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Foreword

These are lecture notes from a graduate course I taught in Spring 2011. They
cover some elementary topics related to Hasse-Weil zeta functions. I hope to add in
the near future a second part, largely independent of the first one, covering p-adic
and motivic zeta functions.
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CHAPTER 1

Introduction: An overview of zeta functions

Zeta functions encode the counting of certain objects of geometric, algebraic,
or arithmetic behavior. What distinguishes them from other generating series are
special analytic or algebraic properties.

Zeta functions come up in a lot of area of mathematics. The ones we will deal
with come in two flavors: local and global. Here local means relative to a prime p
in Z, or in some ring of integers in a number field. In this case, one expects the
zeta function to be a rational function, in a suitable variable. By a global zeta
function we mean an object that takes into account all primes. In this case one
expects to have a product formula in terms of local factors. The basic example is
the well-known factorization of the Riemann zeta function:

1\t
=TI (1) -
pprime

A good understanding of the local factors of the zeta function can be used to show
that the global zeta function is defined in some region {s € C | Re(s) > n}, and
then there are fundamental questions regarding analytic continuation and the ex-
istence of a functional equation. Again, the model is provided by the Riemann
zeta function. However, very little is known in a more general setting. The gen-
eral philosophy is that the analytic properties of the zeta function encode a lot of
information about the geometric/arithmetic/algebraic of the object that is studied.

In what follows we give an overview of the types of zeta functions that we will
discuss in the following chapters. In all this discussion, we restrict to the simplest
possible setting.

1.1. The Hasse-Weil zeta function

This is one of the most famous zeta functions, and it played an important role
in the development of algebraic geometry in the twentieth century. It is attached
to a variety over a finite field, say kK = F,. Suppose, for simplicity, that X C A} is
a closed subvariety defined by the equations fy,..., f4.

For every m < 1, let

Ny i= {u € X(Fgn)| = {u € Fiu | fi(u) = 0for alli}|.
The Hasse-Weil zeta function of X is

Z(X,t)=exp | Y %tm € Qlt].

m>1

A fundamental result is that Z (X t) is a rational function. This was conjectured
by Weil in [ ], who also proved it for curves and abelian varieties in | ]

1



2 1. INTRODUCTION: AN OVERVIEW OF ZETA FUNCTIONS

The general case was proved by Dwork in | ]. Another proof in the case of
smooth projective varieties was later given by Grothendieck and its school using
étale cohomology, see | ]. Both the methods of Grothendieck and of Dwork have
been extremely influential for the development of arithmetic geometry.

When X is a smooth projective variety, Zx (t) satisfies

e The functional equation.
e A connection with the Betti numbers defined over C.
e An analogue of the Riemann hypothesis.

These three properties, together with the rationality mentioned above, form the
Weil conjectures | ], now a theorem of Grothendieck [Gro] and Deligne | ].
See §2.4 for the precise statements.

1.2. The zeta function of an arithmetic variety

Suppose now that X C A% is defined by the ideal (f1,..., fa) C Z[z1,..., 2y
For every prime p, we may consider fi,..., fs € F,[z1,...,2,] defining X, C Ag
and the corresponding Z(X,,t). One then defines

Lx(s) =] 2(Xp, 1/p).

pla

If X C A}, then we may assume that the equations defining X have coefficients
in some localization Z[1/a], where a is a positive integer. In this case we may still
define X;, when p does not divide a, and we obtain Lx as above, by taking the
product over those p that do not divide a (this definition on the choice of a, but
for us this is not important).

Let us consider the case X = SpecQ, when we may take X, = SpecF,, for
every prime p. Note that

te

Z(X,,t) =exp Z ~ = exp(—log(l1 —t)) = (1 —t)~".

e>1

-1
Therefore Lx(s) =], (1 - pi) = ((s) is the Riemann zeta function.

In general, it is not hard to see that Lx is defined in some half-plane {s €
C | Re(s) > n} (we will discuss this in Chapter 6, giving a precise value for 7,
as a consequence of the Lang-Weil estimates, which in turn follow from the Weil
conjectures for curves).

It is conjectured that if X is a smooth projective variety over Q, then Lx has
an analytic continuation that is a meromorphic function. One also expects that
after a suitable normalization (necessary for taking into account the infinite prime
and the primes of bad reduction) Lx satisfies a functional equation. Very little
is know in this direction. Both properties are known for P™ and related varieties
(such as toric varieties or flag varieties). The case of elliptic curves is known as a
consequence of the Taniyama-Shimura conjecture (proved by Wiles | ], Taylor-
Wiles | | and Breuil-Conrad-Diamond-Taylor | 1), which implies that in
this case Lx can be described as the L-function attached to a modular form.
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1.3. The Igusa zeta function

Suppose now, for simplicity, that p is a prime in Z, and X — A%p is defined
by f € Zp[z1,...,x,]. The Igusa zeta function of f is defined by

2(s) = [\l
Zy
This is defined using the p-adic absolute value |-|, and the Haar measure on Zj,. It is
easy to see using the definition that Z; is analytic in the half-plane {s | Re(s) > 0}.
Let us give some motivation for this definition.

1.3.1. The Archimedean analogue of Z;. The following analogue in the
Archimedean setting (over R or C) appeared before Igusa’s zeta function, in the
setting of complex powers. Suppose, for example, that f € R[zy,...,2,], and we
want to define |f(x)]* for s € C as a distribution.

Given a test function ®, consider the map

s — |f(2)]°®(x)dz.
R?’I,

It is not hard to see that this is well-defined and analytic in the half-space {s € C |
Re(s) > 0}. Gelfand conjectured that it has a meromorphic continuation to C.

This conjecture was proved by two methods. The first solution, given indepen-
dently by Atiyah [Ati] and by Bernstein-Gelfand [BG], used Hironaka’s theorem
on resolution of singularities. This essentially allows replacing f by a monomial, in
which case the assertion can be easily proved via integration by parts. A second
proof due to Bernstein | | directly used integration by parts, relying on the exis-
tence of what is nowadays called the Bernstein-Sato polynomial of f (in the process
of proving the existence of this polynomial, Bernstein established the basics of the
algebraic D-module theory).

1.3.2. The Poincaré power series of f. For every m > 0, let

em o= {u e (Z/p™2)" | f(u) = 0}

(with the convention cp = 1). The Poincaré series of f is Py 1= 3 -, t™ €
Q[t]. It was a conjecture of Borevich that Py is a rational function.

It is not hard to see, using the definition of the Haar measure on Z; that
1-— th (S)

11—t 7
where ¢t = (1/p)°. The usefulness of the integral expression for Py via Zy is that
allows the use of the same methods employed in the Archimedean case. Using
embedded resolution of singularities and the change of variable formula for p-adic
integrals, Igusa showed that Z;(s) is a rational function of (1/p)®, see [Igu]. In
particular, this proved Borevich’s conjecture about the rationality of Py.

Note that if X = V(f) is smooth over Z,, then the information contained in

Py is equivalent with that of X (F,). It is remarkable, in fact, that in general the
behavior of Py can be linked to invariants of singularities of f. Since an embedded
resolution of singularities comes up in the proof of rationality, it is maybe not too
surprising that invariants that come up via resolutions are related to the poles
of Z¢. On the other hand, a very interesting open problem in this field, due to
Igusa, concerns a relation between these poles and the roots of the Bernstein-Sato

Py(t) =
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polynomial of f (compare with the Archimedean case; note, however, that there is
no analogue of integration by parts in the p-adic setting).

One can define a global analogue of Igusa’s zeta function, though this has been
a lot less studied. Suppose that f is a polynomial with coefficients in Z (or, more
generally, in a ring of integers in some number field). For every prime p, we may
consider the image f, of f in Z,[x1,...,z,], and the corresponding zeta function
Zy,(s). If a, is the constant coefficient of the power series in (1/p)® representing
Zy,(s), then one can define

Z(s) := H (a;lpr(s)).

p prime

All non-trivial results concerning Z are due to du Sautoy and Grunewald | ]
They showed that this function has a rational abscissa of convergence, and that it
can be meromorphically continued to the left of this abscissa. However, it is known
that even in simple examples, Z does not have a meromorphic continuation to C.
It is also not clear how properties of the singularities of f can be recast into analytic
properties of Z.

1.4. Motivic versions of the above (local) zeta functions

Both the Hasse-Weil zeta functions and the Igusa zeta functions have mo-
tivic versions. In this setting, motivic means working with coefficients in the
Grothendieck ring of varieties over a field k. Recall that this is the quotient
Ky(Var/k) of the free abelian group on the set of isomorphism classes of varieties
over k, by the relations

[X] = Y]+ [X \ Y],

where Y is a closed subvariety of X.

The motivic analogue of the Hasse-Weil zeta function was introduced by Kapra-
nov | ]. If k is any field, and X is a variety over k, let Sym™(X) denote the n't
symmetric product of X. Kapranov’s zeta function is

Zimot(X, 1) := Y [Sym™ (X)]t" € Ko(Var/k)[t].

n>0

If k is a finite field, then there is a ring homomorphism Ky(Var/k) — Z, that
takes [V] to |V (k)|. One can show that the induced map Ko(Var/k)[t] — Z[t]
takes Zmot(X,t) to Z(X,t). Kapranov proved in | | that if X is any curve,
then Znot(X,t) is a rational function. On the other hand, Larsen and Lunts [L11]
showed that if X is a smooth complex surface, then Z,,.¢ (X, t) is rational if and only
if X has negative Kodaira dimension. However, it is still open whether Zy,o4(X,t)
is always rational when inverting the class L of Al in Kq(Var/k).

Igusa’s zeta function also has a motivic version, due to Denef and Loeser, see
[DL]. The idea is to replace Z, by C[¢t] (in this case f is a polynomial with complex
coefficients). The space of integration Z7 is replaced by (C[t])", and p-adic integrals
by the so-called motivic integrals. Once the framework of motivic integration is in
place, the results about Igusa’s zeta function extend to this framework without
much effort.
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1.5. Zeta functions in group theory

1.5.1. Subgroup growth zeta functions. Let G be a finitely generated
group. For every n > 1, put a,(G) := |{H < G | [G : H] = n}, and let

_ an(G)
Cals) =) R
n>1
This is a global type of zeta function.
The following facts are known:

o If GG is solvable, then (¢ is analytic in a half-plane of the form

{s | Re(s) > a(G)}.

e If GG is nilpotent, then there is a product formula

H gG’,p

p prime

where (G p(s) = >,50 %;T(SG). Furthermore, each (¢, is a rational func-
tion of (1/p)*.

A key point in the study of (g ,(s) is the fact that it can be computed by a
p-adic integral, very similar to the ones that come up in the definition of Igusa zeta
functions. A fundamental problem concerns the behavior of (¢, when p varies. In
general, it turns out that this can be rather wild. Some of the key results in the
understanding of this variation of (g, are due to du Sautoy and Grunewald | ]
For some recent developments concerning functional equations in this context, see
[Voll].

Similar zeta functions can be defined to measure the rate of growth of other
algebraic subobjects. For example, this can be done for Lie subalgebras of a Lie
algebra that is finitely generated as an abelian group over Z, or for ideals in a
ring that is finitely generated as an abelian group over Z. The corresponding zeta
functions have similar properties with the ones measuring the rate of growth of
subgroups, see | ].

1.5.2. Representation zeta functions. Given a group G, let r,(G) denote
the number of equivalence classes of n-dimensional representations of G' (with suit-
able restrictions: for example, the representations are assumed to be rational if G
is an algebraic group). The representation zeta function of G is

Crep( ) Z rn(G) .

ns
n>1

An interesting example is given by G = SL,,(Z). One can show that if n > 3,

then
G5t ®) =Gt ® - 11 Gz )

p prime
It is somewhat surprising that in the few known examples, the dependence on p
of the p-factors of the representation zeta function is better behaved than in the
case of the subgroup growth zeta functions. Again, a key ingredient in the study
of the the p-factors is given by p-adic integration. We refer to [ ] for some
interesting new results on representation zeta functions.






CHAPTER 2

Basics of Hasse-Weil zeta functions

In this chapter we introduce the Hasse-Weil zeta function, prove some elemen-
tary properties, and give the statements of the Weil conjectures. Before doing this,
we review some basic facts about finite fields and varieties over finite fields.

2.1. Review of finite fields

Recall that if k is a finite field, then |k| = p© for some e > 1, where p = char(k).
Furthermore, two finite fields with the same cardinality are isomorphic. We denote
a finite field with ¢ = p® elements (where p is a prime positive integer) by F,.

Let us fix k = F,. Given a finite field extension K/k, if r = [K : k|, then
|K| = ¢". Conversely, given any r > 1, there is a field extension k < K of degree r.
Furthermore, if ¥ — K’ is another such extension, then the two extensions differ by
an isomorphism K ~ K’'. More generally, if [K’ : k] = s, then there is a morphism
of k-algebras K — K' if and only if r|s.

If k is an algebraic closure of k, then we have an element o € G(k/k) given
by o(x) = x9. This is called the arithmetic Frobenius element, and its inverse in
G(k/k) is the geometric Frobenius element. There is a unique subextension of k of
degree r that is contained in k: this is given by K = {z € F, | 0" () = z}.

In fact, the Galois group G(K/k) is cyclic or order r, with generator o|x.
Furthermore, we have canonical isomorphisms

G(k/k) ~ projlim gy, fnite G(K/k) = projlim, c5_ Z/rZ =: VA
with o being a topological generator of G(k/k).

2.2. Preliminaries: varieties over finite fields

By a variety over a field k£ we mean a reduced scheme of finite type over k
(possibly reducible). From now on we assume that kK = F is a finite field. Recall
that there are two notions of points of X in this context, as follows.

Note that X is a topological space. We denote by X the set of closed points of
X (in fact, these are the only ones that we will consider). Given such z € X, we
have the local ring O , and its residue field k(z). By definition, k(x) is isomorphic
to the quotient of a finitely generated k-algebra by a maximal ideal, hence k(x) is
a finite extension of k by Hilbert’s Nullstellensatz. We put deg(z) := [k(z) : k].

On the other hand, we have the notion of K-valued points of X. Recall that if
k — K is a field homomorphism, the the set of K-valued points of X is

X(K) := Homspec s(Spec K, X) = | | Homy _ag(k(2), K).
zeX
We will always consider the case when the extension K/k is algebraic. In this case,
if : Spec K — X isin X (K), the point = € X that is the image of the unique point

7



8 2. BASICS OF HASSE-WEIL ZETA FUNCTIONS

in Spec K is closed: indeed, we have dim {z} = trdeg(k(x)/k) = 0. In particular,
we see that if K/k is a finite extension of degree r, then

(2.1) X(K)= || Homj_uy(k(z),K).
deg(x)|r
Note that if deg(x) = e|r, then Homy_n4(k(z), K) carries a transitive action of
G(Fy/F,) ~ Z/rZ. The stabilizer of any element is isomorphic to G(F 4 /F ),
hence
|H0mk—a1g(k($)y K)‘ = €.

In particular, this proves the following

PROPOSITION 2.1. If X is a variety over the finite field k, and K/k is a field
extension of degree r, then

X(K)[ =) e-[{z € Xa|deg(x) = e}.

elr

REMARK 2.2. It is clear that if X = Y; U...UY,,, where each Yj is a locally
closed subset of X, then X (K) =Y;(K)U...UY,,(K). Furthermore, if the former
union is disjoint, then so is the latter one.

REMARK 2.3. Suppose that X is affine, and consider a closed embedding X —
A7} defined by the ideal (F4,...,Fq) C klz1,...,2,]. If K/k is a field extension,
then we have an identification

X(K)=A{(u1,...,un) € K" | fi(u1,...,u,) =0forl <4 <d}.

In particular, we see that if K/k is finite, then X (K) is finite. The formula in
Proposition 2.1 now implies that for every e > 1, there are only finitely many
x € X with deg(z) = e. Of course, by taking an affine open cover of X, we deduce
that these assertions hold for arbitrary varieties over k.

It is often convenient to think of K-valued points in terms of an algebraic
closure of the ground field. Suppose that k is a fixed algebraic closure of k, and
let us write Fy- for the subfield of k of degree r over k. Let X = X X Spec k SPeC k.
This is a variety over k (the fact that X is reduced follows from the fact that X is
reduced and k is perfect; however, we will not need this). Note that by definition
we have X (k) = X (k).

Consider the Frobenius morphism Froby ,: X — X on X. This is the identity
on X, and the morphism of sheaves of rings Ox — Ox is given by u — u? (since
u? = u for every u € k, we see that Froby , is a morphism of schemes over k. In
particular, it induces a morphism of schemes over k:

Froby , = Frobx g x id: X — X.

Note that this is a functorial construction. In particular, if X is affine and if we
consider a closed immersion X — AkN , then Frob+ g 18 induced by Froban~ .. This
: ~,

is turn corresponds to the morphism of k-algebras
klz1,...,xn] = k[z1,...,2N], 2 — 2,
hence on k-points it is given by (u1,...,un) — (uf,...,u%). We conclude that the
natural embedding
X(Fyr) = X(k) =X (k)
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identifies X (Fy-) with the elements of X (k) fixed by Frob% . Indeed, this is

clear when X = AkN by the previous discussion, and the general case follows by
considering an affine open cover, and by embedding each affine piece in a suitable
affine space.

In other words, if A,T', C X x X are the diagonal, and respectively, the graph
of Frob%’q7 then X (Fy-) is in natural bijection with the closed points of I, NA. The
following proposition shows that when X smooth, this is a transverse intersection.

PROPOSITION 2.4. If X is smooth over k = Fg, then the intersection I' N A
consists of a reduced set of points.

Note that since k is perfect, X is smooth over k if and only if it is nonsingular.

ProOOF. We have already seen that the set I',.NA is finite, since it is in bijection
with X (F4r). In order to show that it is a reduced set, let us consider first the case
when X = A%q. In this case, if R = k[x1,...,Zn,Y1,...,Yn], then A C SpecR
is defined by (y1 — Z1,...,Yn — Tn) and [ is defined by (y1 — =¥,...,y. — x9).
Therefore I', N A is isomorphic to [, Speck[z;]/(z; — ), hence it is reduced
(note that the polynomial z{ — z; has no multiple roots).

For an arbitrary smooth variety X, let us consider u € X (Fge), and let x € X
be the corresponding closed point. If ¢1,...,t, form a regular system of parameters
of Ox g, it follows that (¢1,...,t,) define an étale map U — A", where U is an
open neighborhood of 2. Note that the restriction to U x U of A and T, are the
inverse images via U x U — A x A™ of the corresponding subsets for A”. Since the
inverse image of a smooth subscheme by an étale morphism is smooth, we deduce
the assertion in the proposition for X from the assertion for Aj}. O

EXERCISE 2.5. Let X and X be as above. The group G = G(k/k) acts on the
right on Spec k, by algebraic automorphisms.

i) Show that G has an induced right action on X, by acting on the second
component of X Xgpecr Speck. Of course, these automorphisms are not
of schemes over k.

ii) Let 7: X — X be the action of the arithmetic Frobenius element. De-
scribe 7 when X = A7. Show that 7o Frobg , = Frobx o7, and they

are equal to the absolute g-Frobenius morphism of X (recall: this is the
identity on X, and the morphism of sheaves of rings Ox — O is given
by u — u?).

iii) We also have a natural left action of G on X (k) that takes (g, ¢) to ¢pog
(where we identify g with the corresponding automorphism of Speck).

Show that the arithmetic Frobenius acts on X (k) = X (k) by the map
induced by Frobw ¢

iv) The canonical projection X — X induces a map X — Xq. Show that
this is identified via X (k) = X (k) = X with the map described at
the beginning of this section, that takes a k-valued point of X to the
corresponding closed point of X.

v) We similarly have a left action of G(Fy/F,) on X (F,r). Show that the
fibers of the map X(F,) — X that takes an F r-valued point to the
corresponding closed point of X are precisely the orbits of the G(Fgr /F,)-
action.
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2.3. The Hasse-Weil zeta function

2.3.1. The exponential and the logarithm power series. Recall that the
exponential formal power series is given by

eplt) = Y L e QI

m>0

We will also make use of the logarithm formal power series, defined by

log(1+8) =Y # € Q[

m>1

In particular, we may consider exp(u(t)) and log(1 + u(¢)) whenever u € tQ[t].

We collect in the following proposition some well-known properties of the ex-
ponential and logarithm formal power series. We will freely use these properties in
what folows.

PROPOSITION 2.6. The following properties hold:
i) We have exp(t)’ = exp(t) and log(1 +t) = (1 +¢)~ L.

ii) exp(s+t) = exp(s)-exp(t) in Q[s,t]. In particular, we have exp(u+v) =
exp(u) - exp(v) for every u,v € tQ[t].

ili) exp(mt) = exp(t)™ for every m € Z. In particular, exp(mu) = exp(u)™
for every u € tQ[t].

iv) log(exp(u)) = u and exp(log(l +w)) = 1 + u for every u € tQt].

v) log((1 4 u)(1 4+ v)) =log(l + u) + log(1 + v) for every u,v € tQ][t].

vi) log((1 +w)™) = m -log(1 + u) for every m € Z and every u € tQ[t].

PROOF. The proofs are straightforward. i) and ii) follow by direct computation,
while iii) is a direct consequence of i). It is enough to prove the assertions in iv) for
u = t. The first assertion now follows by taking formal derivatives of the both sides.
Note that we have two ring homomorphisms f,g: Q[t] — Q[t], f(u) = log(1 + u)
and g(v) = exp(v) — 1. They are both isomorphisms by the formal Inverse Function
theorem, and f o g = Id by the first equality in iv). Therefore g o f = Id, which is
the second equality in iv). The assertions in v) and vi) now follow from ii) and iii)
via iv). O

2.3.2. The definition of the Hasse-Weil zeta function. Suppose that X
is a variety over a finite field k = F,. For every m > 1, let N,,, = |X(Fym)|". The
Hasse-Weil zeta function of X is

(2.2) Z(X,t)=exp | Y %tm € Q[t].

m>1
The following proposition gives a product formula for Z(X,t) that is very useful in
practice.
PROPOSITION 2.7. For every variety X over F,, we have

(2.3) Z(X,t)= ] (@ —edes)=t,
zeEX

1f &’ is a finite extension of k of degree m, then the set X (k’) depends on this extension.
However, any two extension of k of the same degree differ by a k-automorphism, hence | X (k)|
only depends on |k/|.
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In particular, Z(X,t) € Z[t].

By making t = p~*, we see that the above formula is analogous to the product
formula for the Riemann zeta function.

PRrROOF. Let us put a, := |{x € Xqg | [k(z) : Fy] = r}| for every r > 1.
Therefore the right-hand side of (2.3) is equal to [[,~;(1 —¢")~%". It is clear that
this product is well-defined in Z[¢]. -

Recall that by Proposition 2.1, we have N,,, =
definition that

r-a, Lr
IOg(Z(Xv t)) = Z %tm = Z Z Ttm = Zar'z t? = Z(far)'log(litr)

m>1 m>1rim r>1  0>1 r>1

rlm T - It follows from

= log(1—t")"* =log [ [J(A—t)

r>1 r>1

The formula (2.3) now follows applying exp on both sides. a

REMARK 2.8. Suppose that ¢ = (¢')™. If X is a variety over F,, we may
consider X as a variety over Fy/, in the natural way. For every closed point z € X,
we have deg(k(x)/Fy) = m - deg(k(z)/F,). It follows from Proposition 2.7 that
Z(X/Fqy,t) = Z(X,Fg,t").

REMARK 2.9. One can interpret the formula in Proposition 2.7 by saying that
Z(X,t) is a generating function for the effective O-cycles on X. Recall that the
group of O-cycles Zy(X) is the free abelian group generated by the (closed) points
of X. Given a O-cycle a = Y m;x;, its degree is deg(a) = >_\_, m; deg(x;). A
O-cycle >, miz; is effective if all m; are nonnegative. With this terminology, we
see that the formula in Proposition 2.7 can be rewritten as

Z(X,t) = J[ (1 +edes® g2deele) 4 ),
z€Xal
and multiplying we obtain
(2.4) Z(X,t) =Y tdeele),
where the sum is over all effective O-cycles on X.
2.3.3. Examples and elementary properties. We start with the example
of the affine space.

ExampPLE 2.10. Let k = Fy, and X = A}. It is clear that for every finite
extension k’/k we have X (k') = (k')™, hence | X (k')| = |K'|". We conclude that

mn 1

Z(A" t)=exp [ > %t’" = exp (Slog(l — ")) = o

m>1
EXAMPLE 2.11. More generally, note that for every two varieties X and Y, we
have X xY (k') = X (k") xY (k’). In particular, if X = A™, we have |[A" XY (Fym)| =
Y (Fym)|g™™, hence

Y F m mn
Z(A" xY,t)=exp [ > Y Em)la™ ) _ Z(Y, q"t).

m
m>1
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PROPOSITION 2.12. If X is a variety over Fy, and Y is a closed subvariety of
X, then Z(X,t) = Z(Y,t)- Z(U,t), where U = X \ Y.

PROOF. It is clear that for every m > 1 we have | X(Fgm)| = [Y(Fgm)| +
|U(Fgm)|. The assertion in the proposition is an immediate consequence of this
and of the fact that exp(u + v) = exp(u) - exp(v) for every u,v € tQ][t]. O

COROLLARY 2.13. The zeta function of the projective space is given by
1
(1=t) L —qt)-- (1 —q"t)’
PRrROOF. The assertion follows from Example 2.10 by induction on n, using

Proposition 2.12, and the fact that we have a closed embedding P%Zl — P%q,
whose complement is isomorphic to Ag . O

Z( gqﬂt) =

PROPOSITION 2.14. Let X be a variety over k = F,, and let k'/k be a field
extension of degree r. If X' = X Xgpeck Speck’, then

z(x' 1) =[] 2(x, &),
i=1

where & is a primitive root of order r of 1.

PrROOF. Let us put N/, := | X' (Fm )| and Ny, = | X(F¢m)|, hence N}, = Ny,
By definition, it is enough to show that

Nmr a Nl il 0
7tm’l' — et t .
> 2.2 ¢
m>1 i=1£>1
This is a consequence of the fact that Y., €% = 0 if r does not divide ¢, and it is
equal to r, otherwise. ([l
2.4. The statements of the Weil conjectures

Suppose that X is a smooth, geometrically connected, projective variety, of
dimension n, defined over a finite field k = F,. We put Z(¢t) = Z(X, ).

CONJECTURE 2.15 (Rationality). Z(t) is a rational function, i.e. it lies in
Q(t).

CONJECTURE 2.16 (Functional equation). If E = (A?) is the self-intersection
of the diagonal A — X x X, then

1
7 — ) = £¢"E2E 7 (1).
(qnt> q (t)

CONJECTURE 2.17 (Analogue of Riemann hypothesis). One can write
() = Py(t)- P3(t) - Pap_1(t)
Po(t) - Po(t) -+ Pop(t) ’
with Po(t) =1 —t, Pay(t) =1 —q"t, and for 1 <2n — 1, we have P;(t) € Z][t],
Pi(t) = [(1 = i),

J

with o, ; algebraic integers with | ;| = qi/2.
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Note that the conditions in the above conjecture uniquely determine the P;.

CONJECTURE 2.18. Assuming Conjecture 2.17, define the “i*" Betti number of
X7 as b;(X) :=deg(Pi(t)). In this case, the following hold:
i) B = 30(—1)bi(X).
ii) Suppose that R is a finitely generated Z-subalgebra of the field C of com-
plex numbers, X is a smooth projective scheme over Spec R, and P €
Spec R is a prime ideal such that R/P = F, and )?xspeCRSpec R/P=X.
Then

bi(X) = dimgq H' ((X’ X spec & Spec C)a0, Q) .

As we will see in §4.3, one can in fact formulate Conjecture 2.18 without as-
suming Conjecture 2.17. We will give in the next chapter the proofs of the above
conjectures in the case of curves. In Chapter 4 we will give a brief introduction
to f-adic cohomology, and explain how this formalism allows one to prove Conjec-
tures 2.15, 2.16, and 2.18 (where in Conjecture 2.15 one just has to assume that X
is of finite type over F,;). The harder Conjecture 2.17 was proved by Deligne | 1,
and a later proof was given by Laumon [ ], but both these proofs go far beyond
the scope of our notes. On the other hand, the first proof of Conjecture 2.15, for
arbitrary schemes of finite type over Fy, was obtained by Dwork | ] using p-adic
analysis. We present his proof in Chapter 8.

2.5. Comments on the conjectures

REMARK 2.19. Let X be an arbitrary variety over k = F,, and let ¥ — X
be a closed subvariety, and U = X \ Y. It follows from Proposition 2.12 that
Z(X,t) = Z(Y,t) - Z(U,t). Therefore if two of Z(X,t), Z(Y,t) and Z(U,t) are
known to be rational, then the third one is rational, too.

REMARK 2.20. The above remark implies that if we assume resolution of sin-
gularities over finite fields, then a positive answer to Conjecture 2.15 for smooth
projective varieties implies the rationality of Z(X,t) for every variety X over a
finite field. Indeed, suppose by induction on dimension that the assertion is known
for varieties of dimension < n. Remark 2.19 and the induction hypothesis imply
that if X and Y are varieties of dimension n that have dense open subsets U, re-
spectively V, that are isomorphic, then Z(X,t) is rational if and only if Z(Y,t) is
rational. Given any n-dimensional variety X, there is a projective variety Y such
that there are U and V as above. Furthermore, if we have resolution of singularities
over our ground field, then we may assume that Y is also smooth. Therefore Z(Yt)
is rational by Conjecture 2.15 (note that the irreducible components Y; of Y are
disjoint, hence Z(Y,t) =[], Z(Y,t), any we apply Conjecture 2.15 to each Y;).

REMARK 2.21. In a similar vain, in order to prove that Z(X,t) is rational
for every variety X, it is enough to prove it in the case when X is an irreducible
hypersurface in A%q. Indeed, arguing as in the previous remark we see that we
may assume that X is affine and irreducible, in which case it is birational (over F,)
with a hypersurface in an affine space.

REMARK 2.22. There is the following general formula in intersection theory:
if i: Y < X is a closed embedding of nonsingular varieties of pure codimension r,
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then i*(i.(a)) = ¢ (Ny,x) Na for every a € A*(X), where Ny, x is the normal
bundle of Y in X.

In particular, if X is smooth, projective, of pure dimension n, and A: X <«
X x X is the diagonal embedding, then Nx,xyx = Tx, and therefore

(A%) = deg(en(Tx))-

EXAMPLE 2.23. Let us check the Weil conjectures when X = P%q. As we have
seen in Corollary 2.23, we have
1
(1=t) L —qt)--- (1 —q"t)’
In particular, it is clear that Conjectures 2.15 and 2.17 hold in this case. It follows
from (2.5) that

(2.5) Z(P",t) =

1
Z(X,1/q"t) = = (1)t D2 70X 1),

(I (s RATET

Hence in order to check Conjecture 2.16, it is enough to show that £ = n+ 1. The
Euler exact sequence

0= Opn — Opn(1)2F) & Tp -0

implies c(Tpn) = ¢(Opn(1)®+D) = (1 + )"+, where h = ¢;(Opx(1)). This
implies that deg(c,(Tpn)) =n+ 1.

Since H*(Pg, Q) ~ Q[t]/(t"T1), with deg(t) = 2, the assertions in Conjec-
ture 2.18 also follow.

REMARK 2.24. Let X be a variety over F,, and suppose we know that Z(X,t)

is rational. Let us write Z(X,t) = fgg, with f,¢g € Q[t]. After dividing by the

possible powers of ¢, we may assume that f(0),g(0) # 0, and after normalizing,
that f(0) =1 = g(0).
We write f(t) = [[;=;(1 — ait) and g(t) = [T, (1 — Bjt). If Ny = [X(Fgm)],

then
N T S
Z Wmtm = Zlog(l —agt) — Zlog(l — Bjt)
i=1 =1

m>1
hence N,,, = >77_) B7" — 3., of for every m > 1.

2.6. Two examples: computing the Betti numbers for Grassmannians
and full flag varieties

One can use the above Conjecture 2.18 to compute the Betti numbers of smooth
complex projecive varieties. We illustrate this by computing the Poincaré polyno-
mials for Grassmannians and full flag varieties. For a famous example, in which
the Weil conjectures are used to compute the Betti numbers of the Hilbert schemes
of points on smooth projective surfaces, see [ ]

Recall that both the Grassmannian and the flag variety can be defined over Z.
More precisely, if 1 <r < n—1, there is a scheme Gr(r,n) defined over Spec Z, such
that for every field K, the K-valued points of Gr(r,n) are in bijection with the r-
dimensional subspaces of K™. Similarly, we have a scheme Fl(n) defined over Spec Z
such that for every field K, the K-valued points of Fl(n) are in bijection with the full
flags on K™, that is, with the n-tuples of linear subspaces V; Cc V, C ... C V,, = K™,
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with dim(V;) = 4 for every . It is well-known that both Gr(r,n) and Fl(n) are
smooth, geometrically connected, and projective over SpecZ. For every field K,
we put Gr(r,n)g = Gr(r,n) x Spec K and Fl(n)x = Fl(n) x Spec K.

Recall that the Poincaré polynomial of a complex algebraic variety X is given
by Px(y) = S29m)(_1)idimg H (X(C)™,Q)y". In order to compute the
Poincaré polynomials of Gr(r,n)c and Fl(n)c, we need to compute the zeta func-
tions Z(Gr(r,n)r,,t) and Z(Fl(n)g,,t). Therefore we need to determine the num-
bers a,(r,n) and by(n) of r-dimensional linear subspaces of Fy, respectively, of full
flags on Fy.

In fact, we first compute by(n), and then use this to compute a4(r,n). In order
to give a full flag in Fy, we first need to give a line L; in Fy, then a line Ly in

q b
F} /L1, and so on. This shows that

bg(n) = |Pn_1(Fq)| ) |Pn_2(Fq)| T ‘Pl(Fq)lv
and therefore
(2.6)
qn_l qn_1—1~'~q—1 o

be(n) = ( i (q_1)2 -1 _ (14+9)(1+q+¢*) - 1+qg+...+¢" 7).

We now compute a,(r,n). Note that the natural action of GL,(F;) on Fy
induces an action on Gr(r,n)(F,). This action is transitive, and the stabilizer of
the subspace W generated by ey, ..., e, (where eq,..., e, is the standard basis of
F}) is the set of matrices

{A=(a;;) € GLp(Fy) | a;; =0forr+1<i<mn,1<j<r}

If A= (ai;) € M,(Fy) is such that a; ; = 0forr+1 <i<nand1<j <,
then A is invertible if and only if the two matrices (a; ;)i j<r and (a; ;)i j>r+1 are
invertible. We conclude that the number of elements in the stabilizer of W is
(2‘7) ‘GLT(Fq)l : |GLn7T(Fq)| : |Mr’n7T(Fq)|'

In order to compute |GL,(F,)|, we use the transitive action of GL,(F,) on
FI(r)(F,) induced by the natural action on Fy. The stabilizer of the flag

<61> C <61,62> cC...C FZ

is the set of upper triangular matrices in GL,(F,), and there are (¢ — 1)"¢"("~1)/2
such matrices. We conclude that

GL(Fy)| = by(r)g" "2 (g = 1)" = ¢’ V(" = 1)(¢" " = 1)+ (g - 1).
We now deduce from (2.7) that

_ |GLn(Fy)l _ (¢"=1)---(¢g—1)
ag(r,n) = =) = (o -
IGL(Fg)| - |GLy—(Fg)| - "= (¢" = 1)+ (¢ = 1)(¢" " = 1)+ (¢ —1)
(¢"—1)-(¢" 1)
(¢"=1)---(¢—1)
The expression in (2.8) is called the Gaussian binomial coefficient, and it is denoted
by (:)q (there are many analogies with the usual binomial coefficients; in any case,

note that limg_,; (Z)q = (:f))

(2.8) -

EXERCISE 2.25. Prove the following properties of Gaussian binomial coeffi-
cients:
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i) (Z)q =q" (”;l)q + (7.:11)(1 (generalized Pascal identity).
ii) Using i) and induction on n, show that if A, ,.(j) denotes the number of
partitions of j into < n — r parts, each of size < r, then

r(n—r)

(29) (1) = X rurtie

A variety X over Fy is called of polynomial count if there is a polynomial
P € Z[y] such that the number of Fym-valued points of X is P(¢™) for every m > 1.
It follows from (2.6) that F1(n)g, is of polynomial count. Similarly, Gr(r,n)r, is of
polynomial count by (2.8) and part ii) in the above exercise.

LEMMA 2.26. Suppose that X is a variety over Fy, and P(y) = aqy®+aq—1y*~ '+
...+ ag, with all a; € Z, is such that |[X(F')| = P(q™) for every m > 1. In this
case the zeta function of X is given by

d

Z(X,t) =[] - q't)*.

=0

PrOOF. We have

n

Z %tm = Zai Z (%mtm = Z —a;log(l — qit).

m>1 i=0  m>1 i=0
Therefore by taking exp we get the formula in the lemma. O
REMARK 2.27. In the context of the lemma, if X is smooth and projective,

then the analogue of the Riemann hypothesis implies that a; > 0 for all 4. In this
context, we have b;(X) = 0 for ¢ odd, and bg;(X) = a; for 1 <i < n.

By combining Lemma 2.26 with Conjecture 2.18, our computations for the flag
variety and the Grassmannian give the following.

COROLLARY 2.28. The Poincaré polynomial of Fl(n)c is [ [}, (1+y*+. . .4+y?),
and the Poincaré polynomial of Gr(r,n)c is Z:(:TO_") A (1) y2E.



CHAPTER 3

The Weil conjectures for curves

In this chapter we consider a smooth projective curve X defined over k£ = F,,.
Let k denote an algebraic closure of k and X = X XSpec k SPec kEIfrm:X - X
is the natural projection, then for every quasicoherent sheaf F on X, we have
canonical isomorphisms H'(X, F) ®; k ~ H (X, 7*(F)).

We always assume that X is geometrically connected, that is, X is connected.
In this case X is a smooth, irreducible, projective curve over k. Since H(X, O) =
k, we get H(X,Ox) = k. Recall that the genus of X is g := h}(X,0x) =
(X, Ox).

Our goal in this chapter is to prove the Weil conjectures in this setting. As we
have seen in Chapter 2, Z(X,t) can be viewed as a generating function for effective
0-cycles on X. Since X is a curve, a 0-cycle is the same as a Weil divisor on X.
We start by recalling a few generalities about divisors and line bundles on X.

A divisor on X is a finite formal combination 21:1 a;P;, where a; € Z and P;
is a closed point of X. One says that D is effective if a; > 0 for all i. Note that
every such divisor is automatically Cartier since X is nonsingular. The degree of
D is deg(D) := >, a; - [k(P;) : k]. The line bundle associated to D is denoted by
Ox (D). The degree map induces a morphism of abelian groups deg: Pic(X) — Z.

Given a line bundle L on X, the set of effective divisors D on X with Ox (D) ~
L is in bijection with the quotient of H°(X, L)\ {0} by the action of the invertible
elements in H%(X, Ox) via multiplication. By assumption, H°(X,Ox) = k, hence
this space of divisors is nonempty if and only if H°(X, L) # 0, and in this case it

’=1 clements.

0
is in bijection with P*"()~1(F,), hence it has 7"}
The Riemann-Roch theorem says that for every divisor D on X,

(3.1) X(X,Ox (D)) = deg(D) — g + 1.

Furthermore, recall that if deg(Ox (D)) > 2¢g — 1, then H'(X,0x (D)) = 0, in
which case h?(X, Ox (D)) = deg(D) — g+ 1. We will also make use of Serre duality:
if wx = Qx/) is the canonical line bundle on X, then for every line bundle L on
X we have h'(X,L) = h%(X,wx ® L™1). Note that deg(wx) = 2g — 2. All the
above assertions can be proved by passing to k, and using the familiar results over
algebraically closed fields, see | , Chapter IV.1].

