(19) 0 —2wl 0 h20(’l9)
0
% hll(ﬁ) = |wl 0 —wl hll(ﬁ)
hog(ﬁ) 0 2wl 0 hog(ﬂ)
(3¢) (35) (3-) (389)
Foy' Fyy 1N
_ %Fl(i’c) COS(W'&) — %Fl(i}b) s1n(w19) — %Fl(i}_) y
3c 3s 3—
F33o Fgy” Fyy”
and boundary condition
L2l 0| (k@) [R 0 0] |hao(-1) Fio? + Fy) + Fyg
—wl L wlI| |hn(0)] + [0 R 0] [hu(=1)| == |3(FE)+ FP 4 FE)
0 =2l L| [ho(0)] [0 0 R |hos(-1) F3? + Fo) + Fgy
(3.90)

Note that the constant vector in the non-homogeneous term of (3.89), formed by the vectors
Fj(g_), does not show up if there is no translational symmetry, that is, if there is no zero
characteristic exponent in the system. The general solution of (3.89) also contains extra

terms that are related to the translational symmetry through the vectors Fj(,::*):

hao (V) H,y —H, H,
hin(9)| = Hy | cos(2w?) + | H; | sin(2wd) + | 0
ho2 (V) —H; H, H,
([ e o R ok
+ oo | |3 - Y + F? | cos(wd) + | SR — Y 4+ R | sin(wd)
o "8 o _ e
1 [0 1 P 4 R
Rl 2 R i Bl 0 0. (3.91)
o | e ey

The unknown constant vectors Hy, Hi, Ho € R™ are determined by the boundary condition
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(3.90), which result in the linear non-homogeneous equation

L+R 0 0 Hy
0 L + Rcos(2w) 2wl + Rsin(2w) | | Hy
0 —(2wI + Rsin(2w)) L+ Rcos(2w) H,

(L +Rcosw)(— 3F(3S) - 3F(3S)) + (wI + Rsinw) (—SFQ(S’C) - 3F(3C))
= 6% (L + Reosw) (—2F5 + Fyg?) — F3) + (oI + Rsinw) (2R + FgY — F5Y)
(L + Reosw) (FE) 4+ 2089 — 2F59) + (I + Rsinw) (FS) — 2509 4 2F(3))
2w (FS)) + FS) + 2w+ R)(FS ) + FS ) — L+ R)FE
- 20(Fyy) — F3) + L+ R)FY
2wFY — (L+R)(Fy ) — B )
(3.92)

Since (L 4+ R) is singular for systems with translational symmetry, the first (decoupled)
group of non-homogeneous equations for Hy may look as thought they are not solvable.
However, the non-homogeneous term on the right-hand side belongs to the image space of
the coefficient matrix (L 4+ R), and this will result in a solution that is satisfactory for the
centre manifold calculation; see Section Again, this issue is related to the translational
symmetry in the system. If the reduction of the OpDE (3.49) were not carried out to the
reduced OpDE (3.69) with respect to the relevant zero characteristic root, then the first
(decoupled) group of (3.92) would lead to contradiction, and the centre manifold calculation

could not be continued.

By having the solution of (3.92), we can reconstruct the approximate equation of the
centre manifold via (3.87) and (3.91). Then calculating only the components w(0) and w(—1),
and substituting them into the first two scalar equations of (3.86), we obtain the following

equations that describe the flow restricted onto the two-dimensional centre manifold:

. Jj+k= 23 ] k j+k=3 (1) k

2 | 0wl =& Zg k>0 2179 Z] £>0 gjk 2122 (3.93)
: j+k=2,3 (2) . J+k=3 (2)_j _k ’
22 —w 0] |2 ZJ k>0 ?1%2 Z] E>0 gjk 2122

We note that the coefficients f](;) and f](Z) of the second-order terms are not changed by the
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centre manifold reduction. The so-called Poincaré-Lyapunov constant in the Poincaré normal
form of (3.93) can be determined by the Bautin formula
171 1 1 1 2 2 2 2 1 1 2
A= (;(( 2(0) + f(§2))(_ 1(1) + fz(o) - féz)) + (f2(0) + f(§2))(f2(0) - féz) + fl(l))>

s (3.94)

+ (3f§é) + 1+ D+ Sfé?) + (39%) + 913 + 951 + 396?)) )

see [47, 105]. It shows the type of bifurcation and approximate amplitude of the limit-cycle
oscillations. The bifurcation is supercritical (subcritical) if A < 0 (A > 0), and the amplitude

of the stable (unstable) oscillations is expressed by

4= \/_lRedw“) (7 1ler) - (3.95)

A dn

Thus the first Fourier term of the oscillation on the centre manifold is

21(t) 4 cos(wt) ‘ (3.96)
z9(t) — sin(wt)

Since close to the critical bifurcation parameter 7. we have y;(9) ~ 21(t)s1(¢) + 22(t)s2(¥),
equation (3.96) yields
y(t) = y:(0) ~ 21(t)51(0) + 22(t)s2(0)
= A(s1(0) cos(wt) — s2(0) sin(wt)) (3.97)

= A(S) cos(wt) — Sz sin(wt)) .

We reduced the infinite-dimensional problem into the solution of the closed-form linear
algebraic equations (3.59),(3.63),(3.66),(3.75),(3.79),(3.81), and (3.92). Thus, we are able to
determine the quantities A (3.94) and A (3.95) in any dynamical system with a single delay

and translational symmetry.

3.3 Application to the car-following model

Having developed a general theory of Hopf calculation in the presence of translational sym-

metry, we now turn our attention to applying this theory to the car-following model (1.23).
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First, we write these equations in the operator differential equation (OpDE) form (3.49).
Then the normal form calculations are carried out using the results of Section 3.2.2. Finally,

an interpretation of the obtained results is given.

3.3.1 Car-following model in OpDE form

By considering the kinematic conditions (1.4) and substituting (1.5) into (1.23), we obtain

:El(t) = a(V (IL‘iJrl(t — 1) — ."L‘i(t — 1)) — i‘i(t)), = 1, ey — 1,

(3.98)
In(t) = a(V (r1(t—1)—z,(t—1)+ L) — xn(t)) .
Let us recall the definition (1.16)—(1.19) for the uniform flow equilibrium, that is,

z () =vt+af, = &) =0, i=1,...,n, (3.99)

where
ri—x; =x]—x,+L=L/n:=h", i=1...,n—-1, (3.100)

and

=V(h*) <°. (3.101)

Note that one of the constants x; can be chosen arbitrarily due to the translational symmetry
along the ring. Henceforth, we consider the average headway h* as a bifurcation parameter,

that is, according to the notation of Section[3.2, n = h*.
Using definition (3.1) for the perturbation of the uniform flow equilibrium, i.e.,
2t): =zi(t) — (Wt4xz)), i=1,....n, (3.102)

and the Taylor series expansion of the optimal velocity function V(h) about h = h* up to

third order, we can eliminate the zero-order terms and obtain

3
() = —adl(t) +a > bp(h)(ab, (t— 1) —al(t — 1), i=1,...,n—1,
k:l

iP(t) = —adP(t +Oézbk (h*) (2} (t — 1) — aB(t — 1))"
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Fig. 3.3: The optimal velocity function (1.24) is shown in panel (a) and its derivatives are displayed
in panels (b)—(d).

where
1 1
bi(h*) = V’(h*), ba(h*) = §V”(h*), and b3(h*) = EV”’(h*). (3.104)

At a critical bifurcation parameter h}, the derivatives take the values by, = V'(hY,), boer =

%V”(hﬁr), and bz = %V’”(hjr).

The optimal velocity function (1.24) for s = 1 is shown together with its first, second, and

third derivatives in Fig. 3.3. Note that the analytical calculations presented in this section
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are valid for any OV function V(h): it is not necessary to restrict ourselves to a concrete

function in contrast to numerical simulation and numerical continuation approaches.
Introducing the notation
yi(t) == 2P (t),  yign(t) :=2P(), i=1,...,n, (3.105)
equation (3.103) can be written as
§(t) = L(h")y(t) + R(h*)y(t — 1) + F(y(t — 1); 1), (3.106)

where y: R — R2". The matrices L, R: R — R2"*2% and the near-zero analytic function

F:R?" x R — R?" are defined by

0 T I I P el
I 0 0 0
(3.107)
F(y(t—1);h*) = abo(B*)Fa(y(t — 1)) + abs(h*)Fa(y(t — 1))
0

Here 1 € R™*"™ stands for the n x n identity matrix, while the matrix A € R™*" and the

functions Fa, F3: R?® — R™ are defined by

(yn+2(t —1) = yn+1(t — 1))k
k

A= 1 ‘_1 ‘ ’ Fk(y(t—l)) _ (yn+3(t_1)_'yn+2(t_1)) : k:2,3.
B | (gnsa(t —1) = you(t = 1)"

(3.108)

Equation (3.106) is in the from of (3.40), that is, here m = 2n. Although the function
F does not depend on y(t), the general theory of Section |3.2| can be applied by leaving out
the first argument of F' as shown below. Indeed, the trivial solution y(t) = 0 of (3.106)
corresponds to the uniform flow equilibrium (3.99) of the original system (3.98).

Since system (3.106) possesses a translational symmetry, the matrices L(h*), R(h*) satisfy
det(L(h*) + R(h*)) =0, (3.109)
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that is, the Jacobian (I:(h*) + R(h*)) has a zero eigenvalue
Xo(h*) =0, (3.110)

for any value of parameter h*. Furthermore, the near-zero analytic function F preserves this

translational symmetry, that is,
Fy(t — 1)+ ¢ h*) = F(y(t — 1); %), (3.111)
for all ¢ # 0 satisfying (ﬂ(h*) + f{(h*))c =0.

Now we recall formulae (3.8)—(3.12) determined in Section|3.1 but write them according
to the notation and formalism of this section. Considering the linear part of (3.106]), the

general formula (3.44) leads to the characteristic equation
D(X\;b1(h%)) = (A2 + aX + abi(h*)e )" — (aby(h*)e )" = 0. (3.112)

According to (3.109), the relevant zero eigenvalue (3.110) is one of the infinitely many char-
acteristic exponents that satisfy (3.112). This exponent exists for any value of the parameter

b1, that is, for any value of the bifurcation parameter h*.

At a bifurcation point defined by by = by, i.e., by h* = h}.

., Hopf bifurcations may occur

in the complementary part of the phase space spanned by the eigenspace of the zero expo-
nent (3.110). Then there exists a complex conjugate pair of purely imaginary characteristic
exponents

Aa(hl) = +iw, weRT, (3.113)

which satisfies (3.112) and the corresponding Hopf boundaries are described by

) w
ler = S )

2 cos(w — %)Sln(%) (3.114)
a = —wcot(w— L),

which can be transformed into

woo(w
= e t_k”)
cosw T (a—i-co(n) ,
w w
-2 tk—”>
2b1cr( OJCO(H) ’
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yielding
b2 w?
ﬁsm%%ﬂ) =1+ (3.116)

The wave numbers are k = 1,...,n/2 (for even n) and k = 1,...(n — 1)/2 (for odd n).

Furthermore, for each k the resulting frequency is bounded so that w € (0, ’%)
With the help of the identity

(1+ ico‘c(’“r))rh1 1= icot(Er)

n n
Yy

(1—icot(Ex))" ™" 1+icot(kr)’

n

(3.117)

we can calculate the necessary condition for Hopf bifurcation as the parameter by is varied:

d\bie)\ o [ 0DMibia) (ODOibic)\ T o1 o
Re< b, >—Re( ab; B\ —Eblcr (w + a —i—a)>07

(3.118)

where

€= ((e W)+ 2+ a)Q)_l . (3.119)

Since (3.118) is always positive this Hopf condition is always satisfied. Now, using the chain
rule and definition (3.104), condition (3.118) can be calculated further as the average headway

h* is varied to give

T 2 T
Re (M| (hf,)) = Re <% b&(h;)) - g&
1

= (W +a?+a) £0. (3.120)
blcr

This condition is fulfilled if and only if boe, # 0, which is usually satisfied except at some
special points. For example, the function V”(h) shown in Fig.3.3(c) becomes zero at a single
point over the interval h € (1,00). Notice that V”(h) is zero for h € [0,1] and for h — oo,

but the critical headway h., never takes these values for v > 0.

