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Abstract— This paper presents a method for designing a 

controller that achieves the best positioning performance while 
maximizing the energy efficiency of a redundantly-actuated 
hybrid feed drive. A two degree-of-freedom controller, consisting 
of a feed forward (FF) controller for tracking and a feedback (FB) 
controller for regulation, is assumed. It is shown that the ideal FF 
controller, which achieves perfect tracking with maximum 
efficiency, is not always stable. Therefore, a method for designing 
a stable FF controller that achieves perfect tracking with near 
optimal efficiency is proposed. Furthermore, the optimal 
relationship between FB control inputs, which guarantees 
maximum efficiency for any specified regulation performance, is 
derived. Two approaches for using the derived optimal 
relationship to synthesize a FB controller that achieves the best 
positioning performance while maximizing efficiency are 
proposed. Simulations and machining experiments are conducted 
to demonstrate the effectiveness of the proposed energy-efficient 
FF and FB controller design methods. Significant improvements 
in energy efficiency (without sacrificing positioning performance) 
are reported.  
 

Index Terms— Energy Efficiency; Control Structure Design;   
H2/H∞ Optimization; Hybrid Feed Drive; Redundant Actuation  

I. INTRODUCTION 

eed drives are used for coordinated motion delivery in 
manufacturing machines. Consequently, their positioning 

accuracy and speed are critical to the quality and productivity 
of a variety of manufacturing processes [1]. Moreover, they 
account for a significant portion of the energy consumption of 
manufacturing machines [2], [3]. Therefore, a lot of work has 
been done in the literature related to improving their energy 
efficiency, e.g., [4]–[10]. It is however recognized that, to 
achieve truly sustainable manufacturing, improvements in 
energy efficiency must be achieved without unduly sacrificing 
quality and productivity [11]. 

 Most machine tools utilize screw drives (SDs) for actuating 
their feed axes [1]. The reason is that SDs are cost effective and 
have high mechanical advantage which allows them to support 
high cutting (i.e., machining) forces with very low energy 
consumption [12], [13]. The speed and accuracy of SDs are 
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however limited because of mechanical issues like vibration, 
wear, backlash and geometric errors of the screw and 
associated mechanical components [1], [13]. To mitigate these 
shortcomings, linear motor drives (LMDs) are increasingly 
being resorted to [13]–[18]. LMDs can achieve higher speeds 
and accelerations than SDs and are not subject to the 
inaccuracies caused by geometric errors, wear and structural 
deformations arising from the screw and other mechanical 
components like bearings, couplers and nuts that are connected 
to it [1], [13]. LMDs are therefore generally more precise than 
SDs. However, because they provide no mechanical advantage, 
they consume a lot more electrical energy to support cutting 
forces than SDs, thus significantly increasing the energy 
consumption of the machine [15].   

When two or more actuators provide complementary 
benefits (as in SDs and LMDs), it is not uncommon to resort to 
hybrid feed drives (HFDs). In HFDs, dissimilar but 
complementary actuators are synergistically combined to meet 
conflicting requirements with little or no tradeoff. HFDs are 
most commonly designed with actuators that act in series to 
achieve long-range coarse motion and short-range fine motion, 
thus improving positioning speed and precision [19]–[24]. A 
relatively uncommon configuration of HFDs is the parallel 
HFD, where two dissimilar actuators are coupled together in 
parallel. For example, Shinno et al. [25] developed a tilting 
platform consisting of a pneumatic actuator and a couple of 
voice coil motors, in order to simultaneously generate 
high-precision and high-torque motions. Frey et al. [26] 
proposed a parallel HFD consisting of an SD and an LMD, 
which was controlled to actively damp the axial vibration of the 
SD. Okwudire and Rodgers [27] proposed a parallel HFD 
which synergistically combined an LMD and an SD to achieve 
speeds and accuracies similar to LMDs while consuming up to 
80% less energy [27], [28]. However, the controller design 
technique they employed was ad hoc and could not guarantee 
that the best positioning performance and/or energy efficiency 
was achieved.  