There is a variety J(X) defined over k, with the following property: for every
field extension k' of k, the k’-valued points of J(X) are in natural bijection with
the line bundles of degree zero on X Xgpec 1 Speck’. In particular, the number h
of line bundles on X of degree zero is equal to |J(X)(k)|, hence it is finite (and,
of course, positive). Note that if Pic”"(X) denotes the set of line bundles on X of
degree m, then Pic™(X) is either empty, or it has h elements (we will see below
that Pic™(X) is never empty).

17
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3.1. Rationality of the zeta function

We first prove the first of the Weil conjectures. In fact, we will prove the
following more precise statement below. In this section and the next one, we follow
[Lor, Chapter 8].

THEOREM 3.1. If X is a smooth, geometrically connected, projective curve of
genus g over F, then
Q)
(1-t)1—qt)’
where f € Z[t] is a polynomial of degree < 2g, with f(0) =1 and f(1) = h, where
h=J(X)(Fg)|.

PRroOOF. It follows from Proposition 2.7 that

_ 1 _ deg(D)
Z(X’ t) - H 1 — ¢deg(z) Z ¢ees )
r€Xc D>0

Z(X,t) =

where the last sum is over the effective divisors D on X. We will break this sum
into two sums, depending on whether deg(D) > 2g — 1 or deg(D) < 2g — 2.

Let e > 0 be the positive integer such that deg(Pic(X)) = eZ. For every m
such that e|m, we have

{L € Pic(X) | deg(L) = m}| = h.
As we have seen, if h°(X, L) > 1, then the number of effective divisors D with
hO(L)
~ T is 4 —1

Ox(D) ~ Lis *——. with
then for every L € Pic(X) with deg(L) = m, we have exactly qqfl_l effective
divisors D with Ox (D) ~ L.

Let dy be the smallest nonnegative integer such that dgpe > 2g — 1. We deduce
that

In particular, if m is a nonegative integer with m > 2g—1,

de—g+1 _ 1
(3.2) Z(X,t) = 3 tea®) 1 §° hqiltde.
D>0,deg(D)<2g—2 d>do =
Note that the first sum in (3.2) is a polynomial in ¢¢ of degree < (2g — 2)/e.
e dpe
Since D44, tde = fiote and 3, g0 qdetde = f‘i%gm the second sum in (3.2) is

equal to

oa b (g
(¢—1) L= (qt)e 1—t°

We conclude that we may write

f(t9)
(1—t)(1 = gote)’

where f is a polynomial with rational coefficients of degree < max{2+ %, do+1}.
In fact, since Z(X,t) has integer coefficients, we see that f has integer coefficients,
as well.

This already shows that Z(X,¢) is a rational function. We now show the more
precise assertions in the statement of the theorem. Note first that the expression
in (3.3) implies that

(3.4) Z(X,t) =

. hooot—1 h
(3.5) fmt=D2(X0) =~ = e = o —
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In particular, we see that Z(X,t) has a pole of order one at t = 1.
We now show that, in fact, e = 1. Consider X’ = X Xgpecr, Spec Fge. We
have seen in Proposition 2.14 that

Z(X',t%) Hzxgz

where ¢ is an e primitive root of 1. It follows from the formula in (3.4) that
Z(X',t°) = Z(X,t)°. On the other hand, applying what we have proved so far to
X', we see that Z(X',t) has a pole of order one at ¢ = 1, and therefore Z(X’, %)
has the same property. This implies that e = 1. If g > 0, then dy = 2g — 1, so that
deg(f) < 2¢g. On the other hand, dy = 0 if ¢ = 0, and the formula in (3.3) shows
that f = h in this case. The remaining assertions in the theorem now follow from
(3.4) and (3.5). O

For future reference, we state explicitly the following result that was showed
during the proof of Theorem 3.1.

COROLLARY 3.2. If X is a smooth, geometrically connected, projective curve
over F, then all Pic™(X) have the same (nonzero) number of elements.

3.2. The functional equation

In our setting, if A is the diagonal in X x X, then (A2) can be computed via
the adjunction formula: if /; = X x pt and fo = pt x X, then (£2) = 0 = (£3),
(1 -42) =1, and (A-¥¢;) =1=(A-¥3). Therefore we have

29— 2= (A (A+ (29 — 2)l1 + (29 — 2)l2)) = (A?) +2(29 — 2).

Hence (A?%) = 2 — 2g, and the statement of the second Weil conjecture for curves
becomes the following.

THEOREM 3.3. If X is a smooth, geometrically connected, projective curve over

F,, then
Z(X,1/qt) = ¢" 792729 Z(X,1).

PROOF. As we will see, the key ingredient in the proof is Serre duality. If
g = 0, it follows from Theorem 3.1 that Z(X,t) = m7 and the formula in
the theorem is straightforward in this case. Hence from now on we may assume
that g > 1. We follow the approach to Z(X,t) = >, t" used in the previous
section.

Recall that for every line bundle L € Pic(X) with h%(L) > 1, the effective
divisors D with O(D) ~ L form the Fg-points of a projective space PhO(L)*l,

i
when deg(L) > 2g — 1 and Corollary 3.2, we conclude that

0
hence there are Z- q(j)_l such divisors. Using the fact that h°(L) = deg(L) — g+ 1

(3.6)
29-2 hO(L) 1 g9t — 1
Z(X,t): Z Z T t™m + Z h —1 =51 + 59,
m=0 \ LePic™(X) m>2g—1
where
29-2 th(L) . h 1 hq'=9(qt)29~"
e D s B r Al ey (e}

m=0 LePic™(X)
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Note that
h qt hql—9t2—29
1 - _ ) _
S/ = = T T -
o hq9t?9—1 h ) o
:lgt22g.< _ :1gt22gs t).
’ G-D0-a) @-Da-p) =" 20

On the other hand, L — wy ® L™! gives a bijection between the set of line
bundles on X of degree in [0,2¢g — 2], and Serre duality plus Riemann-Roch gives
ho(wx ® L~=1) = h°(L) — (deg(L) — g + 1). Therefore

som-3 [y ()

m=0 \ LePic™(X) q qt
_ 292 Z qho(wx®L71) (1>292m
m=0 \Lepion(x) 47 1 qt
29—-2 th(L)—m+g—1

Z Z (qt)m+2_29

m=0 \ LePic™(X) ¢-1

29—2 hO(L)

_42-2g, 1—g q
= 272 >
m

=0 \ LePic™(X)

This completes the proof of the theorem. |

REMARK 3.4. With the notation in Theorem 3.1, we write f(t) = [[22, (1—wit),
with w; € C, possibly zero. We have

H?il (1_%
(—3)0-

2
_ oo a0 —wit)
(1-t)(1—qt)’
where the last equality is a consequence of Theorem 3.3. Therefore Hfi (t—wi/q) =
9. TT1%9 (1 — w;
q [T:2:( wit).
The first consequence is that w; # 0 for all ¢, that is, deg(f) = 2g. Furthermore,
we see that H?il w; = ¢, and the multiset {ws,...,wa,} is invariants under the
map x — q/x.

_ at?(g)™* 12, (gt —w;)
) (1-)(1—qt)

Z(X,1/qt) =

= N—

REMARK 3.5. Note that the assertion in the fourth Weil conjecture in now clear
in our setting. Indeed, we have By = By = 1 and By = 2g. Recall that F = 2 — 2g,
hence E = By — By + Bs. Furthermore, if X is the closed fiber of a smooth
projective curve X over a finite type Z-algebra R, then X¢ := X Xgpec r Spec C
is a smooth connected complex curve of genus g. Its Betti numbers are by =
by = 1, and b; = 2¢ (the formula for b; is a consequence of Hodge decomposition:
b (Xc) = hO(QXc) + ht (O%,) = 2g). This proves all the assertions in the fourth
Weil conjecture for X.
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3.3. The analogue of the Riemann hypothesis
We use the notation for the zeta function Z(X,t) introduced in Remark 3.4:

2g — W
(3.8) 2(X,1) = w

The following proves the analogue of the Riemann hypothesis in our setting.

THEOREM 3.6. With the above notation, every w; is an algebraic integer, and
|wi| = q'/? for every i.

REMARK 3.7. If we show that |w;| < ¢/? for every i, since the multiset
{w1,...,way} is invariant by the map z — ¢/x (see Remark 3.4) we conclude
that we also have |w;| > ¢'/2, hence |w;| = ¢*/? for every i. The fact that the w; are
algebraic integers is clear: since H?ﬁl(l —w;it) = (1 —t)(1 — qt)Z(X,t) has integer
coefficients, it follows that all elementary symmetric functions s; = s; (w1, ..., way)
are integers, and w; is a root of 29 + Z?il(—l)jsjtz‘?*j.

Before proving Theorem 3.6 we make some general considerations that are very
useful in general when considering zeta functions of curves. Let N, = | X (F,m)],
and let a,, € Z be defined by
(3.9) Np=1—am,+q¢"

It follows from the definition of the zeta function and from (3.8) that
(3.10)

2
Z 7tm - Zlog (1—w;t)—log(1—t)—log(1—qt) = Z % <1 fqm— ZQWZR) 4m
i=1

m>1 m2>1

hence a,, = 221 1 wi* for every m > 1. The following lemma rephrases the condition
in Theorem 3.6 as an estimate for the integers a,,. This estimate, in fact, is
responsible for many of the applications of the Weil conjectures in the case of
curves.

LEMMA 3.8. With the above notation, we have |w;| < g'/? for every i if and
only if |an| < 2g9q™/? for every m > 1.

PROOF. One implication is trivial: since a,, = S..9, W™, if |w;| < ¢*/? for
every 14, it follows that |a,,| < 2¢™/?

2g 29
(3.11) Dant™ =Y wtt= o fit

m>1 i=1 m>1 i=1

. For the converse, note that

If |a,,| < 2gq™/? for all m, then for t € C with [t| < ¢~/ we have

2gq1/ °Jt|
m 1/2 _
(3.12) 1> amt™ <29 ) (¢"2)™ 1o
m>1 m>1
Note that (3.11) implies that the rational function ) ., a,t" has a pole at t =
1/w;. The estimate in (3.12) implies that 1/|w;| > ¢~'/2, as required. O

We can now prove the main result of this section.
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PROOF OF THEOREM 3.6. As it follows from Remark 3.7 and Lemma 3.8, it
is enough to show that |N,, — (¢™ +1)| < 2g¢™/? for every m. In fact, if we prove
this for m = 1, then we may apply this to X XgpecF, Spec Fym in order to get the
bound for [N, — (¢™ + 1)|.

We recall the description of N7 given in Proposition 2.4. Consider the smooth
projective surface S = X x X, where X = X Xgpecr, SpecFy. We have two
divisors on S, the diagonal A and the graph I' of the morphism Frobs g on X.
The two divisors intersect transversely, and the number of intersection points is
(- A) = [X(F)].

It is an elementary consequence of the Hodge index theorem (see Proposition 3.9
below) that if 1 = X x pt and f5 = pt x X, then for every divisor D on S we have

(3.13) (D*) <2(D - 41) - (D - l).
Let us apply this for D = aA+bI. Note that (A-¢1) = (A-¢3) =1, while (T"-¢1) = ¢
and (I'-42) = 1.

We now compute (I'?) and (A?) via the adjunction formula. Note that the
canonical class Kg on S is numerically equivalent to (29 — 2)(¢; + ¢2). Since both
A and T' are smooth curves of genus g, we have

29 -2=(A-(A+Ks)) = (A%) +2(29 - 2),

2g—2= (T (C+Kg)) =)+ (qg+1)(29 - 2).
Therefore (A?) = —(2g — 2) and (I'?) = —¢(2¢g — 2).
Applying (3.13) for D = aA + bT" gives
—a*(2g — 2) — ¢b*(2g — 2) + 2abN; < 2(a + bg)(a +b).
After simplifying, we get
ga® —ab(q+1 — Ny) + ggb* > 0.

Since this holds for all integer (or rational) a and b, it follows that (¢+ 1 — Np)? <
4qg?. Therefore [Ny — (¢ + 1)| < 2¢gq'/?, as required. This completes the proof of
Theorem 3.6. ]

The following proposition is [ , Exercise V.1.9].

ProrosITION 3.9. Let Cy and Cy be smooth projective curves over an alge-
braically closed field, and let S = C1 x Cy. If {1 = C1 X pt and €3 = pt x Cy, then
for every divisor D on S we have

(D?) <2(D - £1)(D - £y).

ProOOF. Recall that the Hodge index theorem says that if E is a divisor on S
such that (E - H) = 0, where H is ample, then (E?) < 0 (see | , Theorem 1.9)).
We apply this result for the ample divisor H = {1 + ¢, and for E = D — (bl; +
aly), where a = (D - £1) and b = (D - {3). Note that (E - H) = 0, hence (E?) < 0.
Since (E?) = (D?) — 2ab, we get the assertion in the proposition. O

ExaMPLE 3.10. Consider the case when X is an elliptic curve (that is, g = 1).
In this case it follows from Theorem 3.6 and Remark 3.4 that
1—oat)(l—pt 1 — at + qt?
2(x,py = LZeDU =B | 1—al+ql”
1-t)1—-qt) (A-t)(1—q)




3.3. THE ANALOGUE OF THE RIEMANN HYPOTHESIS 23

where |a| = |3| = ¢/?, and a € Z. Note that | X (Fym)| = (1+¢™) — 2Re(a™). In
particular, a = (1 +¢) — | X (Fy)|.






CHAPTER 4

Weil cohomology theories and the Weil conjectures

WEeil realized that the rationality and the functional equation part of the Weil
conjectures would follow from the existence of a cohomology theory with suitable
properties. Such a cohomology theory is nowadays called a Weil cohomology the-
ory. In the first section we describe the axioms of such a cohomology theory, and
derive some consequences. These will be used in the second section to deduce the
rationality and the functional equation for the Hasse-Weil zeta function. In the
last section, we give a brief introduction to the first Weil cohomology over fields of
positive characteristic, the ¢-adic cohomology.

4.1. Weil cohomology theories

In this section we work over a fixed algebraically closed field k. All varieties
are defined over k. Recall that given a variety X and r € Z>g, the group of 7-
cycles on X is the free abelian group on the set of closed irreducible r-dimensional
subvarieties of X. If V is such a variety, then we write [V] for the corresponding
element of the cycle group. For a closed subscheme Z of X of pure dimension r, the
cycle of Z is [Z] = >"1_, U(Oz,z,)[Z;], where the Z; are the irreducible components
of Z, and Oz z, is the zero-dimensional local ring of Z at the generic point of Z;.

Our presentation of the formalism of Weil cohomology theories follows with
small modifications and a few extra details de Jong’s note [ ]. A Weil coho-
mology theory with coeflicients in the characteristic zero field K is given by the
following data:

(D1) A contravariant functor X — H*(X) = &; H(X) from nonsingular, con-
nected, projective varieties (over k) to graded commutative' K-algebras.
The product of «, f € H*(X) is denoted by a U 3.

(D2) For every nonsingular, connected, projective algebraic variety X, a linear
trace map Tr = Try : H?3(X)(X) 5 K.

(D3) For every nonsingular, connected, projective algebraic variety X, and for
every closed irreducible subvariety Z C X of codimension ¢, a cohomology
class cl(Z) € H*¢(X).

The above data is supposed to satisfy the following set of axioms.

(A1) For every nonsingular, connected, projective variety X, all H*(X) have fi-
nite dimension over K. Furthermore, H*(X) = 0 unless 0 < i < 2dim(X).
(A2) (Kinneth property) If X and Y are nonsingular, connected, projective
varieties, and if pxy: X XY — X and py: X XY — Y are the canonical

1Recall that graded commutative means that o8 = (—1)des(e) dee(B) By for every homoge-
neous elements a and 3.

25
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projections, then the K-algebra homomorphism
H*(X) @k H(Y) = H (X xY), a®f — px(a) Upy(P)

is an isomorphsim.

(A3) (Poincaré duality) For every nonsingular, connected, projective variety X,
the trace map Tr: H? dim(X)(X) — K is an isomorphism, and for every i
with 0 < ¢ < 2dim(X), the bilinear map

HY(X)@xg H?3WX~UX) 5 K, a® B — Trx(aUp)

is a perfect pairing.
(A4) (Trace maps and products) For every nonsingular, connected, projective
varieties X and Y, we have

Trxxy (px (@) Upy (B)) = Trx (o) Try (8)
for every a € H24m(X)(X) and g € H24m(Y)(y).
(A5) (Exterior product of cohomology classes) For every nonsingular, con-
nected, projective varieties X and Y, and every closed irreducible sub-
varieties Z C X and W C Y, we have

d(Z x W) = px(cl(Z)) U py (cl(W)).

(A6) (Push-forward of cohomology classes) For every morphism f: X — Y
of nonsingular, connected, projective varieties, and for every irreducible
closed subvariety Z C X, we have for every a € H24m(Z)(y")

Trx (cl(Z) U f*(a)) = deg(Z/ f(Z)) - Try (cl(f(Z)) U ).

(AT) (Pull-back of cohomology classes) Let f: X — Y be a morphism of non-
singular, connected, projective varieties, and Z C Y an irreducible closed
subvariety that satisfies the following conditions:

a) All irreducible components Wi, ..., W, of f~(Z) have pure dimen-
sion dim(Z) + dim(X) — dim(Y").
b) Either f is flat in a neighborhood of Z, or Z is generically transverse
to f, in the sense that f~1(Z) is generically smooth.
Under these assumptions, if [f~1(2)] = Y.;_, m;W;, then f*(cl(Z)) =
Sy micl(W;) (note that if Z is generically transverse to f, then m; =1
for all 7).

(A8) (Case of a point) If = Spec(k), then cl(xz) =1 and Tr,(1) = 1.

A basic example of a Weil cohomology theory is given by singular cohomology
in the case k = C, when we may take K = Q. In the last section we will discuss an
example of a Weil cohomology theory when char(k) = p > 0, the f-adic cohomology
(with K = Qy, for some £ # p). Another example, still when char(k) > 0, is given
by crystalline cohomology (with K = W (k), the ring of Witt vectors of k).

In the rest of this section we assume that we have a Weil cohomology theory
for varieties over k, and deduce several consequences. In particular, we relate the
Chow ring of X to H*(X). We will review below some of the basic definitions
related to Chow rings. For our applications in the next section, the main result is
the trace formula in Theorem 4.7 below.

PrROPOSITION 4.1. Let X be a smooth, connected, n-dimensional projective
variety.

i) The structural morphism K — H°(X) is an isomorphism.
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ii) We have cl(X) =1 € H°(X).

ili) If x € X is a closed point, then Trx(cl(z)) = 1.

iv) If f: X = Y is a generically finite, surjective morphism of degree d be-
tween smooth, connected, projective varieties, Trx (f*(a)) = d - Try («)
for every o € H>I™Y)N(Y). In particular, if Y = X, then f* acts as
multiplication by d on H?3™(X)(X),

PROOF. Applying condition (A3) with i = 0 implies that dimx H°(X) = 1,
hence the structural morphism of the K-algebra H*(X) induces an isomorphism
K ~ H°(X). Applying condition (A7) to the morphism X — Speck, as well as
condition (A8), we get cl(X) =1 € H°(X).

Given z € X, let us apply condition (A6) to the morphism X — Speck,
by taking Z = {z} and o = 1 € H°(Speck). We deduce using also (A8) that
Trx(cl(z)) = 1.

If f: X =Y is as in iv), let us choose a general point @ in Y. If the cycle of
the fiber f~1(Q) is [f~1(Q)] = >_i_, m; P, then by hypothesis >_'_, m; = d. Since
f is flat around @ by generic flatness, condition (A7) implies

Trx (f*(cl(Q))) = TYX(Z m; - cl(P;)) = d - Try (cl(Q)).

Since cl(Q) generates H24™()(Y), this proves the assertion in iv). O

We now use Poincaré duality to define push-forwards in cohomology. Let
f: X — Y be a morphism between nonsingular, connected, projective varieties,
with dim(X) = m and dim(Y) = n. Given a € HY(X), there is a unique
f«(a) € H?"=2m+i(Y) such that

Try (fi(a) U B) = Trx (U f*(B))

for every f € H*™~{(Y). It is clear that f. is K-linear. The following proposition
collects the basic properties of the push-forward map.

PROPOSITION 4.2. Let f: X — 'Y be a morphism as above.

i) (Projection formula) fi(aU f*(y)) = fu(a) U~.
i) If g: Y — Z is another morphism, with Z smooth, connected, and projec-
tive, then (go f)« = gx o fx on H*(X).
iii) If Z is an irreducible, closed subvariety of X, then

fe(l(2)) = deg(2/ (2))cl(£(Z))-

PROOF. Properties i) and ii) follow easily from definition, using Poincaré du-
ality. Property iii) is a consequence of (A6). O

PROPOSITION 4.3. Let X andY be nonsingular, connected, projective varieties,
and p: X xY — X and q: X XY — Y the canonical projections. If o € H'(Y),
then p.(¢* (@) = Try («) if i = 2dim(Y"), and p.(¢* () = 0, otherwise.

PRrOOF. Note that p,(¢*(a)) € H*=24m() (X)), hence it is clear that p, (¢*(a)) =
0 when i # 2dim(Y). On the other hand, if « € H24™()(Y) and 8 € H24m(X) (X)),
then
Trx (pa (¢°(2)) U B) = Trxy (¢"(a) Up*(8)) = Try () Trx (8),
where the last equality follows from condition (A4). Therefore p.(¢*(«)) = Try ().
]
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Our next goal is to show that taking the cohomology class induces a ring homo-
morphism from the Chow ring A*(X) to H**(X), the even part of the cohomology
ring. Before doing this, let us review a few facts about Chow rings. For details and
proofs, we refer to | , Chapters I-VIII].

Let X be an arbitrary variety over k. The Chow group A, (X) is the quotient
of Z.(X) by the rational equivalence relation. Recall that this equivalence relation
is generated by putting divyy(¢) ~ 0, where W is an (r 4+ 1)-dimensional closed
irreducible subvariety of X, and ¢ is a nonzero rational function of X. We do not
give the general definition of divyy (¢), but only mention that for W normal, this
is the usual definition of the principal divisor corresponding to a rational ~function.
In particular, if ¢ defines a morphism ¢: W — P, then divyy(¢) = [¢~1(0)] —
(o).

For a proper morphism f: X — Y one defines f,: Z,.(X) — Z.(Y) such that
for an irreducible variety V of X, f.([V]) = deg(V/f(V))[f(V)]. One shows
that if ¢ is a nonzero rational function on an (r 4+ 1)-dimensional irreducible
closed subvariety W of X, one has f.(diviy(¢)) = 0 if dim(f(W) < dim(V'), and
[e(diviy (@) = divgw)(N(4)), otherwise, where N: K(f(W)) — K(W) is the
norm map. Therefore we get an induced morphism f.: A,.(X) — A.(Y). Note
that when X is complete, the induced map deg: Ag(X) — Ao(Speck) = Z is given
by taking the degree of a cycle. We extend this map by defining it to be zero on
Ay(X) with i # 0.

If X is nonsingular, connected, and dim(X) = n, then one puts A%(X) =
Ap—i(X), and A*(X) = @ ;A" (X) has a structure of commutative graded ring.
One denotes by « U 8 the product of o, € A*(X). If X is complete, and
a1, .., € A*(X), then the intersection number (o -...-«,) is given by deg(aq U
Ua).

Taking X to A*(X) gives, in fact, a contravariant functor from the category
of nonsingular quasiprojective® varieties to that of graded rings. One defines the
pull-back f*: A*(Y) — A*(X) of a morphism f: X — Y of nonsingular varieties
in terms of a suitable (refined) intersection product. For us, it is enough to use
the following property: if Z is an irreducible subvariety of Y such that f~1(Z) has
pure dimension dim(Z) 4+ dim(X) — dim(Y’), and either f is flat in a neighborhood
of Z, or Z is generically transverse to f, then f*([Z]) = [f~1(Z)]. In fact, one can
always reduce to one of these two situations: every f admits the decomposition

XA xxy ™y,
where j = (Idx, f) is the graph of f. Therefore
(2] = 5% (pry ™ ([2])) = 5 (X x Z]).

Furthermore, by the Moving Lemma, [X X Z] is rationally equivalent with a sum

>, ne[We], with each Wy generically transverse to j. Therefore f*([Z]) = 3, ne[j 1 (We)].
The product of A*(X) can be described in terms of pull-back, as follows. If Z;

and Z are irreducible closed subvarieties of X, then

[Z1] U [Z2] = A™([Z1 x Zo]) € A™(X),

2This assumption is only made for convenience, since we want to use the Moving Lemma,
and since we are concerned with projective varieties.
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where A: X — X x X is the diagonal embedding. In particular, suppose that
Z1 and Zy are generically transverse, in the sense that all irreducible components
Wi...,W, of Z; N Z3 have dimension dim(Z;) + dim(Zs) — dim(X), and Z; N Z,
is generically smooth. In this case Z; X Z5 is generically transverse to A, hence
(Z1] U [Za] = 325, W)

Suppose now that we have a Weil cohomology theory for varieties over k. If X
is a smooth, connected, projective n-dimensional variety over k, taking the coho-
mology class induces a group homomorphism cl: Z,.(X) — H?»~")(X). Note that
if f: X — Y is a morphism of such varieties, then it follows from Proposition 4.2
iii) that
(4.1) Fo(el(@)) = el(£u():

LEMMA 4.4. If a = Yi_ ni[V;] is an r-cycle that is rationally equivalent to
zero, then Y, n;cl(V;) = 0 in A2"~7)(X).

PROOF. We may assume that there is an irreducible (r + 1)-dimensional sub-
variety W of X, and a nonzero rational function ¢ on W such that a = divyy (9).
We have a rational map (;NS: W --» P! defined by ¢. Let m: W/ — W be a pro-
jective, generically finite morphism, with W’ an integral scheme, such that ¢ o 7
is a morphism {/; After possibly replacing W’ by a nonsingular alteration (see
[ ]), we may assume that W’ is nonsingular, connected, and projective. If
d = deg(W'/W) and ¢ = f*(¢) € K(W’), then we have the equality of cycles
f(div(y))) = d - div(¢). Since char(K) = 0, it follows from (4.1) that it is enough
to show that cl(dlv( )) =0 in H*(W’). On the other hand, by construction we

have div(1) = [1h~1(0)] — [/} (c0)], and condition (A7) implies that it is enough
to show that cl(0) = cl(co) € H'(P!). This follows from assertion iii) in Proposi-
tion 4.1. (|

The above lemma implies that for every nonsingular, connected, projective n-
dimensional variety X, we have a morphism of graded groups cl: A*(X) — H**(X).

PROPOSITION 4.5. The morphism cl: A*(X) — H?*(X) is a ring homomor-
phism. Furthermore, it is compatible with both f* and f,.

ProoFr. Compatibility with f, follows from (4.1). We next show compatibility
with f*, where f: X — Y is a morphism between nonsingular, connected, pro-

jective varieties. Writing f as the composition X L xxy ™ Y, we note that
f* = 7" opy both at the level of H* and at the level of A*. The fact that taking
the cohomology class commutes with both pj- and j* is a consequence of condition
(A7) (and, in the case of j*, of the Moving Lemma).

We now show that cl is a ring homomorphism. If V and W are irreducible
subvarieties of X, and A: X — X x X is the diagonal embedding, then using the
compatibility with pull-back and condition (A5) we get

([VIU[W]) = cl(A*([V x W])) = A% (cl(V x W) = A (pX (cl(V)) U py (cl(W)))
= A (px (cl(V))) U A™(py (cl(W))) = cl(V) U cl(W).

O

COROLLARY 4.6. If X is a smooth, connected, projective variety, and «; €

A™i(X) for 1 < i <r are such that my + ...+ m, = dim(X), then (aq ... a,) =
Trx(cl(ag) U...Ucl(a)).
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PROOF. Since the map cl: A*(X) — H?**(X) is a ring homomorphism, it is
enough to show that for a € Zy(X), we have deg(a) = Trx(cl(«)). By additiv-
ity, we may assume a = P, in which case it is enough to apply assertion iii) in
Proposition 4.1. O

THEOREM 4.7. (The trace formula) If ¢: X — X is an endomorphism of the
nonsingular, connected, projective variety X, and if 'y, A C X x X are the graph
of ¢, and respectively, the diagonal, then

2 dim(X)
(T )= Y (~1)trace(s"|H'(X)).
i=0
In particular, ifT'y and A intersect transversely, then the above expression computes

{z € X | ¢(z) = }].

We will apply this result in the next section by taking ¢ to be the Frobenius
morphism. On the other hand, by taking ¢ to be the identity, we obtain the
following

PrOPOSITION 4.8. If X is a smooth, connected, n-dimensional projective vari-
ety, and A C X x X 1is the diagonal, then

2n
(A%) = (~1)" dimg H'(X).
i=0
We give the proof of Theorem 4.7 following | , Chapter VI, §12]. We need two

lemmas. With the notation in Theorem 4.7, let dim(X) = n, and let p,q: X x X —
X denote the projections onto the first, respectively second, component.

LEMMA 4.9. If o € H*(X), then p.(cl(Ty) U g*(a)) = ¢* ().

PRrROOF. Let j: X — X x X be the embedding onto the graph of ¢, so that
poj =1Idx and goj = ¢. Since j.(cl(X)) = cl(T'y), we deduce using the projection
formula

P+(cl(T'g)Ug™ () = pa (4. (cl(X))Ug" (@) = p (G (l(X)U5" (g7 () = p« (4« (67 (a)))

= ¢*(a).
O

LEMMA 4.10. Let (e) be a basis of H"(X) and (f#""") the dual basis of
H?"="(X) with respect to Poincaré duality, such that Trx (7"~ "Uel) = 6; 4. With
this notation, we have

= L@ EN VU B ),

PrOOF. We know by the Kiinneth property that we can write
cl(Ty) = Zp ag,s) U g (f7"7%),

for unique elements ay s € H*(X). It follows from Lemma 4.9 and the projection
formula that that

Zp* a[s Uq ( 2 S ZGESUP* 2n SU@:))~
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Lemma 4.3 implies that p.(¢*(f7"~* Uel) is zero, unless r = s, in which case it is
equal to TrX(fg"_T U el). By assumption, this is zero, unless ¢ = ¢, in which case
it is equal to 1. We conclude that ¢*(e]) = a; . O

PROOF OF THEOREM 4.7. It follows from Lemma 4.10 that

() = 3P (@ (D) U (127,

Applying the same lemma to the identity morphism, and to the dual bases (f7)
and ((—1)%;" %), we get

cd(A) = (=1)°p*(ff) Uq*(eg™ ).
l,s
Therefore we obtain

(F¢ . A) = TYXXx(Cl(F¢) U CI(A))

=Tryxx Z (_1)s+s(2n77’)p*(¢* (ez) U f;) U q*(fiZn—r U e?n—s)

,7,7,8

= 3 Tex(0 (ef) U 20T - T (F27 D) = (1) race(6 [H7 (X)),

T

4.2. Rationality and the functional equation via Weil cohomology

In this section we assume that we have a Weil cohomology theory for varieties
over k = F,,, and show how to get the statements of Conjectures 2.15 and 2.16
for varieties over F,.. We start with the rationality of the zeta function. As we
have seen in § 2.2, given a variety X defined over F,, with ¢ = p®, we have the
g-Frobenius morphism Froby ;: X — X (a morphism over F;). Furthermore, if

X = X XspecF, Spec k, then we have an endomorphism F' := F‘robxq = Froby ,xId
of X. Note that Frobg ,m = F™.
THEOREM 4.11. If X is a nonsingular, geometrically connected, n-dimensional
projective variety over Fy, then
Pyi(t) - Ps(t) - Pop—1(t)
Po(t) - Pa(t) -+ Pop(t) ’

where for every i with 0 < i < 2n we have P;(t) = det(Id — tF*|H (X)). In
particular, Z(X,t) € Q(t).

Z(X,t) =

We will make use of the following general formula for the characteristic poly-
nomial of a linear endomorphism.

LEMMA 4.12. For every endomorphism ¢ of a finite dimensional vector space

V over a field K, we have

det(Id — t¢) = exp | — Z trace((bmﬂ/)%

m>1
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PROOF. After replacing K by its algebraic closure K, V by V =V @ K,
and ¢ by ¢ ®x K: V — V, we may assume that K is algebraically closed. After
choosing a suitable basis for V', we may assume that ¢ is represented by an upper
diagonal matrix. If the entries on the diagonal are aq,..., a4, then det(Id — t¢) =
(1 —ayt)--- (1 — aqt). On the other hand,

m maim d
exp | — Z trace(¢m|V)% =exp | — Z Z aim = exp <Z log(1 — ait)>

m>1 m>1i=1 i=1

O

PROOF OF THEOREM 4.11. Let N, = |X(Fgm)|. As we have seen in § 2.2,
we have N,, = [{z € X | F™(z) = z}|. Furthermore, the graph I',, C X x
X of F™ is transverse to the diagonal, hence by Theorem 4.7 we have N,, =
S22 (=1)itrace((F™)*|H (X)). Using Lemma 4.12, we get

=0
tm
Z — *\MmMm 7 _
(X,t) = exp ZZ Yitrace((F*)™ | HY(X )
m>1i=0
2n L
=[] det(1d — t7|H (X)) 0™
i=0
This clearly shows that Z(X,t) lies in K(¢). On the other hand, since Z(X,t) €
Q[t], the proposition below shows that Z(X,t) lies in Q(t). O

PROPOSITION 4.13. Let L be an arbitrary field, and f =3, ~,amt™ € L[t].
We have f € L(t) if and only if there are nonnegative integers M and N such that
the linear span of the vectors

(4.2) {(Cl,i, Aig 1y CLH_N) S L@(N—H) ‘ 1> M}

is a proper subspace of LYW+ In particular, if L' /L is a field extension, then f
lies in L'(t) if and only if it lies in L(t).

Proor. We have f € L(t) if and only if there are nonnegative integers M and
N, and ¢,...,cy € L, not all zero, such that f(¢) - Zf\;o c;t' is a polynomial of
degree < M + N. In other words, we need

(4.3) CNG; + CN-1Gi+1 + ...+ coa;yn = 0 for all i > M.

This condition holds precisely when the linear function £(zg, ..., zy) = Z;V:o CN_jT;
vanishes on the linear span of the vectors in (4.2), hence the first assertion in the
proposition. The second assertion follows from the fact that if vq,...,v, are ele-
ments of a vector space V over L, then vy, ..., v, are linearly independent if and
only if v ® 1,...,v, ® 1 are linearly independent over L' in V ® L'. |

We now turn to the functional equation. We keep the same assumption and
notation as in Theorem 4.11.



4.2. RATIONALITY AND THE FUNCTIONAL EQUATION VIA WEIL COHOMOLOGY 33

THEOREM 4.14. If X is a nonsingular, geometrically connected, n-dimensional
projective algebraic variety over F,, and E = (A?), where A C X x X s the
diagonal, we have

Z(X,1/q™) = +q"F2tE Z(X t).

The key ingredient is the following linear algebra lemma (see | , Lemma 4.3,

App. C]).

LEMMA 4.15. Let ¢: V. x W — K be a perfect pairing of vector spaces of
dimension r over the field K. If \ € K\ {0} and f € Endg (V) and g € Endg (W)
are such that ¢(f(v), g(w)) = (v, w) for everyv € V, w € W, then

(4.4) det(Id — tg|W) = Wdet(ld L)
and

AT‘
(4:5) Aet(6l) = gty

PROOF. After replacing K by its algebraic closure K, and extending the scalars
to K, we may assume that K is algebraically closed. In this case we can find a
basis eg, ..., e, of V such that if we write f(e;) = Z;=1 a; jej, we have a; ; = 0 for
i>j. Let ef,..., e, be the basis of W such that ¢(e;,e}) = d; ; for every i and j.

Note that g is invertible: if g(w) = 0, then 0 = ¢(f(v), g(w)) = Ap(v,w) for
every v € V, hence w = 0. Since ¢(f(ei),e;) = 0 for j < i, we deduce that
dles, g7 (€))) = 0. If we write g~'(e};) = >2)_; bjeey, we have bj; = 0 for i > j.
Furthermore,

aj; = ¢(f(ej),€;) = Aéﬁ(ej»g*l(e;)) = Abj ;.
Since det(f|V) = [[;_, a;,; and det(g|W) = [[_, b5 = X"/ [\, i, we get (4.5).

J=1"73.3
We also have

T

det(Id — tg|W) = det(g|W) - det(g~ " — tId|W) = det?;|V) : H(aj,j/\*1 —t)
j=1
_ (Emaner ﬁ(l —a AT = Mdet(ld — ATV,
det(f|v) 77 det(f[V)

j=1
([l

PRrROOF OF THEOREM 4.14. We apply the lemma to the perfect pairing given
by Poincaré duality:

¢i: H(X) @ H* (X)) - H"(X) = K, ¢i(a® ) =Tr(aUp).

Note that F: X — X is a finite morphism of degree ¢™: indeed, it is enough to show
that Frobx ,: X — X has this property. Arguing as in the proof of Proposition 2.4,
we reduce the assertion to the case X = A", when it follows from the fact that
k[z1,...,z,] is free of rank ¢" over k[z{,... z4].

Proposition 4.1 implies that F* is given by multiplication by ¢" on H?"(X).
Therefore

¢i(F* (@), F*(8)) = Trg(F*(a U B)) = Trg(g"a U B) = ¢"¢i(a, B),
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for every a € HY(X) and 8 € H* {(X). Lemma 4.15 implies that if we put
= dimg H(X) and P;(t) = det(Id — tF*|H* (X)), then

(4.6) det(F*|H*"~{(X)) = ¢"Pi /det(F*|H' (X)) and

det(F*|H (X))

Using (4.6), (4.7) and Theorem 4.11, as well as the fact that £ = Zfzo(fl)iBi
by Proposition 4.8, we deduce

2n
Z(1/q"t) = HP (1/q" )" =[] Pons )"0
=0

=0

(_1)E nEtE'

[T det(F=[H?(X))-D*

nE'tE

= +Z(X,t)- ‘f}nE 5 = E0"EEZ(X 1),

O

REMARK 4.16. It follows from the above proof that the sign in the functional
equation is (—1)F*¢ where a = 0 if det(F* | H(X)) = ¢"P*/2, and a = 1 if
det(F* | H{(X)) = —¢"B»/2. 1If we write P,(t) = [[27 (1 — ait), an easy compu-
tation using the identity (4 7) for i+ = n implies that the multiset {aq,...,ap,}
is invariant under o — ¢® /a, and Hl La; = (—1)2g"Pn/2. Therefore a has the

same parity as the number of «; equal to —g™/2.

4.3. A brief introduction to /-adic cohomology

In this section we give a brief overview of étale cohomology, in general, and of
f-adic cohomology, in particular. Needless to say, we will only describe the basic
notions and results. For details and for proofs, the reader is referred to [ ] or
[Mil]

The basic idea behind étale topology is to replace the Zariski topology on an
algebraic variety by a different topology. In fact, this is not a topology in the
usual sense, but a Grothendieck topology. Sheaf theory, and in particular sheaf
cohomology still make sense in this setting, and this allows the definition of /-adic
cohomology.

As a motivation, note that in the case of a smooth, projective, complex algebraic
variety we would like to recover the singular cohomology, with suitable coefficients
There are two ways of doing this algebraically. The first one consists in taking
the hypercohomology of the de Rham complex. This approach, however, is known
to produce pathologies in positive characteristic. The second approach consists in
“refining” the Zariski topology, which as it stands, does not reflect the classical
topology. The key is the notion of étale morphism. It is worth recalling that a
morphism of complex algebraic varieties is étale if and only if it is a local analytic
isomorphism in the classical topology.