For the critical bifurcation parameter hf,, the delay differential equation (3.106) takes
the form of (3.47) so that the matrices L, R € R?"*?" and the near-zero nonlinear function
F: R?>" — R?" are given by

L=L(kY), R=R(h:), and F(y(t—1))=F(y(t—1);h%). (3.121)

rrrer
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This can be rewritten in the operator differential equation (OpDE) form (3.49) so that the
state variable is 3,: R — Xg2n, and the linear and nonlinear operators A, F: Xpan — Xpon

(3.50),(3.51) contain (3.121).

The translational symmetry conditions (3.109) and (3.111) are inherited, that is,
det(L+R) =0, (3.122)

and

Flyt—=1)+c)=F(y(t-1)) < Fly+c)=Fu), (3.123)

for all ¢ # 0 satistying (L 4+ R)c = 0.

3.3.2 Normal form calculations of the car-following model

Following the steps of the normal form calculation in Section3.2.2 the criticality of the Hopf
bifurcations can be determined in our car-following model. In order to do this we only have

to solve the algebraic equations (3.59),(3.63),(3.66),(3.75),(3.79),(3.81), and (3.92).

By solving equation (3.59) one finds that

So=p , (3.124)

where each component of the vector £ € R" is equal to 1. Here p € R is a scalar that can be

chosen freely, in particular, we choose

p=1. (3.125)
The solution of (3.63) is written as

E
Ny =p . (3.126)
ak

However, p € R is not free, but is determined by the normality condition (3.66) which gives

1
h= — . 3.127
p=— ( )

70



3.3. APPLICATION TO THE CAR-FOLLOWING MODEL

By considering F(¢)(0) = F(¢(—1)) given by (3.51), and using the expressions (3.107),
(3.108) and (3.121), and the eigenvectors (3.124) and (3.126), we obtain

NS 080 = N3 F (ot = )80 = 5 3 (bher Y mrisa (6= 1) = pnsalt — 1)") e
k=23 i=1 E
(3.128)

which appears in the nonlinear operator F— ,(3.71) of the reduced OpDE (3.69). Note
that in (3.128) the definition y2,,41 := Yn+1 is applied.

Using (3.115) for the Hopf boundary, the 4n-dimensional equation (3.75) leads to

S2i = wS1 n+i

1 for i=1,...,n, (3.129)
So i = ——51,
w
and to the 2n-dimensional equation
-1 cot(’%r)A
S1 =0, (3.130)
B 1 cot(T)A

where A € R™*" is defined by (3.108) and B € R"*" is given by

1 1
B= ' _ ) (3.131)
1
Solving (3.130) one may obtain
C S S C
Si=u . + v . , So=u . —v . , (3.132)
lg ~-ic -ic lg

cos(2m1) sin(2271)
2km s ( 2k
cos(=+2 sin(==~2
C = (” ) , S= ( " ) , (3.133)
_cos(sz”n)_ _sin(%T’Tn)_
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with the wave number k£ used in (3.114)—(3.116). The cyclic permutation of the components
in ¢ and S results in further vectors S7 and So that still satisfy (3.75). This result corresponds
to the Z™ symmetry of the system, that is, all the cars have the same dynamic characteristics.

Choosing u = 1 and v = 0 yields
C S
S) = , Sy = . (3.134)
lg -1i¢

Notice that S + 1S9 = P, given by (3.13).

The application of (3.115) simplifies the 4n-dimensional equation (3.79) and leads to

Ninyi = aNi; +wNoj;

for i=1,...,n, (3.135)
Nopnii = —wNy; +aNg;
and to the 2n-dimensional equation
- cot(%”)A B
Ny =0, (3.136)
B cot(%’r)A
where N, € R?" is defined by
Ny; = Ny, ,
for i=1,...,n. (3.137)
Nupnyi = Noj;
The solution of (3.136) can be written as
C S
Ny=1 + 0 , (3.138)
S —C
which results in
C S S C
Ni=1u + 0 , No=u -0 . (3.139)
alC +ws asS —wC asS —wC alC +ws

The scalar parameters 4 and ¢ are determined by the orthonormality condition (3.81). Sub-
stituting (3.115)),(3.134), and (3.139) into this condition and using the second-order trigono-
metric identities (A.4)—(A.6) of the Appendix, we obtain

n| Zra  Gowplap gl (3.140)
2 l(2-w) 2+4al |0 0
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with the solution

<>

2 |24+«
=E— R (3.141)
n |«

a—w

(<53

where & is defined by (3.119). The substitution of (3.141) into (3.139) gives

2 24+ a)C+ (& —w)S 2 24+ a)s — (¢ —w)C
vel| EreciE-v T
" l(e?+a+w?)0+ (% +2w)s T la*+a+w?)s— (% +2w)C
(3.142)
In our case RSy = N{ Sy = N5 Sy = 0, therefore (3.84) provides
q1 = q2 = 0. (3143)

Thus, considering (3.85) and (3.86) the translational symmetry only enters through the terms
with coefficients Fj(,f*), so that the terms with coefficients F](,i’) and Fj(,:’*) refer to the struc-
ture of the modified nonlinear operator 7~ (3.70),(3.71). Using the third- and fourth-order
trigonometric identities (A.7)-(A.15) of the Appendix, we can calculate the coefficients in
(3.86) for wave numbers k # n/2, k # n/3, and k # n/4 in the form

f;;)_f;k =0, for j+k=2,

(2) 3abser 2 3
30 *flz f21 = fo3 = 54(212) a(l""w_?)(w“‘%"‘%)?

21 - f03 - (2) - _fl2 =& 30tlb3c) (1 + e )(1 + 22_5) ’

U _ B _ g,
PN o 2be pr (3+a——)C+(__2w_2w)5+(1+0‘+ “VE

o n(blcr)2 0 )

FOD _ g2 g —(2-20—22)0+ (3+a— )5+ (2 +22)E (3.144)

n(bicr ’
(b1er)? 0

PO _ gt po | T(E 720 - 28)0+ BHa- )5 (5 4+22)%

brer )
n(bier)? 0

O o g e |—BFa— ) (22w —29)F+ (1+a+ L)
R = &2 R 0 ,

(3¢) _ p(35) _
Fy.' =Fy =0,
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3— 3— w?
R =R = )

0
2\ ~ ~ 2
PO _ by [T &)CH255+ (14 5)E
02 — (blcr)2 ’
0
where we use the vectors €, S € R" defined by
_COS(A‘kT’Tl)_ _sin(‘““T’Tl)_
4k 4k
~ cos(="2 _ sin(=22
C = <_” ) , S= (_" ) : (3.145)
_cos(‘“"’T”n)_ _sm(‘lkT’rn)_

Note that the cases k = n/2, k = n/3, and k = n/4 result in different formulae for the
above coefficients, but the final Poincaré-Lyapunov constant will have the same formula as
in the case of general wave number k. The detailed calculation of these ‘resonant’ cases is

not presented here.

According to (3.144) F j(,fc) =F j(,fs) = 0 and one can show that
R(FES)+FS)) =0, L+RFY) =0, L+R)(Fy -Fy))=0. (3.146)

Substituting these expressions into (3.92) the vectors Hy, Hy, Hy € R?" satisfy

LR 0 0 m) F) + FS + By + Fy )
0 L+Reos(2w)  2ul+Rsin(2w)| [Hi| =—3 Y -F®
0  —(2wI+Rsin(2w)) L+Rcos(2w) | | Ho FY
(3.147)

The 2n-dimensional equation for Hy is decoupled from the 4n-dimensional equation for

Hy, Hy in (3.147). Note that since (L + R) is singular due to the translational symmetry
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(3.122), the non-homogeneous equation for Hy in (3.147) may seem not to be solvable. How-
ever, its right-hand side belongs to the image space of the coefficient matrix (L 4+ R) due to
the translational symmetry induced terms F](g ~). Without these extra terms, that is, without
the elimination of the translational symmetry, the equation for Hy would be unsolvable. Here

we obtain the solution

Hy = b2crr2 (]_ + w_) , (3148)

with the undetermined parameter k. Note that even x is unknown this solution is sufficient

since only the quantities Ho p4i+1 — Honti = 0 are used in the calculations below.

At the same time, the non-homogeneous equation for Hy, Hy in (3.147) is not effected by

the vectors F ].(,‘37). Using (3.115) this 4n-dimensional equation leads to

Hy; = —2wHs

for i=1,...,n, (3.149)
Hs; = 2wH1 4
and to the 2n-dimensional equation
psin?(B0) 1 — cos(Zm)A wsin?(20) 1 — sin(Z7)A Hy = — e (k) c
bicr ~1 7
—(vsin?(E5) 1 — sin(#7)A)  psin?(25) 1 — cos(ZT)A o "G
(3.150)
where the vector H, € R?" is defined by
Hy; = Hypyi _
for i1=1,...,n, (3.151)
Hypnvi = Hopgi
and
16b1cr w? 8bicr 2
2727 3\2 .
(1+%) (1+%)
The solution of (3.150]) is given by
4chr e g
b C -3
H, = bl pl |+ (v—deot(km)) | | ], (3.153)
(v —4cot(E5))” + p2 S C
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which provides

4b2(:r =

2wl 2wS
H, = w?bier 5 (V — 4(:0‘5(7”)) + u ,
(v —4cot(Em))” + p2 S —C
- - (3.154)
4b2cr o
2o 2wS 2wC
Hy = “21’;” 5 (v—dcot(")) | | —p| _
(v —4cot(55))" + p2 | —C 5 ]

Now, using these in (3.87) and (3.91) we can calculate w(—1). Substituting w(—l) into the
first two equations of (3.86), we obtain the form (3.93) where the coefficients f o and fj .
have already been determined by (3.144), while the coefficients
1 1 2
gzgo) = 9%2) = 951) = 9(()3)
gza(b2cr) Ot( k‘ﬂ')
b cr
= G ~2(1+22) (v~ dcot(52) (w+ 2 + %) +u(1+22)) |
(v— 4c0t(7)) +
(1) L __ @ _ _ 2

921 =903 = 7930 = “912
EM Cot(k—ﬂ—)
_ Tl nL (] yen) ((y—4cot('%r))(1+22—z) *u(w+§+§—g)) )

(v— 4cot(’%))2 + 2
(3.155)

originate in the terms involving w(—1). The trigonometric identities (A.4)—(A.15) of the
Appendix has been used to determine (3.155). Note that w(0) also appears in the first two
equations of (3.86) but in our case its coefficients are all zeros, i.e., Fj(,il) =F j(,zl) = 0 (see
(3.144)). The Poincaré-Lyapunov constant is determined by the Bautin formula (3.94), which

provides

A=Emap (1+Z_§)(W+§+%)
k

1 2b9er)? 4 cot (=X 14922 (3.156)
x = | 6bger + ( by ) co (n )2 <V4COt(k7r) +,LL—O‘2> )
2 bicr (v —4cot(55))” + p2

The bifurcation is supercritical for negative and subcritical for positive values of A. However

in order to decide its sign further analysis is required.
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3.3.3 Analysis and interpretation of results

We now investigate (3.156]) in order to determine its sign. We found that A > 0 is always
true when % < 1 which is the case for real traffic situations (many vehicles n with a few

waves k). This can be proven as is detailed below.