Well-established controller design techniques, like LQR [5] 
and mixed sensitivity H2/H∞ synthesis [29], can be employed to 
systematically design energy optimal controllers. Such 
techniques depend on user-defined weighting functions or 
matrices which are used to trade off conflicting requirements 
(e.g., positioning performance and energy efficiency) [5], [29], 
[30]. However, the methods do not provide a clear means of 
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One major challenge that arises with the energy optimal FF 
controller (given by (8)) is that, even though each element of G 
is minimum phase, the transfer function Gff may have 
non-minimum phase (NMP) zeros, as such, it may not have a 
stable inverse. There are several methods in the literature for 
calculating a stable approximation for the inverse for a transfer 
function with NMP zeros (e.g., [39]–[41]). Amongst them, the 
most notable is Tomizuka’s zero phase error tracking control 
(ZPETC) [39]. ZPETC determines a stable inverse such that 
there are no errors in phase across all frequencies; however, it 
gives rise to errors in gain compared to the exact inverse. If the 
numerator and denominator polynomials of Gff are represented 
by Bff and Aff, respectively, its stable inverse with zero phase 
error is given by 

1
2

( ) ( )
,

( ) (0)
ff ff u

ff zpetc
ffs ffu

A s B s
G

B s B




  (10) 

where Bffs and Bffu represent the stable and unstable portions of 
Bff. Note that (10) represents the continuous-time equivalent of 
Tomizuka’s discrete-time ZPETC [39].  

The problem with the approximate inverse of (10) is that it 
sacrifices energy optimality as well as perfect tracking because 
it satisfies neither (5) nor (7); this is also the case for the other 
similar approximate inversion methods available in the 
literature (e.g., [40], [41]). We therefore seek a minimum phase 
approximation for Gff that can guarantee perfect tracking while 
maintaining near energy optimality. To determine such a near 
energy optimal (NEO) FF controller, let the minimum energy 
condition of (7) be re-written as    

2 12

1 2

,ff ff
ff

ff ff

u u
K

u u





    (11) 

where Kff is a gain. The implication of (11) is that energy 
optimality is sacrificed by making the variation of the energy 
functional in (7) to be non-zero by introducing Kff. Combining 
the perfect tracking constraint of (5) with (11), we get 
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2 1 2
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u K G G u u G x
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It can be shown that there always exists a Kff œ [0, ∞) that 
makes Gff−neo to be minimum phase. To do this, let us re-write 
Gff−neo as 

 1 2 2 2
22 22 21 21 22 .ff neo ffG G G G K G G

     (13) 

Therefore, the zeros of Gff−neo can be obtained from the the roots 
of the polynomial 

     2 2 2
22 21 21 22num num num ,ffG G K G G   (14) 

where num is a function that returns the numerator of the 
transfer function in its argument. Notice that (14) is in the 
standard form for root locus analysis. When Kff = 0, the zeros of 
Gff−neo are the same as those of Gff. However, as Kff →∞, the 
zeros of Gff−neo approach the zeros of G22G21 which, according 
to (3), are always minimum phase. Since the objective 
functional of (6) is quadratic, near optimality is achieved by 
selecting the smallest value of Kff that makes the poles of 

G−1
ff−neo stable, and provides sufficient damping to prevent 

ringing due to poorly damped poles [39]. Note that if Gff is 
minimum phase, Kff = 0 becomes the default solution for Kff, in 
which case Gff−neo equals Gff, which is the energy optimal 
solution. Given Kff, xr1 can be calculated as 
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x G u G u

G K G G G G x  


 

  
 (15) 

B. Design of Energy-efficient FB Controller 

For the regulation problem, xr and uff are ignored such that u 
= ufb can be written as 

,fb  u Kz  (16) 

where z is the extended state vector of the HFD defined as 

 T

2 1 2 1 2 2 2;    .i ix x x x x x x dt z     (17) 

Observe that z contains all four states of the two-mass model of 
the HFD, plus an additional state, x2i, representing the integral 
of the table’s position signal, added to ensure zero steady-state 
regulation of the table’s position. Let us assume that K is a full 
state FB matrix which can be expressed as 

11 12 13 14 15

21 22 23 24 25

,
K K K K K

K K K K K

 
  
 

K  (18) 

where K11…K25 are its gains. This means that the general form 
of Cfb, indicated in Fig. 3, can be written as 

12 14 11 13 15

22 24 21 23 25

( ) .fb

K K s K s K K s
s

K K s K s K K s

   
     

C  (19) 

In the rest of this section, we will show that there always exists 
some redundancy in the general form of Cfb, in terms of 
achieving the best FB positioning performance. We therefore 
propose a systematic method for using the available 
redundancy to maximize actuator efficiency without sacrificing 
positioning performance. 

