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Abstract— In this paper, we investigate effects of communi-
cation delays on the nonlinear dynamics of connected vehicle
systems. Our modeling framework incorporates communication
delays, which arise from the intermittency and packet drops
in wireless vehicle-to-vehicle communication. Plant stability
and string stability are used to characterize the system-level
performance of vehicle networks. Delay-dependent stability
conditions are derived based on the Lyapunov-Krasovskii theo-
rem and then visualized by using stability diagrams. Numerical
simulations are used to validate the stability diagrams and to
demonstrate that bistability can be avoided by utilizing the
nonlinear stability analysis presented in this paper.

I. INTRODUCTION

In recent years, cooperative adaptive cruise control (CAC-
C) has been intensively studied and showed great potentials
in improving traffic efficiency [1]–[3]. CACC requires that
each vehicle monitors the motion of the vehicle immediately
ahead by range sensors (e.g., radar) as well as the motion of
the designated leader via wireless vehicle-to-vehicle (V2V)
communication. Such fixed connectivity structure does not
take full advantage of V2V communication and also makes
it difficult to implement CACC in real traffic, where most of
vehicles are not equipped with radar.

To fully exploit V2V communication, connected cruise
control (CCC) was proposed [4]–[7], which allows one to
utilize ad-hoc connections with multiple vehicles ahead. CCC
can be used either to assist human drivers or to automatically
regulate the longitudinal motion of vehicles. Incorporating
CCC vehicles into the flow of non-CCC vehicles leads to
connected vehicle systems (CVSs), which require neither
designated leader nor fixed connectivity structure. Since
CVSs allow the incorporation of human-driven vehicles that
are not equipped with range sensors or V2V communication
devices, it can be implemented in real traffic.

Plant stability and string stability are typically used to
characterize the system-level performance of vehicle net-
works [8], [9]. Plant stability requires that the equilibrium
of all vehicles in the network is asymptotically stable in
absence of external disturbances. If some vehicles cause
disturbances by accelerating or decelerating, the vehicle
network is said to be string stable if the disturbances are
attenuated when propagating upstream. In [4], the stability
of CVSs was investigated by using linearized models. Thus,
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the corresponding results are only valid in the vicinity of the
equilibrium.

The nonlinear dynamics of CVSs were studied in [10] by
neglecting information delays that may indeed influence the
stability significantly. In this paper, we investigate the effects
of information delays on the nonlinear dynamics of CVSs.
Considering that delay-independent stability conditions are
typically quite conservative, we seek for delay-dependent
conditions for plant stability and string stability by using
the Lyapunov-Krasovskii theory. Compared with the results
obtained using linearized models, the stability conditions de-
rived in this paper are more robust against large disturbances.

The rest of this paper is organized as follows. A general
framework for CCC design is presented in Section II, which
incorporates the information delays and nonlinear range poli-
cies. In Section III, we derive the delay-dependent stability
conditions for plant stability and head-to-tail string stability
of a CCC cascade. The stability diagrams and simulations in
Section IV demonstrate that the bistability caused by large
perturbations can be avoided using the nonlinear stability
analysis presented in this paper. Finally, conclusions are
presented in Section V.

II. DYNAMICS AND STABILITY OF
CONNECTED VEHICLE SYSTEMS

In this section, a framework is presented for modeling the
longitudinal dynamics of vehicles equipped with connected
cruise control (CCC), which utilize motion data received
from multiple vehicles ahead via wireless vehicle-to-vehicle
(V2V) communication. We incorporate the information de-
lays that arise due to intermittency and packet drops in V2V
communication. This framework ensures the existence of
uniform flow equilibrium in the resulting connected vehicle
systems (CVSs), which is independent of the network size,
connectivity structure, information delays, and control gains.