The first part of the expression (3.156]) of A in front of the parenthesis is always positive
since &,bicr,a,w > 0. Within the parenthesis in (3.156), the first term is positive since
(3.114) implies by, = V'(h%,) < 1/2, which yields critical average headway values h. such
that 6bse, = V”'(h%) > 0; see Fig.[3.3(b) and (d). The second term in the parenthesis in

(3.156)) contains the ratio of two complicated expressions, which, by using (3.114) and (3.152),

can be rearranged in the form

1429
4 cot(E) (V — dcot(ET) + u%)

W+ Y4
1+ 9) (w 3<% _
(4cot(%))2<(cosfj _*;Si)n(w;g + ;() - 1) (3.157)

= (4 cot(;”))g/\/(w, a),
and

(v— 4(:0‘5(’%”))2 + p?

- (4COt(k—7r))2<(1 i :_3)(1 +4Z_§) —2(cosw — “sinw) (1 +3§_§) + 1>
’ (Cosw—ﬂsinw)2(1+w_§)
o «

(3.158)

= (4cot(E1))*D(w, ) > 0.

Since (3.158) is always positive, the sign of (3.157) is crucial for deciding the overall sign of
A. According to (3.114) we have w € (0, l%r), that is, the realistic case % < 1 implies the

oscillation frequency w < 1.

Fig. 3.4(a) shows the numerator N (w,«) for some values of o. One can observe that
N(w,a) > 0 for w < 1. Note that if @ — 0 then N(w,a) may become negative (see
Fig.[3.4(a) for @ = 0.5), but this is a physically unrealistic case where drivers intend to reach

their desired speed v° extremely slowly.
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0 0.2 0.4 0.6 08 o 1 0 0.2 0.4 0.6 08 1

Fig. 3.4: Quantities defined by (3.157) and (3.158) as a function of the frequency w, for representative
values of the parameter a.. In panel (a) the numerator N'(w, «) is depicted, while panel (b) shows the
ratio N (w, @) /D(w, a).

Moreover, the ratio of (3.157) and (3.158), N (w, ) /D(w, @), is not only positive for w < 1

but also N (w,a)/D(w,a) — oo when w — 0 (i.e., when n — o0) as shown in Fig. [3.4(b).
This feature provides robustness for subcriticality. Note that subcriticality also occurs for

optimal velocity functions different from (1.24), e.g., for (1.25) and (1.26).

According to the general expression (3.95), by using definition (3.104), formulae (3.116)
and (3.120), and expressions (3.156)—(3.158), the amplitude vamp of the unstable oscillations

is obtained in the form

Vamp = \/_ . ()\i(hzr))‘(h* —hg)

- |- W) eny.
sin(7) V(B2 + (V (hcr)) N(w,a)

Note that zero reaction time delay results in N (w, @) /D(w, @) = —1 as shown in [39]. In
that case subcriticality appears only for extremely high values of the desired speed v” when the
term 6b3.; becomes greater than (2b2cr)2 /b1cr at the critical points (of the non-delayed model).
Consequently, the presence of the drivers’ reaction time delay has an essential role in the
robustness of the subcritical nature of the Hopf bifurcation. This subcriticalty explains how

traffic waves can be formed when the uniform flow equilibrium is stable. Large perturbations
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may not decay but rather push the system ‘outside’ the unstable periodic solution.

In correspondence with (3.97) the unstable periodic motion can be written as

Y(t) = vamp (St cos(wt) — Sy sin(wt)) , (3.160)

where the vectors S7 and Sy are given in (3.134). Substituting these vectors into (3.160) and

using definitions (3.102) and (3.105), one can determine the velocity

@i(t) = v* + il (t) = v* + vampcos(ZEi+wt), i=1,...,n. (3.161)

n

(Compare (3.161) with (3.15) but note that the linear analysis in Section|3.1 did not provide
Vamp-) Formula (3.161) describes a wave travelling opposite to the vehicle flow with spatial
wave number k (i.e., with spatial wavelength L/k = h*n/k), and the corresponding wave

speed is given by (3.18]).

In order to check the reliability of the Poincaré-Lyapunov constant (3.156) and the ampli-
tude estimation (3.159), we compare these analytical results with those obtained by numerical
continuation techniques with the package DDE-BIFTOOL [36]. (More detailed continuation re-

sults can be found in Chapter [4).

Fig. 3.5 demonstrates the subcriticality for n = 9 cars. The horizontal axis corresponds
to the uniform flow equilibrium, that is, stable for small and large values of A* (shown by
green solid line) but unstable for intermediate values of h* (shown by red dashed line). This
corresponds to (3.10),(3.114) and to the horizontal cross section of Fig.[3.2(f) at &« = 1.0. The
Hopf bifurcations are marked by blue stars (x). The branches of the analytically calculated
unstable periodic motions with amplitudo (3.159) are shown by red dashed curves. The
gray curves show the numerical continuation results obtained by DDE-BIFTOOL. Gray solid
curves represent stable oscillations while gray dashed curves represent unstable ones. The

fold bifurcation points are marked by gray crosses (x).

The comparison of the analytical and numerical results shows that the analytical ap-
proximation of the unstable oscillations is quantitatively reliable in the vicinity of the Hopf

bifurcation points. However, the size of this neighbourhood is not provided by the analytical
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Fig. 3.5: The amplitude v.m;, of velocity oscillations as a function of the average headway parameter
h* in case of n = 9 cars, for wave numbers k = 1 (a), k = 2 (b), k = 3 (¢), and k = 4 (d); the
desired speed is v = 1.0 and the sensitivity is & = 1.0. The horizontal axis (vamp = 0) represents
the uniform flow equilibrium. The analytical results are coloured: green solid and red dashed curves
represent stable and unstable branches, respectively, and blue stars (%) stand for Hopf bifurcations.
Gray curves correspond to numerical continuation results: solid and dashed curves refer to stable and

unstable states and gray crosses (x) represent fold bifurcations.

approach. Qualitatively we obtain the correct behaviour up to the fold bifurcation points,
but those bifurcations cannot be detected by the method above. To explore the full nonlinear

behaviour of the system we use continuation techniques in Chapter [4.

We found that the Hopf bifurcations are all robustly subcritical for any wave number &
(except for large % ~ 1/2; see Fig.[3.5(d)). Note that analytical and numerical results agree

better as the wave number k is increased because the oscillations become more harmonic.

For wave number k = 1 the oscillation branch becomes stable between the two fold bifur-
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cation points; see Fig. [3.5(a). The corresponding stop-and-go oscillations include travelling
with low velocity (practically zero) and travelling with high velocity (close to the desired
speed v”). Wide regions of bistability can be observed between the Hopf and the fold bifur-
cation points on both sides of the unstable equilibrium. In such domains, for a perturbation
‘smaller’ than the unstable oscillation, the system approaches the uniform flow equilibrium.
If a larger perturbation is applied then the system develops a spatial stop-and-go wave which
propagates against the traffic flow. In reality these large perturbations might be caused, for

example, by a slower vehicle (such us a lorry) changing lanes.

As was mentioned in Section [3.1, the wave numbers k > 1 are related to Hopf bifurca-
tions in the parameter region where the uniform flow equilibrium is already unstable. This
also means that the corresponding oscillations for & > 1 are unstable independently of the
criticality of these Hopf bifurcations; see Fig.[3.5(b)—(d). Also the oscillation branch remains
unstable between the fold bifurcation points. Thus, the only stable oscillating state is the

stop-and-go motion for k = 1, but several unstable solutions co-exist.

In the analytical calculation we used a third degree approximation of the nonlinearities
which gives the correct subcritical behaviour and consequently the possibility of bistability.
However, this approximation is not able to find fold bifurcations of periodic solutions and the
consequent stable oscillations. To find this global behaviour, one needs to investigate the full

nonlinear dynamics by using numerical continuation techniques.
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CHAPTER 4

NUMERICAL BIFURCATION ANALYSIS

In the previous chapter we examined how the uniform flow equilibrium (1.16),(1.18) can lose
its stability through Hopf bifurcations when parameters are changed. A detailed study of

the Hopf curves was given in Section 3.1. In Section 3.3, the stability and amplitude of the

resulting periodic solutions were also determined close to the Hopf bifurcation points. We
are now interested in what happens to the branches of periodic solutions far from the Hopf

bifurcation points, i.e., in the global dynamics of the system (1.6),(1.23).

The global dynamics of the optimal velocity model (1.23) was probed by numerical simu-
lation in [29]. In contrast, we use numerical continuation techniques to perform a bifurcation
analysis of this model. This methodology enables us to calculate efficiently branches of peri-
odic solutions (corresponding to traffic jams) far from the uniform flow equilibrium, and to
classify regions of parameter space where the equilibrium is stable yet co-exists with other
non-trivial stable solutions. In such bistable regions of parameter space, the choice of initial

conditions determines which traffic behaviour is selected as time ¢t — oo.

The basic idea is to find a bifurcation (in our case the Hopf bifurcation of the uniform flow
equilibrium) and then follow or continue the bifurcating solution (in our case the periodic
solution) as a parameter is changed (in our case the average headway). While it is not as

straightforward as numerical simulation, numerical continuation is a powerful tool in that
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it allows one to map out the dynamics of a system in a systematic and efficient way. This
approach is well established for systems modelled by ODEs and has been applied successfully
in many application areas; see, e.g., [47, 73] as entry points to the extensive literature. The
non-delayed model (1.13) has recently been investigated by Berg and Wilson [19], and by
Gasser et al. [39] with the help of the continuation the package AUTO [32].

In this work, dealing with a system with delay results in additional technical difficulties,
due to the fact that the phase space of a DDE is infinite dimensional. For example, as
described in Sections 2.2 and [3.2.2] the linearizations around steady states and oscillating
solutions are infinite-dimensional operators (rather than matrices for the finite-dimensional
ODE-case). This means that standard continuation software for ODEs, such as AuTO [32],
cannot be used. However, recently, the package DDE-BIFTOOL, which works under Matlab,
was developed by Engelborghs et al. [35, 36]; see Section 2.4 for details. This software uses
truncated matrices of appropriate sizes instead of infinite-dimensional operators, and is able
to find and follow equilibria and oscillating solutions of DDEs, even when they are unstable.
Further, it allows one to detect local bifurcations, where a solution changes its stability.
For example, in our model we are able to find the Hopf bifurcation (where small amplitude
oscillations are born) and the fold bifurcation of oscillating solutions (when two oscillating
solutions of different stabilities merge and disappear). Note that in contrast to AUTO, DDE-
BIFTOOL has not yet been used extensively in applications; its principal use so far has been

in the study of semiconductor laser systems; see Green & Krauskopf [43] and Haegeman et

al. [48].

The structure of this chapter is as follows. In Section 4.1l we display the branches of
periodic solutions as a function of the average headway parameter h* for several fixed values
of the other parameters, namely the sensitivity «, the desired speed v°, and the number
of cars m. In Section 4.2 we examine the structure of periodic orbits at particular points
on the computed branches. Finally, in Section 4.3 we present two-dimensional bifurcation
diagrams in the headway-sensitivity (h*, a) plane, for different fixed values of v* and n, thus

representing the dynamics in a concise way. In such diagrams regions of phenomena such as
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co-existence, collision and stopping are indicated. The material presented in this chapter is

contained in the articles 89.

4.1 One-parameter continuation of periodic solutions

In this section we follow branches of oscillating solutions and detect bifurcations when using
the average headway h* as the bifurcation parameter. During this branch-following, the
values of the parameters o, v°, and n are fixed. We indicate the dependence of the dynamics
on o, v°, and n by performing the continuation analysis for a small collection of representative
values. We investigate the dynamics using the smooth optimal velocity function with
fixed scaling parameter s = 1 (blue solid curve in Fig.[1.6). Note that only quantitative, not
qualitative changes are caused by changing s. Furthermore, to avoid the singularities due to
the translational symmetry we use the constraint (1.15) to define the headway h,, of the nth

car with the headways h;, i = 1,...,n — 1 of the other vehicles according to

n—1
hot) =L =) hi(t). (4.1)
i=1
Thus we reduce the number of equations to 2n — 1 in the studied delayed system (1.6),(1.23).