1)  Redundancy in Achieving Best Positioning Performance 

Recall that it is the precise positioning of the table (i.e., x2) 
that is of primary concern for the HFD. Therefore, the goal of 
the FB controller is to minimize the effect of disturbance d on 
e2. This objective can be written as 

min   s.t. stability constraints,e dJ W  S  (20) 

where ║·║ represents a suitable norm (e.g., H2 or H∞), We is a 
scalar weighting function of s that indicates the frequencies in 
e2 that are of utmost importance, and Sd is defined as a scaled 
version of the closed loop (CL) disturbance transfer function 
from d to e2, given by the expression 

  1
0 1 ,d fb d


    S I GC GW  (21) 

where I is the identity matrix and Wd = diag({d1,max, d2,max}) is a 
matrix that scales d1 and d2 by their respective maximum 
values, d1,max and d2,max, so that their magnitudes are 
comparable when calculating the norm of (20) [29].  

Let J* represent the minimum value of J obtained using the 
full state (i.e., unstructured) FB matrix K of (18); it represents 
the best positioning performance that can be achieved using Cfb 
defined in (19). The corresponding optimal CL disturbance 
transfer function, Sd

*, can be expressed as 
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T
* *
24 22 1,max

*
*

2 * *
1 1 14 12 2,max

* * 5 * 4 * 3 * 2 * *
,5 ,4 ,3 ,2 ,1 ,0

1
;

.

d
cl

cl cl cl cl cl cl cl

s c K s k K d

D s m s b c K s k K d

D a s a s a s a s a s a

          
        

    

S



 (22) 

The coefficients of D*
cl are functions of K*

11…K*
25 and the 

plant parameters; their expressions are given in the Appendix. 
Note that the asterisk attached to the gains indicates that they 
are the optimal gains. A sufficient (but not necessary) condition 
to achieve J*, irrespective of the type of norm or weighting 
function (We) used in (20), is to match the numerator and 
denominator coefficients of Sd

*. Matching these coefficients 
mathematically means that the gain matrix K, with 10 degrees 
of freedom (i.e., 10 gains to be determined), should satisfy 9 
linear/bilinear equations; 4 for the numerators of Sd

* and 5 for 
their common denominator. Therefore, at least 1 gain in K is 
redundant. 

In practice, it is not uncommon for the condition d1,max << 
d2,max to hold. This is because d1 is primarily the result of 
Coulomb friction in the bearings of the rotary motor, which is 
often of much smaller magnitude than the largest cutting force 
magnitude associated with d2. Even when the Coulomb friction 
of the bearings is non-negligible, it can be measured and 
cancelled out reliably through feed forward friction 
compensation so that the FB controller does not have to deal 
with it. One can therefore conveniently consider d1,max ≈ 0, such 
that Sd

* is reduced to a scalar transfer function which can be 
matched using 7 gains. This leaves at least 3 redundant gains to 
achieve J*.  

2)  Use of Redundant Gains for Optimizing Efficiency 

The set of all FB control inputs, ufb, that yield the same e2 
under the influence of a given disturbance input, d, must satisfy 
the relationship 

   2 21 1 1 22 2 2

21 1 22 2 0.

fb fb

fb fb

x G u d G u d

G u G u 

   

  
 (23) 

where δd1 = δd2 = δx2 = 0 because they are each specified, even 
if unknown, functions of time. Also, the most efficient control 
inputs must minimize the energy functional, 

2 2

1 2 1 2
1 22 2

1 2 1 2

0.fb fb fb fb
fb fb

m m m m

u u u u
dt u u

K K K K
 

                   
     (24) 

Notice that (23) and    (24) are the same constraints expressed 
for the FF controller in (5) and (7), respectively.  Combining 
(23) and    (24) we get 

1 2 21

2 22

;     .fb

fb

u G

u G
     (25) 

The implication of (25) is that to satisfy a given e2 requirement 
at maximum efficiency, the control inputs are bound by an 
optimal transfer function relationship given by β. This result is 
very powerful and can be used to directly or indirectly 
determine a FB controller that achieves the best performance, 
J*, more efficiently than the optimal full state FB controller. 

a. Energy-efficient FB Controller Design  − Direct Approach  

The direct approach seeks to structure K such that (25) is 

satisfied (as much as possible) without compromising J*. To do 
this, note that ufb can be written as 