A. Dynamics of Connected Cruise Control

Fig. 1 demonstrates a scenario where the CCC vehi-
cle i monitors the positions and velocities of vehicles j =
p, . . . , i−1, where p denotes the furthest vehicle that vehicle i
can monitor due to the limitation of effective communication
range. Note that vehicle p is not necessarily the head vehicle
of the network. Here, h j denotes the distance between
vehicle j− 1 and vehicle j, which is also called headway,
and v j is the speed of vehicle j. Moreover, ξi, j represents
the delay for vehicle i receiving motion data from vehicle j,
and ξi, j may be human reaction time (0.5–1.5 [s]), sensing
delay (0.1–0.2 [s]), or communication delay (0.1–0.4 [s]).
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Fig. 1. A vehicle network where a CCC vehicle (red) at the tail receives
information from multiple vehicles ahead. Other vehicles (blue) may be
either CCC or non-CCC vehicles. The symbols h j and v j denote the
headway and the speed of vehicle j, respectively, while ξi, j denotes the
information delay between vehicles i and j.

We use the CCC framework presented in [4], that is, the
car-following dynamics of the CCC vehicle i is governed by

ḣi(t) = vi−1(t)− vi(t) ,

v̇i(t) =
i−1

∑
j=p

αi, j
(
Vi
(
hi, j(t−ξi, j)

)
− vi(t−ξi, j)

)
+

i−1

∑
j=p

βi, j
(
v j(t−ξi, j)− vi(t−ξi, j)

)
,

(1)

where constants αi, j and βi, j are control gains, and Vi(h)
denotes the range policy that gives the desired speed as a
function of headway h. The quantity

hi, j =
1

i− j

i

∑
k= j+1

hk (2)

denotes the average headway between vehicles i and j, which
is used to make the equilibrium independent of network size
while enabling comparison of desired speeds obtained for
different j’s. When all vehicles utilize the same range policy,
i.e., Vi(h) =V (h) for all i, the framework (1) guarantees the
existence of a unique uniform flow equilibrium

hi(t)≡ h∗ , vi(t)≡ v∗ =V (h∗) , (3)

for all i, which is independent of network size, connectivity
structures, information delays, and control gains. If vehicles
use different range policies, the equilibrium still exists but
not in uniform. That is, hi(t) ≡ h∗i and vi(t) ≡ v∗ = V (h∗i )
but h∗i 6= h∗j for i 6= j. Since traffic data indicate that the
equilibrium is typically close to uniform [11], we neglect
such heterogeneities for simplicity.

In this paper, we utilize the range policy function

V (h) =


0 , if h≤ hst ,
vmax

2

[
1− cos

(
π

h−hst
hgo−hst

)]
, if hst < h < hgo ,

vmax , if h≥ hgo .
(4)

This indicates that for small headways h ≤ hst, the vehicle
tends to stop for safety reasons. For large headways h ≥
hgo, the vehicle aims to maintain the preset maximum speed
vmax. Between hst and hgo, the desired velocity monotonically
increases with the headway. The nonlinear function for hst <
h < hgo in (4) ensures the smooth change of acceleration at
h = hst and h = hgo and hence improves the driving comfort.
According to the data collected in real traffic [11], parameters
in (4) are set as hst = 5 [m], hgo = 35 [m], vmax = 30 [m/s].
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Fig. 2. CCC cascade where all followers are CCC vehicles that only react
to the vehicle immediately ahead. The symbol σ denotes the communication
delay while the control gains are given by α and β .

B. Plant Stability and String Stability

Plant stability and string stability are used to characterize
the system-level performance of vehicle networks. Plant sta-
bility indicates that, in absence of external disturbances, the
uniform flow equilibrium (3) is asymptotically stable. Head-
to-tail string stability means that the disturbances caused
by the head vehicle are decreased when reaching the tail
vehicle, allowing that disturbances may be amplified by
some vehicles in the network. Head-to-tail string stability
is particularly useful for CVSs that include human-driven
vehicles, as their dynamics cannot be designed and hence
may amplify the disturbances.

Suppose that the velocity of vehicle i is expressed by
vi(t) = v∗ + ṽi(t) for i = 0,1, . . ., where the equilibrium
velocity v∗ is given by (3) while ṽi(t) denotes the perturbation
about the equilibrium. There are many ways to evaluate the
head-to-tail string stability depending on what disturbances
to consider and how to characterize the magnitude of the sig-
nals. Considering that disturbance signals may be expressed
by using Fourier series where each element is a sinusoidal
term, we use the sinusoidal disturbance

ṽ0(t) = vamp sin(ωt) , (5)

where vamp,ω ∈R+ denote the amplitude and the frequency
of the disturbance, respectively. Moreover, we use the L∞-
norm to evaluate the magnitude of signals, i.e., ‖ν̃‖∞ =
supt>0 |ν̃(t)|. Then, a vehicle network is said to be head-
to-tail string stable if

‖ṽns‖∞ ≤ ‖ṽ0‖∞ , ∀ω ∈ R+ , (6)

where ṽns denotes the steady-state disturbances for the ve-
locity of the tail vehicle.