Throughout, the bifurcating branches of oscillating solutions are represented by the am-

plitude of oscillation of the vehicles’ velocities

Vamp = (mfxxv(t) - mtinv(t))/2. (4.2)

In such pictures the horizontal axis is the average headway h* and the vertical axis displays
the solution norm defined by (4.2). For the uniform flow equilibria we have vamp = 0, since
v(t) = méxxv(t) = mtin v(t) according to (1.16). Note that for the periodic solutions vamp is
the same for each car. This is a direct consequence of the Z, symmetry of the system (i.e.,

each driver has the same characteristics), which implies that
Ui(t) :vi+1(t—%Tp), hz(t) :hiJr]_(t_%Tp), izl,...,n—l

vn(t) = o1 (t = ET3) . ho(t) = ha(t — ET3),

(4.3)
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Fig. 4.1: The amplitude v.m;, of velocity oscillations as a function of the average headway parameter
h* for v = 0.35 in the case of n = 3 cars. The horizontal axis represents the equilibrium state. Green
solid curves denote stable, and red dashed curves denote unstable states; the dotted curve represents
the collision region. Hopf bifurcations are depicted as blue stars (x) and fold bifurcations as blue
crosses (x). The value of « is given in each panel (a)—(d).

for the periodic solutions, where T}, is the period. In other words, it is sufficient to plot the

profile of, say, the first car; the profiles for all other cars are simply time-shifted copies as it

was expressed by (3.15) and (3.161) for the weakly nonlinear oscillations. Note that in the
case of k waves on the ring the time k77, is smaller than the time needed for driving around

the circular road, since the waves move in the upstream direction (against the flow of traffic).

The continuation results are shown in Figs. [4.144.5] where green solid curves denote
stable solutions whereas red dashed curves denote unstable solutions. (Dotted sections of
the green curves correspond to collision of vehicles as explained in detail in Section 4.2.)

Hopf bifurcations of the uniform flow equilibrium are denoted by blue stars (x), and fold
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bifurcations of the periodic solution are denoted by blue crosses (x). The branch of equilibria
is unstable between the two outermost Hopf bifurcation points, in accordance with the results

of Section |3.1.

As mentioned above, we use h* as the bifurcation parameter and continue the branches
of periodic orbits for different fixed values of the other parameters «, vV, and n. Firstly, the
investigation is restricted to the unrealistic setting of n = 3 cars for proof-of-concept purposes
and qualitative changes to the branches are studied as o and v? are changed. Then we fix a

and v° and study the trends for increasing numbers of cars n.

Let us consider the case n = 3 and first concentrate on the continuation results when
the parameter « is changed and we fix v° = 0.35. This value gives qualitatively the stability
behaviour shown in Fig. [3.1(b). For large values of « the two Hopf bifurcations are super-
critical, as shown in Fig.|4.1(a). The computation of the bifurcating periodic solution shows
a stable oscillation branch above the unstable part of the equilibrium. We remark that the
unstable regime of the equilibrium disappears for very large « (see Fig.[3.1(b)): the two Hopf

bifurcation points coalesce and disappear, leaving the equilibrium stable for all A*.

As we decrease «, the right Hopf point becomes subcritical, i.e., the right-hand side of the
branch of oscillating solutions becomes unstable. Where the stable and unstable parts meet,
a fold bifurcation takes place (marked by blue cross (x)), as depicted in Fig. 4.1(b). Hence,
a bistable regime appears to the right of the right-most Hopf point, which means that in
the initial value problem, solutions tend either to the equilibrium or to the oscillatory state,
depending on the initial condition. When decreasing « further, the branch of oscillating

solutions grows, as is visualised in Fig.[4.1(c), and the bistable regime becomes wider.

As we reduce « further, an unstable section appears on the left-hand side of the branch of
oscillating solutions (new dashed section) bounded by two fold bifurcations. This results in
a second bistable regime in the parameter h*, where two different stable oscillations co-exist,
one with a smaller and one with a larger amplitude. As « is decreased further, the lower fold

point tends to the left Hopf point, but does not reach it even when « is close to zero.
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Fig. 4.2: The amplitude v.m;, of velocity oscillations as a function of the average headway parameter
h* for a = 0.1 in the case of n = 3 cars. The horizontal axis represents the equilibrium state.
Green solid curves denote stable, and red dashed curves denote unstable states. Hopf bifurcations are
depicted as blue stars (*) and fold bifurcations as blue crosses (x). The value of v° is given in each

panel (a)—(d).

The height of the branch of oscillating solutions changes roughly proportionally with v°,
because drivers want to reach the desired speed even during oscillations. Fixing o = 0.1 and
changing vY, we obtain a series of bifurcation diagrams shown in Fig.4.2l When increasing v,
we observe the same qualitative changes as in Fig.[4.1. In fact, a high desired speed, (possibly
corresponding to a high speed limit), can cause the onset of oscillations, independently of

changes in other parameters.

Now we present the results for increased values of the desired speed v" = 1.0 to discover
a different type of bifurcation behaviour. This value of v° gives qualitatively the stability

behaviour as shown in Fig.[3.1(c), i.e., linear instability cannot be avoided by increasing .
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Fig. 4.3: The amplitude v.m;, of velocity oscillations as a function of the average headway parameter
h* for v° = 1.0 in the case of n = 3 cars. The horizontal axis represents the equilibrium state. Green
solid curves denote stable, and red dashed curves denote unstable states; the dotted curve represents
the collision region. Hopf bifurcations are depicted as blue stars (x) and fold bifurcations as blue
crosses (x). The value of « is given in each panel (a)—(d).

If we change a for this value of v", then the plots shown in Fig. 4.3 are obtained. On both
sides of the branch of oscillating solutions, the same type of bistability appears, namely an
unstable section of the branch of oscillating solutions between a fold and a subcritical Hopf
bifurcation. This behaviour is robust, that is, it does not change qualitatively when « is

tuned, but the size of the bistability region increases by decreasing «.

Our aim is now to extend the results to larger n, and in particular to draw out the trends
which may emerge as n is increased towards numbers that are more representative of real

traffic situations. For simplicity we fix o = 1.0 and v° = 1.0 throughout.
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Fig. 4.4: The amplitude v.m;, of velocity oscillations as a function of the average headway parameter
h* forn =3 (a), n =5 (b), n = 9 (c), and n = 17 cars (d); the desired speed is v? = 1.0 and the
sensitivity is @ = 1.0. Stable states are represented by green solid curves, while unstable states by red
dashed curves. Hopf bifurcations are depicted as blue stars (x) and fold bifurcations as blue crosses

()

The one-parameter continuation results are presented in Fig. 4.4 forn=3,n=5,n=9,
and n = 17 cars. Note that for simplicity we consider only odd numbers of cars. For even
numbers of cars the situation is rather similar although there are some differences even at the
level of linear stability, as is described in Section 3.1.2. Indeed the uniform flow equilibrium is
stable for large and small values of h* in accordance with Fig.[3.2(f). The branches of periodic
solutions connect the subcritical Hopf bifurcation points and they are strictly ordered so that
the branch for k& = 1 is the outermost and the branch for £k = (n — 1)/2 is the innermost.

The only non-trivial stable solutions are those ‘at the top’ of the k£ = 1 branch, between the

fold bifurcation points.
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Fig. 4.5: The k = 1 branches from Fig. 4.4 of periodic solutions forn =3, n =5, n=9, and n = 17
cars. Stable states are represented by green solid curves, while unstable states by red dashed curves.
Hopf bifurcations are depicted as blue stars (x) and fold bifurcations as blue crosses (x).

Images similar to Fig. 4.4 can be found in [39] for the OV model [15] without delay.
However, in our case, the Hopf bifurcations are robustly subcritical due to the delay, which
was proven using normal form calculations in Section|3.3.3. Consequently, the branches for
different k& are much more pronounced and there are wide regions of bistability (for £ = 1)

and co-existence (for & > 1). This bistable behavior for £k =1 was also found in a first-order

delayed model [58].

Note that there appear to be two types of convergence on the level of the one-parameter
bifurcation diagrams. Firstly, Fig. 4.4 is partial evidence that, as n gets larger and larger,
the branch for any fixed £ > 1 converges, in the pseudonorm defined by (4.2), to the k =1
branch. Consequently, one might conclude that for k = k* > 1 and n/k* sufficiently large,
the k£ = k* and £ = 1 branches have significant structural features in common. Secondly,
as is illustrated in Fig. [4.5, it appears that, as n is increased (through n = 3,5,9,17), the
k =1 branch tends to a limit curve. This limiting behaviour is indicative of travelling wave

dynamics, since the system, in the large n limit, does not ‘feel’ (over intermediate time scales)

that it is subject to periodic boundary conditions.
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Fig. 4.6: Oscillations of the velocity vy of the first car over one period are shown in dark blue to the
scale on the left; oscillations of the headway hy of the first car over one period are shown in green to
the scale on the right. Cases A—F correspond to the marks in Fig. 4.1.

4.2 Time plots and structure of periodic solutions

We now consider how the features of the one-parameter bifurcation diagrams manifest them-
selves in the profiles of the associated oscillations. We examine the effects of changes in
parameters first in the case study of n = 3 vehicles, and we introduce of the phenomena of
collision and stopping. Then we study how the structure of the oscillations changes as the

number of cars n is increased and stop-fronts and go-fronts are formed.
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Fig. 4.7: Oscillations of the velocity vy of the first car over one period are shown in dark blue to the
scale on the left; oscillations of the headway hj of the first car over one period are shown in green to
the scale on the right. Cases G-L correspond to the marks in Fig. 4.3.

We marked some points A—C on the branch in Fig.[4.1(c), D-F on the branch in Fig./4.1(d),
G-I on the branch in Fig.[4.3(c), and J-L on the branch in Fig.[4.3(d), and we now display
the associated time profiles in Fig. [4.6(a)—(c), in Fig. 4.6(d)—(f), in Fig.[4.7(a)—(c), and in
Fig. [4.7(d)—(f), respectively. We show the velocity v; (dark blue curve) and the headway hy
(green curve) of the first car over one oscillation period so that the velocity takes its maxi-

mum at ¢ = 0. (The plots are the same for all cars by symmetry, except for a time shift as

given by (4.3).)
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First we consider the time profiles shown in Fig. [4.6(a)—(c) which correspond to the
marked points A—C on the oscillation branch in Fig.[4.1(c). In case A vehicles nearly stop,
and in case C the maximum speed is close to the desired speed v° = 0.35. Otherwise, there
is no qualitative change between cases A-C. In addition, one can see that the oscillations
of the headway are more harmonic than those of the velocity, that is, they are quite well

approximated by the first term of the Fourier expansion.

An important qualitative difference for larger v° is that vehicles come very close to a stop
(v; >~ 0) in one section of there period, see time profiles Fig. [4.7(a)—(c), corresponding to
the marked points G-I on the oscillation branch in Fig.[4.3(c). In fact, model (1.23) is such
that zero velocity cannot be attained in finite time (the decay of the velocity is exponential).
However, loosely speaking, the ‘stopping section’ is the largest in case G, is smaller in case
H, and disappears in case I. Furthermore, in case H the maximum speed nearly reaches the
desired speed v” = 1.0. The collective motion of the system is a stop-and-go traffic jam: the
congestion consisting of standing vehicles propagates upstream along the ring, because cars
leave the jammed region at the front and enter at the back. Note that in the case of n = 3
cars, this jam is not pronounced, but the qualitative features of the oscillations are exactly
the same as in the many-car case. As can be seen below for larger numbers of cars, this

near-stopping motion is a typical system behaviour.