   T 1

1 2

,   

,     ,

fb u

u fb fb dd d




 

u S d

d S C I GC GW 
 (26) 

where 1 2, [ 1,  1]d d    represent the scaled values of d1 and d2, 

respectively. Combining (26) with (25), we get the relationship 
that must be satisfied by the elements of the re-structured K in 
order to maximize efficiency; it is given by 

 
  

1 2

T T T
1 1 2 2 1 2 2 1max

T T T
2 1 1 1 2 1 2 2 max

0

0

0

fb fbu u

d

d







 

    
   

K QK p K p K

p K K QK p K





 (27) 

where 

 

 

 

 

 

2
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2 3
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K  T

1 2 3 4 5 1,2 .i i i iK K K K i   

 

(28) 

Substituting s = jω into Γ1(s) and Γ2(s) in (27) (where ω 
represents the frequency content of d), we get a pair of 
complex-valued equations which are bilinear with respect to 
the elements of K. The real and imaginary parts of both 
equations must equal zero at every ω contained in d in order to 
attain optimal efficiency. Obviously, K may not have enough 
redundant gains to satisfy the equations for every ω contained 
in d. Therefore, one can maximize efficiency using the 
available redundancy by determining the K that minimizes the 
least-squares objective 

H
_

stability constraints
min ( ) ( ) s.t. ,

*ee d
e d

J j j
W J

 

   

Γ Γ
S

  (29) 

where Γ = [Γ1(jω), Γ2(jω)]T and the superscript H represents the 
Hermitian transpose. If needed, the least squares objective in 
(29) can be weighted to emphasize some frequencies over 
others.  

b. Energy-efficient FB Controller Design − Indirect Approach  

The traditional approach for enforcing an energy efficient 
structure in K is to optimize for energy efficiency with 
positioning performance constraints; i.e., 

stability constraints
min   s.t. ,

*ee in u u
e d

J
W J

      
W S

S
  (30) 

where Su is the transfer function matrix from input d  to output 
ufb as defined in (26), Wu is a diagonal weighting matrix whose 
elements reflect knowledge about the relative efficiencies of 
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ωB = 200π rad/s (indicating that we want integral action to taper 
off beyond 100 Hz). 

The HFD is assumed to be perfectly modeled by G, and the 
table-side disturbance force, d2, is assumed to be a harmonic 
cutting force at 60 Hz, with an additional DC component; it is 
given by 

 

2( ) 200 200sin(120 )  [N].d t t   (34) 
However, as discussed in Section III.C, applying the 
optimization of (20) to G could yield infinitely large gains. 
Therefore, a 7th order Butterworth low-pass filter, with cutoff 
frequency of 1000 Hz, is applied to each element of G before 
carrying out the H∞ optimization in order to have finite stability 
limits. The default stability settings of MATLAB’s hinfstruct 
command are maintained for the optimization. The resulting 
Sd

*(1,2) (scaled by 1/d2,max) is plotted in Fig. 9(a) and the 
elements of the optimal full state FB gain matrix (i.e., K*) are 
given in Table III. Note that only Sd

*(1,2) is shown in the figure 
because Sd(1,1) = 0 based on the assumption that d1,max = 0. 

Fig. 9(b) shows the optimal transfer function relationship, β, 
for the HFD. It requires the magnitude of the ratio ufb1/ufb2 to be 
50.3 dB at ω = 0, and to be 23.5 dB at ω = 120π rad/s. In 
employing β for energy efficiency optimization of K, we have 
chosen to use Sd

* instead of its infinity norm, J*, as the 
performance constraint in (29) and (30). This is done in order to 
ensure that the exact same regulation performance as the 
optimal full state FB controller is achieved at all frequencies. 
Therefore, using (22), we derive 7 constraint equations to 
ensure that the poles and zeros of Sd

*(1,2) are matched with 7 
out of the 10 gains of K, leaving us with 3 redundant gains. To 
obtain the energy efficient controller using the direct method 
(i.e., EE direct), one of the remaining 3 gains is used to 
perfectly enforce (27) at ω = 0. In theory, the last two gains 
could be used to satisfy the real and imaginary parts of (27) at ω 
= 120π rad/s, but the equations are highly nonlinear and 
difficult to solve analytically. Therefore, the remaining two 
gains are used to minimize Jee-d (i.e., (29)) at ω = 120π rad/s. 
The elements of the resulting gain matrix are given in Table III.  

