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This paper derives the Taylor approximation to the effect of uncertainty on expected utility and optimal
behavior in optimal stochastic control models when the uncertainty is small enough that one can focus on
only the first term that involves uncertainty. This approximation is used to study the effect of uncertainty
on welfare and behavior (1) in the Basic Real Business Cycle Model (a) with a choice between a risky and a
safe technology, (b) with only a risky technology, and (c) with unpredictable permanent labor-augmenting
productivity shocks and (2) in a growth model with investment adjustment costs with unpredictable pro-

ductivity shocks. The last section extends the approach to Kreps-Porteus preferences.



Introduction

As a graduate student in 1983, after being initiated into the wonders of optimal control, phase diagrams
and saddle paths, I was told that despite its limitations, linearizing the decision rules around the steady state
was the “state of the art.” Despite differences in notation and approach (primarily the difference between
the use of continuous time and the use of discrete time), this linearizing of decision rules around the steady
state essentially yields what in other circles has been called a linear-quadratic approzimation to a problem
that is not at its core linear-quadratic.

This paper goes one step beyond a linear-quadratic approximation that linearizes the decision rules
around the steady state to include terms showing the effect of uncertainty on decision rules in the neigh-
borhood of the steady state. To keep things simple, the analysis here will be confined to individual optimal
control models—which are equivalent to macroeconomic models with a representative agent.

The method is known to mathematicians as the “perturbation method,” taking the solution to the
model in the absence of uncertainty as a benchmark and taking the derivative with respect to the quantity
of risk. This is similar in spirit to taking the steady-state as a benchmark and then taking derivatives to
find the behavior around the steady state. In fact, it is the combination of using the certain model as a
benchmark and using the steady state as a benchmark, each at the appropriate points, that allows all the
terms in the approximation to be expressed in terms of steady-state values of the decision variables and the
first three derivatives of the objective and constraint functions.

The aim is to find out first the effect of uncertainty on the value function giving expected utility as a
function of the state variable and the derivatives of the value function and then the total effect of uncertainty
on the decision rules. Once the effect of uncertainty on the decision rules for the model are in hand, calculating
approximate distributions is straightforward.

Kenneth Judd (1991, 1992) and Judd and Sy Ming Guu (1992 and forthcoming) are also currently in the
business of importing perturbation methods into economics.! This paper differs from their work by treating
in depth the effect of uncertainty on a general one-state-variable continuous-time optimal control problem in
the neighborhood of the steady state, and by applying those results to the general equilibrium settings of (1)
the Basic Real Business Cycle Model (a) with a choice between a risky and a safe technology, (b) with only
a risky technology, and (c) with unpredictable permanent labor-augmenting productivity shocks, and (2) of
a Q-theory growth model with unpredictable permanent labor-augmenting productivity shocks. Section 6
extends the approach to Kreps-Porteus preferences. Judd’s and Judd and Guu’s central application is to

analyzing the effect of uncertainty on the basic optimal growth model with inelastic labor supply.

1. General Analysis for a One State Variable Optimizing Model
I will stay as close as possible to Kamien and Schwartz’ notational conventions. The state variable is z,

the vector of control variables is u, dz is a standard Wiener innovation, etc. Other than the constant utility

1 Judd (1991) also discusses a wide variety of other useful approximation methods.

1



discount rate ¢, time does not explicitly enter the problem. Thus, the agent faces the stationary problem
maxBo / e~ [U (k, ) + wo(k, )] dt
z 0
s.t. dk = [A(k, z) + wa(k,z)]dt + Vwo(k,z)dz. (1)

The parameter w controls the presence or absence of uncertainty. The case of primary interest is w = 1 while
w = 0 is the benchmark certainty case. I include a possible dependence of the objective function and the
accumulation function on w through v and « in order to ensure that the optimal value of control variables
such as the degree of employment of the risky technology in Section 2 have a nontrivial limit as w — 0.2
Following Kamien and Schwartz’ recipe, the Bellman equation for the current value function can be

concocted as

pV (k,w) = max F(k, z,w) (2)

T

= max {U(k,m) + Vi(k,w)A(k, z) + w |v(k, z) + Vi (k,w)a(k,z) + ka(kyw)ﬁ(];w)] } _

By the envelope theorem, the induced variation in z can be ignored taking the first derivatives of the Bellman

equation.® Thus:

ka(k,W) = Fk(k,x(k,w),w) (3)
= Ui + Vi Ar + Vir A

2
+w |vg + Viar + Vigoor + Vg + Vi %] .
and

PV (k,w) = F,(k,z(k,w),w) (4)

o? o?
=VivA+v+ Via+ ka? + w [kaa + Vikw 7:| .