Let X be a fixed Noetherian scheme. The role of the open subsets of X will
be played by the category Et(X ) of étale schemes ¥ — X over X. Instead of
considering inclusions between open subsets, we consider morphisms in Et(X ) (note
that if Y7 and Y5 are étale schemes over X, any morphism Y; — Y5 of schemes over
X is étale). The category Et(X ) has fiber products. The role of open covers is
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played by étale covers: these are families (U; Iy ); of étale schemes over X such
that U = |, fi(U;). The set of étale covers of U is denoted by Cov(U).
What makes this data into a Grothendieck topology is the fact that it satisfies
the following conditions:
(C1) If ¢: U — V is an isomorphism in Et(X), then (¢) € Cov(V).
(C2) If (U; — U); € Cov(U) and for every i we have (U; ; — U;); € Cov(U;),
then (Ui,j — U)i,j € COV(U)
(C3) If (U; = U); € Cov(U), and V — U is a morphism in Et(X), then we
have (U; xy V. — V); € Cov(V).
This Grothendieck topology is the étale topology on X.
It follows from definition that if U € Et(X), and if (U;); is an open cover of
U, then (U; — U); is in Cov(U). Another important type of cover is the following.
A finite étale morphism V — U is a Galois cover with group G if G acts (on the
right) on V over U, and if the natural morphism

|| Ve =V xuV, yeV, = (v.u9)

geG
is an isomorphism, where V, = V for every g € G. Note that this is a G-equivariant
isomorphism if we let G act on the left-hand side so that h € G takes V, to Vg, via
the identity map. It is a general fact that every finite étale morphism V' — U can
be dominated by a Galois cover W — U.

Once we have a Grothendieck topology on X, we can extend the notions of
presheaves and sheaves. An étale presheaf on X (say, of abelian groups) is a con-
travariant functor from Et(X ) to the category of abelian groups. An étale presheaf
F is a sheaf if for every U € Et(X) and every étale cover (U; — U);, the following
complex

0= F(U) = [[FW:) = [[F Ui xv U;)
1 2,7
is exact. In particular, F defines a sheaf Fi; on U, in the usual sense, for every U
in Et(X). On the other hand, if V' — U is a Galois cover in Et(X) with group G,
then the corresponding condition on F is that F(U) ~ F(V)¢ (note that G has a
natural action on F since F is a presheaf). Let us consider some examples of étale
sheaves.

EXAMPLE 4.17. If M is a quasi-coherent sheaf of Ox-modules on X (in the
usual sense), then we put for U I X in Et(X)
WM)(U) =T(U, f*(M)).
It is a consequence of faithfully flat descent that W (M) is an étale sheaf on X.
Abusing notation, we usually denote W (M) simply by M.

ExAMPLE 4.18. If A is any abelian group, then we get an étale constant sheaf
on X that takes every U — X in Et(X) to A™) where m(U) is the set of
connected components of U. This is denoted by Ax, but whenever the scheme X
is understood, we drop the subscript.

ExXAMPLE 4.19. Suppose that G is an abelian group scheme over X. We
may consider G as an étale presheaf on X by defining for U — X in Et(X),
G(U) = Homx (U, G). It is another consequence of faithfully flat descent that G
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is an étale sheaf on X. For example, if G = G,,, = X Xgpecz Spec Z[t,t7'], then
G, (U) is the set O(U)* of invertible elements in O(U). Another example is given
by the closed subscheme

tn = X Xspecz Spec Z[t]/(t" — 1) = Gy,
In this case we have ., (U) = {u € Ox(U) | u"™ = 1}.

ExXAMPLE 4.20. As a last example, consider the case when X = Spec k, where
k is a field. Note that in this case an object in Et(X) is just a disjoint union of
finitely many Spec K, where the K; are finite, separable extensions of k. It is clear
that every étale sheaf F over X is determined by its values Mg := F(Spec K),
for K/k as above. Furthermore, G(K/k) has an induced action on Mg, and for
every Galois extension L/K of finite, separable extensions of k, we have a functorial
isomorphism Mg =~ (ML)G(L/K). Let M = @MK. This carries a continuous

K/k

action of G = G(k*P/k), where kP is a separable closure of k (the action being
continuous means that the stabilizer of every element in M is an open subgroup
of G). One can show that this defines an equivalence of categories between the
category of étale sheaves on Speck and the category of abelian groups with a
continuous G-action.

Suppose now that X is an arbitrary Noetherian scheme. It is easy to see that
the category Pshg (X) of étale presheaves on X is an abelian category. If Shei(X)
is the category of étale sheaves on X, then one can show that the natural inclusion
Pshe (X) < She(X) has a left adjoint, that takes an étale presheaf F to the
associated étale sheaf. Using this, one can show that also Shei(X) is an abelian
category. We note that a complex of étale sheaves on X

FA3FSF
is exact if and only if for every U — X in Et(X), every a € F(U) such that
v(a) = 0, and every x € U, there is f: V — U in Et(X) with « € f(V), such that
the image of a in F(V) lies in Im(F' (V) — F(V)).
EXAMPLE 4.21. Suppose that X is a scheme over F,, and let us assume, for

simplicity, that X is integral. There is an important exact sequence of étale sheaves
on X, the Artin-Schreier sequence, given by

(4.8) 0—> (F,)x Ox 0 0,

where for every U — X in Et(X), we recall that Frob,: Ox(U) = Ox(U) is given
by w — uP. It is clear that (F,)x is the kernel of Frob, — Id: this follows from
the fact that for every domain A over F,, we have F, = {a € A | a? = a}. Note
that Frob, — Id is surjective on Ox (for the étale topology). Indeed, given any
Noetherian ring A and a € A, the morphism ¢: A — B = A[t]/(t? — t — a) is étale
and surjective, and there is b = ¢t € B such that ¢(a) = b — b.

EXAMPLE 4.22. Suppose now that X is a scheme over a field k, and n is a
positive integer, not divisible by char(k). In this case we have an exact sequence of
étale sheaves, the Kummer sequence

0— = G = G, — 0.
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In order to see that the morphism G,, — G,, that takes u — u”™ is surjective, it is
enough to note that for every k-algebra A, and every a € A, the natural morphism
¢: A— B = Alt]/(t" — a) is étale and surjective, and there is b = t € B, such that
¢(a) =t".

Note that if k is separably closed, then it is clear that for every k-algebra that
is an integral domain, we have {u € A | ™ = 1} C k. Suppose, for simplicity, that
X is an integral scheme. In this case, the choice of a primitive n'® root of 1 gives
an isomorphism p,, ~ (Z/nZ)x.

If f: X = Y is a morphism of Noetherian schemes, for every U — Y in Et(Y),
we have X xy U — X in Et(X). Furthermore, if (U; — U); is an étale cover of U,
then (X xy U; = X xy U); is an étale cover of X xy U. Using this, it is easy to see
that we have a functor f.: She(X) — Shet(Y), such that f.(F)(U) = F(X xy U).
This is a left exact functor, and one can show that it has a left adjoint, denoted by
f*. For example, we have f*(Ay) ~ Ax.

One can show that the category Sh¢i(X) has enough injectives. In particular,
for every U — X in Et(X) we can consider the right derived functors of the left
exact functor F — F(U). These are written as HZ (U, F), for i > 0.

EXAMPLE 4.23. If M is a quasi-coherent sheaf on X, and W(M) is the corre-
sponding étale sheaf associated to M as in Example 4.17, then one can show that
there are canonical isomorphisms H*(X, M) ~ H} (X, W (M)).

EXAMPLE 4.24. Let X = Speck, where k is a field. If we identify an étale
sheaf on X with an abelian group M with a continuous G-action, where G =
G(k*P/k), then the functor of taking global sections for the sheaf gets identified
to the functor M — M©. Therefore its derived functors are given precisely by the
Galois cohomology functors.

EXAMPLE 4.25. One can show that as in the case of the Zariski topology,
there is an isomorphism H/, (X, G,,) ~ Pic(X). Suppose now that X is an integral
scheme over a separably closed field k, and n is a positive integer that is not divisible
by char(k). It follows from Example 4.22 that we have an exact sequence

[(X,0x)" % T(X,0x)" — HL(X,Z/nZ) — Pic(X) 5 Pic(X),
where both o and 3 are given by taking the n*-power.

EXAMPLE 4.26. Suppose that X is an integral scheme over F,. The Artin-
Schreier exact sequence from Example 4.21, together with the assertion in Exam-
ple 4.23 implies that we have a long exact sequence of cohomology

(4.9)
. . Id—Frob,__. i1
.. ——= Hi,(X,F,) —= H(X,0x) —="H(X,0x) — H ' (X,F,)....

Suppose now that X is complete over a field k, so each H*(X,Ox) is finite-
dimensional over k. Since Frob,: H'(X,Ox) — H'(X,Ox) has the property that
Frob,(au) = aPFrob,(u), it is a general fact that if k is algebraically closed, the
morphism Id — Frob, is always surjective. It follows that under this assumption,
the above long exact sequence breaks into short exact sequences

4.10 0— > Hi (X.F,) — > Hi(X,0x) - L"Hi(X, Oy) — 0.
ét p
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It turns out that it is particularly interesting to compute the étale cohomology
of schemes with coefficients in finite abelian groups. The basic computation is that
of the étale cohomology groups of a curve. In fact, the proofs of the fundamen-
tal results about étale cohomology are reduced to the case of curves via involved
dévissage arguments.

THEOREM 4.27. Let X be a smooth, connected, projective curve, over an al-
gebraically closed field k. If n is a positive integer that is not divisible by char(k),
then there are canonical isomorphisms

H,(X, i) = pin(Speck),
HL(X, pun) ~ {L € Pic(X) | L™ ~ Ox},
HZ,(X, pn) ~ Z/nZ,
while H.\(X, pin) = 0 for i > 2.

The key point is to show that HE (X,G,,) = 0 for i > 2. This is deduced
from a theorem of Tsen, saying that every nonconstant homogeneous polynomial
f € k[z1,...,xz,] of degree < n has a nontrivial zero. The assertions in the above
theorem then follow from the long exact sequence in cohomology corresponding to
the Kummer exact sequence. Note that u,(Speck) is non-canonically isomorphic
to Z/nZ. Furthermore, every L € Pic(X) such that L™ ~ Ox lies in Pic’(X).

Since PicO(X ) consists of the k-rational points of a g-dimensional abelian variety
over k (where g is the genus of X), it follows that

{L € Pic(X) | L" ~ Ox} ~ (Z/nZ)%

(see [ , p. 60]). Furthermore, multiplication by n is surjective on Pic?(X)
(see | , p- 40]), which gives the isomorphism HZ (X, u,) ~ Z/nZ in the
theorem.

REMARK 4.28. When the characteristic of k divides n, the ranks of the cohomol-
ogy groups H, (X, Z/nZ) do not behave as expected. Suppose, for example, that X
is an elliptic curve defined over an algebraically closed field of characteristic p > 0. It
follows from the exact sequence (4.10) that dimg, H (X,Z/pZ) < 1 (compare with
the fact that for a prime ¢ # p, we have dimp, H}, (X,Z/pZ) = 2). On the other
hand, this étale cohomology group detects interesting information about the elliptic
curve: it follows from the exact sequence (4.10) that dimg, HY, (X,Z/pZ) = 1 if
and only if the Frobenius action on H*(X,Ox) is nonzero (in this case one says
that X is ordinary; otherwise, it is supersingular).

The ¢-adic cohomology groups are defined as follows. Let k be an algebraically
closed field, and let ¢ be a prime different from char(k) (in case this is positive).
For every i > 0, and every m > 1, consider the Z/¢™Z-module H{ (X,Z/(™Z).
We have obvious maps

Hét(Xa Z/€m+1z) - Hét(X7 Z/fmZ)

and one puts ‘ ‘
He (X, Zy) = lim He (X, Z /0 Z).

This has a natural structure of Z,-module, where Z, is the ring of ¢-adic integers,
and one defines

HL(X, Q) = Hi (X, Ze) ®z, Qo
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It is worth pointing out that taking cohomology does not commute with projective
limits, hence HY (X, Z;) is not the étale cohomology group of X with coefficients
in the constant sheaf Z,. It follows from the fundamental theorems on étale co-
homology that when restricting to smooth, connected, projective varieties over k,
one gets in this way a Weil cohomology theory with coefficients in Qg (see [Mil,
Chapter VI]).

In particular, if X is a smooth, geometrically connected, n-dimensional projec-
tive variety over Fy, with ¢ = p°, let £ be a prime different from p. Theorem 4.11
gives the following expression for the zeta function of X:

Pi(t)- Ps(t) -+ Pyp_1(t)
Po(t) - Pa(t) -+ Pop(t) ’

where P;(t) = det (Id — tF*[H (X x4 k, Qq)).

Furthermore, general results about étale cohomology give a proof for the Weil
conjecture relating the zeta function Z(X,t) with the Betti numbers for singu-
lar cohomology (see Conjecture 2.18). Note first that we have already seen the

first assertion in this conjecture: with the above notation, Proposition 4.8 gives
Yiso(—1)'deg(P;) = (A?), where A C X x X is the diagonal. Suppose now that

X is a smooth projective scheme over a finitely generated Z-subalgebra R of C,
and P € Spec(R) is such that R/P = F,, and X Xspecr SpecF, = X. Tt is a
consequence of the smooth base change theorem (see [Mil, Corollary VI.4.2]) that
there are isomorphisms

HE (X, Z/0Z) ~ HY (X Xspee g Spec C, Z/{™Z).

(4.11) Z(X,t) =

Furthermore, a comparison theorem between singular and étale cohomology (see
[ , Theorem I11.3.12]) implies that the étale and singular cohomology groups of
smooth complex varieties, with coefficients in finite abelian groups are isomorphic.
In particular,

H} (X Xspee g Spec C, Z/I™Z) ~ H (X (C)*,Z/I™Z).
After taking the projective limit over m > 1, and tensoring with Qg, we get

Hét(Xv Qf) =~ Hi(}?(c)an7 Qf)

Therefore we have deg(P;) = dimg H'(X (C)*", Q), proving the fourth of the Weil
conjectures.

The fundamental result of Deligne | ], settling the hardest of the Weil
conjectures, the analogue of the Riemann Hypothesis, is the following.

THEOREM 4.29. If X is a smooth, geometrically connected, projective variety
over Fy, and F' = Frob q 18 the induced Frobenius morphism on X = X Xy k, then

det (Id — tF*|H%(X, Qo)) = [ (1 — ast) € Z{[1],

1
and for every choice of an isomorphism Qg ~ C, we have |o;| = q'? for all i.

We mention that one can give a proof for the rationality of the zeta function
for arbitrary varieties in the setting of ¢-adic cohomology. The point is that if k
is an algebraically closed field of characteristic p, and ¢ is a prime different from
p, then for every separated variety over k one can define ¢-adic cohomology groups
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with compact supports H:(Y, Q). These are always finite-dimensional Q,-vector
spaces, and they are zero unless 0 < ¢ < 2dim(Y).
If X is a separated variety over a finite field Fy, and if F' = Froby g is the

Frobenius endomorphism of X = X xj k, then one has the following formula for

the zeta function of X (see [Mil, Theorem VI.13.1]):
2(X,t) = [ det(F* | H{(X, Q)Y
i>0

In particular, it follows that Z(X,t) is a rational function, and this implies the
rationality of the zeta function for every variety over F,.



CHAPTER 5

Fulton’s trace formula for coherent sheaf
cohomology

Our goal in this chapter is to give a proof, following | ], of a trace formula
for the Frobenius action on the cohomology of the structure sheaf.

5.1. The statement of the main theorem

Suppose that X is a scheme over the finite field £ = F,. Recall that we have the
g-Frobenius morphism F' = Frobx ,: X — X, whose corresponding morphism of
sheaves Ox — F,(Ox) = Ox is given by u — u?. This is an F-linear morphism,
and therefore we get induced F-linear actions F': H(X,Ox) — H'(X,Ox).

THEOREM 5.1. If X is a projective scheme over a finite field Fy, then
dim(X)
(5.1) | X (F,)|modp = Z (—1)‘trace(F|H' (X, Ox)).
i=0
REMARK 5.2. Note that we have |X(F;)| = |Xeda(Fq)|. However, it is not

a priori clear that the term on the right-hand side of (5.1) only depends on the
reduced scheme structure of X.

REMARK 5.3. Given X as in the above theorem, let X,,, = X Xgpecw, Spec Fgm.
Note that Frobx,, = = Frob%q x Id, and we have a canonical isomorphism
H'(X,,,0x,,) ~ H'(X,0x) ®@p, Fgm.
By applying the theorem for X,,, we get
dim(X)
mod p = Z (—1)'trace(F™|H (X, Ox)).
i=0

Recall from § 2.2 that we may identify X (F,) with the closed points z € X
with k(z) = F,. In what follows we will often make this identification without any
further comment.

A stronger congruence formula was proved be Deligne | ] and Katz | ]
In fact, we will also prove a strengthening of the above statement, but in a different
direction. The first extension is to sheaves with a Frobenius action.

A coherent F-module on X is a coherent sheaf M on X, together with a
Frobenius action on M, that is, a morphism of sheaves of Ox-modules Fa: M —
F,(M). In other words, Fq is a morphism of sheaves of F-vector spaces Ox — Ox
such that Fa(am) = a?Faq(m) for every a € Ox(U) and m € M(U), where U is
any open subset of X. As above, since Fz is Fy-linear, it follows that it induces
F-linear maps on cohomology that, abusing notation, we write Fs: Hi(X,M) —

X (Fyr)

41
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H'(X, M). Despite the fact that Fay is not Ox-linear, for every z € X (F,) we get
an Fg-linear endomorphism of M(z) := M, ® k(z), that we denote by F(x).

THEOREM 5.4. If X is a projective scheme over Fy, and (M, Faq) is a coherent
F-module on X, we have

dim(X)
(5.2) > trace(Fm(z) = Y (—1)'trace(Fu|H' (X, M)).
z€X(Fy) i=0

An obvious example of a coherent F-module on X is given by (Ox, F'). Note
that if x € X(F,), then F(z) is the identity on Ox(x) = F,. Therefore the result
in Theorem 5.1 is a special case of the one in Theorem 5.4.

In fact, Theorem 5.4 will follow from a result describing the Grothendieck
group of coherent F-modues. Given a scheme X of finite type over Fy, consider
the category Cohp(X) consisting of coherent F-modules. A morphism (M, Faq) —
(M’ Faqr) in this category is a morphism f: M — M’ of coherent sheaves, such
that f o Fyg = Fap o f. Tt is easy to see that if f is a morphism of coherent
F-modules, then Ker(f) and Coker(f) have induced Frobenius actions that makes
them coherent F-modules. We thus see that Cohr(X) is an abelian category. When-
ever the Frobenius action is understood, we simply write M instead of (M, Fq).

The Grothendieck group KZ(X) of coherent F-modules is the quotient of
the free abelian group on isomorphism classes of coherent F-modules (M, F)
as above, by the following type of relations:

(A) (M, Frg) = (M, Fapg) + (MY Fpqnr), for every exact sequence
0— (M/,FM/) — (M,FM/) — (MH,FMN) — 0.

(B) (M, Fy + F3) = (M, Fy) 4+ (M, F3) for every morphisms of Ox-modules
Fi,F5: M — F,(M), where M is a coherent sheaf on X.
Given a coherent F-module (M, Fuq), we denote by [M, Fu] its class in the

Grothendieck group. Note that KI'(X) is, in fact, an Fy-vector space, with \ -

LEMMA 5.5. We have an isomorphism KL (SpecF,) ~ F, of F,-vector spaces,
given by
[M, Faq] — trace(Fa(z)),

where = is the unique point of SpecFy.

PrOOF. Note that Cohp(SpecFy) is the category of pairs (V, ¢), where V is
a finite-dimensional vector space over Fy, and ¢ is a linear endomorphism. Since
trace(¢1 + ¢2) = trace(¢) + trace(¢dz), and given an exact sequence 0 — (V/,¢') —
(V,¢) = (V" ¢") — 0 we have trace(¢) = trace(¢’) + trace(¢”), taking (V, ¢) to
trace(¢) gives a morphism of F,-vector spaces u: Kl (SpecF,) — F,. We have a
map w in the opposite direction that takes a € F to [Fy, a-1d]. It is clear that uow
is the identity. In order to show that u and w are inverse isomorphisms, it is enough
to show that w is surjective. The fact that [V, ¢] lies in the image of w follows easily
by induction on dim(V'), since whenever dim(V') > 2, ¢ can be written as a sum of
maps, each of which has an invariant proper nonzero subspace. (I

If f: X — Y is a proper morphism, note that the higher direct images induce
functors R'f.: Cohp(X) — Cohp(Y). Indeed, if U C Y is an affine open subset of
Y, and (M, Fr) € Cohp(X), then HY(f~1(U), M) has an endomorphism induced
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by Faq, and these endomorphisms glue together to give the Frobenius action on
R f.(M). As a consequence, we get a morphism of F,-vector spaces f.: KI'(X) —
KI(Y) given by f.(IM]) = Y ,50(—1)'[R'f.(M)]. Note that this is well-defined:
if

0— (M, Fanp) = (M, Fag) = (M7 Fpgr) = 0
is an exact sequence of coherent F-modules, then the long exact sequence in coho-
mology

o= R M) = Rfu( M) = R f (M) = RV (M) — ...
is compatible with the Frobenius actions, and therefore we get
DEWIRM] =D ()R (MO + Y (D[R (M) in K (Y).
>0 >0 >0
The compatibility with the type (B) relations is straightforward, hence f.: KF(X) —
KE(Y) is well-defined.

EXERCISE 5.6. Use the Leray spectral sequence to show that if g: Y — Z is
another proper morphism, then we have (go f). = g« o fu: KF(X) = KI(Z).
In fact, we will only use the assertion in the above exercise when f is a closed

immersion, in which case everything is clear since Rig, o f. = Ri(go f). for all
i>0,and R/ f, = 0 for all § > 1. The proof of the next lemma is straightforward.

LEMMA 5.7. If X is the disjoint union of the subschemes Xy, ..., X,, then the
inclusions X; — X induce an tsomorphism

éKf(Xi) ~ KJ(X).
i=1

The following is the main result of this chapter. For a scheme X, we consider
X (F,) as a closed subscheme of X, with the reduced scheme structure. Note that
by Lemmas 5.5 and 5.7, we have an isomorphism K (X (Fy)) ~ ®ex(r,)Fq(2),
and we denote by (r) € KI'(X(F,)) the element corresponding to 1 € F,(x).

THEOREM 5.8. (Localization Theorem) For every projective scheme X over Fy,
the inclusion v: X (F,) — X induces an isomorphism KEF(X(F,)) ~ KI(X). Its
inverse is given by t: KI'(X) — KEF(X(F,)),

HIM Ful) = ) trace(Fa(@)) ().

zeX(Fq)
Let us see that this gives Theorem 5.4.

Proor orF THEOREM 5.4. Consider the structure morphism f: X — SpecF,.
Let (pt) denote the element of K[ (SpecF,) that corresponds to 1 € F, via the
isomorphism given by Lemma 5.5. By definition, for every [M, Fa] € KF(X), we

have
dim(X)

FAMEM]) = | Y (—1) trace(EamH' (X, M)) | (pt).

i=0
On the other hand, if we apply the isomorphism ¢ in Theorem 5.8, we have
w:=t(M, Fpm]) = Z trace(Fa(z))(x).

ze€X(Fyq)
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If o: X(F,;) — X is the inclusion, then it is clear that

fole| X m@ ] = X me|wo.

2EX(Fy) 2E€X(F,)

In particular, we have f. o v.(u) = (ZmeX(Fq) trace(Fa (m))) (pt). Since t and ¢
are inverse to each other, the assertion in Theorem 5.4 follows. ([l

REMARK 5.9. In fact, Theorem 5.8 is proved in | ] also for arbitrary schemes
of finite type over F,. In particular, Theorems 5.1 and 5.4 also hold if X is only
assumed to be complete.

5.2. The proof of the Localization Theorem
We start with a few lemmas.

LEMMA 5.10. For every scheme X, and every coherent sheaf on X with Frobe-
nius action (M, Faq) such that Fy is nilpotent, we have [M, Faq] = 0 in KI'(X).

PROOF. We prove the assertion by induction on m such that ¢™ = 0. If
m = 1, it is enough to use relation (B) in the definition of KZ'(X), that gives
[M,0] = [M,0] + [M,0]. If m > 2, and M’ = Ker(Fuq), then M’ is a coherent
Ox-submodule of M, and we have an exact sequence of coherent sheaves with
Frobenius action

00— (M/,FM/) — (M,FM) — (MH,FMH) — 0.

This gives [M, Faq] = [M/, Fap] + [M”, Faqr]. Since Fap = 0 and Fﬂf,l =0, it
follows by the induction hypothesis that [M’, Faq/] = 0 = [M”, Faqv]. Therefore
[M, FM] =0. O

LEMMA 5.11. If j: X — Y is a closed embedding, then we have a morphism of
F,-vector spaces j*: KEF(Y) — KE(X) given by *(IM, Fum]) = M ®o, Ox, Fal,
where Faq is the Frobenius action induced by Faq on M ®0, Ox. In particular,
the composition j* o j. is the identity on KI'(X).

PROOF. Let Z be the ideal defining X in Y. Since Fap(ZM) C Z9M, it
follows that Faq indeed induces a Frobenius action Fyy on M/ZM. We have

Fi + F, = F| + F,, hence in order to show that we have an induced morphism
KE(Y) = KI(X), we only need to show that if

0— (M, Fpe) = (M, Fag) = (M Fpgr) = 0
is an exact sequence of coherent F-modules on Y, then
M/IM] = [M'JIM'| + [M" JTM"]
in KF(X). Note that we have an exact sequence of coherent F-modules on X
0> M/MNIM— M/IM — M"JIM" — 0,

and a surjection M'/ZM’ — M’/ M’ NIM, with kernel M’ NZM/ZM'. In light
of Lemma 5.10, it is enough to show that the Frobenius action on M’ N ZM/ZM’
is nilpotent. Since F%(ZM) C 9" (M), we see that M’ N F(ZM) C ZM' for
m > 0 by Artin-Rees. This shows that j* is well-defined, and the fact that j* o j,
is the identity follows from definition. O
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Note that if X is any scheme, and we consider j: X(F;) — X, then j* is
the morphism t in Theorem 5.8. Since j* o j, is the identity, in order to prove
Theorem 5.8 for a projective scheme X, it is enough to show that j, o j* is the
identity on KF(X). In fact, it is enough to show that j. is surjective.

LEMMA 5.12. If (M, ¢) is a coherent Ox-module with a Frobenius action, and

M decomposes as M = M1 @ ... & M,, and if ¢; j is the composition M; — M i)
M — M, then (M, 9] = Zzzl[./\/li,qbi’i] m KF(X)

Proor. Let 517]4: M — M be the map induced by ¢; ;, so that ¢ =3, 5”
By condition (B) we have [M, ¢] = Zi’j M, (Elj] For every i # j we have (Efj =0,
hence [M, q;i)j} = 0 by Lemma 5.10. Therefore

[M7 ¢] = Z[M7 ¢i,i] = Z[Mi; d)i,i]a
i=1 i=1

by condition (A). O

The key ingredient in the proof of Theorem 5.8 is provided by the case X = P%q.
We now turn to the description of K%' (P’l;iq)‘ We will use the Serre correspondence
between coherent sheaves on P%q and finitely generated graded modules over S =
F,lxo,...,z5].

Suppose that M is a coherent sheaf on P%q with a Frobenius action Fyi: M —
F.(M). This induces for every i a morphism

M(i) = Fi (M) ® O(i) = F.(M(qi)),

where we used the projection formula, and the fact that for every line bundle L we
have F*(L) ~ L?. 1t follows that if M = I'.(M) = @;>o['(Pg_, M(i)), then we
get a graded Frobenius action on M: this is an Fj-linear map Fp;: M — M such
that Far(M;) € My and Far(au) = a?Fy(u) for a € S and u € M.

Conversely, given a finitely generated graded S-module M with a graded Frobe-
nius action Fs, we get an induced coherent F-module structure on M , as follows.
IfU; C P’I%q is the open subset defined by z; # 0, then F(Ui,M) = (M,,)o, and

i

Fyr (;}V) — £ 2353” for every u € M. It is straightforward to check that this gives

i

a Frobenius action on M. If (M, Fy) is a coherent F-module and M = T, (M),
with the graded Frobenius action described above, then we have an isomorphism
of graded F-modules F ~ M.

If M = S(—1), then giving a graded Frobenius action Fj; on M, is equivalent to
giving f = Fp(1) € S(g—1);- In particular, if i < 0, then the only graded Frobenius
action on S(—1i) is the zero one. For an arbitrary finitely generated graded S-module
M, we consider a graded free resolution of M

0—F,— ...~ F = Fy— M —0,

where each Fj is a direct sum of of S-modules of the form S(—b; ;), with b; ; € Z.
If we have a graded Frobenius action on M, then we can put graded Frobenius
actions on each Fj;, such that the above exact sequence is compatible with the
graded Frobenius actions. In particular, we get [M] = Z?Zo(fl)i[f‘i] in Kf(P’l,lq).
It follows from the above discussion and Lemma 5.12 that K (Pi%q) is generated (as

an F-vector space) by [O(—1i),z(° - - - x%], where ap > 0 and Y_,_,a; = i(q — 1).
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PROPOSITION 5.13. The F;-vector space Kf(P%q) is generated by [O(—1), x° - - -

with 0 < ay < g — 1 for all £, with some ag < q — 1, and where >_,_, a; = i(q —1).

;s
with 0 < ay < ¢—1 for all £, and with ", ;a; =i(¢—1). In light of the discussion
preceding the proposition, it is enough to show the following: if u is a monomial
such that u = z{w, then [O(=i),u] = [O(—i + 1), z;w] in K (Pg ). If H is the
hyperplane in Pg, defined by (z; = 0), we have an exact sequence of coherent
sheaves with Frobenius action

PROOF. Let us show first that Kf(P%q) is generated by [O(—17),zg° - - - xln

0— O(—i) B O(—i+1) = Og(—i+1) =0,

where the Frobenius actions on O(—i) and O(—i + 1) are defined by u and z;w,
respectively. Since z;w restricts to zero on H, it follows that the Frobenius action on
Op(—i+1) is zero, and we conclude from the above exact sequence that [O(—i),u] =
[O(—i+ 1), z;w].

In order to complete the proof of the proposition, it is enough to show that we
can write [O(—(n + 1)), (zo---,)?" '] in terms of the remaining elements of the
above system of generators. In order to do this, let us consider the Koszul complex
on qu corresponding to the global sections z, ..., z, of O(1):

0= Eppr = .. = & = O(=1)20HD B gy — Op. 0,

where h = (g, ...,x,). Using the above decomposition &, = Lo @® ... ® Ly, then
n+1
&= P Lyw..oL)=o-n").
0<i1 <...<ir<n
If on the factor L;, ®...®L; _ of & we consider the F-module structure given by the
monomial :L'?;l e x;}:l, then the above complex becomes a complex of F-modules.
We deduce that in K* (Pg,) we have the following relation:

n+1

ST DT (o=l =0,

r=0 0<i1<...<ip<n

which completes the proof of the proposition. ([l
COROLLARY 5.14. The assertion in Theorem 5.8 holds when X = Pg. .

PROOF. As we have seen, if j: P"(F;) < Pg_is the inclusion, then j. is
injective, and it is enough to show that it is surjective. Proposition 5.13 implies
that dimp, Kf(P%q) < ay, — 1, where

an = [{(ao,...,an) | 0<a; <g—1, (g —1)divides Zai}\.
i=0

Suppose we have (ag,...,a,-1) with 0 < ap < g—1for 0 < /¢ <n -1, and
we want to choose a, with 0 < a, < g — 1 such that Z?:o ay is divisible by
(¢g—1). It Z?:_Ol ay is divisible by (¢ — 1), then we may take a,, =0 or a, = g — 1;
if Z?:_OI ag is not divisible by (¢ — 1), then we have precisely one choice for a,,.
Therefore a,, = 2a,—1 + (¢" — ap—1) = ¢ + @p—1. Since g = 2, we conclude that
ap=01+q¢+...+¢")+1

an

],
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Therefore dimp, Kf(P%q) < [P(Fy)| = dimp, K (P"(F,)). Since j, is in-
jective, it follows that j, is also surjective, completing the proof. ([

PRrROOF OF THEOREM 5.8. Let us fix a closed immersion j: X — Y = qu.
By Corollary 5.14, it is enough to show that if Theorem 5.8 holds for Y, then it
also holds for X.

Consider the following commutative diagram:

v

J

(5.3) X(F,) —=Y(F,)
Lok
X Y

in which all maps are closed immersions. As we have already mentioned, in order
to prove Theorem 5.8 for X, it is enough to show that ¢, o ¢* is the identity on
KEF(X). Since the theorem holds for Y, we know that ¢/ o (+/)* is the identity on
KE(y).

Note that j,ot* = (v/)*0j.: this is an immediate consequence of the definitions.
Therefore

(5-4) Jeotsor” =()so0 0" =1 0 () 0 = ju.

On the other hand, Lemma 5.11 implies that j* o j, is the identity on KI'(X). In
particular, j, is injective. We conclude from (5.4) that ¢, o ¢* is the identity on
KF(X), and this completes the proof of the theorem. O

5.3. Supersingular Calabi-Yau hypersurfaces

As an application of Theorem 5.1, we discuss a characterization of supersingular
Calabi-Yau hypersurfaces. More generally, we prove the following

PROPOSITION 5.15. Let f € Fylzo,...,x,] be a homogeneous polynomial of
degree n + 1, with n > 2, defining the hypersurface Z C P™. The following are
equivalent:

i) The action induced by the Frobenius morphism on H"~1(Z,0y) is bijec-
tive (equivalently, it is nonzero).
ii) [Z(Fg)| # 1 (mod p).
iii) The coefficient of (- x,)?" ! in f9=1 is nonzero.
iv) The coefficient of (wg---2,)P~ ! in fP~1 is nonzero.
If Z as above is a smooth hypersurface, then it is ordinary if it satisfies the
above equivalent conditions. Otherwise, it is supersingular.

PROOF. Since Z is a hypersurface of degree (n + 1) in P™, we have an exact
sequence

(5.5) 0= Opn(—n—1) % Opn 0y = 0.

This gives H (Z,0z) =0for 1 <i<n-—2,and H*(Z,0z) ~F, ~ H""1(Z,0y).
Frobenius acts on H°(Z,0z) as the identity, and if it acts as multiplication by
A€ F,on H""Y(Z,0z), then Theorem 5.1 gives

|Z(F,)|modp =1+ (—=1)""*\.
Therefore A = 0 if and only if |Z(Fy)| =1 (mod p). This proves i)ii).
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In order to prove that iii) and iv) are equivalent, note first that for every r > 1,
we may uniquely write

(5.6) P =z wn)? T+,
where u, € (28 ,...,2%"). If we raise to the p™-power in (5.6), we get
PP =g )P TP 4wl
Since uPf € (:ch+1 ..,2P ) and
(o) () C (),

we deduce that
fpr+1 - cfcl (:1;0 o xn)pr+171
r—1

Therefore ¢, 1 = cPcy, which immediately gives that ¢, = cﬁp TP for every
r > 1. In particular, if ¢ = p°, we see that ¢; # 0 if and only if ¢, # 0, hence
ill)&iv).

In order to prove the equivalence of i) and iii), we consider the explicit descrip-
tion of the Frobenius action F on H"1(Z,0) via the isomorphism

§: H""Y(Z,0z) — H"(P™,Opn(—n — 1))

induced by (5.5). We compute the cohomology of Opn(—n — 1) and of Oz as Cech
cohomology with respect to the affine cover of P™ by the open subsets (z; # 0).
Recall that

H"(P",Opn(—n —1)) ~ (Sxomxn)—n—l/Z(Swo-"fw-wn)—n—l =F,- ﬁ
Suppose that u € H"~1(Z, Oy) is represented by the Cech cocyle h = (hq, ..., hy) €

2 o((S/f)zo iy )o- I By € (Sayezym, Jo is a lift of hy;, then §(u) is represented
by the unique w € (Sy,...5,,)—n—1 such that fw =>"" (=1)"h;.

On the other hand, F(u) is represented by (%q,...,ﬂq). Since we have
FOfT w?) = 30 (=1)'RY, it follows that via the isomorphism 4, we can de-
scribe F' as the linear map on (Sgg..a, )—n—1/ Dieo(Szo 5z )—n—1 induced by
w — 9 'w?. This map multiplies the class of 1% in this quotient by the co-
efficient of (x¢g---x,)9" ! in f9~!. This completeb the proof of ii)<iii), hence the
proof of the pr0p031t10n. (I

REMARK 5.16. In the context of Proposition 5.15, note that if

trace(F | H" 1(Z,02)) =14 (-1)""ta

)nlr

then for every r > 1 we have 14+ (— |Z(F ;)| modp. This is a consequence

of Theorem 5.1 (see also Remark 5.3).
EXERCISE 5.17. Give a direct proof for the implication ii) < iii) in Proposi-
tion 5.15 by computing Zangﬂ fa)i=1 (see | D-

EXERCISE 5.18. Show that if X is an elliptic curve (that is, X is a smooth,
geometrically connected, projective curve of genus 1) over F,, with p # 2,3, then
X is supersingular if and only if | X(F,)|=p+ 1.
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EXERCISE 5.19. Let Z C Py be a complete intersection subscheme of codimen-
sion 7, defined by (Fi,..., F;). Let d; = deg(F;), and assume that > . d; =n + 1.
Show that the following are equivalent:

i) The action induced by the Frobenius morphism on the cohomology group
H""(Z,0y%) is bijective (equivalently, it is nonzero).
ii) |Z(F,)| £ 1 (mod p).
iii) The polynomial Fy--- F,. satisfies the equivalent conditions in Proposi-
tion 5.15.






CHAPTER 6

The Lang-Weil estimate and the zeta function of
an arithmetic scheme

Our main goal in this chapter is to introduce the zeta function of an arithmetic
scheme. In order to compute the abscissa of convergence of this function, we will
use the Lang-Weil estimate. The proof of this estimate will make use of the Chow
variety, which we review in the first section.

6.1. The Chow variety

We review in this section some basic facts concerning the Chow variety. For
proofs and further properties, see | , Chapter IJ.

Suppose first that K is an algebraically closed field, and V' C P = P is a closed
subvariety of dimension r and degree d. Let P* ~ P7 denote the dual projective
space parametrizing the hyperplanes in P. Consider the following incidence variety:

A:={z Hy,...,H 1) €V x (Pt |z € H,for alli}.

Let f: A — V and g: A — (P*)"*! denote the morphisms induced by projections.
It is clear that every f~'(z) is isomorphic to (P !)"*!. Therefore A is irreducible,
of dimension r+(n—1)(r+1). On the other hand, since we can find (Hy, ..., Hy41) €
(P*)"*! such that V. N Hy ... N H,, is a nonempty finite set, it follows that g is
generically finite onto its image W. Therefore W is an irreducible subvariety of
(P*)" ! of codimension equal to (r + 1)n — (r + (r + 1)(n — 1)) = 1, hence a
divisor. One can show that O(W) = O(d,d,...,d). The Caylay form of V is
an equation defining W. This is given by a polynomial Ry in (r 4+ 1) sets of
(n+ 1) variables (unique up to a nonzero scalar), homogeneous of degree d in each
set of variables. Note that W determines V: z € P lies in V if and only if W
contains all (Hy,...,H,+1) € (P*)"*! such that z € H; for all i. We thus have
an injective map from the set of irreducible subvarieties of P of dimension r and
degree d to |O(1,...,1)|. The image Chow} (n,d,r) is a quasiprojective variety,
whose closure is the Chow variety Chow g (n,d,r). In particular, the complement
Chowg (n,d,r) ~ Chowj (n,d,r) is a closed subset of |O(1,...,1)|.