To determine the energy efficient controller using the 
indirect method (i.e., EE indirect), MATLAB’s hinfstruct 
command is used to minimize the H∞ norm of (30). A weighting 
function given by Wu = Wωdiag([1, β]) is selected, where Wω is 
a weighting filter designed to emphasize frequencies ω = 0 and 
ω = 120π rad/s contained in d2. It is defined as 

2

2 2
,

2
n

e
n n

W W
s s


 


 

 (35) 

Note that We is the exact same filter defined in (33); it is used in 
Wω to place a higher weight on frequencies close to ω = 0. The 
second-order filter multiplying We is designed with ωn = 120π 
rad/s and ζ = 8.2×10−6, such that its magnitude at resonance is 
equal to We(0). The constraint equations that were used to 
match the poles and zeros of Sd

*(1,2) for the EE direct method 
are used to structure K within MATLAB’s hinfstruct function 
so that Sd

*(1,2) is also matched perfectly in EE indirect. The 
elements of the resulting FB gain matrix are reported in Table 
III. 

Fig. 9(a) compares the magnitudes of Sd(1,2)/d2,max for the 

EE direct and EE indirect controllers to the original 
Sd

*(1,2)/d2,max determined based on the optimal state FB 
controller; the plots are coincident, indicating that all three 
methods achieve the best positioning performance at all 
frequencies. Fig. 9 (c) and (d) respectively compare 
Su(1,2)/d2,max and Su(2,2)/d2,max for the three methods. Notice 
that Su(1,2)/Su(2,2) = 50.3 dB for the EE direct controller, 
meaning that it perfectly matches β at ω = 0. However, at ω = 
120π rad/s, it achieves a Su(1,2)/Su(2,2) ratio of 32 dB instead 
of the 23.5 dB stipulated by β, due to errors in the least squares 
solution applied at that frequency. The EE indirect controller 
does not perform as well as the EE direct in terms of matching 
β. This is because, in determining the gain matrix for the EE 
indirect controller, the hinfstruct command was initialized with 
the gain matrix of the optimal full state FB controller (i.e., K*). 
Comparing the elements of the full state FB controller’s gain 
matrix to those of the EE indirect controller in Table III, one 
can conclude that the gradient-based algorithm used in 
hinfstruct may have gotten stuck in a local minimum close to its 
initial value, thus preventing it from reaching a better solution.  
This is a well-known limitation of gradient based methods 
when performing non-convex optimizations. It could be 
mitigated by testing various initial values in hopes of finding 
other local minima. Note that the direct method was also 
initialized with the elements of the full state FB matrix, when 
performing the nonlinear least-squares optimization of (29). 
Therefore, its solution could also get stuck in local minima 
around its starting point, but it appears from Table III that its 
gains are quite different from those of the full state FB matrix.    

The expression 
2 2

2

2
1 2.max 2.max0 120

1 (2, ) 1 (2, )
200 200 ,

2

T T
u u

i mi

i i

K d d
    

                 
 S S

 (36) 

representing the sum of the average power at ω = 0 and ω = 
120π rad/s of each actuator’s steady-state response to d2(t) 
given in (34), is used to calculate the average power dissipated 
in heat by each FB controller. The results are shown in Table 
IV. EE direct and EE indirect are respectively 60% and 33% 
more efficient than the full state FB method. Fig. 10 compares 
the ratio of the average power of the EE direct and EE indirect 
based controllers, relative to that of the full state FB controller, 
using a disturbance input of d2(t) = sin(2πft). The EE direct 
controller is much more efficient than the full controller from f 
= 0 through f = 44 Hz, after which it becomes less efficient. 
Note that its relative efficiency is 8 dB worse at f = 60 Hz, due 
to the aforementioned errors in the least square solution. The 
EE indirect controller, on the other hand, is more efficient than 
the full controller at all frequencies, but only by a very small 
(0.6 dB) margin (except at f = 0 and f = 60 Hz where it shows 
slightly better relative efficiencies of 4.2 dB and 0.8 dB, 
respectively). 
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have been used to demonstrate the benefits of the proposed 
approaches in significantly improving energy efficiency 
without sacrificing positioning performance for a 
redundantly-actuated HFD. The proposed FF and FB controller 
design methods are general enough to apply to any plant (HFD) 
that is dual input, controllable and minimum phase with 
positioning performance defined on one of its outputs. Future 
work will seek to generalize the proposed methods to plants 
with more than two inputs. Performance and stability issues 
that could arise when the HFD studied in this paper switches 
rapidly between its two modes of operation will also be 
investigated. 
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