The arguments of V and its derivatives are k and w, while the arguments of all the other functions on the
right-hand side of (3) and (4) are k and z. (Only the top equality in each of (3) and (4) depends on z being
optimal given k and w.) Note that at the certain steady state many terms drop out of (3) and (4) since there
w =0 and A(k*,0) =0

The Effect of Uncertainty on the Value at the Steady State. Equation (4) is the key to
evaluating the effect of uncertainty on welfare. Solving (4) for V,, at w = 0 and k¥ = k*, which with Aw =1
is equal to the first term in the Taylor approximation for the effect of uncertainty on the level of the value

function at the steady state yields

k* 1) + Vi (k*, 0)au(k*, 2*) + Vig (k*, 0) 22"

2 Judd (1991) ch. 11 discusses from a technical angle the use of terms like those involving v and « under the heading
“Bifurcates Methods.”

3 In this paper, I will assume at every turn as much differentiability as needed.
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There is one important interpretive point to make here. V,,(k*,0) gives the effect of uncertainty on welfare
at k*. Thus, it is not the effect of uncertainty on steady state welfare, but the effect of the introduction of
uncertainty on an expected present value concept of welfare at time zero, including the present value of all
of the expected transitional behavior of the model. Thus, in the analysis here, it is actually easier to include
transitional effects on welfare than to neglect them.

The Effect of Uncertainty on the Marginal Value at the Steady State.

Taking the “total” derivative of (4) with respect to k—that is, the derivative with respect to k including

the induced variation in z—yields the key equation for evaluating the effects of uncertainty on behavior:

Vi (b, 0) = (b, 0),) ©)
= Vi Ak, 2(k,)) + Vi 7 Ak, 2(5,))

2
ag
+ Vira + kak? +vg + Viag + Vigooy,

dx(k*,0)1"
+ =(",0) [z + Viag + Vikooy]
dk
’ d d o*(k,z(k,w
w [kawa + Vikkw % + Vku%a(k; z(k,w)) + kaw%w 7

v 31T
where L A(k,z(k,w)) = A + [W] A, is the total derivative of the rate of change in k with respect
to k itself under the optimal policy when w = 0. Note that under certainty, the rate of convergence to the

steady state under certainty is

K= —dikA(k, z(k,0)) (7
— 4, [AE]T%.

Solving (6) for V, at the certain steady state, where w = 0 and g = 0, one finds that

T
. v + Viag + Vigoor + Viga + kak%2 (4217 (v + Vi + Vikoos)
ka(k ,0) = + . (8)
Ptk ptEK

Calculating %2 and 42 at the Certain Steady State. The factor 42 in (8) represents what happens

w

to the control variables as one traces the saddle path going to the right which is often known from one’s

analysis of the certainty model. Formally, to find %, begin with the first order condition
Fy(k,z(k,w),w) = 0. 9)

Taking the total derivative of this first order condition with respect to k:

iFw(k’Qg(k,w),w) = Fop(k,z(k,w),w) + sz(k,Z'(k,W),w)%

- =0, (10)



0
dz(k,w)

T = —[Fm(k,m(k,w),w)]_lez(k,-T(k,w),w)- (11)

At the certain steady state, (11) reduces to

dz(k*,0)

ak = —[Uzm + VkAmw]il[Ukz + Vi Ape + kaAw] (12)

By a similar calculation, starting from the certain steady state, the effect of uncertainty on control

variables is
dx(k*,0)

dw = [Uza: + Vksz]il[kaAz + vy + Vo, + kaaam]. (13)

The Case of Additive Separability between Two Sets of Control Variables, only one of
which involves Uncertainty. There is a common special case in which the coefficient of j—i on the second
line of (8) is zero. If there is additive separability between two sets of control variables, with only one set
entering into o, then f and v, g and a can be defined so that the set x; of control variables affecting f and

g is separate from the set zo of control variables affecting v, a and o. This allows the first order condition—
F, =Uy + Vi Az +wvg + Viag + Vigooy] =0 (14)

—t0 be analyzed into two separate (vector) first-order condition:
Ug, + Vi Az, =0 (15)

and

Vg, + Vioz, + Vipooz, = 0. (16)