In fact, Chow g (n, d, ) parametrizes effective r-cycles of degree d in P, as fol-
lows. Consider an effective r-cycle Z = >, m;V; of degree d (that is, >, m;deg(V;) =
d). Note that Rz := [[; Ry;" defines a divisor in |O(d, ..., d)|. One can show that
this gives a bijection between the set of cycles as above and Chowg (n,d, ).

If £ is an arbitrary field, let K be an algebraic closure of k. Every subscheme
Y — P7? of pure dimension r and degree d determines an r-cycle [Y xj K] of
degree d, hence a point ®(Y) € Chowg (n,d,r). Note that ®(Y) € Chowj(n,d,r)
if and only if Y is generically reduced and geometrically irreducible (recall that ¥
is geometrically irreducible if Y xj, K is irreducible).

51
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We will need two facts about Chow varieties. The first is that if X C P%
is an irreducible variety and H C P’ is a hyperplane that does not contain X,

then Rixnm)(u1,...,ur) = Rx(u1,...,us, h), where h is an equation of H (in the
special case when X N H is integral, this is an immediate consequence of the above
definitions).

The second fact that we need is that one can do the above construction over
SpecZ. More precisely, we have schemes Chowy(n,d,r) C Chowgz(n,d,r) such
that for every algebraically closed field K, after taking the product with Spec K
we obtain Chowy(n,d,r) C Chowg (n,d,r). The upshot is that we can find e such
that the subvariety

Chow (n, d, ) ~ Chow' (n,d,r) C P(D((P%)* x ... x (P%)*,0(d,....d))")

is defined (set-theoretically) by finitely many equations of degree e with coefficients
in the prime field of K (the key point is that e is independent of the field K).

6.2. The Lang-Weil estimate

In this section we work with a geometrically irreducible variety X defined over
a finite field k. We show that if we assume that X is embedded in a projective space
of fixed dimension, then we have universal estimates for | X (k’)|, where &'/ is finite,
in terms of dim(X), deg(X), and |k’|. More precisely, we show the following

THEOREM 6.1. ([ ) Given nonnegative integers n, d, and r, with d > 0,
there is a positive constant A(n,d,r) such that for every finite field k = F,, and
every geometrically irreducible subvariety X C P} of dimension r and degree d, we
have

(6.1) [#X (k) — ¢"| < (d—1)(d—2)¢" "% + A(n,d, r)g" .

The proof we give follows | |, arguing by induction on r. The case of
curves is a consequence of the Riemann hypothesis part of the Weil conjectures,
that we have proved in Chapter 3. For the induction argument, we will need two
lemmas. The first one gives a weaker bound than the assertion in the theorem.

LEMMA 6.2. Given n, d, and r as in Theorem 6.1, there is a positive constant
Ai(n,d,r) such that for every finite field k = F, and every irreducible subvariety
X C P} of dimension v and degree < d, we have

(6.2) #X (k) < Ai(n,d,r)q".

ProOOF. We argue by induction on n. If n = 0, then X = Speck, hence r =0
and d = 1, and we may take A;(0,1,0) = 1.

Suppose now that we have A;(n/,d,r) for n’ < n that satisfy the condition in
the lemma. Let X C PZH be an irreducible subvariety of dimension r and degree
d. For every A € k, let Hy C PZH be the hyperplane defined by (z1 — Axg = 0),
and let H,, be the hyerplane (o = 0). If X is degenerate, then it lies in some
P}, and we get (6.2) if A;(n+ 1,d,7) > Ai(n,d,r). On the other hand, if X
is nondegenerate, then each X := (X N Hj)req is a subvariety of P} of degree
< d, and of pure dimension (r — 1). In particular, if its irreducible components are
X3, ..., X", then my < d. Therefore

X< Y Xk < dAi(n,d,r)(q +1)q" < 2dAs(n,d,r)g"
AekU{oo}
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Therefore it is enough to take A;(n+1,d,r) = 2dA;(n,d,r). O

REMARK 6.3. Suppose that X is as in Lemma 6.2, but instead of being irre-
ducible, we only assume that it has pure dimension r. In this case the number of
irreducible components of X is bounded above by d. Therefore we deduce from the
lemma that #X (k) < dA;i(n,d,r)q".

If X is allowed to have components of smaller dimension, then the number of
such components is not controlled by the degree. However, we still get

COROLLARY 6.4. If X is an r-dimensional variety over F, then there iscx > 0
such that #X (Fge) < cxq"® for every e > 1.

PRrROOF. Arguing by induction on r, we see that it is enough to show that if
U C X is a dense affine open subset, then we have a similar bound for #U (F )
(this follows since dim(X ~\ U) < r). It is of course enough to give such a bound
for the closure U of U in some projective space. This in turn follows by applying
Lemma 6.2 to each irreducible component of U. (]

Recall that we denote by (P})* the dual projective space of P}. Note that
a k-rational point of (P})* corresponds to a k-hyperplane in P}, that is, to a
hyperplane given by an equation Z?:o a;xz; =0, with all a; € k.

LEMMA 6.5. Given n, d, and v as in Theorem 6.1, with r > 2, there is a posi-
tive constant Ag(n,d,r) such that for every nondegenerate geometrically irreducible
subvariety X C P} of dimension r and degree d, the number of k-hyperplanes H
i Py such that H N X is either not geometrically irreducible, or not generically
reduced, is < As(n,d,r)q"*.

PROOF. We make use of the definitions and notation introduced in §1. Let
K =k, and consider V = Chowg(n — 1,d,r — 1) \ Chow} (n — 1,d,r — 1). As
we have mentioned, V. = W x,, K for a closed subvariety W < P2 that is the
set-theoretic intersection of finitely many hypersurfaces Z; of degree e (where N
and e only depend on n, d, and r).

By construction, if X N H is not geometrically irreducible or not generically
reduced, then ®(X N H) € V. Consider the morphism (P%)* — P defined over
k that takes H to Rx(-,...,-,h), where h is an equation of H. Note that there
is j such that Z; x; K does not contain the image of (P%)*: indeed, since X is
geometrically irreducible and r > 2, we know by Bertini’s theorem that there is a
hyperplane in P whose intersection with X xj, K is integral. The pull-back of this
hypersurface Z; x;, K to (P )* is a hypersurface of degree e’ defined over k, where
¢’ only depends on n, d, and r. It follows from Lemma 6.2 (see also Remark 6.3)
that if we take As(n,d,r) = €’ A1(n,e’,n — 1), this satisfies the requirement in the
lemma. g

We can now give the proof of the main result of this section.

PrROOF OF THEOREM 6.1. For every variety X, we denote by X the variety
X Xgpeck Spec K, where K is a fixed algebraic closure of k, and for a morphism
m:Y — X, we denote by 7k the corresponding morphism Yx — Xg. It will be
convenient to think of X (k) as the points of X fixed under the suitable Frobenius

morphism. We will use the fact that 7, := |P"(F,)| = qnt:;l (see Corollary 2.23).
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The proof is by induction on r. The case r = 0 is trivial, since in this case
|X (k)] =1 = ¢". Suppose that » = 1, and let 7: Y — X be the normalization
of X. The curve Y is nonsingular, projective, and geometrically connected (for
the last assertion, note that we have a dense open subset U of Y such that Ug
is irreducible). Therefore we may apply to Y the results in Chapter 3, and in
particular the estimate for the number of rational points on Y given by the analogue
of the Riemann hypothesis (see Lemma 3.8 and Theorem 3.6). We deduce that if
g is the genus of Y, then

(6.3) [#Y (F,) — (¢ +1)| < 294"/

Note that

(6.4) [#X(Fy) —ql S |#Y(Fg) = (q+ 1) +1+ > deg(rg'(x).
$E(XK)sillg

In order to estimate the sum in (6.4), as well as the genus of Y, let us consider a
general projection of X to P%, which gives a birational morphism ¢: Xy — C,
where C is an ireducible plane curve of degree d. Let ¢ = ¢pomg. Note that if x € C
is a smooth point, then ¢ is an isomorphism around x, hence ¢~1(x) is contained
in the smooth locus of Xg. Therefore

(6.5) Y deg(ngl(@) < > deg(v ().

€ (XK )sing 2€Csing

For every x € Cgng we have deg(¢~!(z)) < d: if L is a hyperplane in P%
passing through o and not containing C, then deg(v~!(z)) < deg(v "' (CNH)) = d.

The arithmetic genus of C is h'(C,O¢) = W. We have a short exact
sequence of sheaves

0= Oc = ¥.(Oyy) — @xgcsing@;;/Oc,m — 0,

where (7)?;; is the integral closure of O¢ . If 0, = length(@;;/(’)c,x), then we get
from the long exact sequence in cohomology that g = po(C) — >, cc.. .. This

gives g < po(C) = &2@%2). We also obtain ercmg 0y < W. Since

0z > 1 for every singular point € C, we deduce that #Cging < %. We
deduce using (6.3), (6.4) and (6.5) that

d(d —1)(d — 2)

[#X(Fy) —q| < (d—1)(d—2)¢"/? + )

+1,
hence we are done in the case r = 1 by taking A(n,d, 1) = W + 1L

Suppose now that we can find A(n,d,r) as in the theorem for » > 1, and let us
find A(n,d,r+1). Arguing also by induction on n, we may assume that we can find
A(n—1,d,7+1) as required (note that the cases n = 0 and n = 1 are clear). Let X
be a geometrically irreducible subvariety of P}, of degree d and dimension (r + 1).
If X is degenerate, then X lies in some PZ_l, in which case we get the bound in
the theorem if we take A(n,d,r +1) > A(n — 1,d,r + 1). Assume henceforth that
X is nondegenerate.

In order to avoid messy computations, we introduce the following notation:
given two real numbers a and b, we write a < b+ o(q") if there is an inequality
a<b+C-q", where C is a positive constant that is only allowed to depend on n,
d, and r. Note that we have a < b+0(q") if and only if v,,_1a < y,_1b+o0(g" " 1).
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Let W C X x (P?)* be the subvariety consisting of the pairs (z, H) such
that * € H. The projections onto the two components give the maps W — X
and W — (P})*. The key idea is to compute in two ways #W (F,), using these
two morphisms. Note that for every z € X(F,), the number of F -hyperplanes
containing z is #P""1(F,) = ,—_1. Therefore

(6.6) |W(Fq>| = Tn-1" |X(Fq)‘

On the other hand, using the morphism W — (P})*, we see that

(6.7) WE) = Y IXNH)F).

He(Pn)*(k)

We break the sum in (6.7) into two sums, in the first one S collecting all H such
that H N X is either not geometrically irreducible, or not generically reduced, and
in the second one Ss, collecting the remaining terms. Note that for every H that
contributes to S, the subvariety (HNX)peqg € H ~ Pz_l has degree < d, and pure
dimension r. In particular, the number of irreducible components of (H N X)yeq is
< d, and each has degree < d. It follows from Lemma 6.2 that |(XNH)(F,)| < o(¢").
On the other hand, we can use Lemma 6.5 to bound the number of such hyperplanes
by Aa(n,d,r 4+ 1)¢" "1, hence S; < o(¢" "~ 1), and therefore

1

(68) Tn—1

Sl S O(QT).

Note, in particular, that this sum can be absorbed in the error term.

On the other hand, if HNX is geometrically irreducible and generically reduced,
then (H N X)yeq is a variety of dimension r and degree d, and we can estimate the
number of points in (X N H)(F,) by induction: we have

(6.9) #(X N H)(Fy) —q'| < (d=1)(d—2)¢" % +o(¢" ).
Let 6 be the number of hyperplanes that contribute to S3. Note that

q o qr+1 .

(6.10) Sy — ¢t < (S2 —dq")| +

n—1 n—1 n—1

By Lemma 6.5 we have |6 — v,| < o(¢g"1). This implies %‘% < o(q) and
5qr _ o r+1
Tn—1

On the other hand, it follows from (6.9) that

— . T
< |0 —Ynl - q N
Yn—1

e g+
Tn—1

<o(q").

1 1
(6.1 (820 < (@ 120 ol
hence
1 1
5 Sy — ¢t < (d—1)(d—2)q""2 +o(q").
n—1

By combining this with (6.8), we get the existence of A(n,d,r+1), which completes
the proof of the theorem. O
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6.3. Estimating the number of points on arbitrary varieties

We explain in this section how to estimate the number of k-rational points on
X when X is not assumed to be geometrically irreducible. In this section, however,
the constant in the estimate will be allowed to depend on X.

Let us first introduce some notation. Suppose that & = F, is a finite field,
and X — P} is an irreducible closed subvariety of degree d and dimension r. We
denote by I' = {W1,...,W,,} the set of irreducible components of X7 = X xj k.
It follows from Proposition ?? that G' = G(k/k) acts transitively on I'. Let G’ C G
be the stabilizer of any of the elements of I with respect to this action. Note that
G’ = G(k/F ), where F . is the smallest extension of F, over which one (hence
all) of the W; is defined (see Proposition A.16 and its proof). Since G/G’ has ¢
elements, it follows that £ = m.

PROPOSITION 6.6. Let n,d,r be nonnegative integers, with d > 0. Given any
k =TF, and X as above, there are positive constants cx and ¢’y such that if m is
as above, then for every e > 1 we have

(d—m)(d—2m) e
m
#X(Fpe) < gV, ifm Je.

Furthermore, if X is smooth over F,, then we may take ¢’y = 0 and cx only to
depend on n, d, and r (but not on X or on k).

|#X (Fge) —mq™| < "3 4 exq?rD if mle, and

PROOF. For every e > 1, let X, 1= X xp, Fge. If mle, then X, has m

irreducible components Vi,...,V,,, and each of them is geometrically irreducible.
Furthermore, we have dim(V;) = r and deg(V;) = % for every 7. Note that each

Vi N'V; is the extension to F,. of the corresponding intersection of irreducible
components defined over Fgn, and has dimension < r when % # j. Moreover, if X
is smooth, then V; NV, = 0 for i # j. Since

[BX(Fge) —mg| <3 [#Vi(Fge) — ¢+ D #VinV;)(Fye),
i=1 i<j

we deduce the first estimate in the proposition from Theorem 6.1 and Corollary 6.4.
Moreover, when X is smooth, it is enough to take cx = d - maxj<g<q A(n,d’, r),
where we use the notation in Theorem 6.1.

Suppose now that m does not divide e. Recall that if F' = Frobx ; x Id, then
X (F4e) can be identified with the fixed points of F* on X3 By assumption, none of
Wi, ..., Wy, is fixed by G(k/F4) C G. Note also that an irreducible subset Z C X7
is fixed by G(k/F) if and only if F¢(Z) C Z (see the proof of Proposition A.16).
It follows that if u € W; is fixed by F'¢, then u € ﬂj F¢ (W;), which is a proper
closed subvariety of W;, defined over Fge (empty when X is smooth). Since its
dimension is < r — 1, we conclude by Remark 6.3 that we can find ¢y as required
(note that the varieties (; F' ¢J(W;) only depend on the congruence class of e mod
£, hence we only get finitely many such varieties). This completes the proof of the
proposition. O

It is now straightforward to estimate the number of Fj-rational points on an
arbitrary variety X over F,. Let X,..., X, be the irreducible components of X
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of maximal dimension r, and let m; be the number of irreducible components of
Xz' X k.

PROPOSITION 6.7. For every X as above, there are positive constants ax, o'y
such that for every e > 1, if we put a, = Zmi‘e m;, then

|#X (Fge) —aeq®| < axq®"2) ifa. >0, and

#X(Fye) < ayq?" Y, otherwise.

PRrOOF. Let U; C X; be affine open subsets that do not intersect the other
irreducible components of X, and let U = Ule U;. Since dim(X~\U) < r, it follows
from Corollary 6.4 that it is enough to prove the assertion in the proposition for
U. If U; is the closure of U; in some projective space, and U = |_|f:1 U;, it follows

as before that it is enough to prove the estimate for U. This follows by applying
Proposition 6.6 to each of the U;. ([

6.4. Review of Dirichlet series

In this section we collect some basic facts about Dirichlet series. In the first

part we follow [ , Chapter VI, §2]. A Dirichlet series is a series of functions of
the form
(6.12) i

n>1 n

where a,, € C, and s varies over C. The following proposition is the basic result
that controls the convergence of Dirichlet series.

PROPOSITION 6.8. If the series ), -, %= converges for s = sq, then it converges

uniformly in every domain of the form: Re(s — sp) > 0, Arg(s — s9) < «, where
0<a<m/2.

PROOF. Let us write s — sg = z =  + yi, with z,y € R. It is enough to show

that the sequence of functions (ZT:l %)m is uniformly Cauchy in any domain

with > 0, and |z| < Mz. Suppose that € > 0 is given. By hypothesis, we can find
m such that |A,| < e for every p, where 4, = Y77 aa

n:m.-i-l nso *
We may of course assume that > 0, and we write

(6.13)
Wi‘p e mip 1 L +§A ( ! ! )
i o T Lo ¢ - — _
Wt A= n o (mtp)t (m+07 (m+0+1)

‘We now bound
’ 1 1

log(m-+£+1) log(m-+£+1)
—tz —tx
— Z- e Fdt] < |z - e “dt
(m+ 07 (m+l+1) /1 “' | /1

og(m~+4£) og(m+4L)

()
Cx \(m+Or  (mEL+1)T )]
Using this bound and the condition on |Ay|, we conclude that that

¢ l2l &= 1 1 )
g(m—|—p)f’3+6x ;((WH-E)H” (m—|—€—|—1)9”>S (1+ M),

m-+p
An,
2

n=m-+1

This completes the proof of the proposition. [
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The abscissa of convergence of the series ) -, == is

= inf{Re(s dn is convergent at s}.
p = int{Re(s) | 32 gent at 5)
It follows from Proposition 6.8 that Zn>1 2z converges uniformly on every compact
subset contained in {s | Re(s) > p} (this is called the half-plane of convergence of
the series). In particular, it defines a holomorphic function on this half-plane. It
follows from definition that the series is divergent at every s with Re(s) < p. Note
that p = oo if and only if the series diverges everywhere, and p = —oo if and only
if the series is everywhere convergent.

EXAMPLE 6.9. Suppose that o € R is such that the sequence |a,|/n® is
bounded above. In this case the abscissa of convergence p of ) ., %= satisfies
p < 1+ a. Furthermore, suppose that a, € R and liminf,, , 7% > 0; in this
case p = a + 1. Both assertions follow from the fact that for p € R, the series
Yot n—lp is convergent if and only if p > 1.

EXAMPLE 6.10. If we consider the Dirichlet series Y, - = defining the Rie-
mann zeta function (s), then the abscissa of convergence is p = 1.

PROPOSITION 6.11. Suppose that f(s) = >_,, % and g(s) = 3,5, % are

both convergent for every s with Re(s) > a. If f(s) = g(s) for every such s, then
an = b, for everyn > 1.

PROOF. By considering h =3 ., #==>=
assertion when all b,, are zero. In this case, we prove by induction on n that a,, = 0.
Suppose that a1 = ... = a,—1 = 0, and that f(s) = 0 for all s with Re(s) > a. It
follows from Proposition 6.8 that the series of functions Zm>n “ml‘s
convergent (to 0, by our assumption) for s € R, with s > p. ‘For every m > n we
have limg_, o % = 0, hence a, = limg_, 00 Y = 0. This completes the
induction step.

is uniformly

amn’
m>n ms

]

As we have seen in Example 6.9, if |a,,| < Cm® for all m, then the abscissa of
convergence of the Dirichlet series ) -, %2 is < 1+ . The following proposition
improves this upper bound when o > 0 and when we have the similar bound for

all sums a1 + ...+ a,p,.

PROPOSITION 6.12. If o« € R is such that | Y| an| < Cm® for all m, then
the Dirichlet series ), -, &% is convergent in the half-plane {s | Re(s) > a}.

PrROOF. We follow a similar argument to that used in the proof of Proposi-
tion 6.8. Note that we have |ZZ:£+1 an| < C((m+£0)* +m*) < 2C(m + £)* for
all m and ¢. Consider s € C with Re(s) > «, and let us write s = x + yi, with

z,y € R. If we put 4, = Zan’fbH a, for all p, then we have

m+p A p—1 1 1
TR N )
Mol L (m+ p)* — (m+£€)s (m+L+1)s

A
+E Ays
(m + p)* 41| :

I /\

log(m+£+1)
/ e_tsdt’
log(m+-£)
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20 p—1 log(m+£41)
< VT a—a T Z ‘S‘ / |Ag|€_tmdt.
(m + p) —1 log(m-+2)
Since |Ap| < 2C(m+£)«, it follows that |A,| < 2Ce*t for t > log(m + £). Therefore

P—1  Llog(m+£+1) P—1  Llog(m+L+1) log(m+p)
>/ Adewar <20y [ etla=2) gt = 2C. etloa) gt
1—1 J1og(m+e) ¢—1 7 log(m+£) log(m+1)

20 < 1 1 )
T -« (m+ 1)z  (m+p)r—a )’
We thus conclude that

m+p an 2C 2Cs] ( 1 1 )
> < + _ ,
e ns (m —+ p)xfa T — (m + 1)9:7a (m ¥ p)w*a

and for fixed s this can be made arbitrarily small by taking m large enough. This
shows that an1 o2 is convergent. (]

PRrROPOSITION 6.13. The Riemann zeta function has a meromorphic continua-
tion to the half-space {s | Re(s) > 0}, with a unique pole at s = 1, which is simple,
and with residue 1.

PROOF. The trick is to consider the following auxiliary Dirichlet series

Gl =Y =3 L

n>1 r)m rim

for every r > 2. It is clear that " | ay € {0,1,...,r—1}, hence Proposition 6.12
applies to give that (. (s) is a holomorphic function on {s | Re(s) > 0}. It is clear
that for Re(s) > 1 we have (,(s) + r'=%((s) = ((s), hence

o) = 7

Tl —plesT

This shows that ¢ has a meromorphic continuation to the half-plane {s | Re(s) > 0}.

Furthermore, every pole in this region is simple, and it is of the form 1+ 120’&7;3, for

some m € Z. By considering » = 2 and r = 3, we see that in fact, the only possible
pole of ¢ in this region is at s = 1.

Note that the residue at 1 is lf)zg((lQ)) - Recall that we have log(1+z) =3_, -, (—1)n-t %
for |z| < 1. The series is convergent at = 1, hence by Abel’s theorem the sum for
x =1 is equal to limyer, z—1log(z) = log(2). Therefore log(2) =, <, ot

n

(2(1), and we see that the residue of ¢ at s =1 is 1. O

In fact, ¢ can be meromorphically extended to C, and the only pole is s = 1.
Furthermore, after multiplication by a suitable factor involving the I'-function, ¢
satisfies a functional equation. We refer to | , Chapter XIII] for the statement
of the functional equation, for proofs and generalizations.

In the case of Dirichlet series with nonnegative coefficients, the sum has a
singularity at the real point on the boundary of the half-plane of convergence.
More precisely, we have the following.
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PROPOSITION 6.14. Consider a Dirichlet series anl Sn, with an, € Rxq for
all n. 1If the abscissa of convergence p is finite, then the sum f(s) of this series
can not be analytically extended to a holomorphic function in the neighborhood of

s=p.
PRrROOF. Let us denote f(s) =>_ <, 2 for Re(s) > p, and suppose that f has

n>1 ns
an analytic continuation to a neighborhood of p. In this case there is ¢ > 0 such

that f is holomorphic inside the disc {s | |s — (p + 1)| < 1 4 2¢}. Therefore in the
interior of this disc we have the Taylor expansion

(@) )
(6.14) flo) =S Y e
i>0 ’

On the other hand, since the series converges uniformly in the half-space {s |
Re(s) > p}, we can differentiate term-by-term in this region to get

(1) (g) = n i
(6.15) f(s) = Z ns( logn)*.
n>1
By taking s = p+ 1, we get
i an i
(6.16) fAp+1)=>" i1 (logn)’.
n>1
Computing f(p — €) via (6.14), and using also (6.16), we deduce that
f()(p+1 1+610gn)
f(P*)*Z il ZZWH il

i>0 i>0 n>1

Since this is a convergent double series with nonnegative terms, we may change the
order of summation, and deduce that

an, (1 +e)logn)" an,
Z npt1 il o Z npP—¢

n>1 >0 n>1

is convergent. Hence our Dirichlet series is convergent for s = p—e¢, a contradiction.
|

Suppose now that > %n js an arbitrary Dirichlet series. The abscissa of

n>1 ns

absolute convergence p™ of this series is the abscissa of convergence of »° -, ‘f{;l.
It is clear that if p is the abscissa of convergence of the given Dirichlet series, then
p < pT. One can show that p™ < p + 1, hence in particular p < oo if and only if
pT < co. We will not use this result, so we simply refer to | , Theorem 1.4]
for a proof.

We now want to show that in the half-plane of absolute convergence, under
suitable multiplicative properties, we can decompose the sum of the Dirichlet series
as an Euler product. Before doing this, let us recall a basic lemma concerning
infinite products. Recall that if (ay)n>1 is a sequence of complex numbers, then
the product [ [, (14ay) is absolutely convergent if the series ), -, a, is absolutely
convergent. a

LEMMA 6.15. If the product [],~,(1 + an) is absolutely convergent, then it is
convergent. Furthermore, the product is independent of the order of the factors,
and it is zero if and only if one of the factors is zero.
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It is clear that if (a;);cs is any set of complex numbers indexed by a countable
set, then it makes sense to say that the product [[;.;(1 + a;) is absolutely conver-
gent. The lemma implies that in this case the product [, ;(1+a;) is well-defined.

ProOOF. The hypothesis implies in particular that lim,,_,. a, = 0. Therefore
there is ng such that |a,| < 1 for all n > ng. For all statements in the lemma we
may ignore finitely many of the factors, hence we may assume that ng = 1. Since

log (ﬁ 1+az> Zlog 1+ ay),
i=1

the first two assertions in the lemma follow if we show that the series ) -, [log(1+
a;)] is convergent. For every u with |u| < 1, we have

Syt

n>1

Z Jul® —log(1 — |u]) =log(l + w) < w

n>1

|log(1 + u)| =

where 14w = (1—|u|)"L. Note that w = 4L < Lju| if |u] < §, hence [log(14u)| <
1|u| when |u| < i. Since |a;] < 1 for i > 0, the hypothesis that doisa lai| s
convergent implies that ), [log(1 + a;)| is convergent.

For the last assertion in the lemma, note that if > -, log(1 + an) = u, then

the product [],~;(1 + ay) is equal to exp(u), hence it is nonzero. |

REMARK 6.16. Note that the infinite product [], - (1 + |al) is convergent if
and only if it is absolutely convergent. Indeed, the “if” part follows from the above
lemma, while the “only if” part is a consequence of the fact that for every n

D lail < T+ fail) H + |ail).
i=1 i=1 i=1

This implies that the infinite product Hn21(1 + ay,) is absolutely convergent if and
only if the product [],~,(1 + [ax]|) is convergent, which is the case if and only if
the series with nonnegative terms > -, log(1 + |a,|) is convergent.

EXERCISE 6.17. Consider (am n)m,n>1, With am,, € C. Show that if each
infinite product Hn>1 Gm,n is absolutely convergent and b, = Hn>1 @, n, then the
following are equivalent

i) The product [],,~; bm is absolutely convergent.
ii) The product [[,, ;> @m,n is absolutely convergent.

Furthermore, show that in this case [[,, .51 @m.n = [],,51 bm

We say that a sequence (an)n>1 is multiplicative if apy = ama, whenever m
and n are relatively prime. In this case we have a; - a,, = a,, for every m. In
particular, we either have a,, = 0 for all m, or a; = 1. In order to avoid trivial
cases, we always assume that a; = 1.

PROPOSITION 6.18. Let (an)n>1 be a multiplicative sequence, and consider the
Dirichlet series [ = Zn21 4u If the abscissa of absolute convergence p* is not
+oo, then for every s with Re(s) > pT the following product over all positive prime
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integers

(6.17) (> Zf’;

P m>0

is absolutely convergent, and it is equal to f(s). Furthermore, if we assume that all
an > 0 and we know that the product (6.17) is convergent for every so € R with
s > a, then p = pt < a.

PROOF. Let s € C be such that Re(s) > p". By assumption, the series
D on>1 pk is absolutely convergent. In particular, we see that > > -, ‘Z‘fﬂ‘ is
absolutely convergent, hence the product (6.17) is absolutely convergent.

Let f,(s) be the factor in (6.17) corresponding to the prime p. If py,...,p, are

the first r prime integers, then the series

S, = Z %

. J1 Jr
n=p; "'pr7

is absolutely convergent, where n varies over the positive integers whose prime
factors are among pi,...,p,. The sum of this series is equal to []\_, fp(s). By
assumption, S, converges to f(s), hence we get the assertion in the proposition.
Suppose now that all a,, > 0, and that Hp (ZmZO ;ﬁ—%) is convergent when-
ever sg € R with sg > a. Let us fix such sg. With the above notation, we see that
S, is finite, and S, < Hp (ZmZO ;{1—"‘0) Therefore the sequence (S;),>1 is conver-
gent, and its limit is clearly equal to > -, 2= This implies that p = p* <. O

COROLLARY 6.19. Under the assumptions in the above proposition, suppose
that the sequence (an)n>1 s strongly multiplicative, in the sense that amn = aman
for all positive integers m and n, and ag = 1. In this case we have the decomposition

S ] _
et ns . 1—app~s
for every s € C with Re(s) > pT.
PrOOF. The assertion follows from the formula in Proposition 6.18, noting
that for every prime p we have
o 1

Apm a
Z ; :Zpriszliappfs'

ms
m>0 p m>0

(]

EXAMPLE 6.20. In the case of the Riemann zeta function we have p* = p = 1,
and we get the product decomposition

¢(s) :H1_17

for every s € C with Re(s) > 1. Note also that since the product is absolutely
convergent, it follows from Lemma 6.15 that ((s) # 0 for every s with Re(s) > 0.
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Let us recall the notion of product of Dirichlet series. Given ¢ Dirichlet series
fi = D ps1 2t for 1 < i < £, let us consider the product of the f; defined by

g= 2721 fl—, where by, =, 4, Qdy,1° " Adge, the sum being over all tuples of
positive integers (dy, . ..,dy) such that dy - - - dyp = n.
PROPOSITION 6.21. With the above notation, the following hold:

i) We have the following relation between the abscissas of absolute conver-
gence

p*(9) < maxp*(f).

and for every s € C with Re(s) > max; p*(f;), we have g(s) = Hle fi(s).

ii) If each sequence (ani)n>1 is multiplicative, and if we consider the Euler
product decompositions f; = Hp fi(p), then the sequence (by)n>11s multi-
plicative, and the Fuler product decomposition of g is given by g = Hp g?,
where g(P) = Hle fi(p).

iii) If h = Y.<, & is a Dirichlet series such that h(s) = Hle fi(s) for
Re(s) > 0, then b, = ¢, for every n. In particular, we have pT(h) <
max; pt(fi)-

PRrROOF. All the assertions are straightforward to prove, so we leave them as an
exercise. We only note that iii) is a consequence of i) and of Proposition 6.11. O

In what follows we make some considerations that will be useful in the next
section, when dealing with zeta functions of arithmetic schemes. Suppose that f is
a formal power series f =" ., a,t™ € C[t]. Given a prime p, we may associate

to f the Dirichlet series f = Ym0 . If r(f) is the radius of convergence of f,

then f(s) is absolutely convergent for Re(s) > _%, and it is divergent for
Re(s) < —%. Therefore p(f) = p‘*‘(f) = _%_

If £(0) = 0, then we may consider g = exp(f). It is clear that r(g) > r(f), and
it follows from the above formulas that p(3) < p(f).
Suppose now that for every prime p we have a formal power series f, =
Yot a?tm with a,, € R for all m, and consider as above the corresponding
aSP)

Dirichlet series f, = f,(1/p*) = }_,,5¢ ;5= Let g, = exp(fp), and g, = g,(1/p*).
PRrROPOSITION 6.22. With the above notation, suppose that the C' > 0 and
a €R, and pg € Z~o are such that

Cp™*,  ifp = po,m = 1
agj) <
Cpm™et),ifp < po,m > 1.
In this case Hp 9p(8) is the Euler product decomposition of a Dirichlet series with

nonnegative coefficients, which is absolutely convergent in the half-plane {s | Re(s) >
a+1}.
~ )
PROOF. Let us write g, = > -, bP¢m | 5o that ap(8) = > >0 z:%. Note
that b(()p) =1, and since asﬁ) > 0 for all m and p, we have bgﬁ) > 0 for all m and p.
For a positive integer n having the prime decomposition n = pi"* ---p', we put
by = bgﬁi) e b%’;). Let us consider the Dirichlet series g(s) = 3, o, =.
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It is enough to show that the product [], g,(s) is convergent for every s € R
with s > a + 1. Indeed, we can then apply Proposition 6.18 to deduce that this is
the Euler product decomposition of ¢(s), whose abscissa of convergence is < o+ 1.

Let us fix s € R with s > a + 1. Using the definition of the g,, we see that
it is enough to show that >_ fp(s) is convergent. Note that this is a series with
nonnegative terms, and by assumption we have

Sy s SC- 2 D P =01 ) g <00, and

p<po m>1 p<pom=>1 p<po
m(a—s) __
>y S SO D T =C0 )y
P=po m>1 p=po m=>1 p>po p>po
Since the above series are convergent, this completes the proof. (I

6.5. The zeta function of an arithmetic scheme

In this section we consider arithmetic schemes, that is, schemes of finite type
over Z. For every such scheme X, we denote by X, the fiber of X over the point pZ
in Spec Z. This is a scheme of finite type over F;,. The following lemma describes
the set X of closed points of an arithmetic scheme X.

LEMMA 6.23. If X is a scheme of finite type over Z, and x € X is a point,
then x is a closed point if and only if its residue field k(x) is a finite field. In this
case, the image of x in SpecZ is a closed point.

PROOF. Let m: X — SpecZ denote the canonical morphism. If k(z) is a finite
field, then k(7 (x)) is finite too, being a subfield of k(z), hence 7(z) is a closed point
pZ. In this case we know that x is a closed point in the fiber X, hence it is closed
in X.

Conversely, suppose that x is closed in X. If U = Spec A is an affine open
neighborhood of x, then x is closed in U, hence it corresponds to a maximal ideal
m C A. If w(x) is a closed point, then we are done: since z is a closed point
on a scheme of finite type over F,, the residue field k(x) is finite. Suppose that
m(x) is the generic point of SpecZ. The field K = A/m is a finitely generated
Z-algebra. In particular, it is a finitely generated Q-algebra, hence it is finite over
Q by Nullstellensatz. If B is the integral closure of Z in K, then B is a Dedekind
domain with field of fractions K. Since K is a finitely generated Z-algebra, it is
also finitely generated over B, hence it is equal to B[1/b] for some nonzero b € B.
However, b is only contained in finitely many prime ideals, while B has infinitely
many such ideals. Therefore B[1/b] can not be a field. This contradiction shows
that 7(z) is a closed point. O

Let X be an arithmetic scheme. For every closed point 2 € X, we put N(z) =
|k(x)]. Note that given any M, there are only finitely many closed points x € X
with N(z) < M. Indeed, this condition bounds the characteristic of k(z), and we
have seen in Proposition 2.1 that on every X, there are only finitely many closed
points with deg(k(z)/F,) bounded.

A 0-cycle on X is an element of the free abelian group on the set of closed points
of X. We say that a 0-cycle o = Zle m;x; is effective if all m; are non-negative.
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In this case, we put N(«) := [], N(z;)™. Note that if a is an effective cycle on
X,, then N(a) = pdes(®),

The zeta function Ly of X is defined by Lx(s) = >, -, %=, where a, is the
number of effective 0-cycles o on X with N(a) = n (with the convention a; = 1).
Note that the sequence (a,,),>1 is multiplicative: this is an easy consequence of the
fact that for every closed point x € X, N(x) is a prime power, hence N(x) divides
a product mn, with m and n relatively prime if and only if it divides precisely
one of m and n. Therefore we have an Euler product decomposition of Lx as

Lx(s) =1I, Lx,p(s), where

bglp)
Lxp(s) =)~

n>0 p

where b%p ) is the number of effective 0O-cycles on X, of degree n. It follows from Re-

mark 2.9 that Lx ,(s) = Z(X,,p~®) = Lx,(s) (for a possibly non-reduced scheme
W of finite type over F,,, we put Z(W,t) = Z(Wreq, t)).

Up to this point, the above Euler product only holds at a formal level, since
we have not proved yet that the above Dirichlet series converges in a nonempty
half-plane. Our main goal in this section is to prove this fact, to compute the
abscissa of convergence, and to show that the zeta function has a meromorphic
continuation to a half-space containing the half-plane of convergence. Note that
the above Dirichlet series has nonnegative coefficients, so in this case the abscissa
of absolute convergence is equal to the abscissa of convergence.

As a warm-up, we start with the case of a scheme that lies over a closed point
in SpecZ. Suppose that Y is a scheme of finite type over F,. Recall that in this
case we have Ly (s) = Z(Y,p™*). The following is the main result in this setting.

THEOREM 6.24. If Y is a scheme of finite type over F,, then the Dirichlet
series with nonnegative coefficients Ly (s) is convergent for Re(s) > r := dim(Y'),
and it has no zeros in this half-plane. Furthermore, if the r-dimensional irreducible
components of Y are Y1,...,Ys, and eachY; XFpFin has m; irreducible components,
then

)4
. 1
LY(S) = L(S) ' H 1 — pmj(r—s)’
j=1- P

where L is the sum of a Dirichlet series with abscissa of absolute convergence <
r— % In particular, the abscissa of convergence of Ly is r, and Ly admits a
meromorphic continuation to the half-plane {s | Re(s) > r — 1}, such that the set

of poles is given by

o
{r+m|mEZ,1§j§€}.
m;log(p)
PROOF. Let f =% 5, Nete where N. = [Y(Fe)|, and g = exp(f), so that
Ly (s) = g(p—*). We thus are in the setting discussed at the end of §4. It follows
from Corollary 6.4 that there is a constant ary: > 0 such that N, < ayp®” for every
e > 1. This implies Nel/e < a;,/epr, so that the radius of convergence R of f is
> p~ ", and we thus obtain
log(R)
logp

p(Ly) =p*(Ly) = <.
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Note also that if Re(s) > r, then Ly (s) = exp(f(p~*)), hence it is nonzero. This
proves the first assertion in the theorem.

The second assertion is the deeper one, and for this we will make use the
Lang-Weil estimate. Let f; = Zle Zmile "P—1¢ and fo = f — fi1. Note that

14

pjmﬁtjmi ¢
A=Y ——=- > log(1 —p™rt™),
=1

i=1j>1
hence exp(f1) = Hle W On the other hand, if we write fo =3, -, b g

it follows from Proposition 6.7 that there is a constant C' > 0 such that |b,,| <
C’p(r’%)m for all m. Arguing as above, we see that the radius of convergence of
fo is > p~"tz. Therefore the abscissa of convergence of z(s) = exp(f2)(p~®) is
<r- %, and we have

¢

—s —s T 1
Dr(s) = (1)) - e2(f)e™) = 16)- [ i—mmny
Note also that if Re(s) > r — 1, then L(s) = exp(fo(p~*)) # 0. The last assertions
in the theorem are now easy consequences. O

EXERCISE 6.25. Let (m;);c; be positive integers, where I is a countable set,
such that for every M there are only finitely many ¢ with m; < M. Show that if
the power series f(t) = [[;c,;(1 —t™)~! € Z[t] has radius of convergence R, then
for every u € C with |u| < min{1, R} the product [], (1 —u™)~" is absolutely
convergent and f(u) = [];c, (1 —u™)~".