III. STABILITY OF THE CCC CASCADE

In this section, we study the nonlinear dynamics of a
CCC cascade, which is a simple connected vehicle network
where all following vehicles are CCC vehicles that only react
to the motion of the vehicle immediately ahead via V2V
communication, as depicted in Fig. 2. We assume that all
CCC vehicles have identical communication delay σ and
also use the same control gains α and β . Then, the dynamic
model of the CCC cascade is given by

ḣi(t) = vi−1(t)− vi(t) ,

v̇i(t) = α
(
V
(
hi(t−σ)

)
− vi(t−σ)

)
+β

(
vi−1(t−σ)− vi(t−σ)

)
,

(7)
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for i = 1, . . . ,n; cf. (1). We define perturbations about the
equilibrium (3) as

h̃i(t) = hi(t)−h∗ , ṽi(t) = vi(t)− v∗ = vi(t)−V (h∗) , (8)

for i = 1, . . . ,n. Substituting (8) into (7) yields

˙̃hi(t) = ṽi−1(t)− ṽi(t) ,
˙̃vi(t) = α

(
V
(
hi(t−σ)

)
−V (h∗)− ṽi(t−σ)

)
+β

(
ṽi−1(t−σ)− ṽi(t−σ)

)
.

(9)

We assume bounded headways hi ∈ D ⊆ R+, which im-
plies bounded equilibrium headway h∗ ∈D . Then, based on
the mean value theorem, there exists ψi ∈D such that

V
(
hi(t−σ)

)
−V (h∗) =V ′(ψi)h̃i(t−σ) , (10)

where the prime denotes differentiation with respect to h and
ψi is an explicit function of h̃i; cf. (4). Substituting (10) into
(9) and writing the results in the matrix form, we obtain

ẋi(t) = A0xi(t)+Aσ (ψi)xi(t−σ)

−A0xi−1(t)+Bxi−1(t−σ) ,
(11)

for i = 1, . . . ,n, where matrices are given by

xi(t) =
[

h̃i(t)
ṽi(t)

]
, A0 =

[
0 −1
0 0

]
,

Aσ (ψi) =

[
0 0

ϕ(ψi) −κ

]
, B =

[
0 0
0 β

]
,

(12)

and
ϕ(ψi) = αV ′(ψi) , κ = α +β . (13)

Note that (11) is equivalent to the nonlinear model (9) since
no approximations are used throughout the process.

A. Plant Stability

When analyzing the plant stability, we neglect perturba-
tions from other vehicles, i.e., x̃i−1(t) ≡ 0 in (11), yielding
an autonomous nonlinear delayed system

ẋi(t) = A0xi(t)+Aσ (ψi)xi(t−σ) . (14)

Applying the Newton-Leibniz formula leads to

xi(t−σ) = xi(t)−
∫ t

t−σ

ẋi(r)dr . (15)

Substituting (15) into (14) results in

ẋi(t) = A(ψi)xi(t)−Aσ (ψi)
∫ t

t−σ

ẋi(r)dr , (16)

where
A(ψi) = A0 +Aσ (ψi) . (17)

In the rest of this paper, we use L � 0 to denote that
a quantity L is positive definite and use L ≺ 0 to denote
a negative definite quantity L. Then, a delay-dependent
sufficient condition for the plant stability of the CCC cascade
(7) is given by the following theorem.

Theorem 1: For delay σ and domain hi ∈D (i = 1, . . . ,n),
the CCC cascade (7) is plant stable if there exist constant
symmetric matrices P,Q,W � 0 such that

Ω(ψi) =

 ATP+PA+Q+σAT
0WA0

σ
AT

0WAσ −PAσ

AT
σWA0

σAT
σWAσ−Q

σ
02×2

−AT
σ P 02×2 −W

≺ 0

(18)
holds for ∀ψi ∈ D , where arguments of Aσ (ψi) and A(ψi)
are not spelled out to save space.