Equation (16) must hold even for w small, and so in the limit must hold for w = 0 as well, given differentiability
of V;, and Vjy, with respect to w. Since, by the assumption of separability, the control variables not explicitly

mentioned in (15) and (16) do not even enter into the equations where they are omitted, it is also true that
Uy + Vi Ay =0 (17)

and

vy + Viag + Voo, = 0. (18)
Equation (18) allows one to simplify (8) to

vt Viag + Vigoor, + Vo + kak<72_2

View (E*,0 19
w(k,0) — (19)
Separability between the two sets of control variables also simplifies % as follows:
dz,(k*,0 _
% = _[Umlml + VkA-'/El-'/El] 1Az1ka- (20)
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This is essentially the effect on the control variables in the model under certainty of raising the costate
variable by Vj,, for a fixed k (in the neighborhood of the steady state).

On the phase diagram, the saddle path is the graph of Vi (k,0). The derivative V., can be thought of as
the vertical shift of the saddle-path due to uncertainty. Because of the separability of the control variables,
(20) then allows the subvector of control variables z; to be determined as a function of k¥ and V}, in exactly

the same way as under certainty.

dzxo

The effect of uncertainty on the control variables having to do with uncertainty, 2,

is a higher-order

issue that depends on Vi, as well as V. I will not address that issue here.

Calculating V},, Vi and Vi, at the Certain Steady-State. In order to make equations (5) and (8)
or (19) operational, it is necessary to calculate the first three derivatives of the value function at the steady-
state with w = 0. The marginal value V;(k*,0) can be found as the steady-state value of the costate variable
(“\*”) using standard techniques. In brief, (3) implies that pVj = Uy, + Vi, A with all functions evaluated at
the certain steady-state. This costate equation, the steady state first-order condition F, = U, + V} A, =0,
and the stationarity condition A(k*,z*) = 0 under certainty can be jointly solved for k*, z* and V}(k*,0).

The most general way to calculate Vi (k*,0) is actually to use standard techniques to find the slope
of the saddle-path at the steady state (in (k,A) space). In the notation here, totally differentiated (3) with
respect to k, yields .

“h _
PVir = Fp + [sz]T% = Fi — [Fra)" [Foz) ' Fro- (21)

Calculating these derivatives at the certain steady state,

PVik = Ugr + Vi Agr + 2Vi Ag (22)

— [Uke + Vi Ake + Vik As) [Use + ViAwe] Uk + Vi Ake + VieAz)-

Equation (22) is a quadratic equation in Vi (k*,0) that can be solved by the quadratic formula, taking

Vir (k*,0) as the negative root*:

- ([Aa:]T[Uzz + VkAzz]_lAz) szk + (_p+ 2Ak - ZAm[Uzz + VkAzz]_l[Ukz + VkAkz]) ka (23)
+ Ukt + Vi Ak — [Uke + ViAke[Uzz + Vi Azz] " [Ukz + Vi Agz] = 0.

(Every other quantity in (23) can be calculated prior to calculating Vy.)
To calculate Vigr (k*,0), it is easiest to start with the Bellman equation pV' = F' and totally differentiate

without using the envelope theorem:

dx

4 If there are two or zero negative roots, the methods of this paper are not applicable to that problem. When f and g are
each jointly concave in k and z, the coefficient of V,fk will be positive and the constant term will be negative, guaranteeing
that there is one positive and one negative root. Note that only the submatrix of Uz + Vi, Ay for control variables relevant
under certainty needs to be inverted. The contributions involving the control variables relevant only under uncertainty
limit to zero as w — 0.



de  [de]”  do 2
_ T hated - halieg
PVik = Frr + 2ka dk + [dk] T + F, ak2 (25)
dx dz]” dx
_ = -~ -
PVikk = Frrr + 3[Frke] F 3 [dk] [ka]dk (26)
dx; dz1” dz
> g
+Xi: dk ([dk] zaw; dk)
dz\ d’z &3z
+3<’“ + dk) a2 T s
Having held the envelope theorem in reserve, now it can be applied with a vengeance. The F, that multiplies
% is zero by the first order condition. Also
dx
Fo+Fyp— | = 2
(P + 1) =0 1)

by the total derivative of the first order condition with respect to k. The quantity 327”2” could be calculated
from totally differentiating in turn with respect to k, but there is no need, since the coefficient of 4 dk2 is zero.
Deleting the last line of (26) in accordance with this curious higher-order envelope theorem and expanding