EXERCISE 6.26. Show that if ¥ is a scheme of finite type over F,, then for
every s € C with Re(s) > dim(Y’) the product [,y (1 — N(gc)*s)71 is absolutely
convergent, and Ly (s) = [[,cx,, (1 = N(z)™%)

The case of an arithmetic scheme X whose irreducible components dominate
Spec Z is more involved. We begin by giving an upper-bound for the abscissa of
convergence of an arbitrary arithmetic scheme. This will be a consequence of the
following complement to Corollary 6.4.

PROPOSITION 6.27. For every arithmetic scheme X of dimension r, there is a
constant cx > 0 and pg such that for every prime p > py and every e > 1, we have

exp™ V. ifp > po,m > 1;

exp™,  ifp <po,m > 1.

#X(Fpm) < {

PRrROOF. It is enough to show that there is cx and pg such that #X(F,m) <
exp™ Y for all p > py and m > 1. Indeed, applying Proposition 6.7 to each Xp
with p < pg, we see that after possibly enlarging cx we have #X(F,n) < p™" for
all p < pg and m > 1.

We first prove this assertion in the case when X is irreducible, and it is smooth
and projective over Spec Z[1/N] for some positive integer N. Consider an embed-
ding X < PTZL[l/NP and let d denote the degree of the fibers. In particular, for
every prime p that does not divide N, X, — P%p is a smooth closed subvariety

of dimension r — 1 and degree d. In particular, X, xp, E has < d irreducible
components. Applying Proposition 6.6 to each connected component of X, we see
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that there is a positive constant cx such that #X(Fpe) < cXp(T’l)e
that does not divide N, and every e > 1.

We now consider the general case, that we prove by induction on r. If r = 0,
then X, is empty for p > 0, and the assertion to prove is trivial. Suppose that
r > 1. Note first that we may assume that X is irreducible: if Xy,..., X, are the
irreducible components of X, and if we can find cyx, for every ¢, then it is enough
to take cx = Zle ex, -

Suppose from now on that X is irreducible, and after replacing X by X,.q we
may also assume that X is reduced. If X does not dominate SpecZ, then X, is
empty for p > 0, hence the assertion to prove is trivial. We henceforth assume that
X dominates SpecZ.

Note that if X is birational to Y, for an integral scheme Y of finite type over
SpecZ, and if we can find ¢y as required, then we can also find cx. Indeed, if V'
is an open subset of X isomorphic to an open subset of Y, then we can find cx v
by induction, and it is enough to take cx = max{cy,cx v}

In particular, we may assume that X is projective over SpecZ. We apply
Hironaka’s theorem on resolution of singularities to find a projective birational
morphism ¢q: X qQ — X xzQ, with X q nonsingular, hence smooth over Q. We can
find a positive integer N such that ¢q is obtained by base-change from a projective
birational morphism ¢: X = X xz Z[1/N], such that X is smooth and projective
over Spec Z[1/N]. We have already seen that the assertion in the proposition holds
for X , and since X is birational to X , it follows that we can find cx as required.
This completes the proof of the proposition. O

for every p

COROLLARY 6.28. If X is an arithmetic scheme of dimension r, then the
Dirichlet series with nonnegative coefficients Lx 1is convergent in {s | Re(s) > r},
and it has no zeros in this region.

PROOF. Let f, = > .o, Nethe7 where N(p) = #X(F,e). It follows from
Proposition 6.27 that there is a constant cx > 0 and py such that the series f,
satisfy the conditions in Proposition 6.22, with o = r — 1. Since [, exp(f,(p~*))
is the Euler product corresponding to Lx, we deduce that Lx(s) is (absolutely)
convergent for Re(s) > r. Furthermore, each of the factors of the Euler product is
nonzero, hence Lx(s) is nonzero in this half-plane. O

REMARK 6.29. It follows from Corollary 6.28 and Proposition 6.18 that if X is
an arithmetic scheme of dimension r, then Lx(s) =[], Lx, (s) whenever Re(s) > r.
Furthermore, it follows from Exercise 6.26 that for every prime p, we have Lx, (s) =
Hre(Xp)cl (1- N(x)’s)fl, and the product is absolutely convergent. We conclude
using Exercise B.22 that

-1
Lx(s)= [] 01=N@)™)",
r€Xc)
and the product is absolutely convergent.
EXAMPLE 6.30. Let K be a number field and Ok the ring of integers of K
(that is, the ring of elements of K that are integral over Z). The zeta function of

K (also called the Dedekind zeta function of K') is (x := Lgpec 0. Corollary 6.28
implies that (x is (absolutely) convergent in the half-plane {s | Re(s) > 1}. We
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deduce from the previous remark that we have a product description in this region
1 -1
= 11— ——— .
o= T (0 )
PeSpec(Ok)
The description of (x as a Dirichlet series can also be written as

1
CK(S) = Z N(a)s’

aCOgk

where the sum is over all proper nonzero ideals a of O, and where N(a) = |Ok/q|
(by the unique factorization of an ideal in Ok as a product of prime ideals, we can
identify nonzero ideals in O with effective cycles on Spec Ok, such that the two
definitions of N(a) are compatible). Of course, if K = Q, then (k is the Riemann
zeta function.

ExXAMPLE 6.31. Recall that by Corollary 2.23 we have

1
(1=8)1 —pt)---(1—prt)
Therefore the zeta function of Py, is given by

Ley(s) = [[2®2 .o~ = [T11 ﬁ ~TI¢t -9
P 1=0

=0 p

Z(P%Zﬂ t) =

REMARK 6.32. If X is an arithmetic scheme, Y is a closed subscheme of X,
and U = X \Y, then Lx(s) = Ly(s)Ly(s) for all s > dim(X). Indeed, this is
a consequence of the Euler product description of the zeta function, and of the
fact that Z(X,,t) = Z(Yy,t) - Z(U,,t) for all primes p. In particular, we see that
Lx is the product of Ly and Ly in the sense of Proposition 6.21, and therefore
p(Lx) < max{p(Ly),p(Lv)}-

Our last result in this section describes, in particular, the abscissa of conver-
gence of zeta functions of arithmetic schemes.

THEOREM 6.33. If X is an arithmetic scheme of dimension r, then the following
hold:

i) The abscissa of convergence of Lx is p=r.
il) Lx admits a meromorphic continuation to the half-plane {s | Re(s) >
r —e€}, for some e >0, and s =1 is a pole.
iii) If X is irreducible and dominates Spec Z, then the only pole of Lx in the
half-plane {s | Re(s) > r —e€}, with € as in ii), is at s = r, and this occurs
with order one.

In fact, as we will explain below, one can show that one can take ¢ = % in
the theorem. The key ingredient that we will need, in addition to the Lang-Weil
estimate, is given by the special case of the ring of integers in a number field. This

is the content of the following proposition.

PROPOSITION 6.34. If K is a number field with deg(K/Q) = ¢, then (x admits
a meromorphic continuation to the half-plane {s | Re(s) > 1 — 3}. In this region
the only pole is s = 1, and this occurs with order one. In particular, the abscissa
of convergence of (i is p = 1.
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PrOOF. We will use the following result from algebraic number theory: there
is a positive number ak such that if i(m) denotes the number of proper nonzero
ideals I in O with N(I) < m, then

i(m) — agm

ml_%
is bounded see | , Theorem 39]. This implies that if we write (x — ax((s) as a
Dirichlet series >, -, %, then there is a positive constant C' such that [b; + ...+

b | < Cm!'~% for all m. Proposition 6.12 implies that (x — ax( is analytic in the
half-plane {s | Re(s) > 1 — }. On the other hand, by Proposition 6.13 we know
that ¢ is meromorphic in the half-plane {s | Re(s) > 0}, with a unique (simple)
pole at s = 1. This gives the assertions in the proposition concerning (k. O

One can show that, in fact, (x admits a meromorphic continuation to C, such
that the only pole is at s = 1. However, the proof is quite involved, so we refer to
[ , Chapter XIII] for this result.

PROOF OF THEOREM 6.33. Note first that if U is an open subset of X such
that dim(W) < dim(X), where W = X ~ U, then the theorem holds for X if
and only if it holds for U. Indeed, Lx(s) = Lw(s)Ly(s) by Remark 6.32. Since
dim(W) < r—1, the function Ly is analytic in {s | Re(s) > r—1} by Corollary 6.28,
and it has no zeros in this half-plane. Therefore the assertions in the theorem hold
for X if and only if they hold for U. This implies, in particular, that if X and Y
are birational integral schemes, then the theorem holds for X if and only if it holds
for Y.

Given any X, let us consider an affine open subset U of X with dim(X~\U) < r,
such that U is isomorphic to the disjoint union of some U;, with each U; irreducible
of dimension r. Since L(U,s) = [], Lu,(s), it is clear that if each U; satisfies
properties i) and ii), then so does U, and therefore so does X. This shows that
we may assume that X is affine and irreducible, and after replacing X by X;eq, we
may assume that X is integral.

If X does not dominate SpecZ, then X = X, for some p. In this case, Theo-
rem 6.24 shows that properties i) and ii) are satisfied with e = 3. Hence from now
on we may assume that X dominates SpecZ. Arguing as in the proof of Proposi-
tion 6.27, we find an integral scheme Y that is smooth and projective over some
Spec Z[1/N], connected, and that is birational to X. As we have seen, it is enough
to show that Y satisfies the assertions in the theorem.

Let 7: Y — SpecZ[1/N] be the structure morphism. After possibly replacing
N by a multiple, we may assume that 7, (Oy) is free (say, of rank m) and 7. (Oy, ) ~
7 (Oy ) ®Z/pZ for all primes p that do not divide N. Therefore A =T'(Y, Oy ) is an
integral domain, free of rank m over Z[1/N]. If K = A ®z Q, then K is a domain
that is a finite extension of Q, hence it is a number field, equal to the fraction field
of A. If Ok is the ring of integers in K, then we have an inclusion A C Og[1/N].
After possibly replacing N by a multiple, we may assume that A = Og[1/N] and
that Og[1/N] is smooth over Z[1/N].

Suppose that p is a prime that does not divide N, and let us consider its prime
decomposition in Ok:

PO =P -...- Py,
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and let m; = [Og/P; : F,]. Note that the fiber Y}, is a smooth, (r — 1)-dimensional
projective variety, with ¢ irreducible components Y})(l), ey Yp(e), with Yp(l) XSpecF,
Specﬁ having m; irreducible components.

For every prime p that does not divide N, let fp = Ze>1 IX(P;pe)lte and

= ZM Z > My

e>1 i=1 m;|e

If we write f(2)( t) = fp(t) — él)(p’”’lt) = >y b‘(f) t¢, then we apply Proposi-
tion 6.6 to every connected component of Y}, to deduce that we have a positive
constant C' such that |b(p)| < C’p(r_%)6 for all e and all primes p that do not di-
vide N. We deduce from Proposition 6.22 that [],  exp(fp (2 ))( ~#%) is the Euler

product of a Dirichlet series Ly that is absolutely convergent in the half-plane
{s | Re(s) > r — 1}, and which has no zeros in this region. On the other hand,

if we put Y’ = Spec Og[1/N], then Ly (s) = Ly:(s — r + 1)Ly (s). Note that
-1

Cx(s) = Ly(s)[1; (1 - W) , where the P; are the (finitely many) prime

ideals of Ok that lie over primes in Z dividing N. It follows from Proposition 6.34

that Ly (s) is a meromorphic function in the half-plane {s | Re(s) > 1 — %}, where

d = deg(K/Q), and its only pole in this region is at s = 1, and this has order one.

We deduce that properties i), ii), and iii) are satisfied by Ly, where we may take
e = 1/d. This completes the proof of the theorem. O

REMARK 6.35. If one assumes the fact that (x has a meromorphic continu-
ation to the half-plane {s | Re(s) > 1}, we see that the argument in the proof
of Theorem 6.33 shows that for every arithmetic scheme of dimension r, the zeta
function Ly can be extended as a meromorphic function to {s | Re(s) > r — 1}.

REMARK 6.36. If X is any arithmetic scheme of dimension r, then the order of
s = r as a pole of Lx is equal to the number of r-dimensional irreducible components
of X. Indeed, if X1, ..., Xy are the r-dimensional irreducible components of X, then
the order of s = r as a pole of Lx is the sum of the corresponding orders of s = r
as a pole of each Lx;. These orders in turn can be computed using Theorem 6.24
(for those X; that lie in a fiber over SpecZ) and Theorem 6.33 (for those X that
dominate SpecZ).

It is conjectured that for every arithmetic scheme X, the zeta function Lx
admits a meromorphic continuation to C. This seems, however, to be completely
out of reach at the moment. One important case is when X xzQ is an elliptic curve,
in which case the assertion is known to follow from the famous Taniyama-Shimura
conjecture, proved in [Wil], [ ], and | ]



CHAPTER 7

The Grothendieck ring of varieties and Kapranov’s
motivic zeta function

In this chapter we give an introduction to the Grothendieck ring of algebraic
varieties, and discuss Kapranov’s lifting of the Hasse-Weil zeta function to this
Grothendieck ring. One interesting feature is that this makes sense over an arbitrary
field. We will prove the rationality of Kapranov’s zeta function for curves by a
variant of the argument used Chapter 3 for the Hasse-Weil zeta function. We will
end by discussing the results of Larsen and Lunts on Kapranov zeta functions of
algebraic surfaces.

7.1. The Grothendieck ring of algebraic varieties

In this section we recall the definition and the basic properties of the Grothendieck
ring of algebraic varieties. Let k be an arbitrary field. The Grothendieck group
Ko(Var/k) of varieties over k is the quotient of the free abelian group on the set
of isomorphism clases of varieties over k, by relations of the form

[(X] =[]+ [X\Y],
where Y is a closed subvariety of the variety X (here [X] denotes the image of the

variety X in Ko(Var/k)). Note that the above relation implies [] = 0.

In fact, Ko(Var/k) is a commutative ring, with the product given by

[X] ' [Y] = [(X X Y)red]7

where the product on the right is understood to be over Spec k. It is clear that this
induces a bilinear map Ky(Var/k) x Ko(Var/k) — Ko(Var/k) that is commutative
and associative, and has unit Spec k.

The class of A} in Ko(Var/k) is denoted by L. Therefore [A}] = L™. The
usual decomposition P§ = P! LI A? implies by induction on n that [P?] =
1+L+...+L".

PROPOSITION 7.1. Suppose that X is a variety over k, and we have a decom-
position X =Y, U...UY,, where all Y; are locally closed subvarieties of X. In this
case [X] = W] +...+[Y.].

PrOOF. We argue by induction on dim(X) (the case dim(X) = 0 being trivial),
and then by induction on the number of irreducible components of X of maximal
dimension. Let Z be an irreducible component of X of maximal dimension, and
nz its generic point. If i is such that 1z € Y, then Z C Y, and since Y; is open in
Y;, it follows that there is an open subset U of X contained in Y; N Z (for example,
we may take to be the complement in Y; N Z of all irreducible components of X
different from Z). By definition, we have

(7.1) [Y:] = [U] + [V; ~ U] and [X] = [U] + [X < U].

71
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On the other hand, either dim(X \ U) < dim(X), or dim(X \ U) = dim(X)
and X \ U has fewer irreducible components of maximal dimension than X does.
Applying the induction hypothesis to the decomposition X \U = (Y;\U) u|_|#i Y;,
we have

(72) (X NUJ=[YiN U+ ) Y]
J#i
By combining (7.1) and (7.2), we get the formula in the proposition. d

Given a variety X over k, we want to define the class in Ky(Var/k) of a con-
structible subset of X. This is achieved using the following easy lemma.

LEMMA 7.2. Any constructible subset W of a variety X over k can be written
as a finite disjoint union of locally closed subsets.

PrOOF. We prove this by induction on d = dim(W), the case d = 0 being
trivial. Let us write W = Wi U...UW,, with all W; locally closed, hence W = WU
... UW,. After replacing each W; by its irreducible decomposition, we may assume
that all W; are irreducible. After renumbering, we may assume that Wy,..., W;
are the irreducible components of W. Since each W; is open in W;, the set U =
Ui, (WZ N/ WJ) is open and dense in W, and it is contained in W. If V =
W N\ U, then V is constructible, and dim(V) < dim(W), hence by induction we
have a decomposition V = V3 U...UVy, with each V; locally closed in X. Therefore
we have a decomposition W = U U Vi U... UV, as required. (]

Suppose now that X is a variety over k, and W is a constructible subset of X.
By the above lemma, there is a disjoint decomposition W = Wiy U... U W,., with
each W; locally closed in X. We put [W]:=Y"._ [W,].

PROPOSITION 7.3. With the above notation, the following hold:

i) The definition of [W], for W constructible in X, is independent of the
disjoint decomposition.
ii) If Wh,...,Ws are disjoint constructible subsets of X, and W = |J, W,
then [W] = S0, [Wil.
PRrROOF. Suppose that we have two decompositions into locally closed subsets
W=WwiU...uW,and W=W'U...uW.
Let us also consider the decomposition W = [ |, ;(W; N WJ). It follows from Propo-
sition 7.1 that [W;] = 3%, [W; N Wj] for every i, and [W/] = Y°7_, [W; N Wj] for

. Jj=1 J
every j. Therefore

S = S - 33w = 3w

i=1 i=1 j=1 j=11i=1 j=1
This proves i). The assertion in ii) follows from i): if we consider disjoint unions
Wi = Wi U...U Wy, for every i, with each W; ; locally closed in X, then
W = I—li,j Wi,j7 and
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A morphism f: X — Y is piecewise trivial, with fiber F', if there is a decompo-
sition Y = Y; U...UY,, with all Y; locally closed in Y, such that f~1(V;) ~Y; x F/
for all 3.

PROPOSITION 7.4. If f: X — Y is piecewise trivial with fiber F, then [X] =
Y] [F] in Ko(Var/k).

PROOF. By assumption, there is a decomposition ¥ = Y; U...UY, into locally
closed subsets such that [f~1(Y;)] = [F] - [Vi]. By Proposition 7.1 we have [X] =
Sl 7HY:)] and [Y] = Y, [Y5], hence we get the assertion in the proposition. O

EXAMPLE 7.5. It is clear that if F is a vector bundle on Y of rank n, then
E — Y is piecewise trivial with fiber A} and P(E) — Y is piecewise trivial with
fiber P}~ '. Therefore [E] = [Y]-L" and [P(E)] = [Y](1+L+...+ L")

The following lemma is an immediate consequence of the definitions.

LEMMA 7.6. If k' /k is a field extension, then we have a ring homomorphism
Ko(Var/k) — Ko(Var/k'), that takes [X] to [(X Xy k' )red] for every variety X over
k.

An Euler-Poincaré characteristic for varieties over k is a map x that asso-
ciates to a variety X over k an element x(X) in a group A, such that if Y is a
closed subvariety of X, we have x(X) = x(Y) + x(X \Y). Note that the map
taking X to [X] € Ko(Var/k) is the universal Euler-Poincaré characteristic: every
Euler-Poincaré characteristic as above is induced by a unique group homomorphism
x: Ko(Var/k) — A. If A is a ring, then the Euler-Poincaré characteristic is called
multiplicative if x is a ring homomorphism.

ExXAaMPLE 7.7. If k is a finite field, then for every finite extension K/k we
have a multiplicative Euler-Poicaré characteristic with values in Z, that takes X to
|X (K)|. One can put all these together in a group homomorphism

Ko(Var/k) — (1 +tZ[t],-), [X] = Z(X,1).

ExaMpPLE 7.8. If £k = C, then we have a multiplicative Euler-Poincaré char-
acteristic that associates to X the usual Euler-Poincaré characteristic for singu-
lar cohomology Xtop(X) = > ,50(—1)"dimq H (X", Q) (compare with the more
refined invariant in Example 7.13 below). The fact that xiop(X) gives an Euler-
Poincaré characteristic is a consequence of the fact that yop(X) is also equal to
the Euler-Poincaré characteristic for compactly supported cohomology x{o,, (X):=
Yiso(—1)idimg H (X, Q) (see | , p- 141-142]). Indeed, if Y is a closed
subvariety of the complex variety X, and U = X \ Y, then there is a long exact
sequence for cohomology with compact supports

.o HA(U™, Q) = HI(X™, Q) —» HLA(Y™, Q) = H' (U™, Q) — ...,
which implies x{yp, (X) = XEop (U) + XEop (Y).

The most convenient way of constructing Euler-Poincaré characteristics when
the ground field is algebraically closed of characteristic zero involves a presentation
of Ko(Var/k) due to Bittner [Bit]. The following lemma is elementary (and we
have seen some of its avatars before).



74 THE GROTHENDIECK RING OF VARIETIES AND KAPRANOV’S MOTIVIC ZETA FUNCTION

LEMMA 7.9. If char(k) =0, then Ko(Var/k) is generated by classes of nonsin-
gular, connected, projective varieties over k. More precisely, given any irreducible
variety X of dimension n, there is a nonsingular, irreducible, projective variety
Y that is birational to X such that [X] —[Y] = vazl my[W], for some smooth,
projective, irreducible varieties W; of dimension < n, and some m; € Z.

PRrROOF. Note first that the second assertion implies the first. Indeed, it is
enough to show by induction on n that for every n-dimensional variety W over k,
we have [W] € K|, where K|, is the subgroup of Ky(Var/k) generated by classes
of nonsingular, connected, projective varieties. The assertion is clear if n = 0. For
the induction step, given W with irreducible components Wy,... , W, let U; =
Wi~ U,z Wi, and U = Ui_, U;. Since dim(W \ U) < n, it follows by induction
that [W \ U] € K{, and since [U] = Y_/_, [U;] we see that it is enough to show that
every [U;] lies in K{). This is a consequence of the second assertion in the lemma.

We now prove the second assertion in the lemma by induction on n = dim(X).
Let X’ be an irreducible projective variety that is birational to X. By Hironaka’s
theorem on resolution of singularities, there is a birational morphism f:Y — X',
with Y nonsingular, connected, and projective. Since X and Y are birational, we
can find isomorphic open subsets U C X and V C Y, so that we have

(7.3) X =Y =[X~\U] =Y\ V],

and dim(X \ V), dim(Y \ U) < n. Arguing as above, we see that the induction
hypothesis implies that both [X \ U] and [Y \ V] can be written as linear combi-
nations of classes of nonsingular, irreducible, projective varieties of dimension < n,
with integer coefficients. Using (7.3), we obtain the assertion in the lemma about
X. O

Bittner’s theorem shows that with respect to the system of generators described
in the lemma, the relations are generated by the ones coming from blow-ups with
smooth centers.

THEOREM 7.10. ([Bit]) Let k be an algebraically closed field of characteristic
zero. The kernel of the natural morphism from the free abelian group on isomor-
phism classes of smooth, connected, projective varieties over k to Ko(Var/k) is
generated by the following elements:

i) [0]

ii) ([Bly X] —[E]) — ([X] = [Y]),
with X and Y are smooth, connected, projective varieties, with Y a subvariety of
X, and where Bly X is the blow-up of X along Y, with exceptional divisor E.

We do not give the proof here, but only mention that the main ingredient
is the following Weak Factorization Theorem of Abramovich, Karu, Matsuki, and
Wiodarczyk.

THEOREM 7.11. (] D) If k is an algebraically closed field of character-
istic zero, then every birational map between two smooth projective varieties over k
can be realized as a composition of blow-ups and blow-downs of smooth irreducible
centers on smooth projective varieties.

EXAMPLE 7.12. Let us show that if k is algebraically closed, of characteristic
zero, then there is a (unique) Euler-Poincaré characteristic ¢ with values in Z[t]
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such that for every smooth projective variety X, we have
dim(X)
QX,t)= > (=1)'n (X, 0x)t'.
i=0

By Theorem 7.10, it is enough to show that if X and Y are smooth, connected,
projective varieties, with Y a closed subvariety of X, and if W is the blow-up of X
along Y, with exceptional divisor E, then Q(W,t) — Q(E,t) = Q(X,t) — Q(Y, ).
If p: W — X and q: E — Y are the natural projections, then Rip,(Ow) = 0, and
Riq.(Og) = 0 for all i > 0, while p,(Ow) = Ox and ¢.(Og) = Oy. We thus have
isomorphisms

HI(X,0x) ~ H(W,Ow), H(Y,Oy) ~ H (E,OF)
for all j > 0, which imply Q(W,t) = Q(X,t) and Q(E,t) = Q(Y, ).

EXAMPLE 7.13. A more refined example of an Euler-Poincaré characteristic is
given by the Hodge-Deligne polynomial of algebraic varieties. This is an Euler-
Poincaré characteristic of varieties over an algebraically closed field k of character-
istic zero that takes values in Z[u,v], such that for a smooth projective variety X,
E(X,u,v) is the Hodge polynomial

dim(X)

Z (_1)p+th,q(X)upvq7

P,q=0
where h?9(X) = h9(X, Q% ). Note that with the notation in the previous exam-
ple, we have Q(X,t) = E(X,0,t). The original definition of the Hodge-Deligne
polynomial (over C) uses the mixed Hodge structure on the singular cohomology
with compact supports of complex algebraic varieties. It would be nice to give an
elementary argument using Theorem 7.10, as in the previous example.

The polynomial P, (X,t) := E(X,t,t) is the virtual Poincaré polynomial of
X. Note that if & = C, then this polynomial is characterized by the fact that
it induces a group homomorphism Ky(Var/C) — Z[t], and if X is a smooth pro-
jective variety, then P (X,t) is the usual Poincaré polynomial of X, given by
Y iso(—1) dimg HY (X, Q)t* (this is a consequence of the Hodge decomposition for
smooth projective varieties). In particular, we see that Px (1) = xtop(X).

EXERCISE 7.14. Use the Kiinneth formula to show that the Hodge-Deligne
polynomial is a multiplicative Euler-Poincaré characteristic.

EXAMPLE 7.15. If X = P! then h%%(X) = AbY(X) = 1 and AMO(X) =
h%1(X) =0, hence E(P',u,v) = 1+ uv, and therefore
E(A',u,v) = E(P',u,v) — E(Speck, u,v) = uv.
It follows from the previous exercise that E(A™ u,v) = (uv)™.
REMARK 7.16. Recall that if X is a smooth projective complex variety, then
we have the following symmetry of the Hodge numbers: h?4(X) = h?P(X). This

implies that E(Y,u,v) = E(Y,v,u) for every variety over an algebraically closed
field of characteristic zero.

EXERCISE 7.17. Let k be an algebraically closed field of characteristic zero.
Show that if X is a variety iver k, then E(X,u,v) is a polynomial of degree
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2dim(X), and the term of maximal degree is m (uv)d™X)

of irreducible components of X of maximal dimension.

, where m is the number

EXERCISE 7.18. Show that if X and Y are varieties over a field k£ such that
[X] = [Y] in Ko(Var/k), then dim(X) = dim(Y"). Hint: in characteristic zero, one
can use the previous exercise; in positive characteristic, reduce to the case k = Fip7
and then use the Lang-Weil estimates (in fact, the characteristic zero case can also
be reduced to positive characteristic).

As an application of Bittner’s result, we give a proof of a result of Larsen and
Lunts [LL2] (see also [Sal), relating the Grothendieck group of varieties with stable
birational geometry.

We keep the assumption that k is an algebraically closed field of characteristic
zero. Recall that two irreducible varieties X and Y are stably birational if X x P™
and Y x P"™ are birational for some m,n > 0.

Let SB/k denote the set of stably birational equivalence classes of irreducible
algebraic varieties over k. We denote the class of X in SB/k by (X). Note that SB/k
is a commutative semigroup, with multiplication induced by (X) - (Y) = (X x Y.
Of course, the identity element is Spec k.

Let us consider the semigroup algebra Z[SB/k| associated to the semigroup
SB/k.

PROPOSITION 7.19. There is a unique ring homomorphism ®: Ko(Var/k) —
Z[SB/k] such that ®([X]) = (X) for every smooth, connected, projective variety X
over k.

PROOF. Uniqueness is a consequence of Lemma 7.9. In order to prove the ex-
istence of a group homomorphism ® as in the proposition, we apply Theorem 7.10.
This shows that it is enough to check that whenever X and Y are smooth, con-
nected, projective varieties, with Y a closed subvariety of X, we have

(Bly (X)) = (E) = (X) — (Y),
where Bly X is the blow-up of X along Y, and F is the exceptional divisor. In fact,
we have (X) = (Bly (X)) since X and Bly (X) are birational, and (Y') = (E), since
E is birational to Y x P} ™!, where r = codimx (V).

In order to check that ® is a ring homomorphism, it is enough to show that
D(uv) = P(u)P(v), where u and v vary over a system of group generators of
Ky(Var/k). By Lemma 7.9, we may take this system to consist of classes of smooth,
connected, projective varieties, in which case the assertion is clear. ([l

Since (P}) = (Speck), it follows that ®(L) = 0, hence ® induces a ring homo-
morphism -
®: Ky(Var/k)/(L) — Z[SB].

THEOREM 7.20. ([L12]) The above ring homomorphism ® is an isomorphism.

PROOF. The key point is to show that we can define a map
SB/k — Ko(Var/k)/(L)
such that whenever X is a smooth, connected, projective variety, (X) is mapped to
[X]mod (L). Note first that by Hironaka’s theorem on resolution of singularities,

for every irreducible variety Y over k, there is a nonsingular, irreducible, projective
variety X that is isomorphic to Y. In particular (X) = (Y). We claim that if
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X, and X5 are stably birational nonsingular, irreducible, projective varieties, then
X] - [Y] € (L),

Suppose that X; xP™ and X5 xP"™ are birational. It follows from Theorem 7.11
that X7 x P™ and X5 x P" are connected by a chain of blow-ups and blow-downs
with smooth centers. Note that

[(X1] - [X1 x P = —[X;] ' LA+ L+...+ L™ 1) e (L).

Similarly, we have [X3] — [X2 x P"] € (L). Therefore in order to prove our claim,
it is enough to show the following: if Z and W are smooth, connected, projective
varieties, with Z a closed subvariety of W, then [BlzW]—[W] € (L), where Blz (W)
is the blow-up of W along Z. Let r = codimy/ (Z), and let E be the exceptional
divisor, so £ ~ P(N), where N is the normal bundle of Z in W. Our assertion
now follows from

Blz(W)] - [W]=[E]-[Z]=[E-P" Y~ [E]=[E] - LOA+L+...+L?).

We thus get a group homomorphism ¥: Z[SB/k] — Ky(Var/k)/(L) such that
U((X)) = [X]mod (L) for every smooth, connected, projective variety X. It is
clear that ® and ¥ are inverse maps, which proves the theorem. ([l

We end this section by mentioning the following result of Poonen [Po]:

THEOREM 7.21. If k is a field of characteristic zero, then Ko(Var/k) is not a
domain.

SKETCH OF PROOF. Let k denote an algebraic closure of k. We denote by
AV /E the semigroup of isomorphism classes of abelian varieties over k (with the
product given again by Cartezian product). Note that we have a morphism of
semigroups SB/k — AB/k, that takes (X) to Alb(X) for every smooth, connected,
projective variety X over k, where Alb(X) is the Albanese variety of X. Indeed,
arguing as in the proof of Theorem 7.20, we see that it is enough to show that
Alb(X) = Alb(X x P") and Alb(X’) = Alb(X) if X’ — X is the blow-up of the
smooth, connected, projective variety X along a smooth closed subvariety. Both
assertions follow from the fact that any rational map P™ --+ A, where A is an
abelian variety, is constant. Therefore we have ring homomorphisms

Ko(Var/k) — Ko(Var/k) — Z[SB/k] — Z[AV /k].

The technical result in [Po] says that there are abelian varieties A and B over
k such that A x A ~ B x B, but Ay % By. In this case ([A] — [B])([4] + [B]) =0 in
Ky(Var/k). However, both [A] — [B] and [A] 4 [B] are nonzero in K(Var/k), since

their images in Z[AV /k] are nonzero. Hence Ky(Var/k) is not a domain. O

REMARK 7.22. Note that the zero-divisors constructed in the proof of the
above theorem are nonzero in Ko(Var/k)/(L). This suggests that the localized
Grothendieck ring Ko(Var/k)[L~!] might still be a domain, but this is an open
question.

7.2. Symmetric product and Kapranov’s motivic zeta function

We begin by recalling the definition of the symmetric products of an algebraic
variety. For simplicity we work over a perfect field k. Let X be a quasiprojective
variety over k. For every n > 1, we have a natural action of the symmetric group
Sy, on the product X™. Since X™ is again quasiprojective, by the results in A.1,
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we may construct the quotient by the action of .S,,. This is the symmetric product
Sym™(X). We make the convention that Sym®(X) is Speck. Note that since k is
perfect, X™ is reduced, hence Sym" (X) is reduced too.

EXAMPLE 7.23. For every n > 1, there is an isomorphism Sym"(A}) ~ AZ}.

Indeed, the ring of symmetric polynomials k[z1,...,z,]%" C k[z,...,,] is gen-
erated as a k-algebra by the elementary symmetric functions ey, ...,e,. Note that
since dim(k[z1,...,2,]°") = n, the polynomials ei,...,e, are algebraically inde-

pendent over k, hence Sym"(A}) ~ A}

REMARK 7.24. Note that by Remark 1.5, for every field extension K/k (say,
with K perfect), we have Sym"(X) x K ~ Sym"(X xj K). In particular, if K
is algebraically closed, then Sym"(X)(K) is in bijection with the set of effective
zero-cycles on X X K of degree n.

In order to define Kapranov’s motivic zeta function | ], we need some prepa-
rations. We will work with the quotient Ko(Var/k) of Ko(Var/k) by the subgroup
generated by the relations [X] — [Y], where we have a radicial surjective morphism
X — Y of varieties over k. See A.3 for a review of radicial morphisms. Note that
in fact Ko(Var/k) is a quotient ring of Ky(Var/k): this follows from the fact that
if f: X — Y is surjective and radicial, then for every variety Z, the morphism
fxIdgz: X xZ =Y x Z is surjective and radicial (since f x Idy is the base-change
of f with respect to the projection Y x Z — Y).

PROPOSITION 7.25. If char(k) = 0, then the canonical morphism Ky(Var/k) —
Ko(Var/k) is an isomorphism.

PRrROOF. This is a consequence of the fact that if char(k) =0 and f: X — Y is
radicial and surjective, then f is a piecewise isomorphism (see Proposition A.24),
hence [X] = [Y] in Ky(Var/k). O

ProrosITION 7.26. If k = F, is a finite field, then the ring homomorphism
Ky(Var/k) — Z given by [X]| — | X (Fye)| factors through Ko(Var/k).

PROOF. We need to show that if f: X — Y is a radicial, surjective morphism
of varieties over F,, then | X (Fy.)| = |Y(F4)|. This is a consequence of the fact
that f gives a bijection between the closed points of X and Y, such that for every
x € Xq we have k(f(z)) = k(x) (for this it is enough to note that k(f(x)) is
a finite field, hence perfect, and therefore it has no nontrivial purely inseparable
extensions). O

The next proposition shows that the Grothendieck group of varieties over k
can be described in terms of quasiprojective varieties. Let K3" (Var/k) be the quo-
tient of the free abelian group on the set of isomorphism classes of quasiprojective
varieties over k, modulo the relations

(X]=[Y]+[X\Y],
where X is a quasiprojective variety and Y is a closed subvariety of X. It is clear
that we have a group homomorphism ®: K" (Var/k) — Ky(Var/k), such that
O ([X]) = [X]. We similarly define K" (Var/k) as the quotient of K" (Var/k) by
the relations [X] — [Y], where we have a surjective, radicial morphism of quasipro-

Jective varieties f: X — Y. We have a corresponding group homomorphism
O: K (Var/k) — Ko(Var/k).
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PROPOSITION 7.27. Both ® and ® are isomorphisms.

PROOF. Let us define an inverse homomorphism W: Ko (Var/k) — Kg"" (Var/k).
Given a variety X over k, we consider a disjoint decomposition X =V, U... UV,
where each V; is quasiprojective and locally closed in X (for example, we may even
take the V; to be affine). In this case, we define U([X]) = >"'_,[V;] € KJ*" (Var/k).

We need to show that the definition is independent of the decomposition we
choose. Suppose that X = Wj U. ..U W is another such decomposition. We get a
corresponding decomposition X = | | i, j(Vi U W;). We have an obvious analogue of
Proposition 7.1 for K" (Var/k), hence

Vi =Y _[VinW,] and [W;] = > [V; 0N W;] in K§P (Var/k).

j=1 i=1
This gives the following equalities in K" (Var/k):

DW= D Vinwil =3 Y IVinWy] =} (Wil
i=1 i=1 j=1 j=11i=1 j=1
Therefore ¥([X]) is well-defined.
Suppose now that Y is a closed subvariety of X, and consider a decomposition

X =ViU...uV, for X asabove. If U = X \Y, we get corresponding decompositions

T T
Y=||VinY), U=||VinD),
i=1 i=1
from which we get that U([X]) = ¥([Y]) + U([U]). Therefore ¥ gives a group
homomorphism Ky(Var/k) — K" (Var/k), and it is clear that ® and ¥ are inverse
to each other. B
In order to show that ¥ induces an inverse to @, it is enough to show that if
f: X — Y is a surjective, radicial morphism, then there is a disjoint decomposition
Y = Vi U...UV, such that all V; and f~1(V;) are quasiprojective (note that each
f~Y(V;) — V; is automatically radicial and surjective). Arguing by Noetherian
induction, it is enough to show that there is an affine open subset V' C Y such
that f~1(V) is affine. If Y3,...,Y,, are the irreducible components of Y, we may
replace Y by Y7 \ ;5o Yi, and therefore assume that Y is irreducible. Since
f is bijective, there is only one irreducible component of X that dominates Y,
hence after restricting to a suitable open subset of Y, we may assume that both
X and Y are irreducible. In this case there is an open subset V' of Y such that

F7H(V)red = Vied is a finite morphism (see [Har, Exercise 11.3.7]). We may assume
that V is affine, in which case f~1(V),eq is affine, hence f~1(V) is affine by [Har,
Exercise I11.3.1]. This completes the proof of the proposition. O

For every quasiprojective variety over X, the Kapranov zeta function of X is

Zimot(X,1) = > [Sym™(X)|t" € 1+t - Ko(Var/k)[t].
n>0

PROPOSITION 7.28. The map [X]| = Zmot(X,t), for X quasiprojective, defines
a group homomorphism

Ko(Var/k) — (14 tKo(Var/k)[],-),
which factors through Ko(Var/k).
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The key ingredient is provided by the following lemma.