Proof: To prove Theorem 1, we utilize the Lyapunov-
Krasovskii stability theorem [12] by using the functional

L = xT
i (t)Pxi(t)+

∫ t

t−σ

xT
i (r)Qxi(r)dr

+
∫ 0

−σ

∫ t

t+θ

ẋT
i (r)Wẋi(r)dr dθ ,

(19)

where P,Q,W � 0 yields L� 0.
Differentiating (19) with respect to time and using (14)

and (16), we obtain

L̇ = XT
i (t)Φ(ψi)Xi(t)−2xT

i (t)PAσ

∫ t

t−σ

ẋi(r)dr

−
∫ t

t−σ

ẋT
i (r)Wẋi(r)dr ,

(20)

where XT
i (t) = [xT

i (t), xT
i (t−σ)] and

Φ(ψi) =

[
ATP+PA+Q+σAT

0WA0 σAT
0WAσ

σAT
σWA0 σAT

σWAσ −Q

]
.

(21)
Considering the identity

XT
i (t)Φ(ψi)Xi(t) =

1
σ

∫ t

t−σ

XT
i (t)Φ(ψi)Xi(t)dr (22)

in (20) yields

L̇ =
∫ t

t−σ

χ
T
i (t,r)Ω(ψi)χi(t,r)dr , (23)

where χT
i (t,r)= [xT

i (t) , xT
i (t−σ) , ẋT

i (r)] and Ω(ψi) is given
by (18). If (18) holds, we have χT

i (t,r)Ω(ψi)χi(t,r)≺ 0 for
r ∈ [t − σ , t]. Since the integration does not change the
negative sign, we have L̇≺ 0, implying that the equilibrium
xi = 0 (i = 1, . . . ,n) is asymptotically stable.

We emphasize that the condition (18) leads to the largest
stable domain that can be obtained by the Lyapunov-
Krasovskii functional (19), since neither inequalities nor
approximations are used throughout the derivation. For given
domain D , the plant stability condition (18) can be numeri-
cally solved for P,Q,W by utilizing linear matrix inequality
(LMI) toolbox in MATLAB for sufficiently many points
in D . The corresponding results are visualized in stability
diagrams as shown in Section IV.

B. Head-to-Tail String Stability

Considering that string stability is used to characterize
the steady-state performance under periodic excitations, we
begin by presenting a condition that ensures the existence of
periodic steady-state response.
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Theorem 2: Suppose that the disturbance on the speed of
head vehicle is T -periodic. If Theorem 1 holds, then the CCC
cascade (7) has T -periodic steady-state response, i.e.,

xis(t +T ) = xis(t) , i = 1, . . . ,n , (24)

where the subscript “s” denotes the steady state.
Proof: Substituting t = t+T into (9) for i= 1, subtract-

ing (9), and considering the periodicity ṽ0(t+T ) = ṽ0(t) and
ṽ0(t +T −σ) = ṽ0(t−σ), we have

˙̃h1(t +T )− ˙̃h1(t) =−(ṽ1(t +T )− ṽ1(t)) ,
˙̃v1(t +T )− ˙̃v1(t) = α

(
V
(
h1(t +T −σ)

)
−V

(
h1(t−σ)

))
−κ
(
ṽ1(t +T −σ)− ṽ1(t−σ)

)
.

(25)

For hi ∈ D , based on the mean value theorem, there exists
µi ∈D such that

V
(
hi(t +T −σ)

)
−V

(
hi(t−σ)

)
=V ′(µi)

(
h̃i(t +T −σ)− h̃i(t−σ)

)
,

(26)

for i = 1, . . . ,n. Note that µi is a function of h̃i; cf. (10). We
define the error e1(t) = x1(t +T )−x1(t), substitute (26) into
(25), and write the result in matrix form, which yields

ė1(t) = A0e1(t)+Aσ (µ1)e1(t−σ)