A noticeable phenomenon in Fig. 4.1(d) and in Fig.[4.3(d) is that the headway crosses
zero during its oscillation along the dotted section of the oscillating branch, i.e., cars ‘move
through one another’, which may be interpreted as collision. When the headway becomes
negative the model is clearly unphysical. However, to investigate this unphysical behaviour,
we simply extend the definition (1.24) of the OV function for negative headways by setting
V(h) := 0 for h < 0. As mentioned above, we marked some points D-F on the branch of
oscillating solutions in Fig.[4.3(d) and we display the respective oscillations of the velocity
and the headway in Fig. 4.6(d)—(f). One can see in case D that the vehicles nearly stop and in
case F that they nearly reach the maximum speed v* = 0.35. Furthermore, in cases D and E

cars ‘touch each other’, because these points are on the edge of the collision region as shown
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in Fig.[4.1(d). Reducing « further, this collision section becomes larger and finally covers the
entire stable part of the branch. Similar behaviour can be examined in Fig. [4.7(d)—(f) which
belong to the points marked J-L on the oscillation branch in Fig. [4.3(d). In particular, in

case J stopping and collision take place together.

Our main interest is now how the structure of the above oscillations changes for larger
numbers of cars. In Fig. 4.8 we present the oscillation profile of the k = 1 periodic solution
forn=3,n=>5n=29, and n = 17 cars. This figure is for h* = 2.1; c.f., Fig. 4.5l Plotted
are the velocity v; and the headway hy of the first car, where we chose the maximum of v;
to be at t = 0 again. In Fig. [4.8 all panels are drawn to the same scale so that the panel
width is that of the period of the oscillation T}, for n = 17. The red dashed lines indicate one
period for n =9, n = 5, and n = 3 in panels (b), (c), and (d), respectively. The profile for

= 1 corresponds to a situation where the cars have (practically) zero velocity for part of
the oscillation. Fig.[4.8 indicates that there is a convergence of the profiles with increasing
n: the oscillation develops fronts that connect the region with (practically) zero velocity to
a plateau with an (almost) constant maximal velocity. Similarly, the headway develops two
regions with almost constant (small or large) headways. We distinguish between stop-fronts
that connect a high velocity to an almost zero velocity, and go-fronts that connect an almost
zero velocity to a high velocity. Both types of fronts appear to tend to a limit shape as n is

increased; this is why we plotted all profiles in Fig. 4.8 on the same time-scale.

In Fig. 4.9 we consider how the structure of the oscillations depends on the wave number
k. We now fix n = 17 and consider h* = 2.1 again; c.f., Fig. 4.4(d). The time-scale of all
plots is similar to that of Fig. 4.8, in this case all panels have a width corresponding to the
period T}, of the k = 1 oscillation. As k decreases one notices again that the fronts between
different plateaux appear to converge in profile: the main difference between the cases is the
length of the plateaux. Note the contrast between Fig. 4.8 and Fig. [4.9: in Fig. [4.8 we fix

k = 1 and increase n, whereas in Fig.[4.9 we fix a quite large value of n = 17 and increase k.

The period of oscillations satisfies

(4.4)



CHAPTER 4. NUMERICAL BIFURCATION ANALYSIS

1 ‘ ‘ : 5
- (a) n=17 hy
0.5} hq {255
U1
0 — ' 0
0 20 40 60 ¢

Fig. 4.8: Oscillation profiles for wave number k£ = 1 and for n = 17 (a), n = 9 (b), n = 5 (¢), and
n = 3 cars (d); the desired speed is v° = 1.0, the sensitivity is a = 1.0, and the average headway is
h* = 2.1. The velocity v; of the first car is shown in dark blue to the scale on the left; the headway
hy of the first car is shown in green to the scale on the right. All panels are shown on the scale of
one period of T, ~ 65.8171 for n = 17; the other periods of T}, ~ 34.8447 for n = 9, T, ~ 19.3540 for
n =5, and T}, ~ 11.5445 for n = 3 are indicated by red dashed vertical lines. Notice the convergence
of the stop-fronts and go-fronts, that is, the sections of the orbits that connect the plateaux approach
a fixed profile as n is increased.

for a constant C' that depends on the parameters h*, a, and v°; and which is represented in

Fig. 4.8 and in Fig. [4.9] with the help of the red vertical dashed lines. This means that the
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Fig. 4.9: Oscillation profiles for n = 17 and for wave numbers k = 1 (a), k = 2 (b), k = 3 (c),
and k = 4 (d); the desired speed is v° = 1.0, the sensitivity is a = 1.0, and the average headway is
h* = 2.1. The velocity v of the first car is shown in dark blue to the scale on the left; the headway
hy of the first car is shown in green to the scale on the right. All panels are shown on the scale of
one period of T, ~ 65.8171 for k = 1; the other periods of T;, >~ 32.908 for k = 2, T,, ~ 21.9379 for
k =3, and T, ~ 16.4403 for k = 4 are indicated by red dashed vertical lines. Notice the convergence
of the stop-fronts and go-fronts, that is, the sections of the orbits that connect the plateaux have
approximately the same structure for small k.

strongly nonlinear oscillations preserve the spatial wave motion described by (3.161). It can

also be checked that the period of oscillation does not change significantly along the oscillation
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branches, so the wave speed (3.18) computed at the linear level is a good approximation even

at the nonlinear level.

For large n/k, we have shown that the stop-fronts and go-fronts have a limiting structure.
This result indicates that we have recovered fronts that are close to travelling wave solutions
in the case of open boundaries, and that only feel each other weakly since the number of
vehicles (~ n/k) between structures is large. The dynamics of these fronts are investigated

in detail in Chapter[5.

4.3 Two-dimensional bifurcation diagrams

In this section we use two-dimensional bifurcation diagrams to summarise how the qualitative
behaviour depends on the problem parameters, namely the average headway h*, the sensitiv-
ity «, the desired speed 1", and the number of cars n. In Section 3.1.2 we presented similar
diagrams (Figs. and [3.2) which were concerned only about the linear dynamics of the
system around equilibrium (1.16),(1.18). The information concerning the global dynamics
was presented in Section 4.1/ by plotting the amplitude of the oscillations as a function of the
control parameter h* for different fixed values of o, 1%, and n; and in Section 4.2 by showing

the the structure of oscillations at different points along these branches.

We now present the global dynamics in a more concise way as two-dimensional bifurcation
diagrams in the (h*, ) plane for fixed v" and n. Specifically, we show solid curves of Hopf
bifurcations, red dashed curves of fold bifurcations of oscillating solutions, gray curves of
first collision, and dotted curves of first stopping. These curves divide the (h*, ) plane into
regions of qualitatively different behaviour. In this representation, the diagrams we showed

earlier in Section[4.1 correspond to horizontal cross sections with fixed values of a.

The Hopf bifurcation curves are the only curves that can be computed directly with
DDE-BIFTOOL, but in our case these are given analytically by (3.10). Fold bifurcations can

only be detected by this software, and the fold curves found here were found by a script
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that detects a suitable number of individual fold points for (about 50) different values of the
parameter «. In a similar approach, the collision curve was found by detecting points where
the headway hy of the oscillating solution first crosses zero. Similarly, the stopping curve was
found by detecting when the velocity vy first becomes (approximately) zero; in practice we
used the criterion that v; < 0.01 because the velocity never actually attains zero (it decays
exponentially). As before, we first concentrate on the proof-of-concept case of n = 3 cars
where by investigating the dynamics in the (h*, ) plane for different values of v° allows us
to describe the dynamics of the system in the complete parameter space. Then we fix the
desired speed as v = 1.0 and investigate the changes in the (h*, «) plane by increasing the

numbers of cars n.

In Fig. 4.10/the (h*, ) bifurcation diagram is shown for n = 3 cars for three representative
values of vY, namely for 0.35, 0.65, and 1.0. We now discuss the results of this figure in some
detail. For v" = 0.35, shown in Fig.4.10(a), the Hopf bifurcation curve is one single curve
as in Fig. [3.1(b) (the top of the curve is not visible in the chosen window of «). The
outer blue shaded area corresponds to the stable uniform flow solution as before. The fold
bifurcation curves of the periodic solution are situated on the right-hand side of the right
Hopf curve and on both sides of the left Hopf curve. The fold curve on the right starts at
a degenerate Hopf point DH, and approaches the h* axis as shown. Above DH, the Hopf
bifurcation is supercritical and below DH,. it is subcritical. The region between the Hopf and
the fold curve is thus identified as a region of bistability, where the equilibrium and a stable
periodic solution co-exist. On the left-hand side, the Hopf bifurcation is always supercritical
and the bistability appears via a cusp bifurcation where two fold curves are born; see the
inset of Fig. 4.10(a). The two fold curves end approximately at the points (0,0.0167) and
(1,0). The region between the two fold curves is a region of bistability. The Hopf curve
divides this region into two subregions, in which the one on the left corresponds to the co-
existence of an equilibrium and a stable oscillating solution, while the very small region on
the right corresponds to the co-existence of two stable oscillating solutions; c.f. Fig.[4.1(d).
For v° = 0.35 there is no stopping motion, but we find the gray curve of the first collision

cutting across the bifurcation diagram. In the gray shaded domain below this curve collisions
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Fig. 4.10: Two-dimensional bifurcation diagrams in the (h*,«) plane for n = 3 cars for different
values of v¥ as indicated. At points denoted by red crosses (x) the Hopf bifurcation is degenerate. The

horizontal dashed-dotted lines in panels (a) and (c¢) correspond to the values of « used in Figs. 4.1
and [4.3, respectively.
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occur, which means that there are no collisions for a 2 0.0805. The individual panels of
Fig.[4.1 correspond to horizontal cross sections through Fig.[4.10(a) at the indicated values
of a. In particular, Fig.|4.1(d) features collisions for values of A* from the section between the
two intersection points with the collision curve. This section becomes larger as « is decreased
further. Where the collision manifold reaches the fold curve, collisions occur over the entire

branch of stable oscillating solutions.

For v° = 0.65, shown in Fig.[4.10(b), the bifurcation diagram is qualitatively the same as
for v° = 0.35 except for two differences. Firstly, the cusp point is gone and two degenerate
Hopf points DHj; and DH;, are now the end points of the two fold curves on the left. (This
change happens for a specific value of v when the cusp point reaches the Hopf curve at
a ~ 0.4.) The Hopf bifurcation is subcritical between these two degenerate Hopf points and
supercritical otherwise. Co-existing stable oscillating solutions exist only in the tiny region
between the Hopf curve and the fold curve below DH;; (on the right side of the Hopf curve).
In the much larger region between the other fold curve and the Hopf curve below DHjs (on
the left side of the Hopf curve), there is co-existence between the stable equilibrium and
stable oscillations. The collision domain is qualitatively the same but it is now a bit larger;
its top is at o ~ 0.227. The other new feature is the existence of near-stopping motion on
the domain bounded by the left fold curve and the dotted stopping curve. The curve of
near-stopping, defined as vy = 0.01, appears to start at the point DH;o and connect to a

point on the left-most fold curve.