LEMMA 7.29. If X is a quasiprojective variety, and Y — X is a closed subva-
riety with complement U, then

[Sym™(X)] = > [Sym'(Y)] - [Sym’ (U)] in Ko(Var/k).

it+j=n

PRrROOF. For nonnegative i and j with i +j = n, we denote by W7 the locally
closed subset of X™ given by UgESn (Y? x U%)g. The W¥J give a disjoint decom-
position of X™ by locally closed subvarieties preserved by the S,-action (in order
to show that these sets are disjoint and cover X", it is enough to consider the
k-rational points, where k is an algebraic closure of k). If 7: X" — Sym"™(X) is
the quotient morphism, it follows that the locally closed subvarieties 7(W%7) give
a disjoint decomposition of Sym"(X) in locally closed subsets, hence

(7.4) [Sym™(X)] = Z [r(W*7)] in Ko(Var/k).
i+j=n
For every pair (i,7) as above, consider the open subset Y? x U? of W%J. For
every g,h € S, the subsets (Y x U’)g and (Y* x U%)h of W%/ are either equal,
or disjoint. Note also that the subgroup H consisting of all g € G such that (Y x
Ul)g =Y*x U is equal to S; x Sj C S,,. We may therefore apply Propositions A.8
and A.7 to conclude that we have an isomorphism

Wi/, ~ Sym'(Y) x Sym? (U).
On the other hand, Proposition A.25 implies that the induced morphism W7 /S,, —
m(W%7) is radicial and surjective, hence
[r(W9)] = [(WH/S,)] = [Sym"(Y)] - [Sym? (U)] in Ko(Var/k).
Using this and (7.4), we obtain the statement in the lemma. O

PROOF OF PROPOSITION 7.28. It follows from the lemma that if X is a quasipro-
jective variety, Y is a closed subvariety of X, and U = X \'Y, then

Zinot(X,8) = Y [Sym™(X)t" =Y >~ [Sym' (V)] - [Sym? (V)"

n>0 n>0i+j=n
= Zmot (K t) . Zrnot(Ua t)

In light of Proposition 7.27, this proves the first assertion in the proposition. For
the second assertion, it is enough to show that if f: X — Y is a surjective, radicial
morphism of varieties over k, then the induced morphism Sym"(f): Sym"(X) —
Sym"(Y) is radicial and surjective for every n > 1. It is easy to see that the
surjectivity of f implies that X™ — Y™ is surjective, and since Y — Sym"(Y) is
surjective, we deduce that Sym"(f) is surjective. In order to show that Sym"(f) is
radicial, it is enough to prove the injectivity of

(7.5) Hom(Spec K, Sym" (X)) — Hom(Spec K, Sym"(Y"))

for every algebraically closed extension K of k. Using Remark 7.24, we may identify
Hom(Spec K, Sym"™ (X)) with the quotient of X (K)™ by the action of S,,. A similar

description holds for Hom(Spec K, Sym™ (Y)), and the injectivity of X (K) — Y (K)
implies the injectivity of (7.5). This completes the proof of the proposition. O
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REMARK 7.30. If X is not necessarily perfect, then we may still define the
motivic zeta function of a quasiprojective variety X by considering the reduced
scheme corresponding to X™/S,,. All results in this section carry through in that
setting. We preferred to make the assumption that k is perfect in order to simplify
the exposition, since we are mostly interested in the case when k is either a finite
field, or it has characteristic zero.

As a consequence of Proposition 7.28, we can define Z,0(X,t) for a variety
over k that is not necessarily quasiprojective. Indeed, we just apply the morphism
in that proposition to [X] € Ko(Var/k).

As we have seen in Proposition 7.26, when k = F, is a finite field, we have a
specialization map Ko (Var/k) — Z given by counting the number of F,-rational
points. The following proposition shows that if we apply this specialization to
Kapranov’s motivic zeta function, we recover the Hasse-Weil zeta function.

ProrosiTiON 7.31. If k is a finite field, and X is a variety over k, then the
image of Zmot(X,t) in 1+ tZ[t] is equal to Z(X,1).

PROOF. We may clearly assume that X is quasiprojective. By Remark 2.9, it is
enough to show that for every n > 1, the number of effective O-cycles on X of degree
n is equal to [Sym" (X)) (k)|. We have Sym" (X)) ~ Sym"(X%)by Remark 7.24. Note
that if g € G = G(k/k) acts on X7 by o, then g acts on Sym”(X)z by Sym" (o).
We can identify Sym™(X)(k) with the points of Sym™(X)(k) = X (k)"/S,, that are
fixed by all g € G. An element of X (k)"/S,, corresponds to an effective 0-cycle of
degree n on X7, and this is fixed by every g € G if and only if it corresponds to an
effective cycle of degree n on X (see Proposition A.15). This completes the proof

of the proposition. O

PROPOSITION 7.32. If X is a variety over k, then Zumot (X X AR, t) = Znot (X, L"),
where L = [A}].

PROOF. We only sketch the argument, which is due to Totaro | , Lemma
4.4]. Tt is enough to prove the assertion when X is quasiprojective. Arguing by
induction on n, it follows that it is enough to prove the case n = 1. We need to show
that for every n > 1, we have [Sym” (X x A})] = [Sym"(X)] - L™ in Ko(Var/k).

We start by describing a general decomposition into locally closed subsets of
Sym"(X). For every r > 1, we denote by (X")° the complement in X" of the
union of the (big) diagonals (when r = 1, this is simply X). Given positive
integers di,...,d, with d; < ... < d, and }.|_,;d; = n, consider the locally
closed embedding (X7)° < X™ given by Ay, X ... x A, , where A;: X — X!
is the diagonal embedding. We denote the image of (X")° by X4, 4.. It is
clear that for every o,7 € S, the subsets Xg,.. 4.0 and Xg, . 4,7 are either dis-
joint, or equal. We may thus apply Propositions A.8 and A.25 to deduce that if
H={9geG| Xy, a9= X4, d.} then X4 4. /H has a radicial morphism

onto its image in Sym"(X), that we denote by X4, 4,.. It is clear that when we

consider all tuples (dy,...,d,) as above, the )?dl,-u,dr give a partition of Sym"(X)
into locally closed subsets (consider, for example, the k-valued points, where k is
an algebraic closure of k).

Suppose that m; < mg < ... < mg are such that the first £; of the d; are equal

to my, the next £5 of the d; are equal to mo, and so on. In this case H = Hy x Ho,



82 THE GROTHENDIECK RING OF VARIETIES AND KAPRANOV’S MOTIVIC ZETA FUNCTION

where Hy = [[;_, Sa, and Ha = [[;_, Sy;. Each Sy, acts by permuting the entries
of X™ in the slots dy +...+d;—1+1,...,d1 +...+d;, while Sy, permutes the £; sets
of m; entries of X™. Note that H; acts trivially on X4, a4,, hence X4, 4, /H =
Xay....d./Ha.

We now consider the inverse image Wy, . 4

s

= Xdl,“.,dr X AZ of Xdl,...,d in

i

(X x AL)", as well as its image Wy, 4, in Sym™(X x Al). As above, we have

a surjective, radicial morphism Wy, q,/H — Wy, . 4.. In order to complete the
proof of the proposition, it is enough to show that [Wy, . 4./H] = [(X4,,..a./H) X
A7 in Ko(Var/k).

It follows from Proposition A.10 that Wy, . 4,./H ~ (Wg,,  a,/H1)/H2. On
the other hand, Proposition A.7 and Example 7.23 give an isomorphism Wy, . 4./Hi
Xy, ¥ [Ty AZ"’ = Xa,....d, X H;:1(A1:j)€j = X4, ...a. X A}. One can show
that since Hy acts without fixed points on Xg, .. 4, , the projection 7: Xg, 4. —
X, ...,/ Ha is étale, and we have a Cartezian diagram

Xay,.dp X Af ——= Wy, ..a,/H1)/H>

| X

Xayd, —> Xay,...d,/Ha.

One can show using this that ¢ has a structure of rank n vector bundle locally trivial
in the étale topology, and by Hilbert’s Theorem 90 | , p- 1.24], this is locally
trivial also in the Zariski topology. This gives Wy, .. a,./H| = [Xa,.....4,./H2] - L™
in Ko(Var/k).

7.3. Rationality of the Kapranov zeta function for curves

Our goal in this section is to prove a result of Kapranov | ], extending the
rationality of the Hasse-Weil zeta function for smooth, geometrically connected,
projective curves defined over finite fields to motivic zeta functions.

Since the Kapranov zeta function does not have coefficients in a field, there
are (at least) two possible notions of rationality that can be considered. If R is a
commutative ring and f € R[t], we say that f is rational if there are polynomials

u,v € R[t], with v invertible in R[t] such that f(¢) = % We say that f is
pointwise rational if for every morphism R — K, where K is a field, the image of f
in K[t] is rational. It is clear that a rational formal power series is also pointwise
rational. The formal power series we will consider satisfy f(0) = 1, hence the image
in every Kt] as above is nonzero. Of course, when R is a field, then the two notions

of rationality coincide.

THEOREM 7.33. Let k be a perfect field. If X is a smooth, geometrically
connected, projective curve of genus g over k which has a k-rational point, then
Zmot (X, t) is a rational function. Moreover, we have

f(t)
(1—1¢t)(1—Lt)’

for a polynomial f of degree < 2g with coefficients in K, (Var/k).

Zmot (X, t) =

PROOF. The existence of a k-rational point on X implies that the Picard variety
of X represents the Picard functor, suitably rigidified. More precisely, if zo € X (k),

~
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then Pic?(X) represents the contravariant functor that associates to a scheme S
over k the set of line bundles £ € Pic(S x X') which have degree d on the fibers over
S and such that L|gy (s, is trivial. This representability implies that the usual
properties of the Picard variety, familiar over an algebraically closed field, extend
to our setting.

In particular, recall that for every d > 0 we have a morphism Symd(X ) —
Pic?(X). This can be defined using the universal property of Pic?(X), but let us
describe it at the level of k-valued points, where k is an algebraic closure of k. A
k-valued point of Symd(X ) corresponds to an effective divisor D on X5 of degree
d. On the other hand, a k-valued point of Pic?(X) corresponds to a line bundle on
X7 of degree d, and the above map takes D to Ox (D). If d > 2g — 1, then the
fiber of Sym®(X)z — Pic*(X)y over L is naturally isomorphic to the linear system
|L| ~ P%fg. In fact, there is an isomorphism' Sym?(X) ~ P(E), where F is a
vector bundle on Pic?(X) of rank d — g + 1.

Since we assume that X (k) # 0, it follows that there are line bundles of degree
1 on X. Therefore we have an isomorphism Pic?(X) ~ Pic®(X) for every d. It
follows from definition and the above discussion that

Zwot(X,0) =Y _[Sym (Xt = D [Sym'GOk+ Y [Picd(X))M[Py

d>0 0<d<2g—2 d>min{2¢g—1,0}
We write the rest of the argument for g > 1 and leave it for the reader to treat the
(trivial) case g = 0. It follows from the above formula and an easy computation
that
Li-9t —1

_ d d . .0 d
Tmot(X,t) = Y [Sym? (X))t + Pic”(X)] - > T
0<d<2g—2 d>2g—1
LI -1 Ly —L
d d 2g—1 2
= XM+ — = (42 _ 429
> [sym’(X) Taoha—1y < L1 L1 )
0<d<2g—2
which implies the statement in the theorem. [l

7.4. Kapranov zeta function of complex surfaces

In this section we assume that k is an algebraically closed field, and consider
the rationality of Znot(X,t) when dim(X) = 2, following [ ] and | ].

PROPOSITION 7.34. If X is a variety over k with dim(X) < 1, then Zmet (X, 1)
is rational.

PROOF. The assertion is clearly true when X is a point, since

1
Z(Speck,t) = Zt" =13
n>0 a

and for a smooth, connected, projective curve it follows from Theorem 7.33. It
is easy to deduce the general case in the proposition by taking closures of affine

IThe existence of this isomorphism is crucial for the rest of the argument. In a previous
version of these notes, one did not assume that X has a rational point. I am indebted to Daniel
Litt who pointed out that without this assumption, it might not be the case that Sym? (X)is a
projective bundle over Pic?(X). It is an interesting question whether the rationality assumption
in the theorem also holds when X (k) = 0.
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curves in suitable projective spaces, and normalizations of irreducible projective
curves. Since we have already given several such arguments, we leave the details as
an exercise for the reader. O

Given a variety X of dimension 2, we consider a decomposition of X = X;LI...U
X, with each X irreducible and quasiprojective. Since Zmot (X, t) = [1i_; Zmot(Xi, t),
we reduce studying the rationality or pointwise rationality of Z,t(X,t) to that of
all Zot (X5, ).

ProroOSITION 7.35. If X and Y are birational irreducible varieties over k
of dimension two, then Zmnet(X,t) is rational (pointwise rational) if and only if
Zmot (Y, 1) has the same property.

PROOF. By assumption, there are isomorphic open subsets U C X and V C Y.

We thus have 7 XU
mo b t
Zmot(Xa t) = Zmot(K t) t( > )

Zmot (Y AN V) ’
and both Zpet (X NU, t) and Zyet (Y NV, t) are rational by Proposition 7.34. There-
fore Zmot (X, t) is rational (pointwise rational) if and only if Z,0 (Y, t) is. O

If X is an arbitrary irreducible surface, there is a smooth, connected, projective
surface Y such that X is birational to Y. Indeed, resolution of singularities for
surfaces holds over fields of arbitrary characteristic.

Therefore from now on we concentrate on smooth, connected, projective sur-
faces. Let X be such a surface. We start by recalling a fundamental result from
classification of surfaces. We refer to | ] for the case of complex surfaces, and
to | ] for the general case. Recall that the Kodaira dimension of X is said to be
negative if H°(X,O(mKx)) = 0 for al m > 1. This is a birational property of X.
Given any X, there is a morphism 7: X — Y that is a composition of blow-ups of
points on smooth surfaces such that Y is minimal, that is, it admits no birational
morphism Y — Z, where Z is a smooth surface. By Castelnuovo’s criterion for
contractibility, this is the case if and only if Y contains no smooth curve C ~ P!
with (C?) = —1. A fundamental result in the classification of surfaces says that if
X (hence also Y) has negative Kodaira dimension, then Y is birational to C' x P!,
for some smooth curve C.

PROPOSITION 7.36. If X is a smooth, connected, projective surface of negative
Kodaira dimension, then Znot(X,t) is a rational power series.

PRrOOF. It follows from the above discussion that X is birational to C' x P! for a
smooth curve C, hence by Proposition 7.35 it is enough to show that Zye (C' x A1, t)
is rational. This follows from Proposition 7.34, since Zot(C x Al t) = Zp0t(C, Lt)
by Proposition 7.32. O

The following theorem, the main result of | |, gives the converse in the case
of complex surfaces.

THEOREM 7.37. If X is a smooth, connected, projective complex surface such
that Zmot (X, t) is pointwise rational, then X has negative Kodaira dimension.

We will not discuss the proof of this result, but in what follows we will sketch the
proof of the following earlier, more special result of Larsen and Lunts | ]. Recall
that if X is a smooth projective variety, its geometric genus is p,(X) = h%(X, wx).
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PROPOSITION 7.38. If X is a smooth, connected, projective surface with p,(X) >
2, then Zmot(X,t) is not pointwise rational.

We start by describing the group homomorphism Ky(Var/C) — K that is
used in the proof of Proposition 7.38. Let S denote the multiplicative semigroup of
polynomials h € Z[t] with h(0) = 1. Since the only invertible element in S is 1, and
Z[t] is a factorial ring, every element in S can be written uniquely as h]* --- A",
where the h; are elements in S that generate prime ideals in Z[t]. It follows that
the semigroup algebra Z[S] is a polynomial ring in infinitely many variables. In
particular, it is a domain, and we take K to be the fraction field of Z[S]. In order
to avoid confusion, we denote by ¢(h) the element in Z[S] corresponding to h € S,
hence ¢(g)p(h) = ¢(gh).

We now define a group homomorphism SB/C — S by taking (X), for X
smooth, connected, and projective, to R(X, t) := E(X,t,0) = S0 (_1)ip0(x, Qi )t e
S. It is an easy consequence of the Kiinneth theorem (see Exercise 7.14) that
R(X xY,t) = R(X,t)- R(Y,t). Note that R(P™,t) =1 for all n > 0. Indeed, using
the Hodge symmetry we have h°(P", QL) = h{(P",0pn) = 0 (exercise: give a
direct proof using the description of Qpn provided by the Euler exact sequence).
We deduce that R(X x P™ t) = R(X,t). Furthermore, if X and Y are smooth,
projective birational varieties, then h°(X, Q%) = h°(Y, Qi) for all i (see [Har, The-
orem I1.8.19], whose proof extends to the case i < dim(X)). We conclude that we
have a well-defined semigroup homomorphism SB/C — S that takes (X) to R(X,t)
for every X smooth, connected, and projective. This induces a ring homomorphism
Z[SB/C] — Z[S].

By Theorem 7.20, we have an isomorphism Ky(Var/C)/(L) — Z[SB/C]. We
thus have a ring homomorphism Ky(Var/C) — Z[S] — K, that we denote by u,
which takes [X] to ¢(R(X,t)) for every smooth, connected, projective variety X.
Therefore if X1,..., X, are such varieties, then

n(S X)) = 3 mi(B(Xi,1,0).
i=1 =1

We emphasize that p is different from the Euler-Poincaré characteristic that
takes X to E(X,t,0), which takes values in Z[t]. We will see in Lemma 7.39 below
that p recovers more information than this latter Euler-Poincaré characteristic.

Note that if X is a smooth, connected, n-dimensional projective variety, then
the degree of R(X,t) is < n, and the coefficient of ¢™ is (—1)"py(X). When X is
an arbitrary irreducible variety, we will denote by p,(X) the geometric genus of
every smooth, irreducible, projective variety Y that is birational to X. As we have
mentioned, this is independent of the choice of Y.

LEMMA 7.39. Suppose that Y, X1, ..., X, are irreducible varieties of the same
dimension, and ny,...,n, are integers such that p(Y) = >"1_ niu(X;). Ifpg(Y) #
0, then there is i such that py(X) = py(Y).

Proor. It follows from Lemma 7.9 that we can find a smooth, connected, pro-
jective variety Y that is birational to Y, such that [Y]—[Y”] is a linear combination,
with integer coefficients, of classes of smooth, irreducible, projective varieties of di-
mension smaller than n = dim(Y"). Applying this also to the X;, we conclude that
we may assume that Y and all X; are smooth, connected, and projective, and that
we have smooth, connected, projective varieties X7, ..., X’ of dimension less than
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n, and n},...,n, € Z such that
p(V) =D niu(Xi) + > nfu(X)).
i=1 j=1

By assumption, ;(Y’) has degree n, while each ;1(X}) has degree < n, hence ;(Y') #
p(X7) for every j. This implies that there is ¢ such that u(Y) = p(X;), and we get,
in particular, py(Y) = py(X;). O

The key technical ingredient in the proof of Proposition 7.38 is the computation
of the geometric genera for the symmetric powers of a smooth, connected, projective
complex surface X. It is shown in [LL2] that if p,(X) = r, then

(7.6) py(Sym™ (X)) = <”” 1).
r—1

Note that Sym™(X) has a resolution of singularities given by the Hilbert scheme of
n points on X. This is a projective scheme X" that parametrizes 0-dimensional
subschemes of X of length n. It is a result of Fogarty that for a smooth, connected
surface X, the Hilbert scheme X[ is smooth and connected. Furthermore, there
is a morphism X[ — Sym"(X) that takes a scheme Z supported at the points
T1,..., Ty tO Zf;l 0Oz, )x;. This gives an isomorphism onto the image on the
open subset parametrizing reduced subschemes. Therefore X [] gives a resolution
of singularities of Sym™(X), hence p,(Sym™ (X)) = p,(X[™). The above formula
for pg(Sym™ (X)) is then deduced from results of Géttsche and Soergel [GS] on the
Hodge structure on the cohomology of X ™.

PROOF OF PROPOSITION 7.38. Suppose by way of contradiction that h =

Y nsoMnt™ € Kt] is a rational function, where p, = p(Sym"(X)). Therefore
we may write

_ ap + a1t + ... + act®

by byt byt
for some a;,b; € K, with not all b; zero. This implies that pqbm, + tta410m—1+...+
La+mbo = 0 for all d > min{0,e —m+1}. Since some b; is nonzero, by considering
these relations for d, d+1,...,d+m, we conclude that D := det(gd+it;)o<i<m = 0.
By expanding this determinant, we obtain a relation

(7.7) (H Sym™*(X )) = ) —sign(o)u (H Sym? e (x )> :
=0

€S mi1~{1} i=0

where we consider S,,11 to be the group of permutations of {0,1,...,m}.

Note that for every o € Sy,41, the variety [, Symd+d(i)+i(X) has dimension
equal to 2(m + 1)(d + m), and geometric genus [/, (‘"7 HH1) (see formula
(7.6)). We deduce from (7.7) and Lemma 7.39 that there is a permutation o € Sy, 41
different from the identity such that

(7.8) ﬁ(d+a(i3ﬂ—ti1+r—1>:ﬁ(d—&—iij—lr—l)

=0 =0



7.4. KAPRANOV ZETA FUNCTION OF COMPLEX SURFACES 87

Since r > 2, for every o € S,,41 different from the identity, the following
polynomial in d

Pg(d):ﬁ)<d+a(iltil+r—l> _ﬁ)<d+iijf_l>

is not zero, hence it does not vanish for d > 0. Indeed, if i is the largest i such
that o (i) # i, then we can write

Pod) = ]I (d+ii_+f1) (@1(d) ~ Q2(d),
i=ig+1

and the linear polynomial d+2ig+r—1 divides Q2(d), but it does not divide Q1(d).
Since we have only finitely many permutations to consider (note that m is fixed),
we conclude that by taking d > 0, we obtain a contradiction. 0

REMARK 7.40. The Euler-Poincaré characteristic constructed above, that makes
Zmot (X, t) not pointwise rational, vanishes on L. It would be interesting to find
such an Euler-Poincaré characteristic that is nonzero on L (hence factors through
Ko(Var/C)[L™1]).

REMARK 7.41. It is interesting to compare Theorem 7.37 on the rationality of
Zmot (X, t) with Mumford’s theorem on the finiteness of the Chow group A2%(X)g of
rational equivalence classes of 0-cycles on X of degree zero. It is shown in | ]
that if X is a smooth, connected, projective complex surface with py(X) # 0, then
A%(X)g is infinitely dimensional in a suitable sense (in particular, it can not be
parametrized by the points of an algebraic variety). This can also be interpreted as
a statement about the growth of the symmetric products Sym”(X), when n goes
to infinity. On the other hand, it was conjectured by Bloch that the converse is
also true, namely that if p,(X) = 0, then A%(X)o is finite-dimensional. While this
is still a conjecture, it is known to hold for surfaces of Kodaira dimension < 1.
In particular, we see that for any surface X of Kodaira dimension 0 or 1 with
pg(X) =0, we have A°(X), finite dimensional, but Zye(X,t) is not rational.






CHAPTER 8

Dwork’s proof of rationality of zeta functions

In this chapter we present Dwork’s proof | | for the first of the Weil con-
jectures, asserting the rationality of the Hasse-Weil zeta function for a variety over
a finite field. We follow, with small modifications, the presentation in | ]. We
freely make use of the basic facts about p-adic fields as covered in § B.

8.1. A formula for the number of F,-points on a hypersurface

Recall that our goal is to prove the rationality of the zeta function of an al-
gebraic variety X over F,. As we have seen in Chapter 2, in order to prove this
in general, it is enough to prove it in the case when X is a hypersurface in A%q,
defined by some f € Fylz1,...,24). Furthermore, an easy argument based an in-
duction and on the inclusion-exclusion principle, will allow us to reduce ourselves
to proving the rationality of

~ N/
Z(X,t) :=exp Z —" ]
n
n>0

where
N ={u=(u1,...,uq) € an | f(u) = 0,u; # 0for alli}|.

Hence from now on we will focus on Z(X, ).

The starting point consists in a formula for N/, in terms of an additive character
of Fgn. By this we mean a group homomorphism x: Fg» — CTP. We say that such
a character is trivial if x(u) =1 for every u € F,. The main example that we will
need is the following,

LEMMA 8.1. If e € Q, is a primitive root of 1, then x: Fyn — Qy(€) given by
x(u) = €™ Fan/Fr (u) is a nontrivial additive character of Fgn.

PrROOF. It is clear that ¢: F, — Qp(¢) given by ¢(mmodp) = €™ is an
injective homomorphism. Since Try , /¥, is additive, we deduce that x is an additive
character. If y is trivial, then Tre,./F, (u) = 0 for every u € F,. This contradicts
the fact that the bilinear pairing (u,v) — Trg,_,. /r,(u,v) is nondegenerate (recall
that Fyn is separable over F,,). O

REMARK 8.2. Since Fyn/F, is Galois, with Galois group cyclic and gener-
ated by the Frobenius morphism, it follows that for every a € Fgn, we have

Tre,./r,(a) =a+a” + ...+ a?""", where q = p°.

LEMMA 8.3. If x is a nontrivial additive character of Fn, then Zuqu” x(u) =
0.

89
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PRrROOF. Let v € Fyn be such that x(v) # 1. We have

> oxw) = > xwtv)=x)- > xw),

u€F  n u€F jn u€F jn
which implies the assertion in the lemma since x(v) # 1. d
Suppose now that f € Fy[x1,...,z,] is as above, and 1, is a nontrivial additive

character of Fyn. It follows from Lemma 8.3 that for every a € Fg», we have
Zvqun Yn(va) = 0, unless a = 0, in which case the sum is clearly equal to ¢".

Therefore we have
S s (w) = Njg”

u€(Frn )4 vEFn

Since the sum of the terms corresponding to v = 0 is (¢" — 1)¢, we conclude that

(8.1) Yo D talvf(w) =Ny (" - 1%

u€(F:, )t veF s,

The main result of this section will be a formula for the left-hand side of (8.1)
by applying a suitable analytic function to the Teichmiller lifts of uq, ..., u,,v.
Furthermore, the analytic functions corresponding to the various n will turn out to
be related in a convenient way. Let us fix a primitive root € of 1 of order p in Q.
For every a € Fpm, we denote by a € Zz(jm) the Teichmiiller lift of a (see § B.2).
The key ingredient is provided by a formal power series © € Q,(¢)[t], that satisfies
the following two properties:

P1) The radius of convergence of © is > 1.

P2) For every n > 1 and every a € Fyn, we have
(8.2) "ranm @ — 9(7)0 (@) - 0@@e ).
Note that by Lemma 8.1, the left-hand side of (8.2) is a nontrivial character of Fyn.
Furthermore, note that if a € Fyn, then [a|, = 1, hence ©(a?") is well-defined by
P1).

Let us assume for the moment the existence of such ©, and let us see how
we can rewrite the left-hand side of (8.1). Suppose that f = > zd, CmT" €

0

me
Fy[z1,...,24), where for m = (m1,...,mq) we put 2™ = " --- 2/, Note that
only finitely many of the c,, are nonzero. It is clear that for u = (u,...,uq) €
(F;.)* and v € F}., we have
(8.3) n(f() = T vnlemval™ - ug).
mGZEéU

We take ¢, (a) = e /70 () and let
(84) Gly,z)= [ O@myz™) € Qlas,...,za,y].

d
mGZ20

hence (8.2) and (8.3) imply

o 2. 2 wnll)= ), <f[G(5qi,u~1qi,...,u~dqi>>.

u€(F;, ) veFy, V15 ug €F N i=0
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We will use this formula in §3 to prove that Z(X,t) can be written as the quotient
of two formal power series in C,[t], both having infinite radius of convergence.

8.2. The construction of ©

We now explain how to construct the formal power series ©® whose existence was
assumed in the previous section. Note first that it is enough to do the construction
when ¢ = p: indeed, if ©1 € Q,(¢)[t] satisfies P1) and P2) for ¢ = p, and for
q = p° we take ©(t) = ©1(t)O,(t?) --- O, (t? ), then O satisfies P1) and P2) for g.
Indeed, if R > 1 is the radius of convergence of ©1, then the radius of convergence
of © is at least RY/P" " > 1. Furthermore,

ne—1 e—1
e (a) = T en@) = [T 0@).
=0 7=0

Therefore, in the rest of this section we assume g = p.
We begin by considering the formal power series in two variables given by the
following infinite product

n—1
zP —x <P

Fla,y) = (1 +y) (1+7) 7 o (1 +y?) 5 e e Qla,yl.

Note that if 14 h; is the i factor in the above product, then h; € (y?" ), hence

the above product gives, indeed, a formal power series’.

PROPOSITION 8.4. We have F(z,y) € Z,[z,y]*

The following lemma gives a general criterion for proving an assertion as in the
proposition.

LEMMA 8.5. If f € Qplx,y] is such that f(0,0) =1, then f € Z,[x,y] if and
only if
[P, yP)
fa,y)p

PROOF. Suppose first that f € Z,[z,y]. Since f(0,0) = 1, it follows that f is
invertible and % € 1+ (z,y)Zy[z,y]. We deduce that f%,, hence also ff((x:yy;,) lies in
1+ (z,9)Zp[x,y]. If f € Fylz,y] is the reduction of f mod pZ,[z,y], we clearly
have f(2P,y?) = f(x,y)P. This implies that J;((z:yy;) lies in 1+ p(x,y)Z,[x,y], as
required.

Conversely, suppose that (8.6) holds, and let us write f =", >0 ai’jxiyj, with
a;,; € Qp and ag,0 = 1. By hypothesis, we may write B

p
(8.7) Z a; jaPyPl = Z ai ja'y’ | - Z bi 'y,

4,520 4,520 4,520

(8.6) € 1+ p(z,y)Zylz,y].

where by o = 1, and all other b; ; lie in pZ,. Arguing by induction, we see that
it is enough to show the following: if o, 3 € Z>o, not both zero, are such that

IThe general assertion is that if h; € (x,y)Ni are such that lim;_; o, N; = oo, then IT,(14hy)
is a formal power series, as the coefficient of each monomial ™ y"™ comes from only finitely many
factors in the product.

20f course, since F' has coefficients in Q, this is equivalent to saying that F' has coefficients
in Z(pZ) .
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ake € Zyp for all (k,¢) with k¥ < a and ¢ < j such that one of the inequalities is
strict, then a,,g € Z,. Let us consider the coefficient ¢, g of z%y” in the power
series in (8.7). By considering the left-hand side of (8.7), we see that ¢, 53 = 0
unless p divides both o and f3, in which case it is equal to aq/, 5/,- By considering
the right-hand side of (8.7), we see that co g = paa,g + Q1+ ... + @, where each
Q; is a product of the form Nby ¢aw, ¢, - - - ak, ¢,, for some multinomial coefficient
N € Z, and with all (k;, ¢;) having the property that k; < a and ¢; < /3, with one
of the inequalities being strict. It follows that every @); lies in Z,,, and if Q); is not
in pZ,, then k = £ = 0, and ¢, gz°y? = (agz*y*)P for some k and ¢. This can
happen only when both « and 8 are divisible by p, and in this case ); is equal to
ai/pﬁ/p. Furthermore, since in this case we have a’;/pﬁ/p = aq/p,p/p (Modp), we
deduce that an g € Z,p, and this completes the proof of the proposition. O

REMARK 8.6. It should be clear from the proof of the lemma that a similar
statement holds for formal power series in any number of variables. We restricted
to the case of two variables, which is the one we will need, in order to avoid com-
plicating too much the notation.

PROOF OF PROPOSITION 8.4. Since we clearly have F'(0,0) = 1, we may apply

Lemma 8.5, so it is enough to show that };,(Er 4 ) lies in 1+p(x,y)Z,. By definition,

we have

2P’ _gp P
FaP,y?)  (1+y?)™  (L+y?) 7 - (1+y?) @ - (1+yP)®

F(z,y)» (14 )P - (1 4 gP)ee—= - (1 4 ) pZP,Ip o (e

-t

In order to see that this lies in 1+ p(z,y)Z, [z, y], we apply Lemma 8.5 in the other

direction: since g =1+y € Z,[y], and ¢g(0) = 1, we deduce that (}iy)p =1+ pw,

for some w € yZ,[y]. It follows from definition that

e zz—1)...(x—m+1) ,, ..
(14 pw) —1—&-mz>1 - p"w

and ’% € pZ, for every m > 1. Indeed, we have

ord,(m!) = Zm/p <—Z— i <m.

i>1 1>0

We conclude that (813;}) € 1+ p(x,y)Z,[x,y], which completes the proof. [

Recall that € € Q,, is our fixed primitive root of order p of 1. Let A = e—1. The
following estimate for |A|, is well-known, but we include a proof for completeness.
3 -1

LEMMA 8.7. With the above notation, we have |\|, = (;

PROOF. Since ( + AP 1, it follows that A is a root of the polynomial
h(z) = aP~t + 507 ( JaP~17%. Since all coefficients of f but the leading one are
divisible by p, and h(()) is not divisible by p?, it follows from Eisenstein’s criterion
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that h € Q,[z] is an irreducible polynomial. This shows that Q,(¢) = Q,(\) has
degree (p — 1) over Q,,.

Every o: Qp(e) — Q, must satisfy o(e) = €' for some 1 < i <p—1, and o
is uniquely determined by ¢. This shows that Q,(€) is a Galois extension of Q,,
and since [Q,(e) : Qp] = n — 1, we conclude that the Galois conjugates of ¢ are

precisely the €/, with 1 <4 < p — 1. In particular, we have |1 — €|, = |1 — €|, for
every 1 <4 < p. On the other hand, we have

p—1
l+z+... 4Pt = H(:z:fei),
i=1

hence []?Z} (1 — €’) = p. We thus deduce

LYy
le— 1], = |p|p/(p_ ) = (p) :

O

We put O(t) = F(t,\). We first show that this is well-defined and has radius
of convergence > 1.

LEMMA 8.8. We have © € Q,(¢)[t], and its radius of convergence is at least
pt/(e=1) > 1.

PROOF. Let uswrite F'(z,y) =3_, 5o (ano am,ny”) 2™. By Proposition 8.4,

we have a,, , € Z, for every m and n. We claim that a,, , = 0 whenever m > n.
Indeed, note that in

(1+y)zzzx(zfl)..r.;xfnJrl)yn’
n>0 :

every monomial ziy/ that appears with nonzero coefficient, has ¢ < j. The same

k3 i—1
then holds for each (14 3?") T , for ¢ > 1. Since this property holds for each
of the factors in the definition of F(z,y), it also holds for F', as claimed.
Since |am,n|p < 1 for every m and n, each series ) ., am y" has radius of
convergence at least 1 > |\|,, hence F(t,)) is a well-defined series in Q,(e)[t].
Furthermore, for every m we have

1D amn N =1 amn X"y < A

n>0 n>m
This implies that the radius of convergence of F(t, ) is at least A, = pt/(P=1) >
1. O

We now show that © also satisfies the property P2) from §1 and thus complete
the proof of the existence of © with the required properties.
LEMMA 8.9. For every n > 1, and every a € Fyn, we have

1

e — g@ye(ar) - e@” ).
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- Proor. Note first that since © has radius of convergence larger than 1, and
\’dp7’|p is either 1 or 0, we may apply © to the a? . Let us compute, more generally,

n—1 ] .
n—1 apm“ 7a1’m+1 !

n—1 ) i
[[r@.=1a+y™ - [Ta+y")==
=0

i=0 m>1

-1
_om4n—1_~p™
m . aP a

= (T [T ) = (e
m>1
where the last equality follows from the fact that " = @. Since A = € — 1, in order
to complete the proof of the lemma it is enough to show that

FogP =pn 1 T
(88) Ea+a +...4+a m— ern/Fp(a).

Recall that F,» is a Galois extension of F,, with Galois group isomorphic to Z/nZ,
and generated by o, where o(u) = uP. By Theorem B.6 we have an isomorphism
G(QY/Q,) ~ G(Fyn /F,), and let & be the automorphism of Q') corresponding
to 0. Since 7(a)?" = 7(a), it follows that & (@) is the Teichmiiller lift of its residue
class, which is o(a) = a?. Therefore o(a) = a?. We conclude that Z?;()l ' e Z,,
and it clearly lies over Z?;ol a?' = Trg,. /r,(a). Therefore in order to show (8.8),
we see that it suffices to show that if w € Z,, lies over b € F,, then €¥ = ¢*, where
the left-hand side is defined as (1+ A)™. We may write w = pwq + £ for some ¢ € Z,
and using Proposition B.25, we obtain
A+ =(14+1D)° - A+ N =1-€=¢.

This completes the proof of the lemma. O

8.3. Traces of certain linear maps on rings of formal power series

Our goal in this section is to establish the following intermediary step towards
the proof of the rationality of the zeta function.

PROPOSITION 8.10. With the notation introduced in §1, for every X = V(f),
where f € Fylzq,...,x,], the formal power series Z(X,t) can be written as a

quotient %, where g, h € C,[t] have infinite radii of convergence.

The proof of the proposition will rely on the formula for the numbers N,, coming
out of (8.1) and (8.5) in §1, and on a formalism for treating certain linear maps on
a formal power series ring, that we develop in this section.

For N > 1, we consider the formal power series ring R = Cp[z1,...,zn], and
we denote by m the maximal ideal in R. We will apply this with N = d 4+ 1, where
d is as in the previous sections. As usual, for a = (ay,...,an) € ZJZVO, we put

=z -2} and |of = Zf\;l «;. The order ord(h) of h € R is the largest r > 0
such that h € m” (we make the convention that ord(0) = c0). On R we consider
the m-adic topology. Recall that this is invariant under translations, and a basis
of open neighborhoods of the origin is given by {m” | » > 0}. Therefore we have
hum — h when m goes to infinity if and only if lim,, .o ord(f,, — f) = co. As in the
case of a DVR, one shows that one can put a metric on R that induces the m-adic
topology.
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We will consider Cp-linear maps A: R — R that are continuous with respect
to the m-adic topology. Such a map is determined by its values on the monomials
in R. More precisely, such a map must satisfy

(8.9) lim A(z®) = 0 when |a| — oo,

and for f = Y cqx®, we have A(f) = > caA(z®). Conversely, given a set of
elements (A(:ca))aezgo that satisfies (8.9), we obtain a continuous linear map A

given by the above formula. If we write A(z%) = 3 aapz®, with aqg € Cp,
then we can represent A by the “matrix” (aalg)m ez, - Note that condition (8.9)
translates as follows: for every a, we have a,z = 0 for |3| > 0.

We say that A has finite support if the corresponding “matrix” (aqg) has only
finitely many nonzero entries. In this case A can be identified to an endomorphism
of a finite-dimensional subspace of Cp[z1,...,2n] C Cplz1,..., 2], and (aqs) can
be identified to the corresponding matrix.

The usual rules for dealing with matrices apply in this setting. If A is described
by the “matrix” (aqg), then

A(Zcﬁxﬂ)zz Zaagcﬁ x”
B o B

(note that by hypothesis, the sum ) 5 Gapcp has only finitely many nonzero terms).
If A and B are linear, continuous maps as above, described by the “matrices” (aqg)
and (bag), then the composition A o B is again linear and continuous, and it is
represented by the product (cap) of the two “matrices”™: cop = 3. Gaybys.

We now introduce the two main examples of such maps that we will consider.
Given H € R, we define ¥y : R — R to be given by multiplication by H: Vg (f) =
fH. This is clearly C,-linear and continuous. If H = )" hq,z®, then Uy is
represented by the “matrix” (ha—g)a,g, Where we put ho—pg = 0 if o — 8 ¢ Z%,,.
Note that \Ileo\IfH2:\IJH1H2. -

For another example, if ¢ is any positive integer, let T7;,: R — R be given by
Tq(Zaezgo aor®) = Zaezgo agox®. It is clear that Tj, is C,-linear and continuous.

If H= Z;é har® € R, let \Ifq)H =T, 0Vy. We have
\I’q,H(QCB) = Tq(z ha$a+5) = Tq(z ho—pz®) = Z hqa*BQEB'
« (o7 (03

Therefore ¥, p is represented by the “matrix” (hga—g)a, 8-
LEMMA 8.11. We have WgoT, = W, g, where Hy(x1,...,xn) = H(z{,...,z%).

PROOF. Let H = Zaezgo hox®, and we put hy =0 if o & ZIZVO. We have

(8.10) Uy oTy(Y bgz?) = H-Y bgpa? =" | D habgs | 27.
B

B bl a+p=y

On the other hand,
(8.11)

TyoHy | Y bpa? | =T || D0 habg |27 | =D | D habs | 2"
B v

qotp=y v \go+B=qy
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In the last sum in (8.11) we see that 8 has to be divisible by ¢, and we deduce that
the two expressions in (8.10) and (8.11) are equal. O

We now discuss the trace of a continuous linear map as above. Given such a map
A: R — R described by the “matrix” (aqg), we consider the series Zaezg oo I
0

this is convergent in C,, we denote its sum by Trace(A). Note that if A has finite
support, then Trace(A) is equal to the trace of any corresponding endomorphism
of a finite-dimensional vector space of polynomials.