= A(µ1)e1(t)−Aσ (µ1)
∫ t

t−σ

ė1(r)dr ,
(27)

cf. (14) and (16).
With the same P,Q,W � 0 as used in Theorem 1, the

Lyapunov-Krasovskii functional becomes

L = eT
1 (t)Pe1(t)+

∫ t

t−σ

eT
1 (r)Qe1(r)dr

+
∫ 0

−σ

∫ t

t+θ

ėT
1 (r)Wė1(r)drdθ ,

(28)

while its time derivative is given by

L̇ =
∫ t

t−σ

ET
1 (t,r)Ω(µ1)E1(t,r)dr , (29)

where ET
1 (t,r)= [eT

1 (t) , eT
1 (t−σ) , ėT

1 (r)] and Ω(µ1) is given
by (18) while replacing ψ1 by µ1. Thus, (18) ensures that
Ω(µ1) ≺ 0 for ∀µ1 ∈ D . Hence, we have L � 0 and L̇ ≺ 0,
implying that e1(t)→ 0 as t→∞. This leads to zero steady-
state error e1s(t) ≡ 0, i.e., x1s(t +T ) = x1s(t). Based on the
results for vehicle 1, one can repeat the aforementioned
process for vehicles 2, . . . ,n and complete the proof for
Theorem 2.

When evaluating head-to-tail string stability, we assume
sinusoidal disturbance on the speed of head vehicle as given
by (5). Since ṽ0(t) is periodic with period T = 2π/ω , based
on Theorem 2, a periodic steady state of the CCC cascade (7)
exists with the same period. However, due to nonlinearities
in the dynamics, the steady states are not purely sinusoidal
but may be expressed using the Fourier series.

To analyze string stability, the steady state of the tail
vehicle is needed. However, it may not be obtained explicitly
due to nonlinearities and delay effects. Thus, we seek for the

approximation of the steady state by applying the third-order
Taylor expansion to (7) about the equilibrium (3), yielding

˙̃hi(t) = ṽi−1(t)− ṽi(t) ,
˙̃vi(t) = ϕ

∗h̃i(t−σ)−κ ṽi(t−σ)+β ṽi−1(t−σ)

+α
(
ε h̃2

i (t−σ)+δ h̃3
i (t−σ)

)
,

(30)

where

ϕ
∗ = αV ′(h∗) , ε =

V ′′(h∗)
2

, δ =
V ′′′(h∗)

6
. (31)

cf. (13).
The steady-state solutions of (30) can be expressed by

h̃is(t,ε,δ ) and ṽis(t,ε,δ ). Applying the first order Taylor
expansion with respect to ε and δ yields

h̃is(t,ε,δ ) = h̃i,1(t)+ ε h̃i,2(t)+δ h̃i,3(t) ,

ṽis(t,ε,δ ) = ṽi,1(t)+ ε ṽi,2(t)+δ ṽi,3(t) ,
(32)

for i = 1, . . . ,n. According to (5), for vehicle 0 we have

ṽ0,1(t) = vamp sin(ωt) , ṽ0,2(t) = ṽ0,3(t) = 0 . (33)

Substituting (32) into (30) and matching coefficients of ε

and δ , respectively, we obtain

˙̃hi, j(t) = ṽi−1, j(t)− ṽi, j(t) ,
˙̃vi, j(t) = ϕ

∗h̃i, j(t−σ)−κ ṽi, j(t−σ)+β ṽi−1, j(t−σ)

+ γ jα
(
hi,1(t−σ)

) j
,

(34)

for i = 1, . . . ,n and j = 1,2,3. Here, γ1 = 0 and γ2 = γ3 = 1.
First, we consider j = 1 in (34), which is a linear time-

invariant (LTI) system with excitation ṽ0,1(t) given in (33).
Thus, the steady states of (34) for j = 1 are in the form

h̃i,1(t) = ai,1 cos(ωt)+bi,1 sin(ωt) ,

ṽi,1(t) = ci,1 cos(ωt)+di,1 sin(ωt) ,
(35)

where ai,1,bi,1,ci,1,di,1 ∈ R are constants. For compactness,
we use the coefficient vector

zi,1 =
[

ai,1 bi,1 ci,1 di,1
]T

. (36)

Substituting (35) into (34) for j = 1 and matching coefficients
of cos(ωt) and sin(ωt), respectively, we obtain

zi,1 =
(
C(ω)

)−1Di,1 , (37)

with

C(ω) =

[
ωE I2

−ϕ∗F(ωσ) ωE +κF(ωσ)