For v% = 1.0, shown in Fig.[4.10(c), there are now two vertical asymptotes for the two Hopf
curves, as in Fig.[3.1(c), meaning that the unstable area is now unbounded in a. Compared
with the situation for v° = 0.65, the points DH;, and DH, move up in a and out of our
window, ‘dragging’ the associated curves with them. In fact, these points have disappeared
so that the fold curves and the stopping curve also now have vertical asymptotes. (We
found that all vertical asymptotes develop for v? ~ 0.7198.) In other words, Fig.[4.10(c) is
qualitatively the same as Fig. 4.10(b) for, say, o < 0.7. Notice how the stopping region is now

much larger. Furthermore, the collision domain is also much larger; its top is at @ ~ 0.61.
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The indicated horizontal cross sections correspond to the panels of Fig.[4.3]

When considering different values of the scaling parameter s, the only qualitative change
is that the cusp point may be below the collision curve. For the OV functions Vg4 (h) (1.25)
or Vg(h) (1.26), one can obtain similar branches of oscillating solutions as above, although

the dynamics may be non-smooth and thus DDE-BIFTOOL may run into difficulties.

Our aim is now to show the general trends in the qualitative dynamics in the (h*, «) plane
as m is increased towards numbers that are more representative of real traffic situations. To
simplify matters, we fix v° = 1.0. Note that choosing larger values of v does not change
the linear stability diagram qualitatively; see Section 3.1.2. In particular, we find regions
of parameter space where a stable periodic solution with k£ = 1 traffic jam co-exists with

unstable periodic solutions corresponding to & > 1 evenly spaced traffic jams.

Since continuation studies with DDE-BIFTOOL are quite intensive in terms of CPU time
and memory, the bifurcation analysis for very large numbers of cars is unfeasible. We found
that the case of n = 9 cars is a good compromise: it is sufficiently general to showcase
all phenomena in the bifurcation diagram while still being small enough to allow for a full

bifurcation analysis.

In Fig. 4.11/ we present three bifurcation diagrams in the (h*, ) plane for n = 3, n =5,
and n = 9 cars. We now describe the common qualitative features of these two-parameter

bifurcation diagrams and then give particular details for each of the cases.

Firstly, the linear theory of Section 3.1 gives explicit curves in the (h*, ) plane where the
uniform flow equilibrium loses stability via a Hopf bifurcation that gives rise to oscillations
with wave number k& = 1. These Hopf bifurcation curves are shown in Fig.[4.11 as bold solid
curves and the blue shaded areas indicate where the uniform flow equilibrium is stable. For
n > 3 cars there is a further set of admissible wave numbers k = 2,...,(n—1)/2. (To reduce
the number of special cases, we consider only the n odd case.) The linear theory gives explicit
curves on which further Hopf bifurcations of the (already unstable) uniform flow equilibrium

occur (i.e., other complex conjugate pairs of characteristic exponents, corresponding to a
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Fig. 4.11: Two-dimensional bifurcation diagrams in the (h*, ) plane for n =3 (a), n = 5 (b), and
n =9 cars (c) for desired speed v* = 1.0. At points denoted by red crosses (x) the Hopf bifurcation is

degenerate. In panel (c) the region of two traffic jams is defined by the condition max |u| < 1.01 for
the largest Floquet multiplier of periodic solutions for k& = 2.
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mode with wave number k, cross into the right-half complex plane). These curves are shown

in Fig. 4.11(b) and (c) as thin solid curves.

The Hopf curves are nested in strict order so that the k = 1 curves are the outermost and
the k = (n —1)/2 curves are the innermost. Further, for the chosen value v* = 1.0, the Hopf
bifurcation curves all possess vertical asymptotes in the (h*,«) plane as in Fig.[3.2(f), that

is, the unstable domains are unbounded in .

If one examines the Floquet multipliers of the unstable bifurcating branches in the vicinity
of the Hopf bifurcation point, one finds 2k — 1 multipliers outside the unit circle (one real
multiplier and k£ — 1 complex conjugate pairs); see Section [5.2. Furthermore, each branch of
unstable periodic solutions usually undergoes a fold bifurcation as shown in Fig. [4.4, where
the real unstable Floquet multiplier crosses the unit circle inwards at 1. Consequently the
k = 1 branch becomes stable at this bifurcation, but the & > 1 branches remain unstable as

they still have 2(k — 1) Floquet multipliers outside the unit circle.

The fold bifurcation curves are shown in Fig.[4.11 as red dashed curves and the curves
for k = 1 are emphasized in bold. The Hopf curve for a particular k is nested inside the fold
curve for the same k, and the fold curves themselves are nested in strict order so that the
outermost curves belong to k = 1 while the innermost curves belong to k = (n—1)/2. Further,
most of the fold curves have vertical asymptotes meaning that the Hopf bifurcation remains
subcritical even as a — 0o. However, in some cases the fold curve ends at a degenerate Hopf
point, i.e., at a point where the Hopf bifurcation changes from subcritical to supercritical as
« is increased: these points are marked by red crosses (x) in Fig. 4.11(b) and (c). For any
given n, degenerate Hopf points have only been observed to occur for the largest possible
wave number, which corresponds to the analytical results obtained in Section 3.3.3l Note
that in the vicinity of the point (1,0) one might examine similar bistability as presented in
Fig. [4.10(c) even for n > 3. Nevertheless, the corresponding domains of parameter space
are so tiny that it seems sensible to neglect this effect. That is why these domains are not

depicted in Fig.[4.11!
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Inside the fold curve for k = 1, there exists a stable periodic solution, as detailed for
n = 3. Therefore, in the parameter domain sandwiched between the fold and Hopf curves
for k = 1, the stable periodic solution co-exists with the stable uniform flow equilibrium and
an unstable periodic solution. In other words, there is bistability in this region. When one
carries out an initial value simulation, the precise choice of initial data will select which of

the two stable solutions is observed as t — oo.

If we enter the parameter domain sandwiched between the fold and Hopf curves for & > 1,
then the only change is in the number of co-existing unstable solutions, and it is not yet clear
what this implies for the dynamics. For ki < ks, there is no general principle as to whether
the Hopf curve for k; is inside/outside the fold curve for ko, so there is a wide range of

possibilities for the combinations of co-existing unstable solutions.

We now describe tendencies of the three extra features that we have added in the two-
parameter diagrams of Fig.[4.11. We illustrated the stopping behaviour by adding a dotted
curve which, when crossed from right to left results in the minimum velocity of the stable
k =1 branch falling below 0.01. When n increases, the dotted curve appears to converge to
the right-hand k& = 1 fold curve. Thus it seems that cars always come close to stopping if n

is chosen sufficiently large.

The gray curve in Fig. [4.11]indicates where the the headway first becomes zero on the
k = 1 stable solution branch. Consequently, we can say that the model is definitely unphysical
in the gray shaded domain below this curve. The section of the gray curve, which connects
the £ =1 fold curves, appears to converge to a horizontal line as n increases. Consequently,
it appears that, in the large n limit, there is a critical o below which the model is unphysical.
However, this conclusion is only partial: above the gray curve there are most likely solutions
with plausible initial data which involve collisions as part of their transient behaviour, even

though their long-term dynamics is well behaved.

The most important extra feature, which is discussed in detail in Section[5.2} is the green

shaded domain in the middle of Fig.[4.11(c). This shading indicates that the largest Floquet
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multiplier of the (unstable) k& = 2 branch has modulus less than 1.01. Consequently, in
this region, solutions with initial data chosen sufficiently close to the £ = 2 unstable periodic
solution remain close to that solution for a long time. Therefore, although simulations indicate
that the generic t — oo behaviour is convergent either to the uniform flow equilibrium or to
the stable k = 1 branch, richer possibilities may be observed over intermediately long time

scales.

While the continuation approach taken here limits n to relatively small values, Figs. [4.8]
and [4.9 still clearly suggest a convergence of the & = 1 solution to some limiting shape as
n — oo, as well as a convergence of the oscillations for other wave numbers to that for £k =1
as n/k — oco. As we will see in the next section, this has important consequences in terms
of the structure of transient traffic jams. Note that identifying the mathematical limit and,
in particular, the exact scaling of the fronts, remains an interesting challenge beyond the

bifurcation study presented here.
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CHAPTER 5

TRANSIENT BEHAVIOR OF TRAFFIC WAVES

In Chapter|4 the periodic solutions of system (1.6),(1.23) were investigated and it was shown
that for large numbers of cars, there are stop-fronts and go-fronts that connect plateaux
of high and low velocities. These fronts correspond to the entry and exit points of traffic
jams. However, the periodic solutions that we found are unstable for wave numbers k& > 1.
Nevertheless, these unstable solutions influence the long time dynamics of the system and

this chapter is concerned with an analysis of the consequent transient effects.

Firstly, in Section we give an overview of the long-time macroscopic dynamics of
stop-and-go waves under ring-road boundary conditions. Then in Section [5.2 the Floquet
multipliers of periodic orbits are investigated in order to determine the ‘degree’ of stability
of these orbits and to suggest time scales over which motions are repelled from them. This
analysis is used to give a linearized explanation of the relative motion of traffic jams, and
these motions are investigated further by numerical simulation in Section [5.3. The material

presented in this chapter was published in [85].
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Fig. 5.1: Long time evolution of stop-and-go waves detected when vehicles’ velocities are less than
vY/3. Panel (a) shows a spatio-temporal plot of the ring-road, where, due to the periodic boundary
conditions, the boundaries * = 0 and = L = 100 are equivalent. Red curves show backward
travelling waves. The trajectories of every fifth forward travelling vehicle are shown by blue curves
(the trajectory of the first vehicle is emphasized in black). In the spatio-temporal plot of panel (b),
the relative positions of waves are shown for long time scales, so that the constant speed motion ct is
eliminated. The corresponding parameters are n = 50, v° = 1.0, a = 1.0, h* = 2.0, and ¢ = —0.0579.

5.1 Overview of traffic dynamics over long time scales

Traffic jams correspond to regions in space in which vehicles’ velocities (i.e., the gradient of
their space-time trajectories) is small; see Fig.[5.1(a). As observed by many other authors
(see, e.g., [53]), for appropriate parameters and initial data, traffic organizes into regions of
free flowing traffic divided by traffic jams which propagate at about the same speed to each
other in the opposite direction to the traffic flow. The question is how such traffic patterns

evolve.

For large numbers of cars, of particular interest is the interplay between propagating
traffic jams (Fig. [5.1(a)) and perfectly periodic solutions (Fig. [4.9). To understand these
traffic patterns one needs to consider the dynamics of a single vehicle as it drives repeatedly
around the circuit; see, e.g., the black trajectories in Fig. 5.1(a). The velocity plateaus at a
high value, meets a stop-front in which the vehicle decelerates into a traffic jam, plateaus at

a low value, and then passes through a go-front as it returns to free flow conditions. Since
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the stop-fronts and go-fronts propagate at about the same speed upstream, the motion of
the vehicle is approximately periodic in time because it encounters the same traffic pattern
for each circuit, albeit shifted according to the wave speed. The solutions shown in Fig. 4.9
are perfectly periodic and also possess stop-fronts and go-fronts that connect the high and
low velocity plateaux. Our belief is that the approximately periodic solutions lie on slow
manifolds that connect the various periodic solutions. Although, these manifolds are fully
nonlinear objects, a first step is to understand their structure at the linear level, in the

neighbourhood of perfectly periodic solutions.

The traffic jams in Fig.[5.1(a) are called stop-and-go waves, although we should emphasize
that each traffic jam is strictly speaking a pair of fronts with similar speeds, separated by a
low-velocity plateau. By eliminating the approximately constant speed of propagation ct of
the fronts, their relative dynamics can be explored as shown in Fig.[5.1(b). To bring out the
relevant features, a logarithmic scale is used along the horizontal axis. For intermediately long
time scales the relative motion of traffic jams is slow, however rapid merges and dispersions
can be observed from time to time. The key point to note is that different traffic jams have
similar speeds (that is, their relative speed is close to zero) and therefore they may co-exist
over intermediately long time scales. However, as ¢ — oo traffic jams have a tendency to
merge or to disperse. For generic choices of initial data, numerical simulation indicates that

only a single traffic jam persists as ¢ — oo.