Let Ry be the set of those H = ) hox® € R with the property that there is

M|
M > 0 such that |hql, < (%) for every « € Zgo.

REMARK 8.12. If H € Ry, then there is p > 1 such that H(ug,...,un) is
convergent whenever u; € C, are such that |u;| < p for all i. Indeed, with M as
above, if p = p?, where 0 < a < M, then

1\ (M—a)lal
|haul . US|y < halp - 1 < <p) ,

which converges to zero when |«| goes to infinity.

LEMMA 8.13. Rg is a subring of R. Furthermore, if ji,...,jn are positive
integers, and if H € Ry, then H(z1',...,2%) € Ro.

PROOF. The first assertion follows from the fact that if M > 0 works for both
Hy and H>, then it also works for Hy — Hs and HyH,. The second assertion follows
from the fact that if M works for H, and if j = max{ji,...,jn}, then M/j works
for H(z)',...,a%). O

PROPOSITION 8.14. Let H € Ry and ¥V = W, i for some integer ¢ > 2. For
every s > 1 the trace of V* is well-defined, and
(¢° — 1)N Trace(¥®) = Z H(uw)H(u?)...H(u?

s—1

),

where the sum is over all u = (us,...,un) € C) such that u‘if_1 =1 for all i.

PROOF. Let us first consider the case s = 1. Recall that if H =) hq2®, then
V¥ is described by the matrix (hga—g)a,3. Therefore Trace(V) = Zaezgo hg—1)a-

M|
By assumption, there is M > 0 such that |hq|, < (%) for every «. In particu-

lar, lim|q|— 00 A(g=1)a = 0.

Furthermore, we have seen in Remark 8.12 that H(uy,...,uy) is well-defined
when |u;| < 1 for all i. The subset U = {\ € C, | A1 = 1} is a cyclic subgroup
of C,. If Ay € U is a generator, then

=2 —1, if(g—13;
szzxgjz{qo’ ilg = L)fi

eU pr otherwise.

Therefore

S Hw =Y Y hat= Y hﬁ(;)

ueUN ueUN aezZl aczy, i=1 \u; €U
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=(@-1)" Y ha=(g—1)"Trace(¥).
aG(q—l)Zgo
This completes the proof when s = 1. Suppose now that s > 2. Using repeat-
edly Lemma 8.11, we obtain

U = (T,oUpy)° = (TqQo\I/qu\I/H)o(qu\IIH)S_2 = (quo\IlHqH)O(qu\I/H)S_2 =...

=T5oVu . . .HoH =Y H . \. .HH
It follows from Lemma 8.13 that since H lies in Ry, we also have Hys—1 ... H H €
Rg. Therefore we may apply the case s = 1 to deduce that Trace(¥?) is well-defined,
and that
(¢° — )N Trace(9%) = > H(u)H(u?)...Hu? ).
ueUN

O

Suppose now that A: R — R is a Cy-linear continuous map, described by the
“matrix” (@ag)a,s- We define the characteristic power series of A by

(8.12) det(Id —tA) == ) " (-1)™ (Z €(0) a0 (ar) - "aamamm)) t",

m>0 o

where the second sum is over all subsets with m elements {a, ..., an} of ZL,, and
over all permutations o of such a set. Of course, the definition makes sense if the
series that appears as the coefficient of t™ is convergent in C, for every m. It is
clear that if A has finite support, then det(Id — tA) is equal to the characteristic
polynomial of a corresponding endomorphism of a finite-dimensional vector space
of polynomials.

LEMMA 8.15. If H € Ry, then for every integer q > 2 the characteristic power
series of W =W, g is well-defined, and it has infinite radius of convergence.
PRrROOF. Let us write H = ) hox®, and let M > 0 be such that |hq|, <
Mo
(%) for every a. We have seen that ¥ is described by the “matrix” (ang),
where ang = hga—p. Given {uy,...,u,} C Z%,, and a permutation o of this set,
we have

1 ) M3 lqai—o(aq)l

|aa10(a1) o aama(am)|p S (p

Note that |ga;—o(a;)| = glag|—]o(a;)] if gy —o () is in ZY, and |ga;—o(a;)] =0,
otherwise. Furthermore, in the latter case we also have aq,s(a,) = 0. We thus
conclude that

1>M(q1)(|a1+.-.+|am|)

|aa10(a1) Qa0 (o) ‘P < (p

Since the right-hand side tends to zero when max{|a;|} goes to infinity, it follows
that det(Id — tA) is well-defined.
Furthermore, the above computation shows that if we write det(Id — tA) =
Zmzo by t™, then
M(g=1)(la [+..4]am])

1 m
|bm\]13/m§ max (>
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where the maximum is over distinct aq,...,q,, € Zgo. When m goes to infinity,
we have
M(g—1 .
L M@= (e + oD
Q1,0 m

The above estimate therefore implies that lim,, oo [bpm ;/ " =0, hence det(Id —tA)
has infinite radius of convergence. O

ProproSITION 8.16. If A: R — R is a continuous Cp-linear map such that
det(Id — tA) and Trace(A®) are well-defined for all s > 1, then

det(Id —tA) =exp | — Z Tl%L(A)ts

S
s>1

PROOF. If A has finite support, then the assertion follows from Lemma 4.12.
Our goal is to use this special case to deduce the general one.
Let us consider a sequence (A(m))mzl of maps with finite support, each de-

scribed by the matrix (a&nﬁl))a,ﬁezgo, that satisfies the following condition. For

every o and 3, we have agg) = Qap OF agg) = 0, and the former condition holds for

all m > 0. Tt is clear that we can find a sequence (A(™)),,>; with this property.
It is convenient to consider on C,[t] (identified to a countable product of

copies of C,) the product topology, where each C, has the usual p-adic topology.
Explicitly, a sequence of formal power series (fy)m>1, With fr, = 3,50 bm,it"
converges to f =Y., b;t* if and only if 1im,,— 00 bm,; = b; for every i. Note that if
this is the case, and all f,,(0) are zero, then exp(f,,) converges to exp(f) when m
goes to infinity (this is the case if we replace exp by any other element of C,[¢]).
Since each A(™) satisfies the conclusion of the proposition, in order to complete the
proof it is enough to show that

i) lim,, o0 det(Id — tA(™) = det(Id — tA).

i) lim,,_, o Trace((A(™)%) = Trace(A®) for every s > 1.

Let us first check i). We consider the coefficients bﬁm) and by of t* in det(Id —
tA(™) and det(Id — tA), respectively. By definition, we have
(8.13) by = (-1 e(o)al" -0

aro(ar) ago(ag)”
g
By our choice of A(™) every product in the sum above is either zero, or it shows
up in the corresponding expression for by. Furthermore, given any {aq,...,as}
and any permutation o of this set, the product e(a)aalg(al) Qoo (ag) APPeArs in
(8.13) for m > 0. Since we know that det(Id —tA) exists, the assertion in i) follows.
The proof of ii) is similar. By definition, we have
(8.14) Trace((A™)") = Y~ al"), ---al™ , a7

[e5ReD) Q105 X1 "

By hypothesis, each product a&T(lQ -~-a8:lc)¥1 is either equal t0 @Ga ap *** Ga.a,s O 1

is zero. Moreover, by hypothesis every product aq,a, - Ga,a,,, appears in (8.14)
if m > 0. Since Trace(A®) exists, we deduce the assertion in ii). This completes
the proof of the proposition. O
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By Lemmas 8.14 and 8.15, we may apply the above proposition, to get the
following

COROLLARY 8.17. If H € Ry and W =V, g for an integer ¢ > 2, then

Trace(P*
det(Id — t\I/) = exp — Z &()tG

S
s>1

We now apply the above framework to give a proof of Proposition 8.10. Given
feF,[z1,...,24q], welet N =d+ 1. We begin with the following lemma.

LEMMA 8.18. For everyn > 1, the formal power series G € R = Cply, x1, ..., 24]
defined in (8.4) lies in Ry.

PROOF. Since G is a product of factors of the form ©(cyx" - - - x)'¢), it follows
from Lemma 8.13 that it is enough to see that ©(ayx]" - - - y;') lies in Ry whenever
lal, = 1 and m1,...,mq € Zxo. Furthermore, if ¢ = p°, then we have taken
o(t) = Hf:_é Oo(t?"), where ©y is constructed for ¢ = p. A second application of
Lemma 8.13 allows us to reduce to the case when ¢ = p.

Recall that we have seen in the proof of Lemma 8.8 that if ©@ = Y., b;t, then

) i/(p—1)
[bilp < A, = (%) . If a and my, ..., mg are as above, then
©(ayay™ - Zb alytzim . gl
Note that
i/(p—1) M| (i imy,...,imaq)]
i 1 1
bia’], = [bil, < () _ () 7
p p
where M = (p_l)(1+w11+___+md). Therefore ©(ayx™ - - - z'*) lies in Ry. O

We can now prove the result stated at the beginning of this section.

PROOF OF PROPOSITION 8.10. Since G € Ry, we may apply Proposition 8.14
in order to compute Trace(¥, ). Note that {w € C, | w? ' =1} = {a |u €
F;.}. We deduce using (8.1) and (8.5) that
(8.15)

n—1 ) s
N7IL n_(qn_l)d = Z (H G(%qZ,&‘IQ PRI 7%(1 )) = (q"—l)d+1Trace( Z,G)'

VUL, ud€F L, \i=0

Let us compute

(8.16)
24" " d ni
exp Z Npq —éq — 1)dtn _ Z(X, qt) - exp <_ Z(_l)dﬂ' <(Zi) qn t")
=t i=0
d
Z (4 2 d—i
=Z(X,qt) - ex (_1)d—1 Nog(1 — ¢'t) X 5 ( i)
q Ej p ( (Z> gl —q ) qt) H)
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On the other hand, using Corollary 8.17 and Lemma 8.18 we get

(8.17)
tn d+1 ) d+1 qnitn
exp | (0"~ )" Trace(w ) | = exp (Z(—l)d“-’( ) Tracewg )L )
n>1 i=0
d+1 d—i(d+1
= ] det(1d — gitw, o)V (5,
=0

It follows from Lemma 8.15 that each det(Id — ¢'tV¥, &) has infinite radius of con-
vergence. Since the expressions in (8.16) and (8.17) are equal, we conclude that

Z(X,qt) is the quotient of two formal power series in C,[t] with infinite radius of
convergence, hence Z(X,t) has the same property. ([

8.4. The rationality of the zeta function

The last ingredient in Dwork’s proof for the rationality of the zeta function is
the following proposition. In order to avoid confusion, we denote by |m|. the usual
(Archimedean) absolute value of an integer m.

PROPOSITION 8.19. Let Z(t) = >_,5qant" be a formal power series in Z[t],

that satisfies the following two properties:
1) There are C,s > 0 such that |ap|e < Cs™ for all n > 0.
2) The image of Z in C,[t] can be written as a quotient %, where g, h €
C,[t] have infinite radii of convergence.

Then Z(t) lies in Q(t).

We first need a lemma that gives a sharper version of the rationality criterion
in Proposition 4.13. We will consider a formal power series f = Y ., a,t" with
coefficients in a field K. For every i,N > 0, we consider the matrix A; y =

(@ita+p)o<a,B<N-

LEMMA 8.20. With the above notation, the power series f is rational if and
only if there is N such that det(A; ) =0 for all i > 0.

Proor. We have f € K(t) if and only if there is a nonzero polynomial Q(t)
such that Qf is a polynomial. If we write Q = by + b1t + ... + byt", then the
condition we need is that

(8.18) bNai—l—bN_laiH +...+bgay =0
for all 4 > 0. The existence of by, ..., by, not all zero, that satisfy these conditions
clearly implies that det(A4; x) = 0 for i > 0.

Conversely, suppose that we have N such that det(A4; ) = 0 for i > 0 (say,
for i > ip), and that N is minimal with this property. For every i, we put

Li = (ai,...,ai1n) € KN and L = (as,...,a;,n-1) € KV,
Claim. We have det(A; y—1) # 0 for every ¢ > ig. If this is the case, since
det(A; n) = 0, it follows that for every ¢ > ig + N, we have L; € Zjvzl Li_j, so
that ZiZ’io K - L; is spanned by L;,,...,Lij,+~—1. In this case, it is clear that we

can find by, ...,by not all zero such that (8.18) holds for all ¢ > iy. Therefore, in
order to complete the proof it is enough to show the claim.
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By the minimality assumption in the definition of N, it is enough to show that

if i > 4g and det(A; y—1) = 0, then det(A;41,5-1) = 0. Since det(A4; n—1) = 0,

we have Lj,...,L; y_, linearly dependent. We have two cases to consider. If

Li ..., L y_, are linearly dependent, then it is clear that det(A;y1, n—1) = 0.
N-1

On the other hand, if this is not the case, then we can write Lj = > 707" ¢;L;, ;.

Let us replace in the first row of A; y each ajy¢ by aijye — Zj\;l Cjiterj. We

thus obtain 0 = det(A; n) = det(Ait1,n-1) - 0, where § = a;4n — Z;V:ll Ce0it N+j-
If § # 0, we clearly get det(A;11 nv—1) = 0. On the other hand, if § = 0, then
it follows that L; lies in the linear span of L;41,...,L;+n—1. Hence the top-right
N-minor of A; n vanishes, but this is precisely det(A;4+1,n—1). This completes the
proof of the claim, hence that of the proposition. O

PRrROOF OF PROPOSITION 8.19. We begin by choosing o > 0 such that a >

l?fé;). We then apply Proposition B.21 to h and R > p®, to write h = Pu, where

P € C,lt] and u € C,[t] is invertible, and u and u~! have radius of convergence

w

> p®. We may clearly assume that P(0) = 1. We thus can write f = %5—, and
the radius of convergence of gu™" is > p®. If we write gu™" = >, - b,t", then by
Proposition B.18 we have limsupm|bm|,13/ " < p~®. Therefore there is mg such that
(8.19) b |p < p~™< for all m > my.

Let us write f = > ., a,t". Using the notation in Lemma 8.20, we need to
show that we can choose N such that det(A4; x) for all ¢ > 0. The key is to compare
|det(Ai n)|p and |det(A; n)|oo. Using condition 1) is the proposition, we get

N
|det(Al’”)|°° < Z | H |ai+a+o(a)|oo < CN+1(N + 1)' . 82 Z;V:O(Prj)
c€Snt1 a=0
_ CN+1<N+ 1)| . S(N+1)(2i+N).

On the other hand, let us write P = 1 + A\t + ...+ \qt", so that b; = a; +
c1a;—1+...4+cra;—, for every i > r. Suppose that N+1 =r+/¢, and let Ty, ..., Tn
denote the columns of the matrix A; n. Starting with j = N and going down up to
j = r, we may replace T; by T;+MT;_1+...+AT;_,, without changing det(A4; n).
In this way, we have replaced in the last ¢ columns each a; by b;. Since all a,, are
in Z, we have |a,,|, <1, and is we assume i > mg, we deduce using (8.19) that

det(A; n)]p < p—2a2§;é(i+r+j) _ p—al(2i+2r+£—l).
It follows from definition that if mn is any nonzero integer, then |m|o > |m|;*.
We conclude from the above that if det(A; n) is nonzero, then
pelit2ri=1) o |det(A; v)[5" < [det(A; n)|oe < CVFL(N + 1)1s(VHDEi+N)
By taking log, we get
al(2i +2r + £ — 1)log(p) < (r +£)(i + 1 + £)log(s) + log(C" (£ +1)!).
If ¢ is fixed and ¢ > 0, this can only happen if af -log(p) < (r + ¢)log(s). However,

by assumption we have « - log(p) > log(s), hence if ¢ >>_O we have of - log(p) >
(r 4+ £)log(s), and therefore det(A4; n) = 0 for all ¢ > 0. This completes the proof

of the proposition. O

We can now complete Dwork’s proof of the rationality of the zeta function.
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THEOREM 8.21. If X is a variety defined over a finite field F, then the zeta
function Z(X,t) is rational.

PrROOF. We have seen in Remark 2.21 that, arguing by induction on dim(X),
it is enough to show that Z(X,t) is a rational function when X is a hypersurface in
A%q, defined by some nonzero f € Fylz1,...,z4. We denote by H; the hyperplane
(z; =0), where 1 <4 < d. For every I C {1,...,d} (including I = @), we put

X;=XnN (ﬂH) and X9 = X7~ UH

icl il
We have a disjoint decomposition into locally closed subsets X = | |; X7, hence
Proposition 2.12 implies

(8.20) zx.t)= [ 2xp).
d}

Note that X; is isomorphic to a hypersurface in A%;#I, and using the notation

introduced in §1, we have Z(X7,t) = Z(Xy,t). By Proposition 8.10, we can write
Z(X3g,t) as the quotient of two formal power series in C,[t], having infinite radii
of convergence. Formula (8.20), implies that Z(X,t) has the same property.

Recall that Z(X,t) has nonnegative integer coefficients. Furthermore, if we
write Z(X,t) =3, 5 ant™, then a, < ¢ for every n. Indeed, we have | X (Fyn)| <
g™ for every n > 1. Since the exponential function has non-negative coefficients,
we deduce that a, <b,, where

dntn

D bat" =exp | 30T | = exp(-logl—q'0) = g = 3 g™t

n>0 n>1 n>0

Therefore a,, < ¢"* for all n > 0, and we can apply Proposition 8.19 to conclude
that Z(X,t) is a rational function. O

Note the unlike the proof of the rationality of the zeta function described in
Chapter 4 (using ¢-adic cohomology), the above proof is much more elementary, as
it only uses some basic facts about p-adic fields. At the same time, its meaning
is rather mysterious. A lot of activity has been devoted to giving a cohomological
version; in other words, to constructing a p-adic cohomology theory, and a corre-
sponding trace formula, that would “explain” Dwork’s proof. Such cohomology the-
ories are the Monsky-Washnitzer cohomology (which behaves well for smooth affine
varieties, see | ]) and the crystalline cohomology of Berthelot and Grothendieck
(which behaves well for smooth projective varieties, see [Ber]). More recently,
Berthelot introduced the rigid cohomology [ ] that does not require smoothness,
and which extends the Monsky-Washnitzer and the crystalline cohomolgy theories,
when these are well-behaved.



APPENDIX A

Quotients by finite groups and ground field
extensions

We recall in this appendix some basic facts about quotients of quasiprojective
schemes by finite group actions, following | ]. As an application, we discuss in
the second section some generalities concerning ground field extensions for algebraic
varieties.

A.1. The general construction

Let Y be a scheme of finite type over a field k, and let G be a finite group,
acting (on the right) on Y by algebraic automorphisms over k. We denote by o,
the automorphism corresponding to g € G. A quotient of Y by G is a morphism
m:Y — W with the following two properties:

i) m is G-invariant, that is 7 0 0y = 7 for every g € G.

il) 7 is universal with this property: for every scheme Z over k, and every
G-invariant morphism f: Y — Z, there is a unique morphism h: W — Z
such that homw = f.

It is clear from this universal property that if a quotient exists, then it is unique,
up to a canonical isomorphism. In this case, we write W = Y/G.

We start by considering the case when Y = Spec A is an affine scheme. Note
that G acts on A on the left. We show that the induced morphism «: Spec A —
W = Spec A is the quotient of Y by G.

PRrROPOSITION A.1. With the above notation, the following hold:

i) W is a scheme of finite type over k, and 7 is a finite, surjective morphism.
il) The fibers of m are precisely the orbits of the G-action on'Y.
iii) The topology on W is the quotient topology.
iv) We have a natural isomorphism Ow = m.(Oy ).

PROOF. It is clear that A® < A is integral: indeed, for every u € A, we have
P(u) =0, where P =[] .;(z —gu) € AC[x]. Since A is finitely generated over k,
it follows that there is a finitely generated k-algebra B C A% such that A is integral
over B, hence finite over B. Since B is Noetherian, it follows that A® is a finite
over B. We conclude that A® is a finitely generated k-algebra, and the morphism
7 is finite. Since A® — A is injective, it follows that 7 is surjective.

It is clear that m is G-invariant, hence each orbit is contained in a fiber. Con-
versely, if P,Q are primes in A such that P N A% = Q N A%, then P C quG g@Q.
Indeed, if u € P, then 4

H(gu)GPﬂAG:QﬁAG,
geG

103
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hence there is g € G such that gu € Q. The Prime Avoidance Lemma implies that
P C ¢gQ for some g € GG. Similarly, we get Q C hP for some h € GG. Since P C ghP,
and gh is an automorphism, we must have P = ghP, hence P = gQ.

This proves ii), and the assertion in iii) is now clear since 7 is closed, being
finite. It is easy to deduce iv) from the fact that if f € A%, then (A;)Y = (Ag);-
This completes the proof of the proposition. ([l

REMARK A.2. Suppose that Y is a scheme with an action of the finite group
G. If m: Y — W is a surjective morphism of schemes that satisfies ii)-iv) in
Proposition A.1, then 7w gives a quotient of Y by G. This is a consequence of
the definition of morphisms of schemes. In particular, we see that the morphism
m:Y — W in Proposition A.1 is such a quotient.

COROLLARY A3. If m: Y — W is as in the proposition, then for every open
subset U of W, the induced morphism n~Y(U) — U is the quotient of 7= 1(U) by
the action of G.

PROOF. It is clear that since 7 is a surjective morphism that satisfies ii)-iv) in
the above proposition, the morphism 7 ~!(U) — U satisfies the same properties. [

Suppose now that Y is a scheme over k, with an action of G. We assume that
every y € Y has an affine open neighborhood that is preserved by the G-action.
This happens, for example, if Y is quasiprojective. Indeed, in this case for every
y € Y, the finite set {o4(y) | ¢ € G} is contained in some affine open subset U of
Y'!. After replacing U by Ngecoy(U) (this is again affine, since Y is separated), we
may assume that U is affine, and preserved by the action of G.

By assumption, we can thus cover Y by Ui,...,U,, where each U; is affine,
and preserved by the G-action. By what we have discussed so far, we may con-
struct the quotient morphisms 7;: U; — W; = U;/G. Furthermore, it follows from
Corollary A.3 that for every i and j we have canonical isomorphisms ;(U; NU;) ~
7j(U; N U;). We can thus glue these morphisms to get a quotient 7: ¥ — Y/G of
Y with respect to the G-action. Note that this is a finite surjective morphism that
satisfies conditions ii)-iv) in Proposition A.1, hence gives a quotient of Y by the
action of G.

REMARK A.4. It follows from the above construction that if Y is reduced, then
Y/G is reduced too.

REMARK A.5. The above construction is compatible with field extensions in
the following sense. Suppose that Y is a scheme over k with an action of the finite
group G, such that every point on Y has an affine open neighborhood preserved by
the G-action. Suppose that K/k is a field extension, and Yx =Y Xgpeck Spec K.
Note that Yx has an induced G-action, and every point on Yx has an affine open
neighborhood preserved by the G-action. We have an isomorphism of K-varieties
Y /G =~ (Y/G) Xspeck Spec K. Indeed, it is enough to consider the case when
Y = Spec A, and in this case the assertion follows from the lemma below.

Yvisa locally closed subset of P}, and z1,...,xn € Y, then there is a hypersurface H in
P} that contains Y \ Y, but does not contain z1, ..., 2. Indeed, by the graded version of Prime
Avoidance Lemma, there is a homogeneous element of positive degree in the ideal of Y \ Y (if
this set is empty, we take this ideal to be the “irrelevant” maximal ideal), but that does not lie in
the ideal of any {x;}. The complement of H in Y is an affine open subset of Y that contains all
the x;.
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LEMMA A.6. Let V and W be k-vector spaces, and suppose that a group G acts
on'V on the left by k-linear automorphisms. If we consider on'V @, W the induced
G-action, then we have a canonical isomorphism (V @, W)¢ ~ V& @, W.

PRrROOF. We clearly have an inclusion V¢ ®, W — (V ®, W)%. Consider
ueV @, W. If (b;)ier is a k-basis of W, we can write u = ), a; ® b; for a unique
tuple (a;)icr. Since gu =) .(ga;) ®b;, it follows that gu = w if and only if ga; = a;
for every i. Therefore u € (V @, W)Y if and only if all a; lie in V&. O

PROPOSITION A.7. Let G and H be finite groups, acting by algebraic automor-
phisms over k on the schemes X and Y, respectively, where X and Y are of finite
type over k. If both X and Y can be covered by affine open subsets preserved by
the action of the corresponding group, then X X Y satisfies the same property with
respect to the product action of G x H, and X xY/G x H~ X/G xY/H.

PrROOF. Let X = (J;U; and Y = |J;V; be covers by affine open subsets,
preserved by the respective group actions. It is clear that X x Y = UZ j U; x Vj is
a cover by affine open subsets preserved by the G x H-action. Furthermore, using
Lemma A.6 twice, we obtain

(O(Ui) @, O(V;)) XM = O(U;) @1 O(V)) ™,

and these isomorphisms glue together to give the isomorphism in the proposition.
O

ProPOSITION A.8. Let G be a finite group acting by algebraic automorphisms
on a scheme X of finite type over k, such that X has an affine open cover by subsets
preserved by the G-action. Suppose that H is a subgroup of G, and Y is an open
subset of X such that

i) Y is preserved by the action of H on X.
i) If Hgy,...,Hg, are the right equivalence classes of G mod H, then X =
Ui, Yg: is a disjoint cover.

In this case the natural morphism Y/H — X/G is an isomorphism.

PROOF. Note that by ii), Y is also closed in X. Consider a cover X = (J; U; by
affine open subsets preserved by the G-action. Each V; =Y NUj is an affine open
subset of Y preserved by the H-action (note that U; NY is nonempty since U; must
intersect some Yg;). Therefore we have the quotient Y/H, and since the natural
morphism Y — X/G is H-invariant, we obtain a morphism ¢: Y/H — X/G.

We claim that each Y NU; — Uj still satisfies i) and ii). Indeed, it is clear that
Y NU; is preserved by the H-action, and we have U; = | |:_, (Y NUj;)g;. Therefore
we may assume that X and Y are affine.

It follows from ii) that O(X) = []\_, O(Yg:), and it is clear that if ¢ € O(X)Y,
then ¢ = (g7, ..., 9g 1) for some ¥ € O(Y), and in fact we must have ¢ €
O(Y)H. This shows that the natural homomorphism O(X)¢ — O(Y)# is an
isomorphism. ([l

REMARK A.9. Given X as in the above proposition, suppose that Y is an open
subset of X such that for every g,h € G, the sets Yg and Yh are either equal, or
disjoint. In this case i) and ii) are satisfied if we take H = {g € G| Yg =Y} and
if we replace X by UgeG Yg.
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ProrosiTiON A.10. Let G be a finite group acting by algebraic automorphisms
on a scheme X of finite type over k, such that X has an affine open cover by subsets
preserved by the G x H-action. If H is a normal subgroup of G, then X/H has an
induced G/ H-action, and the quotient by this action is isomorphic to X/G.

PrOOF. Let X = J,; U; be an affine open cover of X, with each U; preserved
by the G-action. In particular, each U; is preserved by the G-action, hence the
quotient X/G exists. The action of G on X induces an action of G/H on X/H
by the universal property of the quotient. Note that the U;/H give an affine open
cover of X/H by subsets preserved by the G/H-action. Since we clearly have
O(U)C = (O(U;)")G/H | we get isomorphisms of the quotient of U; /H by the G/ H-
action with U;/G. These isomorphisms glue to give the required isomorphism. O

A.2. Ground field extension for algebraic varieties

Let X be a variety over a field k (recall that this means that X is a reduced
scheme of finite type over k). Let K/k be a finite Galois extension, with group
G, and put Xg = X Xgpeck Spec K. Note that this is a variety over K, since
the extension K/k is separable. Since K is flat over k, we see that the canonical
projection |pi: X — X is flat.

The left action of G on K induces a right action of G on Spec K, hence on X
(note that the corresponding automorphisms of Xy are k-linear, but not K-linear).
If x € X and V is an affine open neighborhood of m(z), then 7=1(U) is an affine
open neighborhood of x, preserved by the G-action. Therefore we may apply to
the G-action on Xk the considerations in the previous section. In fact, 7 is the
quotient of X by the action of G. Indeed, it is enough to note that if U ~ Spec(A)
is an affine open subset of X, then Lemma A.6 gives

(Ao, K)Y =A@, K¢ = A.

By the discussion in the previous section, it follows that = identifies X with the set
of G-orbits of X, with the quotient topology.

If Y — X is a closed subvariety, then Y — X is a closed subvariety preserved
by the G-action. The following proposition gives a converse.

PROPOSITION A.11. With the above notation, suppose that W is a closed subva-
riety of Xk preserved by the G-action. If Y = n(W), then W is a closed subvariety
of X, and W = Yk.

PROOF. Since 7 is finite, it follows that Y is closed in X. We clearly have
an inclusion W C Yg. This is an equality of sets since W is preserved by the
G-action, and 7 identifies X with the set of G-orbits in X . Since both W and Y
are reduced, it follows that W = Y. O

The above considerations can be easily extended to the case of infinite Galois
extensions. In what follows, we assume that k is perfect, and consider an algebraic
closure k of k. Note that k is the union of the finite Galois subextensions K of
k, and we have G (k/k) ~ @G(K/k‘) As above, if X is a variety over k, we put

K
X7 = X Xgpeck Spec k, and let 7: X7 — X be the canonical projection. Note that
since k is perfect, all fibers of m are reduced. We have a right action of G(k/k) on
Xz, induced by its left action on k.
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PROPOSITION A.12. If W is a closed subvariety of X3 that is preserved by the
G-action, and if Y = w(W), then'Y is a closed subvariety of X, and W = Y% (in
this case we say that W is defined over k).

PrOOF. The fact that Y is closed in X follows from the fact that 7 is an
integral morphism. There is a finite Galois extension K of k such that for some
closed subscheme V' of Xx, we have V- = W. After replacing V by Vieq, we may
assume that V is reduced, in which case we see that it is the image of W via
the canonical projection X7 — Xk. Since W is preserved by the G(k/k)-action,
it follows that V is preserved by the G(K/k)-action (recall that G(K/k) is the
quotient of G(k/k) by G(k/K)). We may thus apply Proposition A.11 to conclude
that V' = Y, and therefore W = Y. O

ProposITION A.13. The fibers of the projection w: X3 — X are the orbits of
the G(k/k)-action on X.

PROOF. It is clear from definition that G(k/k) acts on X7 by automorphisms
over X. Suppose now that x,y € X are such that 7(x) = m(y). There is a finite
Galois extension K of k such that both {z} and {y} are defined over K, and let
rx and yx denote the images of z and y, respectively, in Xg. Since xx and yg
lie in the same fiber of Xx — X, we can find 0 € G(K/k) such that zxo = yx.
In this case, for every o € G(k/k) that extends o, we have zo = y. O

PROPOSITION A.14. If X is an irreducible variety over k, then G = G(k/k)
acts transitively on the set of irreducible components of X+.

ProoF. Note first that every automorphism of X7 maps an irreducible com-
ponent to an irreducible component, hence G indeed has an induced action on the
set of irreducible components of Xz. Let V and W be irreducible components of
Xz. Since X7 is flat over X, and X is irreducible, it follows that both V' and W
dominate X. Therefore the generic points of V and W lie in the same fiber of m,
and we conclude by applying the previous proposition. O

ProrosITION A.15. If X is a variety over k and w: Xg — X is the canonical
projection, then taking x € X to the sum of the elements in 7~ (z) induces a
bijection between the set of effective 0-cycles on X of degree n and the set of effective
0-cycles on Xy that have degree n and that are fived by G(k/k).

PROOF. By Proposition A.13, an effective cycle a on X7 is invariant by G(k/k)
if and only if for every closed point z € X7 that appears in «, all y € 7~ !(m(z))
appear in o with the same coefficient. In other words, « can be written as
P Eyerl(ui) y for some ui,...,u, € X. In order to complete the proof, it
is enough to note that for every u € X, we have deg(k(u)/k) = |7~ (u)| (recall
that 71 (u) is reduced). O

Suppose now that k = F, is a finite field. Recall that G(k/k) ~ Z, and we may
take as a topological generator either the arithmetic Frobenius element z — 29, or
its inverse, the geometric Frobenius element. Let o denote the automorphism of X7
corresponding to the action of the arithmetic Frobenius element. Recall that the

endomorphism Frobx , on X induces by base extension the k-linear endomorphism
F = Frobx, 4 of Xz.
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PROPOSITION A.16. Let X be a variety over k =F,, and W a closed subvariety
of X3 There is a closed subvariety Y of Xy . such that W = Y7 (in which case Y’
is the image of W in Xy, ) if and only if F"(W) C W.

PROOF. After replacing X by Xg ., we may assume that » = 1. We have seen
in Exercise 2.5 that 0 o F = F o o, and this is the absolute g-Frobenius morphism
of X7 (let’s denote it by T'). Since T'(W) = W for every closed subvariety W of
X7, it is easy to see that o~ *(W) C W if and only if F(W) C W (in which case

Applying Proposition A.12, we are done if we show that if c=1(W) C W, then
W is preserved by G(k/k). Since the geometric Frobenius element is a topological
generator of G(k/k), this follows from the fact that the action of G(k/k) on Xi
is continuous, where on X7 we consider the discrete topology. Continuity simply
means that the stabilizer of every point in X3 contains a subgroup of the form
G(k/K), for some finite Galois extension K of k. This is clear for Xz, since it is
clear for AZ: for the point (U1, up) € k", we may simply take K to be the
Galois closure of k(uq,...,up). O

A.3. Radicial morphisms

We will need the notion of radicial morphism in the next section, in order to
discuss quotients of closed subschemes. In this section we recall the definition of
this class of morphisms and prove some basic properties.

ProrosITION A.17. If f: X — Y is a morphism of schemes, then the following
are equivalent:

i) For every field K (which may be assumed algebraically closed), the induced

map
Hom(Spec K, X) — Hom(Spec K,Y')

1S 1njective.

il) For every scheme morphism Y' — Y, the morphism induced by base-
change X xy Y =Y’ is injective.

iii) f is injective, and for every x € X, the extension of residue fields k(f(z)) <
k(z) is purely inseparable.

If f satisfies the above equivalent conditions, one says that f is radicial.

PROOF. We first prove i)=-ii). Let Y/ — Y be a morphism of schemes, and
suppose that z1, 22 € X Xy Y/ are two distinct points that map to the same point
y €Y', Let K be a field extension of k(y) containing both k(z1) and k(x2) (note
that we may take K to be algebraically closed). The inclusions k(z1), k(z2) — K
give two distinct morphisms Spec K — X Xy Y such that the induced morphisms
to Y/ are equal. In particular, the induced morphisms to Y are equal, hence by 1)
the induced morphisms to X are equal. The universal property of the fiber product
shows that we have a contradiction.

We now prove ii)=-i). Suppose that ¢,1: Spec K — X induce the same mor-
phism Spec K — Y, and let X = X xy Spec K. By the universal property of the
fiber product, ¢ and ¢ induce morphisms ¢, : Spec K — X over Spec K. These
correspond to two points x1, 22 € Xk and to isomorphisms K ~ k(z;). By ii) we
have x1 = x5, hence 5: i/? and ¢ = 1.
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Suppose now that i) holds, and let us deduce iii). The fact that f is injective
follows since we know i)=-ii), so let us suppose that x € X and y = f(x) are such
that k(y) < k(z) is not purely inseparable. In this case there is a field K and two
homomorphisms a, 8: k(z) — K such that a and 3 agree on k(y). We thus get
two scheme morphisms Spec K — X taking the unique point to x, such that they
induce the same morphism Spec K — Y. This contradicts 1).

In order to complete the proof of the proposition, it is enough to show that
iii)=-1). Suppose that w,v: Spec K — X are such that fou = fowv. Since f is
injective, it follows that both v and v take the unique point to the same x € X. We
thus have two homomorphisms k(x) — K whose restrictions to k(f(z)) are equal.
This shows that k(x) is not purely inseparable over k(f(z)), a contradiction. O

ExAMPLE A.18. It is clear that every closed immersion is radicial. For a more
interesting example, consider a scheme X over F,, and let f: X — X be the
absolute Frobenius morphism. It is clear that f is a surjective, radicial morphism
(use description iii) in the above proposition).

REMARK A.19. It follows from either of the descriptions in Proposition A.17
that the class of radicial morphisms is closed under composition and base-change.
Of course, the same holds for radicial surjective morphisms.

REMARK A.20. If f: X — Y is a morphism of schemes, it is a consequence of
the description iii) in Proposition A.17 that f is radicial of and only if freq: Xrea —
Yiea has this property.

REMARK A.21. The notion of radicial morphism is local on the target: f: X —
Y is radicial if and only if there is an open cover Y = J, V; such that each f~*(V;) —
V; is radicial (one can use for this any of the descriptions in Proposition A.17).

REMARK A.22. A morphism f: X — Y of schemes over a field k is radicial
and surjective if and only if for every algebraically closed field K containing k, the
induced map fx: X(K) — Y(K) is bijective. Indeed, Proposition A.17 shows that
f is radicial if and only if all fx are injective. Assuming that this is true, it is easy
to see that if all fx are surjective, then f is surjective, and the converse follows
from the fact that for every x € X, the extension of residue fields k(f(z)) — k(x)
is algebraic.

ExaMPLE A.23. If ¢: R — S is a morphism of rings of characteristic p such

that

i) The kernel of ¢ is contained in the nilradical of R.

it) For every b € S, there is m such that b*" € Im(),
then the induced morphism Spec S — Spec R is radicial and surjective. Indeed, if p
is a prime ideal of R, then there is a unique prime ideal q of S such that ¢=1(q) = p,
namely

q={be S| ¥" = ¢(a)for somea € pandm > 1}.

Furthermore, for every u € S/q, there is m > 1 such that u?" lies in the image of
R/p, hence R/p — S/q is purely inseparable.

PROPOSITION A.24. If f: X — Y is a morphism of schemes of finite type over
a field k of characteristic zero, then the following are equivalent:

i) f is radicial and surjective.
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ii) X(k) — Y (k) is bijective, where k is an algebraic closure of k.

iii) f is a piecewise isomorphism, that is, there is a disjoint cover ¥ =
YiU...UY,, by locally closed subsets, such that all induced morphisms
1Y) red = (Yi)rea are isomorphisms.

PROOF. The implication i)=-ii) follows from Remark A.22. Suppose now that
[ is a piecewise isomorphism and Y = | |, Y; is a disjoint cover as in iii). Given
a morphism ¢: Y’ — Y, let g: X Xy Y’ — Y’ be the morphism obtained by
base-change from f. We get a locally closed disjoint cover Y’ = | ], Y/, where
Y! = ¢71(Y;), such that each g7 (Y/);ed — (Y/)red is an isomorphism. Therefore f
is radicial, and it is clear that f is surjective. Therefore in order to finish the proof
of the proposition it is enough to show that if f satisfies ii), then f is a piecewise
isomorphism.

Arguing by Noetherian induction, we may assume that the property holds for
f~Y(2Z) — Z, for every proper closed subset Z of Y. Therefore whenever it is
convenient, we may replace f by f~1(U) — U, where U is a nonempty open subset
of Y. We may put on both X and Y their reduced scheme structures, and therefore
assume that they are reduced. If Y7,...,Y, are the irreducible components of Y,
we may replace Y by Y7 \ U;x1Y;, and therefore assume that Y is irreducible.