]
,

Di,1 =
(
B⊗F(ωσ)−A0⊗ I2

)
zi−1,1 ,

(38)

where A0 and B are given in (12), I2 denotes the 2-
dimensional identity matrix, and

E =

[
0 1
−1 0

]
, F(θ) =

[
cos(θ) −sin(θ)
sin(θ) cos(θ)

]
. (39)

Note that c0,1 = 0 and d0,1 = vamp; cf. (33).
When considering (34) for j = 2 and j = 3, the whole

network becomes an LTI system with excitations h̃2
i,1 and

h̃3
i,1, respectively. As h̃2

i,1 only contains the frequency 2ω
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while h̃3
i,1 contains frequencies ω and 3ω , the corresponding

steady states for j = 2 and j = 3 are in the form

h̃i,2(t) = ai,2 cos(2ωt)+bi,2 sin(2ωt) ,

ṽi,2(t) = ci,2 cos(2ωt)+di,2 sin(2ωt) ,

h̃i,3(t) = ai,3,1 cos(ωt)+bi,3,1 sin(ωt)

+ai,3,3 cos(3ωt)+bi,3,3 cos(3ωt) ,

ṽi,3(t) = ci,3,1 cos(ωt)+di,3,1 sin(ωt)

+ ci,3,3 cos(3ωt)+di,3,3 cos(3ωt) .

(40)

We also collect the coefficients in vectors as follows

zi,2 = [ai,2 bi,2 ci,2 di,2]
T ,

zi,3,k = [ai,3,k bi,3,k ci,3,k di,3,k]
T , k = 1 ,3 ,

(41)

cf. (36). Substituting (40) into (34) for j = 2 and j = 3 and
solving for the coefficients yields

zi,2 =
(
C(2ω)

)−1Di,2 ,

zi,3,k =
(
C(kω)

)−1Di,3,k , k = 1 ,3 ,
(42)

where the matrix C is defined in (38) and

Di,2 =
(
B⊗F(2ωσ)−A0⊗ I2

)
zi−1,2 +αM(2ωσ)Ji ,

Di,3,k =
(
B⊗F(kωσ)−A0⊗ I2

)
zi−1,3,k +αM(kωσ)Ki,k ,

(43)

with

M(θ) =

[
02×2 02×2
02×2 F(θ)

]
,

Ji = [0 , 0 , (a2
i,1−b2

i,1)/2 , ai,1bi,1]
T ,

Ki,1 = [0 , 0 ,
(
3a3

i,1 +3ai,1b2
i,1
)
/4 ,

(
3a2

i,1bi,1 +3b3
i,1
)
/4]T ,

Ki,3 = [0 , 0 ,
(
a3

i,1−3ai,1b2
i,1
)
/4 ,

(
3a2

i,1bi,1−b3
i,1
)
/4]T .

(44)

Substituting (35) and (40) into (32) results in the approx-
imation of h̃is(t) and ṽis(t). Then, the CCC cascade is head-
to-tail string stable if

ϒn,0(vamp,ω) = ‖ṽns‖∞/‖ṽ0‖∞ ≤ 1 , ∀ω ≥ 0 , (45)

cf. (6). Here, ‖ṽ0‖∞ = vamp while ‖ṽns‖∞ can be numerically
obtained for t ∈ [0,2π/ω]. Note that the amplification ra-
tio ϒn,0(vamp,ω) in (45) depends on both the disturbance
amplitude and the frequency due to nonlinearities. This
is different from the amplification ratio obtained using a
linearized model (see, e.g., [4]), which only depends on the
disturbance frequency. Therefore, the string stable domains
obtained at nonlinear level may change as the disturbance
amplitude varies.