5.2 Floquet multipliers and eigendirections

In this section we investigate the periodic solutions of Chapter 4/ in further detail. Firstly,
Floquet multipliers are computed to investigate stability. Then with the help of the corre-
sponding eigenvectors, possible front motions are revealed. As explained in Section 2.2, the
periodic solutions are unstable when there exists a Floquet multiplier outside the unit circle.
However, when the largest ‘unstable’ Floquet multiplier is close to the unit circle, the system

is only weakly unstable in that it can stay in the vicinity of the periodic solution for a long
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time. More precisely, using the Floquet multiplier ;1 one can define the Floquet exponent v

by

p=ev, (5.1)
the real part of which given by
1
Rev = %}f’ (5.2)
Indeed,
—1
Rev ~ ] , for |u|=~1. (5.3)
Ty

Assuming that there is a Floquet multiplier |u| >~ 1, the ‘distance’ from the periodic orbit

Revt

grows like e , and thus, the time spent in the vicinity of the weakly unstable periodic

solution scales like 1/Rev ~ T}, /(|u| — 1).

By computing Floquet multipliers of periodic orbits we thus show that the periodic so-
lutions with wave numbers k£ > 1 are only weakly unstable. Furthermore, the corresponding
unstable eigendirections show that the mechanism of destabilization is via front dynamics.
Both the Floquet multiplier and mode shape calculations that we perform are achieved with
the numerical continuation software DDE-BIFTOOL [36, 44]. We find that the largest Floquet
multiplier x4 has a scaling of |u| — 1 ~ exp(—gn/k), ¢ > 0. This analysis indicates that our
periodic solutions’ fronts correspond to travelling wave solutions when the boundaries are
open, but on the loop interact weakly via their exponential decaying tails (in a similar man-
ner to meta-stable front dynamics for the Allen-Cahn equation; see [23, 24]). We show that
the eigendirections correspond to relative front motion: either one stop-and-go pair catching
up another stop-and-go pair (merging of traffic jams), or the stop-and-go fronts of a single

jam colliding so as to disperse it.

We now look more closely at the stability properties of the different periodic solutions.
In Fig. the modulus |p| of the corresponding leading Floquet multipliers are depicted as
a function of the headway h*™ in the representative case of n = 9 cars for the wave numbers
k =1,2,3,4. Recall from Section 2.2|that for periodic solutions of DDEs the infinitely many
Floquet multipliers have the origin in the complex plane as their only accumulation point;

all Floquet multipliers that are not shown in Fig. 5.2 have modulus less than one for all
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Fig. 5.2: Modulus |u| of the leading Floquet multipliers as a function of the average headway h* in
the case of n = 9 cars for wave numbers k =1 (a), k =2 (b), k = 3 (¢), and k = 4 (d). This figure
corresponds to the branches of periodic solutions shown in Fig.[4.4(c); we have v* = 1.0 and a = 1.0.
Hopf and fold bifurcation points are denoted by blue stars () and blue crosses (x), respectively.

values of h*. The leading Floquet multipliers were computed with DDE-BIFTOOL as part of

the stability analysis along the branches shown in Fig.[4.4(c). To bring out the features, we

use a logarithmic scale along the vertical axis. For any k, at the Hopf bifurcation points
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i~ —1.00844 (a)]

Fig. 5.3: Eigendirections in the form of a direction fields plotted over twice the period of the periodic
solution as projections onto the velocity vy of the first car. The red curves show the corresponding
modulated solutions. Panel (a) for g ~ —1.00844 corresponds to merging of traffic jams as shown
in Fig. 5.5, while panel (b) for p ~ —1.00753 corresponds to dispersion of one of the traffic jams as
depicted in Fig.[5.6. The parameters are n =9, k =2, v = 1.0, o = 1.0, and h* = 2.1.

there are two Floquet multipliers at 1 and another (k—1) complex conjugate pairs of Floquet
multipliers outside the unit circle. One multiplier (green curve) moves outside the unit circle
at the subcritical Hopf bifurcations (blue stars (x)) and then crosses into the unit circle at the
fold bifurcations (blue crosses (x)). Similarly, the other leading multipliers for £ > 1 appear
outside the unit circle at their subcritical Hopf bifurcations, but then stay outside the unit
circle over the entire range of h*. Thus in particular, Fig.[5.2 shows that all periodic orbits
are unstable for £k > 1. For even k we observe that one of the complex conjugate pairs of
Floquet multipliers may come together and produce two real Floquet multipliers. For n/k

large enough this happens close to the Hopf bifurcation point.
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However, Fig.[5.2(b) also shows that the oscillation for £ = 2 is almost stable around
the point h* = 2.1; at this point the two unstable eigenvalues are real and negative, namely
p ~ —1.00844 and p ~ —1.00753. By setting a threshold for max |u| one can quantify the
‘almost-stability’ of the periodic orbit for £ = 2: inside the green shaded region in Fig.[4.11(c)
we have that max |p| < 1.01. While this bound is somewhat arbitrary, we found by numerical
simulation that traffic jams corresponding to k = 2 periodic orbits exist in this parameter
region for long periods of time; see Section 5.3 for more details on the connection between
periodic solutions and traffic jams. More generally, there is a region around h* = 2.1 where
the unstable waves for any k are in the same sense ‘least unstable’. Our numerical results

indicate that this effect is more pronounced the larger the number of cars n.

The instability of a weakly periodic orbit is very small, but it is not ‘spread evenly’ around
the periodic orbit. To show this we present in Fig.[5.3 the eigendirection associated with the
two unstable Floquet multipliers p ~ —1.00844 and p ~ —1.00753 of the weakly unstable
periodic orbit for n = 9 and k = 2. It is computed and represented by DDE-BIFTOOL in
the form of a direction field that shows how a vector changes along the periodic orbit under
the action of the variational equation [44]. We show the unstable direction with respect to
the velocity profile of the first car. The Floquet multiplier measures the expansion (which is
practically nonexistent in our case of Floquet multipliers that are almost 1 in magnitude) of
a vector as the flow is followed along the periodic orbit. The data in Fig. 5.3 is plotted over
two periods, because the most unstable Floquet multipliers are negative: thus the vectors
forming the eigendirections only close up after two periods. In Fig.[5.3/only the vectors at

the mesh points are shown and the red curve is the envelope of all vectors.

For both unstable Floquet multipliers the periodic orbit is most unstable near the fronts
between the plateaux. This indicates that any eventual instability is due to the motion of
the fronts. Notice the difference between the two cases in Fig.[5.3(a) and (b) in terms of the
direction of motion of the stop-fronts. As we will see in the next section, front dynamics is

responsible for merging or dispersing traffic jams.

We now show that we can extract from the bifurcation analysis the asymptotics of the
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Fig. 5.4: The logarithm of the difference of the modulus of the largest Floquet multiplier from 1 as
a function of n/k for the periodic solutions for v° = 1.0, @ = 1.0, and h* = 2.1. Panel (a) shows a
plot for fixed k = 2 and varying n, and panel (b) for fixed n = 17 and varying k. The blue curve is a
least square fit (omitting the first data point); see also Table 5.1!

modulus [p("*)| of the largest Floquet multiplier, as a function of n and k. Different fronts
interact via an overlap of their exponentially decaying tails. Consequently, we make the

ansatz that there is an exponential relationship of the form
max |p"F| -1 = Re % | (5.4)

when n is large and k is small enough; c.f. [23,/24]. Clearly, in general the constants ¢, R > 0

depend on the parameters h*, a, and v°.

We test this ansatz in Fig. |5.4] where we plot max |u(”’k)| — 1 on a logarithmic scale as
a function of n/k, where n varies for k¥ = 2 in panel (a) and k varies for n = 17 in panel
(b). In each panel the blue line is the least-square fit through all but the first data point,

which we disregarded as exceptional in terms of the convergence effect for n/k — oo that

Table 5.1: Least-square fitted constants appearing in (5.4) for the periodic solutions for v = 1.0,
a = 1.0, and h* = 2.1.

| k=2 (=5..17|n=17 k=2..7

q 1.5816 £ 0.0053 1.5901 £ 0.0121
InR 2.3522 +0.0308 2.3616 £+ 0.0601
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we are interested in. The resulting values of ¢ and In R for both cases are shown in Table
[5.1. Together with the good fit of the blue lines in Fig.[5.4, this is numerical evidence that
the largest Floquet multiplier scales (for fixed parameters) as given by (5.4). Note that the
data presented in Fig. [5.4 constitutes the state of the art of what can be achieved with the

standard DDE-BIFTOOL implementation on a single workstation.

5.3 Traffic jams as long transients

In this section we use numerical simulation to investigate the far from equilibrium front
motions suggested by the analysis that linearizes about periodic orbits. The trajectory of
each individual vehicle and the low-dimensional long-time dynamics of fronts (formed by the

collective motions of vehicles) can be visualised in Fig. 5.5(a) and Fig.[5.6(a).

In our model, traffic jams are regions of the ring where cars travel with low velocity (e.g.,
regions for less than v"/3 are shown in red in Fig.[5.5(a) and Fig.[5.6(a)). A traffic pattern
consists of a finite number of traffic jams that all move with their own different (but typically
similar) speeds upstream. Over long time scales, a traffic jam can disperse, or merge with
another traffic jam. Hence, there is an evolution of the traffic pattern until a stable pattern

has been reached.

Of importance is the relationship between a traffic pattern and the trajectory of an indi-
vidual car. A stable traffic pattern corresponds to a stable periodic orbit for the motion of the
cars. Hence, the only stable traffic pattern in our model is that corresponding to the stable
oscillations for k£ = 1 when one traffic jam travels along the circular road. Similarly, if the
pattern is nearly stable, a car almost has the same velocity and headway profile from round
to round. In particular, unstable periodic orbits are related to unstable traffic patterns. As
we will see now, weakly unstable periodic orbits give rise to traffic jams that can persist as
long transients. The motion of the traffic jams is closely related to the motion of the fronts

of the almost periodic dynamics of the cars.

115



CHAPTER 5. TRANSIENT BEHAVIOR OF TRAFFIC WAVES

%: "."”'llllllllllllllll‘llllllll I | : (a)

—

w o
—
A ——

0 % /
800 850 900 950 1000 1050 1100 ¢+ 1150

1 T T T T

TR (01

=

o
(¢
T

0 I
800 850 900 950 1000 1050 1100 t 1150

Fig. 5.5: Plot of the positions z; of all n = 9 cars (a), and velocity vy of the first car (b), when
two traffic jams merge. In panel (a), the trajectory of the first car is emphasized in black and traffic
jams are indicated in red when the velocity drops below v°/3. The motion of fronts corresponds to
the modulated solution in Fig. 5.3(a). In panel (b), the red curve envelopes the maxima of velocities
between the traffic jams. The other parameters are v° = 1.0, o = 1.0, and h* = 2.1.