Since X (k) — Y (k) is injective, we deduce that there is a unique irreducible
component of X that dominates Y. Therefore there is an open subset U in Y
such that f~1(U) does not meet the other irreducible components of X. After
replacing Y by U, we may assume that both X and Y are irreducible. Let d =
deg(K(X)/K(Y)). It is enough to show that d = 1, since in this case f is birational,
hence there is an open subset U of X such that f~1(U) — U is an isomorphism.

Since we are in characteristic zero, f is generically smooth, that is, there are
open subsets V' C X and W C Y such that f induces a smooth morphism g: V' —
W. It follows from [Har, Exercise I1.3.7] that there is an open subset W’ of W such
that g~ (W') — W is finite. After restricting further to an open subset of W', we
may assume that W' is affine, and O(g=1(W")) is free of rank d over O(W’). Since
all fibers of g~ (W') x.k — W’ x k are reduced, it follows that each such fiber has
d elements, so by assumption d = 1. This completes the proof of the proposition.

O

A.4. Quotients of locally closed subschemes

ProPOSITION A.25. Let X be a scheme of finite type over k, and G a finite
group acting on X by algebraic automorphisms over k. We assume that X is
covered by affine open subsets preserved by the G-action, and let m: X — X/G
be the quotient morphism. If W is a locally closed subscheme of X such that G
induces an action on W, then the canonical morphism W/G — w(W) is radicial
and surjective.

PrOOF. We first need to show that W/G exists, and that we have an induced
morphism W/G — X/G. If W is the closure of W (with the image scheme struc-
ture), then W is an open subscheme of W, which is a closed subscheme of X.
Furthermore, G has an induced action on W. It follows that it is enough to con-
sider separately the cases when W is an open or a closed subscheme of X. If W is
an open subscheme, then the assertion is clear: 7(W) is open in X/G, and we have
seen that W = 7= 1(7(W)) — 7(W) is the quotient of W by the G-action.
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Suppose now that W is a closed subscheme of X, and consider «(W) (with
the image scheme structure). Note first that since (1) can be covered by affine
open subsets, and 7 is finite, it follows that W is covered by affine open subsets
that are preserved by the G-action. In particular, W/G exists, and the G-invariant
morphism W — X — X/G induces a morphism ¢: W/G — X/G. Tt is clear that
the image of this morphism is 7(W). In order to show that ¢ is radicial, we may
assume that X = Spec A is affine (simply consider an affine cover of X by affine
open subsets preserved by the G-action). Let I denote the ideal defining W. If B is
the image of A9 — (A/I)%, then it is enough to prove that Spec(A/I)“ — Spec B
is radicial. In light of Example A.23, this is a consequence of the more precise
statement in the lemma below. O

LEMMA A.26. Let A be a finitely generated k-algebra, and let G be a finite
group acting on A by k-algebra automorphisms. Suppose that I C A is an ideal
preserved by the G-action. If p™ is the largest power of p = char(k) that divides |G|
(we make the convention that p™ = 1 if char(k) = 0), then for every b € (A/I)%,
we have b*" € Tm(A% — (A/1)Y).

PROOF. The argument that follows is inspired from | , p-221]. We write it
assuming p > 0, and leave for the reader to do the translation when char(k) = 0.

Let u € A be such that b =u € A/I is G-invariant. Since gu —u € I for every
g € G, we have the following congruence in the polynomial ring A[x]:

H (14 (gu)z) = (1 4 uz)!¢'mod I Alz].
geG

The polynomial on the left-hand side has coefficients in A“, hence by considering
the coefficient of 2P" on the right-hand side, we conclude that ( G‘)upn is congruent

|
p’!l
mod I to an element in A“. Since (lfnl) is invertible in k2, it follows that w”" lies

in the image of RC. a

REMARK A.27. It follows from the proof of Proposition A.25 and Lemma A.26
that if char(k) does not divide |G|, then under the assumptions in Proposition A.25,
the morphism W/G — w(W) is an isomorphism. In particular, this is the case for
every G if char(k) = 0.

2Tt is easy to show this by computing the exponent of p in this binomial coefficient. On the

other hand, this is also a consequence of Lucas’ theorem, see [ ]: if |G| = p™m, with m and p
|G|

pn) = m (mod p).

relatively prime, then (






APPENDIX B

Basics of p-adic fields

We collect in this appendix some basic facts about p-adic fields that are used
in Chapter 8. In the first section we review the main properties of p-adic fields,
in the second section we describe the unramified extensions of Q,, while in the
third section we construct the field C,, the smallest complete algebraically closed
extension of Q. In §4 section we discuss convergent power series over p-adic fields,
and in the last section we give some examples. The presentation in §2-§4 follows

[Kob].

B.1. Finite extensions of Q,

We assume that the reader has some familiarity with I-adic topologies and
completions, for which we refer to | ]. Recall that if (R,m) is a DVR with
fraction field K, then there is a unique topology on K that is invariant under
translations, and such that a basis of open neighborhoods of 0 is given by {m‘ |
i > 1}. This can be described as the topology corresponding to a metric on K, as
follows. Associated to R there is a discrete valuation v on K, such that for every
nonzero u € R, we have v(u) = max{i | u € m'}. If 0 < o < 1, then by putting
lul = a®™® for every nonzero u € K, and |0] = 0, one gets a non-Archimedean
absolute value on K. This means that |- | has the following properties:

i) |u| > 0, with equality if and only if u = 0.
i) |u+v| < max{|u|,|v|} for every u,v € K.
i) Juv| = |u| - |v] for every u,v € K.
In this case, by taking d(z,y) = |r — y| we get a non-Archimedean® metric on
K such that the corresponding topology is the unique topology mentioned above.
Note that the topology is independent of the choice of c. It is clear that addition,
multiplication, and taking the inverse of a nonzero element are all continuous.
The completion of R is defined algebraically as R= @R/mi. It is a general

1
fact that R is local and Noetherian, and the canonical morphism R — Ris injective.
Furthermore, the maximal ideal in R is m - R, and for all i > 1 we have R/mi ~
ﬁ/m’ﬁ This implies that dim(é) = dim(R) = 1. Since the maximal ideal in R
is principal (being generated by a generator 7 of m), it is easy to see that Risa
DVR. Furthermore, we have K := Frac(R) = R[1/n] = K ®z R. In particular,
we have a valuation and a non-Archimedean absolute value on K that extend the
corresponding ones on K. In fact, K is the completion of K with respect to the

LA useful observation is that we automatically get that this is an equality if |u| # |v].
2This means that we have the strong triangle inequality d(z,y) < d(z, z) + d(y, 2) for all z,
y, and z.
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topology defined by | - |, and the absolute value on K is the unique one extending
the absolute value on K.

Suppose now that p is a fixed prime integer. We apply the above discussion to
K = Q, where R = Z,z) is the localization of Z at the maximal ideal pZ. The
corresponding topology on Q is the p-adic topology, and the corresponding absolute
value, with a@ = % is denoted by | - |,. The field K is the field of p-adic rational

numbers Qp, and R is the ring of p-adic integers Z,. The corresponding valuation
and absolute value on Q,, are denoted by ord,, and respectively, | - |,.

We now recall Hensel’s Lemma, one of the basic results about complete local
rings. For a proof, see | , Theorem 8.3]. Let (A, m, k) be a complete local ring.
For a polynomial g € A[z], we denote by g its image in k[z].

PROPOSITION B.1. With the above notation, suppose that f € Alzx] is a monic
polynomial. If u,v € k[z] are relatively prime monic polynomials such that f = uv,
then there are monic polynomials g, h € Alz] such that

i) f=gh
ii) g=u and h =v.

A consequence of the above proposition is that if (keeping the notation) B is a
finite A-algebra such that B/mB splits as the product of two (nonzero) rings, then
the same holds for B. Indeed, the hypothesis gives the existence of an idempotent
u € B such that u # 0, 1. Applying Hensel’s Lemma for the decomposition 22 —2 =
(x —u)(z — (1 —w)) in k[z], we get an idempotent in B different from 0 and 1. In
particular, we see that if B is a domain, then the zero-dimensional ring B/mp is
local, hence B is local, too.

A p-adic field is a finite field extension of Q,. If K is such a field, we denote
by Ok the ring of integers in K (that is, the integral closure of Z,, in K). It is easy
to see that since every element u € K is algebraic over Q,, there is a € Z, such
that au € Of. Therefore Q, ®z, Ox = K and K is the fraction field of Of.

Since Z, is a DVR, it is well-known that Ok is a finite Z,-algebra (see | )
Precise]). Therefore the discussion after Proposition B.1 implies that O is a local
ring (and the inclusion Z,, — Ok is local, since Ok is finite over Z,). Furthermore,
since dim(Og) = dim(Z,) = 1, and O is clearly normal, we conclude that Ok is
again a DVR.

If vy is the discrete valuation of K corresponding to Ok, then ey := vk (p)
is the ramification index of K over Q,. We say that K is unramified over Q, if

ex = 1. It is clear that for every u € Q,, we have vi (u) = e -ord,(u). The p-adic
v (u)/ex

absolute value on K is defined by |u|, = (1%) . Note that for u € Q,, this
agrees with the definition we gave before. We have Ox = {u € K, |u|, < 1}, and
the maximal ideal in Ok is myx = {u € K, |u] < 1}.

Since every ideal in Z,, is generated by some p™, and O is clearly torsion-free,
it follows that Ok is flat over Z,. We deduce that Ok is a free module over Z,,
and its rank is clearly equal to n = [K : Q,]. Let mx denote a generator of the
maximal ideal mg. The quotient Ok /pOy is free of rank n over F; on the other
hand, it has a filtration

(0) CmE 1 /méE C ... Cmg/mSE C O /mSE,

with each successive quotient isomorphic to Ok /mg. We deduce that if f =
Ok /mg : Fpl, then n = ef.
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EXERCISE B.2. Let K be a p-adic field.

i) Show that a basis of open neighborhoods of 0 in Ok is given by {p" Ok |
m > 1}.
ii) Deduce that if we choose an isomorphism of Z,-modules O =~ Z,, the
topology on Ok corresponds to the product topology on Zj.
iii) Deduce that Ok is complete (and therefore so is K).

EXERCISE B.3. Let K — L be two finite extensions of Q,.

€L/K

ii) Show that if ey, is defined by nxOp = (7,/"), and fr,x = [Or/mp :
Ok /mg], then e, = ex -ep x and fr, = fx - fr/x. Deduce that [L: K] =
€L/KfL/K-

i) Show that the two definitions of | - |, on K and L are compatible.

We say that L/K is unramified if ey /g = 1, and that it is totally ramified if
eL/K = [L K]

EXERCISE B.4. Let K be a finite Galois extension of Q,. Show that if ¢ €
G(K/Qp), then |o(u)|, = |u|p for every u € K. Deduce that for every p-adic field
K and every u € K, we have |u|, = Ng/q, (u)'/", where n = [K : Q).

Suppose now that (K, |-|) is an arbitrary field endowed with a non-Archimedean
absolute value, and we consider on K the corresponding metric space structure. The
following exercise gives some special features of the non-Archimedean setting.

EXERCISE B.5. With K as above, suppose that (a,)n>1 is a sequence of ele-
ments of K.
i) Show that (a,) is Cauchy if and only if lim, o (arn, — @ny1) = 0.
ii) Show that if K is complete, then the series ) - a, is convergent if and
only if lim,, .~ a, = 0. B
ili) Show that if the series ) -, a, is convergent, then for every permutation

o of Z~g, we have anl Ag(n) = Zn21 Q-

B.2. Unramified extensions of Q, and Teichmiiller lifts

Our main goal in this section is to describe the unramified extensions of Q,,
and the morphisms between them. We will also take this opportunity to discuss
Teichmiiller lifts of elements in a finite field. In order to state the results, it is
convenient to fix an algebraic closure Q,, of Q,. The following is the main result
of this section.

THEOREM B.6. The unramified extensions of Q, in Q, are described as follows.

i) For every n, there is a unique unramified extension of Q, in Q, of degree
n, denoted by Q,(,n). This can be obtained by attaching to Q, a primitive
root of 1 of order p™ — 1.

it) If K C Q, is a finite extension of Q, and f = fx, then Qéf) C K, and
this extension is totally ramified.

ii) Q;S)n) is a Galois extension of Qp, and we have an isomorphism of Galois
groups G(Q,(,n)/Qp) — G(Fpn /F)p), that associates to an automorphism
of Q,(,n) the induced automorphism of the residue field.
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PROOF. We begin by showing that for every n > 1, there is an unramified
extension of Q, of degree n. Let u € Fj. be a multiplicative generator. Since
F,» = F,(u), it follows that the minimal polynomial P € F,[z] of u over F,, has
degree [Fyn : F,] = n. Let P € Z,[z] be a monic polynomial lifting P. Since P is
irreducible, it follows that P is irreducible. Let w € Q, be a root of P, and put
L = Qu(w). We have [L : Q,] = deg(P) = n, and since P is monic, we see that
w € Or. Let my, denote the maximal ideal in Op. The image w € Op/my, of w
satisfies P(w) = 0, hence w is a conjugate of u, so that fr, > n. Since ey fr, = n,
we conclude that fr, = n, and the extension L/Q, is unramified. We thus have
unramified extensions of Q, of arbitrary degree.

Let us consider an arbitrary extension K of Q, of degree d, contained in CTP.
We put e = ex and f = fx. Let a be a multiplicative generator of (O /mg)*.
We claim that there is a lifting & € Ok of « such that a?’ =1 = 1. We can write
Pl = (r — a)G(x) for a monic polynomial G € Fr[z]. Since G(a) # 0, it
follows from Proposition B.1 that we can write 2P’ ~1 — 1 = (z — @)G(z) for some
G € Oklz], and some lift & € O of a. This proves our claim. Note that & is
a primitive root of 1 of order pf — 1: if &* = 1 for some 0 < i < p/ — 1, then
o' = 1, a contradiction. It is clear that fq (&) > [Fp(a) : Fy] = f, and since the
reverse inequality follows from Q,(a) C K, we have fq (3) = f and the extension
K/Q,(@) is totally ramified.

Suppose now that K is unramified over Q,, hence e = 1. The above shows
that K = Qp(«). Therefore every unramified degree n extension of Q,, is obtained
by adjoining to Q, a primitive root & of 1 of order p™ — 1. Since such an extension
is clearly independent of the choice of the primitive root, we get the assertion in
i). We note that from the construction we also get that the image « of @ in the
residue field of K is again a primitive root of 1 of order p™ — 1.

Returning to the case of an arbitrary K as above, we see that Q,(&) = ;f ),
hence the assertion in ii).

For every o € G(Q,/Q,), note that O'(Qén)) is an unramified extension of Q,
of degree n, hence by the uniqueness statement in i), it is equal to Q;S)n). This shows
that the extension Qg,n)/Qp is Galois (it is separable since char(Q,) = 0). It is clear
that an automorphism o of L = ﬁ,") induces an automorphism of O, hence an
automorphism @ of the residue field O /my. We thus get a group homomorphism
G = G(QZ(,n)/Qp) — G(F,n /F,). Since both groups have n elements, it is enough
to show that this is an injective morphism. We have seen that Qg,") = Q,(a), where
a € @ is a primitive root of 1 of order p™ — 1, and the image a of & in the residue
field is again a primitive root of 1 of order p™ — 1. Every o in G satisfies o(a) = a'
for some i. If & = id, then o = () = ', hence & = a*, and we see that o = id.
This completes the proof of iii), and thus the proof of the theorem. O

COROLLARY B.7. We have Q,()m) - Q,(,n) if and only if m divides n.

Proor. If QU™ € Q™ then m = [QS™ : Q] divides n = [Q" : Q). Con-
versely, suppose that m|n, so that r = 5,,;:11 is an integer. If g € Q7p is a primitive
root of 1 of order p™ — 1, then " is a primitive root of 1 of order p™ — 1, and

i = Q,(87) € Q,(8) = QY. O
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We end this section by discussing the Teichmiiller lift of an element in a finite
field. For every n > 1, let Z,(,”) denote the ring of integers of QZ(,n).

PROPOSITION B.8. For every u € Fyn, there is a unique u € Zé") that is a lift
of u, and such that @?" = u.

The element % in the above proposition is the Teichmiiller lift of u. We start
with a lemma.

LEmMMA B.9. If I is an ideal in a commutative ring A, and if u,v € A are such
that w = v (mod pI), then u?" = v?" (mod p**t'I) for everyi > 1.

PrROOF. Arguing by induction on i, we see that it is enough to prove the case
i = 1. Write u = v + a, where a € pI, hence

P
uP — P = Z (p> =3
J

j=1
Since a/ € p?I? for every j > 2, and pa € p?I, we get the assertion in the lemma. [

PrOOF OF PROPOSITION B.8. For the existence part, it is clear that if u = 0,
then we may take u = 0. Suppose now that u is nonzero. We have seen in the
proof of Theorem B.6 that Q,(,n) = Q,(a), where & € Q, is a primitive root of
1 of order p" — 1, and its image o € Fy» is again a primitive root of 1 of order

p" — 1. Therefore v is a multiplicative generator of F}., hence there is m such that

)

u = a™. Since a € ZI(,n , if we take u = a™, this has the required properties.

In order to prove uniqueness, suppose that u,v € Z](,n) both satisfy the condi-
tions in the proposition. In particular, we have & = v (mod pZI(,n)), and the lemma
implies 7" = 7" (mod p"i+1Z™) for every i > 1. Since @ = 4 and P

= 6’
we conclude that @ —v € ;5 meée), hence u = 7. O

ni

COROLLARY B.10. Every element in Zén) has a unique expression as the sum
of a series Y~ a;pt, where a¥ = a; for every i.

PROOF. Given u € Z\™"

so that u — ag = puy, for some u; € Z;"). Repeating this construction for u; etc.,
we see that we can write v as a sum as in the corollary. For uniqueness, note that
if we have two expressions as in the statement

uw=> ap = bp,

i>0 i>0

, let ag be the Teichmiiller lift of the image of v in Fpn,

then a9 = by by Proposition B.8, and then > ,o, a;p"™' = 3,5, bip'~!, and we
repeat. - - O

REMARK B.11. Note that if m divides n, then Fpm C Fpn and QU™ C Q.
It follows from the uniqueness part in Proposition B.8 that the Teichmiller lift u
of an element u € Fp= is equal to the Techmiiller lift of u when considered as an
element in Fpn.

REMARK B.12. If @ and v are the Teichmiiller lifts of u,v € F,n, respectively,
then uv is the Teichmiiller lift of wv. Indeed, it is clear that wv satisfies both
conditions in the definition of a Teichmiiller lift.
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B.3. The field C,

In this section we follow closely the presentation in | , Chapter II1.3]. Let
Q, be an algebraic closure of Q,,. We can write Q, = |J, K, where K varies over
the finite extensions of Q,. By Exercise B.3 the absolute values on the various
K are compatible, hence we get a non-Archimedean absolute value | - |, on CTP,
that restricts on each K to the one we have defined. As in §1, this gives a non-
Archimedean metric on Q,, and each finite extension K of Q, is a metric subspace
of Qp. The ring of integers (’)pr of Qp is the union |J, Ok, hence it is the
set of elements of CTP that are integral over Z,. We may also describe this as
{u e Qp,lul, <1}

EXERCISE B.13. Show that Opr is a local ring, with maximal ideal m = {u €
Q,, |ul, < 1}. Prove that there is an isomorphism Og,/m~ F,.

PROPOSITION B.14. The field CTP, with the metric described above, is not com-
plete.

PROOF. We need to construct a Cauchy non-convergent sequence in Qizr We
start by choosing for every i > 0 a primitive root b; € Q,, of 1 of order p? —1. Let
K; = Q,(b;). It follows from Theorem B.6 that [K; : Q,] = 2°. If i < j, then p? —1
divides p?’ — 1. This implies that b; is a power of bj, hence we have K; C Kj.

We take a; = bop™o + bip™ + ... bip™, where Ny < N1 < ... < N; < ... will
be chosen later. Note that since |b;|, = 1 for every i, we have |a; — aj+1]p = ﬁ’
hence the sequence (a;); is Cauchy by Exercise B.5.

Suppose that Ny, ..., N; have been constructed, and a; is defined as above. It
is clear that we have Qy(a;) C K;. We claim that in fact this is an equality. Indeed,
otherwise there is o: K; — Q, that fixes Q,(a;), but such that o(b;) # b;. We

have ' 4
1 3
Za(bj)pNj =o(a;) =a; = ijpva
§=0 j=0
and the uniqueness part in Corollary B.10 implies that o(b;) = b;, a contradiction.
Assuming N; chosen, we claim that there is N;y; > N; such that a; does not
satisfy any congruence

(B.1) anal + an_la?_l +...4+ag =0 (modpVi+1)

for any n < d := [Qp(ai) : Qp] = 2%, with a; € Z,, not all of them divisible
by p. Indeed, for every N > Nj;, consider the set Ay of all (ag,...,aq—1) €
Z/pN*1Z with the property that Zj;é ozjaf = 0 in Z/pN*1Z, and some a; does
not lie in pZ/pVt1Z. Note that the projection Z/pN*2Z — Z/pVt1Z induces a
map Ayxy1 — Apn. If all Ay are nonempty, then @AN is nonempty. Indeed,

N
we may choose an element cy, € [y Im(Axy — An,), then an element cy,11 €
Ny Im(Axy — An,41) that lies over cy;,, etc. Since an element in I&H Ap determines
N

a nontrivial equation of degree < d with coefficients in Q,,, we get a contradiction.

We choose the N; inductively, such that the above condition is satisfied, and
we claim that in this case the sequence (a;); is not convergent to an element of
CTP. Indeed, if the sequence converges to a € Q7P, then let us consider a polynomial
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f=oanz™ + ...+ ay € Zy[z], with not all o; € pZ,, such that f(a) = 0. Since
a = ag (mod pNi+1Z,) for £ > 0, and a; = ap (mod p™i+1Z,) for £ > i, it follows
that a = a; (mod pYi+1Z,). We get a contradiction if we take i such that 2! > n.
This completes the proof of the proposition. |

Since Q7p is a metric space, it is a general result that there is a completion of
Q, that is denoted by C,. This means that we can embed Q, as a dense metric
subspace in C,, which is complete. The field operations extend (uniquely) by
continuity to C,, so this is a field. Furthermore, the absolute value on Q,, extends
uniquely to a non-Archimedean absolute value on C,, still denoted by | - |,, that
induces the metric, hence the topology of C,. The miracle is that we do not have
to repeat the process of taking algebraic closure and completion.

THEOREM B.15. The field C,, is algebraically closed.

PROOF. Let f = apz" + a1z" ™' + ... + a,, be a polynomial in Cp[z], with
ap 7# 0. We need to show that f has a root in C,,. Since CTP is dense in C,,, we can
find a,; € Q7p with am,o # 0 and |am,; — a;|p < €m < 1, where () is a strictly
decreasing sequence, converging to 0. Let f,, = Y"1 (@ 2" " € Qpz]. Since Q,
is algebraically closed, we can factor each f,, as

fin = amo(@ = am1) - (2 = am,n),

for suitable vy, ; € Q.
We first show that there is C' > 1 such that |a, |, < C for all i and m. Indeed,
let us fix m, and suppose after reordering the (e, ;); that

Q1 = ... = Q> Oy j forall j > r.

If s, is the " elementary symmetric function of the Oty 5, then

lm 1" = 8rlp = |am,r/am.olp-

‘We conclude that

1/j
|@m, 5]
Qmi < 1 1/5°
SIE Jam,olp
and since each a, ; is close to a;, we see that we can find C' as desired.

We now show that we can reorder (o, ;); for all m, such that |a, 1 — my1,1] <

o e},{n for all m, where C’ is a constant independent of m. Note that this implies
by Exercise B.5 that the sequence (am,1)m is Cauchy. Let us suppose that we did
this up to m. We have

n
fmt1(@m1) = am,o H(am,l — Qmt1,5)s
i=1

and on the other hand

n

f’rn-i—l(a?n,l) = f’rn-i—l(a?n,l) - fm(am,l) = Z(awn-i-l,i - a’m,i)aijli-
1=0

Therefore we get

n

|am,0|p : H |am,1 - am+1,j|p S Ean_17
j=1
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and after reordering the ay,+1,; we may assume that
/.1
|am,1 - am+1,1|p < C 677{"7

where C is a constant that only depends on C, n, and min,, |a, |, > 0.
Therefore we may assume that (cm,,1)m is a Cauchy sequence, hence is conver-

gent to some o € C,. Since fy,(am,1) = 0 for every m, and lim,, 00 i = a; for

every i, we have f(a) = 0. This completes the proof. O

REMARK B.16. Note that C, is obtained from Q in a similar way that with
how C is obtained from Q, with the respect to the usual Archimedean absolute
value on Q (however, in the case of C, we had to complete twice).

REMARK B.17. Note that the algebraic closure and the completion are unique
up to a canonical isomorphism. Therefore the field C,, is unique up to a canonical
isomorphism (of fields equipped with an absolute value).

The field C, therefore is algebraically closed and complete with respect to the
non-Archimedean absolute value | - |,. This provides the right setting for doing
p-adic analysis.

B.4. Convergent power series over complete non-Archimedean fields

In this section we review some basic facts about convergent power series and
analytic functions in the non-Archimedean setting. The principle is that the familiar
results over R or C carry over to this framework, sometimes in a slightly improved
version.

Let (K,|-|) be a field endowed with a nontrivial® non-Archimedean absolute
value, which is complete with respect to the induced metric space structure. For
applications we will be interested in the case when K = C,,, or K is a p-adic field.
For every point a € K and every r > 0, we put

D,(a) ={ue K,|lu—a| <r}, Dp(a)={u€K,|u—a|<r}.

It is clear that D2(a) is an open neighborhood of a. A special feature of the non-
Archimedean setting is that D,.(a) is both open and closed®.

PROPOSITION B.18. Given a formal power series f =Y -, ant™ € K[t] be a
over K, let r(f) := 1/limsup,,|an|"/™°, and consider u € K.

i) If |u| < 7r(f), then >, <o anu™ is convergent.
ii) If [u| > r(f), then >, <o anu™ is divergent.
iit) If v € K is such that |u| = [v| = r(f), then Y, ~,anu™ is convergent if
and only if Y, <o anv™ is. N

The radius of convergence of f is r(f).

3An absolute value is trivial if it only takes the values 0 and 1.

4This shows that K is totally disconnected, that is, every point has a basis of neighborhoods
that are both open and closed. This is a fact of life in the non-Archimedean setting, and the need
to correct this led to the theory of rigid analytic spaces, see | ].

5We make the convention that if limsup,, |an|L/™ is zero or infinite, then r(f) = oo or
r(f) = 0, respectively.
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PROOF. If [u| < r(f), then infy, sup,,s,, la,|['/" < Wl‘, hence there is ng and
p < 1 such that \an|1/" < ﬁ for all n > ng. Therefore |a,u™| < p” for n > nyg,
hence lim,, o a,u™ = 0, and we deduce from Exercise B.5 that Zn>0 a,u™ is
convergent.

Suppose now that |u| > r(f), hence inf,, sup,,>,, lan Y™ > ﬁ It follows that
we can find p > ﬁ such that for every m, there is n > m with |a,u™| > (p|u|)™.
Therefore ), -, a,u™ is divergent. The assertion in iii) follows from the fact that if
|u| = r(f), then > -, a,u™ is convergent if and only if lim,, o |a,|r(f)" =0. O

If U C K is open, a function ¢: U — K is analytic if for every a € U, there
is r > 0 with DS(a) C U, and a formal power series f € KJt] with radius of
convergence r(f) > r such that ¢(u) = f(u — a) for every u € D2 (a).

LEMMA B.19. If f =37, g ant™ € K[t] and [b] <r(f), then there is g € K[t]
with v(g) > r(f) such that f(u) = g(u —b) for every u € K with |u| < r(f).

PRrROOF. For every u € K we have |u — b| < r(f) if and only if |u| < r(f), and
in this case

=> an((u—1b)+b)" ZanZ(> )b

n>0 n>0 =0

- Z<Z—’__J)ai+jbj (u — b".

i>0 \j>0

In particular, 3; := Zj>0 ( ﬂ)aH_] b is well-defined, the series g = Zizo B;t* has

K2

radius of convergence > r(f), and f(u) = g(u — b) whenever |u — b| < r(f). O

CoROLLARY B.20. If f € K|[t] has radius of convergence r(f) > 0, then the
function

{ue K, jul<r(f)}2u— flu) e K

is an analytic function.

Analytic functions on open subsets of K satisfy properties entirely analogous
to the ones of real or complex analytic functions. We list some of these properties,
but leave as an exercise for the reader the task of checking that the familiar proofs
also work in the non-Archimedean setting.

e Every analytic function is continuous. This is a consequence of the fact that for
every f =3 ooant" € K[t], if we put f,, = 3" ant™, then the convergence of
fm(u) to f(u) is uniform on every subset Dg(0), with R < r(f). Indeed, we have

|f(u) = fm(u)| < sup |ap|R™ — 0 when m — oo.
n>m

e The set of analytic functions on an open subset U C K is a ring. Furthermore, if
¢ is analytic and nonzero at every point of U, then 1/¢ is analytic.

More precisely, suppose that ¢ and v are analytic on U, and they are given
on D2(a) C U as ¢(u) = f(u—a) and ¢(u) = g(u — a), for some f,g € K[t]
r(f),r(g) > r. In this case the radii of convergence of f + ¢g and fg are both
>'r, and ¢(u) + p(u) = (f + g)(u — a) and G(u)(u) = fg(u— a) for u € DE(a).
Furthermore, if ¢(u) # 0 for every u € D2(a), then in particular f(0) # 0, hence f
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is invertible. The radius of convergence of f~!is > r, and 1/¢(u) = f~'(u—a) for
every u € D2 (a).

oIf p: U — V and ¢: V — K are analytic functions, then the composition ¢ o ¢ is
analytic. More precisely, given a € U, suppose that D2(a) C U and D2, (¢(a)) CV
are such that ¢(u) = f(u — a) and ¥(v) = g(v — ¢(a)) for suitable f,g € K[t],
such that the radii of convergence of f and g are > r, r’, respectively. Note that
f(0) = ¢(a), and let f = f — f(0), and h = go f € K[t]. After possibly replacing
r by a smaller value, we may assume that ¢(Dg(a)) C D2, (¢(a)). In this case the
radius of convergence of h is > r, and we have ¢(¢p(u)) = h(u — a) for u € D2 (a).
o If f,g € K[t] have radii of convergence > R > 0, and f(u) = g(u) for every u
with 0 < |u] < R, then f=g¢g

One can differentiate analytic functions, and the result is again analytic. One
can also consider, more generally, analytic functions of several variables. However,
while such functions show up in Chapter 8, we do not need to develop any theory
in this setting.

We end this section with the following result that is needed in Chapter 8. For
simplicity, we assume that |K*| is dense in R . For example, this always holds if
K is algebraically closed. Indeed, if u € K is such that |u| > 1, then |u|? € |K*|
for every ¢ € Q, hence |K*| is dense in Rsg.

PROPOSITION B.21. Suppose that |K*| is dense in Rsg, and let R > 0 and
f € K[t] be such that r(f) > R. In this case, there is a polynomial P € K[t] and
an invertible power series g € K[t] such that both g and g~ are convergent on
Dr(0), and f = Pyg.

Before giving the proof of the proposition, we introduce some notation. Let
Ag ={u € R,|Ju|] <1} and mg = {u € Ag,|u|l < 1}. It is clear that Ak is a
subring of K, mg is an ideal in Ag, and the quotient Ax/mg is a field, that we
denote by k. If f € A[t], we denote by f its image in k[t].

Let T denote the set of formal power series in K[t] that are convergent on
Dy(0). If f =3, <,ant™, then f € T if and only if lim,,_, o a,, = 0. It follows that
if we put || f ||:= max,, |ay|, then this maximum is well-defined, and it is attained
for only finitely many n. Note that if f € R[t] NT, then f is a polynomial.

EXERCISE B.22. Show that if f,g € T, then || f-g|=| f |-l g]-

PRrROOF OF PROPOSITION B.21. The assertion holds trivially if f = 0, hence
from now on we assume f # 0. Since |K*| is dense in R, after possibly replacing R
by a larger value, we may assume that R € |K*|. We first note that if o € D?(f)(O)
is such that f(«) = 0, then f = (¢t — ) f1 for some f; € K[t] with »(f1) > r(f).
Indeed, by Lemma B.19 there is g € K[¢] with r(g) > r(f) such that f(u) = g(u—a)
for Ju| < r(f). Since f(a) = 0, it follows that g = tg; for some g; € K[t], and we
clearly have 7(g1) = r(g). Another application of Lemma B.19 gives f; € K[t] with
r(f1) > r(g1) > r(f) such that g1 (u) = f1 (v + ) whenever |u| < r(f). Therefore

fu) =g(u—a)=(u—-a)g(u-a)=(u-a)fi(u)
for all u with |u| < r(f), hence f = (t — a) f1.

We now show that there are ay,...,a, € Dr(0) (possibly not distinct) such
that

(B.2) f=0—a)-(t—ar)g
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for some g € K[t] with r(g) > r(f), and such that g(a) # 0 for every o € Dg(0).
If A € K is such that |A\| = R, then after replacing f by f(At), we may assume that
R = 1. Let us write f = Y ., a,t". By assumption, we have f € T, and let N
be the largest n with |a,| =|| f ||. After replacing f by ay'f, we may assume that
ay = 1. Therefore f € Ax[t], and f is a monic polynomial of degree N. By what
we have already proved, it is enough to show that given any expression as in (B.2),
we have r < N. Since || t — «; ||= 1 for all 4, it follows from Exercise B.22 that
Il g l|I=1. In particular, we have g € Ak [t], and if we take the image in k[t], we get
f=79-TI_,(t —a). Since f is a polynomial of degree N, we deduce that r < N.

In order to complete the proof of the proposition, it is enough to show that if
we write f as in (B.2), with g not vanishing anywhere on Dg(0), then g~* converges
on Dg(0): indeed, we then take P = []'_,(t — o;). Since |K*| is dense in R,
there is R’ € |[K*| with R < R’ < r(f). Applying what we have already proved for
g and Dpg/(0), we see that there are only finitely many « € Dg/(0) with g(a) = 0.
It follows that after replacing R’ by a smaller one, we may assume that g does not
vanish on Dp/(0), and in this case the radius of convergence of g=1 is > R’ > R.
This completes the proof of the proposition. ([

B.5. Examples of analytic functions

In this section we discuss the p-adic version of some familiar complex analytic
functions Let us start with the exponential function. In this section we assume that
K =C,,.

Consider f = ano tﬂ—n, € C,[t], and let us determine the radius of convergence
of f. Note that unlike in the complex case, the large denominators make the radius
of convergence small. For every n we have

: n n
ordy(nt) = 3 _In/p'] <3 5= =7
i>1 = PP
e (YD) ,
hence (|1/n!|,)'/™ < (;) . On the other hand, if n = p™, then

m—1
01rdp(n!):pm_l—i—...—i—p—I—l:pp_1 ,

hence ord, (p™!)/p™ converges to p—il. We thus conclude that limsup,, (|1/n![,)'/" =

—1/(p—1) . . . (1\ /=D
(5> , hence by Proposition B.18 the radius of convergence of f is (5)
1. This implies that the p-adic ezponential function exp, given by exp,(u) = f(u)
is not defined, for example, on all Z,,.

Let us consider also the p-adic logarithm function log,(1 + u) = g(u), where

g(t) = Zn21(—1)"’1%. We now are in better shape: if ord,(n) = 4, then n > p‘,

hence & < Jog()

n — n-log(p)

from Proposition B.18 that the radius of convergence of g is 1, hence log, (1 +u) is
defined in D$(0), precisely as in the complex case.

We now consider the p-adic binomial series. Let us recall first the formula

for the binomial series in the case of complex functions. If a € C, then we may

consider the analytic function ¢(u) = (1 + w)®. More precisely, we have ¢(u) =

exp(a - log(1+w)), which is defined and analytic for |u| < 1. The Taylor expansion

1

, which converges to zero when n goes to infinity. It then follows
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at 0 is given by

&™) (0
o(u) = Z m!( )um.
m>0

Since we have ¢'(u) = a(1 + u)?~!, one sees immediately by induction on m that
o (0) =ala—1)---(a—m+1).

We will now use the same formal power series in the p-adic setting, by allowing
the exponent to lie in C,. More precisely, for a € C,, consider the formal power
series

ala—1)---(a—m+1
Bap(y) = @) ni! D ym e ¢, ).
m>0
For obvious reasons, we also write (1 + y)® for B, ,(y), and (1 + w)® for B, ,(u),
when u € C,, is such that |u| is smaller than the radius of convergence of B, ,. Let
us first discuss the radius of convergence of B, .

LEMMA B.23. Let a € C,, and denote by R the radius of convergence of B, .

- D)
i) If |al, > 1, then R = op (5) ‘
i 1 1/(p—1)
ii) If lalp, <1, then R > (5) '

iii) If a € Z,, then R > 1.
PROOF. Suppose first that |a|, > 1. In this case |a —i|, = |al|, for every i € Z.

Therefore y
m
la(a—1)---(a —m+ 1), ~alp
Imtly il ™

and the computation that we have done for exp, shows that in this case the radius

1/(p—1)

o1 (1

of convergence of B, ,(z) is . (5> .

If |a|, < 1, then |a — ], < 1 for every i € Z, and we deduce from Propo-
sition B.18 and the computation in the case of the exponential function that
1/(p—1)

R> (1

For the assertion in iii), it is enough to show that if a € Z,,

then a(a_l)“r'rgf_mﬂ) € Z,. This is clear when a € Z, and the general case follows

since Z is dense in Z,, (recall that Z,, consists of those u € Q, with |ul, <1). O

REMARK B.24. It is clear from definition that if m is a nonnegative integer,
then B,, (1 + y) is, as expected, the m™ power of 1 + 1.

The binomial series satisfies the following “expected” properties.
ProposITION B.25. If a,b € C,, then the following hold.
) (1+y)* (L+y)"=1+y)**
i) (L+y)")" =1+y)™.
Regarding ii), note that (1 + y)® = 1+ v(y) for some v € yCy[y], hence
(1+v(y))b is well-defined in C,[y]. We will prove the assertions in the proposition
by reducing them to the corresponding ones over C. However, it is more convenient

to first introduce a formal series over Q in two variables, by letting a become a
formal variable. More precisely, we consider

(g =y Mo @omED) g gp )

m!
m>0
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PROPOSITION B.26. We have the following equalities in Q[z1,x2,y].

D (1+y)" - (14y)™ = (1+y)mFe.
i) (1+y)7)™ = (1 +y)me.

PROOF. Let us provei). Let f and g denote the left-hand side (respectively, the
right-hand side) in i). In order to show that f = g, it is enough to show that they
are equal in C[z1,z2,y], hence it is enough to show that if uj,ue,v € C are such
that |v| < 1, then f(u1,u2,v) = g(u1, uz,v) in C (note that under the condition on
v, both sides are well-defined. As we have seen,

(I+v)" - (14 v)"2 =exp(uilog(l +v)) - exp(uzlog(l + v))

= exp((u1 + uz)log(1l 4 v)) = (1 +v)*+ T,
This completes the proof of i), and the proof of ii) is entirely similar. 0

PROOF OF PROPOSITION B.25. If g € Cp[z1, x2, y] is such that the coefficient
of every y™ is in Cp[z1, z2], for every a,b € C, we may consider g(a,b,y) € C,[y].
By letting 1 = a and z2 = b in Proposition B.26, we get the assertions in Propo-
sition B.25. (]

EXAMPLE B.27. Suppose that m is a positive integer not divisible by p, hence
L € Z,. It follows from Proposition B.23 that for every u € C,, with |ul, < 1 (for
example, for every u € pZ,) v = (1 +u)'/™ is well-defined, and by Proposition B.25
we have v =1 + w.
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