IV. STABILITY DIAGRAMS AND SIMULATIONS

In this section, we consider a CCC cascade of 31 vehicles;
see Fig. 2 with n = 30. We assume that the communication
delay is σ = 0.2 [s] and the headways are bounded in the
domain D = {h : 13≤ h≤ 27}. We remark that considering
larger domain D leads to a smaller stable region in the plane
of control gains. Since the stability conditions presented
in this paper are sufficient for stability, the system may

Fig. 3. Stability diagrams for different disturbance amplitudes as indicated.
Nonlinearly plant stable domain (light gray) and string stable domain (dark
gray) are enclosed by solid red and blue boundaries that result from (18)
and (45), respectively. Linearly plant stable and string stable domains are
enclosed by dashed-dotted red and blue curves, respectively.

still be stable for states outside the domain D . Stability
diagrams are shown in Fig. 3 for disturbance amplitudes
vamp = 1 [m/s] and vamp = 6 [m/s]. The plant stable domain
(light gray) enclosed by red solid curves is obtained by
(18). The blue solid boundary results from (45). Since plant
stability is a precondition for string stability, the string stable
domain (dark gray) is the overlap between the plant stable
domain and the region enclosed by blue solid curve. Here,
the domains enclosed by dashed-dotted red and blue curves
are the plant and string stable domains obtained using the
linearized model shown in [4], which do not change with
the disturbance amplitude. Fig. 3(a) shows that the linear
and the nonlinear string stable domains are similar when the
disturbance amplitude is small, but the difference increases
for large disturbance amplitudes; see Fig. 3(b).

To demonstrate the system performance, we select the
points A–C in Fig. 3(a). The initial conditions are given
by hi(t) ≡ 20 [m] and vi(t) ≡ 20 [m/s] for i = 1, . . . ,30
and t ∈ [−σ ,0]. When evaluating plant stability, we as-
sume constant speed of head vehicle v0(t) ≡ 22.5 [m/s].
Simulations in Fig. 4(a,b) correspond to points A and B.
Note that case A is plant unstable although it is in the
linearly plant stable domain. This indicates that the linear
stability of the equilibrium cannot ensure the stability of
the nonlinear system for large perturbations. To investigate
head-to-tail string stability, we assume sinusoidal disturbance
on the speed of head vehicle v0(t) = 22.5 + vamp sin(ωt)
where vamp = 1 [m/s] and ω = 0.8 [rad/s]; cf. (5). The
simulations in Fig. 4(c,d) indicate that case B is head-to-tail
string unstable but head-to-tail string stability is achieved in
case C. Fig. 4(c) also shows that the steady-state speed of
tail vehicle is periodic with the same frequency as the speed
of head vehicle.

For nonlinear systems, bistability may occur, indicating
that the system is stable for small disturbances but loses
stability for large disturbances. Here, we choose point D
in Fig. 3(b) to demonstrate this phenomenon. We assume
v0(t) = 22.5+ vamp sin(ωt) where ω = 0.4 [rad/s]; cf. (5).
Simulations in Fig. 5(a,b) show that the system is string
stable for vamp = 1 [m/s] but string unstable for vamp = 6
[m/s]. This indicates that the linear string stable domain is
not applicable for large disturbances while it can be used
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Fig. 4. Simulation results for CCC cascade. (a,b): cases A and B for plant
stability. (c,d): cases B and C for string stability. Black dash-dotted and solid
curves denote the speeds of the head and the tail vehicles, respectively.

when disturbances are small. In Fig. 5(c–f), we compare
the numerical simulations of the tail vehicle (black curve)
with the corresponding linear approximation (red curve)
and nonlinear approximation (blue curve). When vamp = 1
[m/s], both linear and nonlinear approximations track the real
steady state well; see Fig. 5(c,e). When vamp = 6 [m/s], the
error between the numerical simulation and the approxima-
tions becomes significant. However, compared with the linear
approximation, the peak value of nonlinear approximation is
much closer to the peak value of the real steady state; see
Fig. 5(d,f). Since ‖ṽns‖∞ determines the string stability, the
nonlinear string stable domains in Fig. 3 can approximate the
exact stable domain well for large disturbance amplitudes.

V. CONCLUSIONS

In this paper, we investigated the nonlinear dynamics of
connected vehicle systems in presence of communication
delays caused by intermittency and packet drops in vehicle-
to-vehicle communication. Delay-dependent sufficient condi-
tions for plant stability and head-to-tail string stability were
derived based on the Lyapunov-Krasovskii theory. Simula-
tions were conducted to validate the stability conditions for
large disturbances. In the future, the present work will be
extended by investigating effects of connectivity structures
on the dynamics of heterogeneous vehicle networks.
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