When one starts an initial value simulation of the system from suitably random initial
data, unstable waves form and will eventually die out. (Specifically, we start from equidistant
cars with velocities chosen randomly and uniformly from [0,v°], and integrate the system with
an explicit Euler method with time step 0.01.) As was mentioned in Section 5.2, already for
n = 9 cars we find that waves for k = 2, corresponding to two traffic jams along the ring,
may survive for considerable amounts of time. In other words, weakly unstable traffic jams
appear as long transients. When they eventually disappear this can happen in one of two

competing ways, which are shown in Figs. 5.5 and 5.6 respectively.
In the case shown in Fig.[5.5/a traffic jam catches up with another traffic jam and the two
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Fig. 5.6: Plot of the positions z; of all n = 9 cars (a), and the velocity vy of the first car (b), when
a traffic jam disperses. In panel (a), the trajectory of the first car is emphasized in black and traffic
jams are indicated in red when the velocity drops below v"/3. The motion of fronts corresponds to
the modulated solution in Fig.[5.3(b). In panel (b), the red curve envelopes the minima of velocities
in the dispersing traffic jam. The other parameters are v° = 1.0, a = 1.0, and h* = 2.1.

then merge. The positions of all vehicles are displayed in Fig. 5.5(a), which shows that the go-
front of the first and the stop-front of the second traffic jam ‘move towards one another’ and
are then annihilated. This behavior is indicative of an unstable eigendirection of the periodic
orbit for k = 2 as shown in Fig. 5.3(a), where the stop-front and the go-front of a low-
velocity plateau move in the same direction (along the periodic orbit). As a consequence of
merging, the region between the two traffic jams of flowing traffic (large velocity) disappears.
Fig. [5.5(b) shows the velocity profile of the first car. As the two traffic jams move closer
together the maximum velocity between them decreases: the envelope of these maxima (red
curve) diverges more and more from the maximum velocity elsewhere along the ring. Thus,

the time until complete merging can be defined as the moment that this envelope reaches
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zero velocity. The envelope actually describes the local maxima of the velocity for all cars;
note that the velocity profiles of the other cars are very similar, but are not shifted copies,

since the dynamics is not perfectly periodic.

In contrast, Fig.[5.6 shows a situation where a traffic jam fails to merge with another traffic
jam, but rather disperses. As can be seen from the positions of cars plotted in Fig. 5.6(a), in
this case, the stop-front and the go-front of one and the same traffic jam slowly ‘move closer
together’. Thus this traffic jam eventually disappears which has only a slight influence on
the ‘neighboring’ traffic jam. This behaviour is associated with an unstable eigendirection
of the k = 2 periodic orbit as shown in Fig.[5.3(b), where the stop-front and the go-front of
a low-velocity plateau move in opposite directions (along the periodic orbit). The velocity
profile of the first car is displayed in Fig. 5.6(b), showing that the minimum velocity in the
dispersing traffic jam increases. This is again indicated by the envelope of these minima
(red curve), which also describes the minima for all cars. This envelope diverges from being
practically zero and complete dispersion is reached when it reaches the maximum velocity on

the ring.

Note that the above investigation only explains the behaviour of the system close to the
periodic solution, i.e., in the case when the fronts are close to parallel. The actual merging
dynamics, however, is nonlinear and requires the full investigation of the nonlinear slow
manifolds on which front dynamics occur. Nevertheless, as the wave number k is decreased,
the distance of Floquet multipliers from the unit circle shows exponential decaying (according
to formula (5.4) and Fig. 5.4) and the merging time shows exponential increasing (according
to simulations like Fig.[5.1(b)). Our tentative hypothesis is that these exponential behaviours

correspond to each other.
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CONCLUSION

Now we present a summary of the key results of the thesis, discuss some possible extensions,

and present some open questions.

6.1 Summary of thesis

In this thesis we investigated the fundamental dynamics of highway traffic paying special
attention to the effects due to the reaction time delay of drivers. We considered an optimal-
velocity car-following model, posed on a ring (circular road), in which delay was included
explicitly. The resulting system of autonomous delay differential equations was investigated
by using the elements of analytical and numerical bifurcation theory. Thus we were able to
study the qualitative changes of the nonlinear dynamics of the system as the parameters (the

average headway, the sensitivity and the desired speed of drivers) were varied.

First, the linear stability of the uniform flow equilibrium was investigated. We showed
that the system undergoes a sequence of Hopf bifurcations as the average headway is varied,
and consequently oscillations with different frequencies can appear. These periodic solutions
manifest themselves as upstream travelling waves with different wave numbers. The inclusion

of delay results in qualitative changes in the stability diagrams: for large enough desired speed
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the uniform flow equilibrium cannot be stabilised by increasing the sensitivity (in contrast to

what happens in the non-delayed system, in which the reaction time of drivers is set to zero).

After eliminating the continuous translational symmetry along the ring road, normal form
calculations were used to investigate the stability of the consequent oscillations in the vicinity
of the Hopf bifurcation points. It was proved that these bifurcations are robustly subcritical
due to the reaction time delay, that is, the oscillations and the corresponding travelling waves
are unstable in the neighbourhood of the Hopf bifurcation points. This revealed the possibility
that, if a subsequent fold bifurcation were to occur, then the stable uniform flow equilibrium
might co-exist with stable oscillations giving a bistability in the system. Consequently, large
enough perturbations, such as a truck pulling out of its lane, may trigger traffic jams even

when the uniform flow is stable.

In order to investigate the oscillations and travelling waves at the fully nonlinear level (far
from the Hopf bifurcation points), numerical continuation techniques were used. We followed
branches of periodic solutions born at the Hopf bifurcation points by varying the average
headway and we detected fold bifurcations and other qualitative changes (such us collision
and stopping) along the branches. By performing these continuations for several different
values of the sensitivity parameter, two-dimensional bifurcation diagrams were developed
in which domains of bistability, co-existence, stopping, and collision were identified. As
the number of cars was increased, we identified trends in the two-dimensional bifurcation

diagrams as well as in the branches of periodic solutions.

Furthermore, detailed examination of the oscillation profiles revealed that for larger num-
bers of cars, stop-fronts and go-fronts develop that correspond to the entry and exit points
of traffic jams. By studying the linear stability of periodic solutions and by applying nu-
merical simulation, we also gained information about the relative motion of these fronts. A
low-dimensional slow dynamics of fronts was discovered: they travel with approximately the
same speed (hence with small relative speed) over long time scales until they annihilate or

disperse.
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6.2 Possibilities for future work

We were able to carry out the linear and the weakly nonlinear analysis for arbitrarily many
vehicles. However, due to limitations in memory and CPU time, we were only able to perform
numerical continuation up to about twenty cars. In order to extend this number up to at
least hundreds of vehicles, new numerical methods must be brought to bear: e.g., by using

the recent package [116].

Furthermore, the fully nonlinear analysis of the slow manifolds connecting the periodic
solutions, discussed in Chapter 5} is another challenging area where manifold-continuation
techniques may prove useful [44,/69]. Alternatively, the slow front dynamics might be explored

via asymptotic analysis of PDE limits [120].

Note that the bifurcation methods used in this thesis could be applied to any car-following
model. It would be interesting to investigate how higher fidelity car-following models behave
with and without delay. For example, as a first step, one might include the effects of relative

velocity as in [38] where the model

0i(t) = a(ha()) (V(hi(t)) — i) + hail?) W(hi(t))> (6.1)

is considered with positive monotone increasing optimal velocity function V(h) and with
positive monotone decreasing sensitivity functions a(h) and W(h). In the parenthesis on the
right-hand side, the optimal velocity term is kept in its original form (see (1.13)), while the
last term expresses that drivers try to match the velocity of the preceding vehicle more, the

closer they are. Indeed, the reaction time delay may be included in this model too.

It is possible that the strict order of periodic branches is not satisfied for some parameter
ranges so that they may intersect each other, providing more complicated dynamics. It
is also an issue to change the boundary conditions since the interaction of fronts may be
stronger /weaker for open boundary conditions, which is a more realistic setup for real-world

traffic situations.
Nevertheless, it is in question whether the dynamics explored by the above methods is
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Fig. 6.1: Random walk of sensitivity «; of the first car (a), positions z; of all n = 9 cars (b),
distribution of sensitivity «; of the first car (c), and distribution of the merging time T, (d), when
two traffic jams merge in the presence of noise. In panel (b), the trajectory of the first car is emphasized
in black and traffic jams are indicated in red when the velocity drops below v°/3. In panel (c), the
red curve is the analytical solution for the equilibrium distribution of the sensitivity. In panel (d),
the red vertical line at Ty, = 1011.96 shows the merging time in the deterministic case. The other
parameters are v° = 1.0, a = 1.0, h* = 2.0, v = 0.1, and x = 0.0316.

robust. The inconsistent psychological behaviour of drivers and external disturbances such as
weather and road unevenness indicate that one should include stochastic effects. To conclude
this thesis we give brief details of some initial work in this area. Stochasticity might be

modelled, for example, by assuming that the sensitivity parameter of each driver is subjected
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to a random walk according to

&i(t) =v(a — ay(t)) + 6G(t), i=1,...,n, (6.2)

where (; is assumed to be white (uncorrelated) Gaussian noise, that is,

Gt) =0, GOG(s)=0,0(t—s). (6.3)

Here the overbar stands for averaging, 1/ is a relaxation time while x gives the noise strength.
One realization of this random walk of the sensitivity for a single vehicle is shown in Fig. 6.1(a)
and the resulting distribution is represented by the histogram in Fig.[6.1(c). Note that here
drivers are still considered to be identical in the sense that their «; parameters fluctuate
around the same mean value with the same variance according to the same distribution. An
alternative (perhaps more realistic) approach might be for «; to be sampled from different
distributions so as to model different driver /vehicle classes. However, multi-class models must

include interactions due to lane changes, and in that sense all of this analysis is limited.

Equation (6.2) is sometimes called Ornstein-Uhlenbeck process and the solution for the
distribution of «; can be obtained from the related Fokker-Planck equation; see [37]. In

particular, the (stable) equilibrium distribution of «; is given by

P (ey) = ,/%e‘%(“i‘“), i=1,....n, (6.4)

which is shown by the red curve in Fig.[6.1(c). By using this as an initial distribution for «;

the stochastic transients are eliminated.

Initial simulations show that the above noise effects do not destroy the qualitative dynam-
ics of the merging and dispersing of traffic jams, but the front motions become noisy; compare
Fig.[5.5(a) and Fig.[5.6(a) with Fig.[6.1(b). The preliminary results, displayed in Fig.[6.1(d),
suggest that the most probable merging time 7}, is smaller than in the deterministic case
(red vertical line) but the merging time distribution has an exponential-like tail. According
to the literature of passage-time distributions [83], this distribution suggests that on the top
of the macroscopic nonlinear dynamics of the fronts there is a ‘macroscopic’ random walk,
which originated from the ‘microscopic’ random walk of the sensitivity. We leave the further

analysis of this effect and the search for more interesting features for the future.
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APPENDIX A

TRIGONOMETRIC IDENTITIES

Let us consider the wave numbers k = 1,...,n/2 (even n) or k =1,...,(n —1)/2 (odd n).

We have
" 0, if k#n/o,
> exp(ig?mi) = (A1)
i=1 n, if k=n/o,

where i is the imaginary unit, ¢ = 1,...,n, and p = 1,...,4. Therefore, the following

identities can be proven.

In first order

> cos(Zrj) =0, (A.2)
i=1
> sin(ZEi) =0. (A.3)
i=1
In second order
n n/2, if k#n/2,
ZCOSQ(%TWZ') = (A.4)
i=1 n, if k=n/2,
n n/2, if k#n/2,
Z sin? (27 4) = / (A.5)
i=1 0, if k=n/2,



APPENDIX A. TRIGONOMETRIC IDENTITIES

n

z:(sos(ymT ) sin(274) = 0.

i=1

In third order
0, if k#n/3,

n
Z cos® (21 4) =
i=1

n/4, if k=n/3,
D sin®(ZTj) =0
i=1
ZCOSQ(%TWZ') sin(%T"i) =0,
i=1
n 0, if k+#£n/3,

Zcos(%T”i) sin2(%7”i) =
i=1 -n/4, if k=n/3.

In fourth order

3n/8, if k#n/2 and k#n/4,
20054(%7”'): n, it k=n/2,

- n/2, if k=n/4,

3n/8, if k#n/2 and k#n/4,
> sint (%) = g it k=n/2,

n/2, if k=n/4,

n
Z cos3(2kT”i) sin(%’i—”i) =0,

i=1
zn:cos(y€7r ) sin®(274) = 0,
i=1
n/8, if k#n/2 and k#n/4,
Zcos (27 7) sin (2]”2)2 0, if k=n/2,

0, if k=n/4.
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