at the certain steady state, (26) becomes
PVikk = Ukkr + Vi Akkr + 3Vik Ark + 3Vikr Ak (28)

d
+ 3[Ukke + Vi Akke + 2VirAgz + kakAz]Td—i

3 [%) Wi+ Vidras + Ve Ans - ] 4 Vi)
dk kxx kQkxx kk Axx dk i dk dk TXTT; kAzzrz; dk

with, of course,

dx(k*,
% [Uwz + Vi wz] [Ukz + ViArs + Vi Az ] (13)
Grouping terms in (28) according to the derivative of V' in each,
dx dx dx dx; dz]” dx
_ T azx az; [ |or azx
PVikk = Uk + 8Uika g +3 [dk] Ukoo g Z dk ([dk] Usza: dk) (29)
dzx dzx dz; r dz
A AT A ! o
+ Vk kkk +3 kkx 31 dk +3 |:dk:| kzz dk Z ([ :| TTT; dk)]
dx dx dx
T _ _
+ 3Vir | Ark +2Akw ik |:dk‘:| A 7k
+3Vip | A+ ATE
kkk | Ak z
Since k = —Ay — [AE]T%, the coefficient of Vi is —3kVigx. Thus, solving (29) for Vg yields

" _ dz dz dx; dz
kak(k 50) = (P+ 3"‘7) ! {Ukkk + 3U]3;;;$ dk +3 [dk] Ukzw dk Z (|: :| TTT; dk) (30)

dx dz]” dx dx; dx dx
ik 3k g +3 [dk] koo +§i: dk ([dk] ’dk)]

Apr, + 247, d_:c+ [d—m]TA dﬁ]}

+ Vi

+ 3V ke T ak| ot ak
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The nature of the numerator p + 3x on the right-hand side of (30) would be more evident if both sides of
the equation were multiplied by (k — k*)3; it is exactly what one would expect for the present value of terms
involving (k — k*)3, with k following a continuous-time AR(1) process that reverts to k* at the rate k. In the
numerator that is within the curly brackets, the first line is the third derivative of the objective or “utility”
function f with respect to the state variable k, including indirect effects through changes in the vector of
control variables evaluated as if the derivative of the control variables with respect to the state variable k
were a constant. The second line is the third derivative of the accumulation or “production” function g with
respect to k (including indirect effects through changes in the control variables evaluated as if the derivative
of the control variables with respect to k were a constant) multiplied by the steady-state marginal value, which
converts from units of production to units of utility. The third line is three times the second derivative of
the production function with respect to k¥ (including indirect effects through changes in the control variables
evaluated as if the derivative of the control variables with respect to k were a constant) multiplied by the
rate at which marginal value declines with k.

Intuitively, in determining the degree of convexity of the marginal value function, the first line on the
right-hand side of (30) (within the curly brackets) is the contribution of the convexity of the underlying
marginal utility function. The second line is the contribution of the convexity of the marginal product
function. The third line is the contribution of the interaction between declining marginal value and declining
marginal product. With both the value function and accumulation function g concave, this third “covariance”
term will be positive, since marginal value and marginal product will tend to be high together (when k is

low) and low together (when k is high).

2. Choosing How Much to Use a Risky Technology in General Equilibrium

The Setup. Consider appending to the Basic Real Business Cycle Model (with endogenous labor
supply and capital accumulation but no other complications) a choice between a risky technology and a safe
technology. The risky technology produces (1 + u) times as much on average, but also gives a standard
deviation to the accumulation equation proportional to output. The stochastic optimization problem is then

max EO/ e Pz(c,n)]dt
0

{c,n,7}
st dk=[(1- W)nf(g) +7(1+ wu)nf(g) — 6k —c—gldt+ \/EﬂSnf(g)dz, (R.1)

where ¢ is consumption, n is labor, 7 is the degree of employment of the risky technology, k is the capital
stock and g is a constant level of government spending. To allow the problem to be the outcome of detrending
a model with a steady growth path, the utility function has the most general form that is consistent with

steady state growth®:

z(c,n) = [lcl_ﬁﬂew—l)v(")]. (R.2)

5 See Robert King, Charles Plosser and Sergio Rebelo (1988).
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with v'(n) > 0 and (assuming normality) v’ (n) > 0. (The familiar logarithmic form is a limiting case as

B — 1.) Both production functions are constant returns to scale.

Defining
k
9= "f(;)ﬂy
this is the same problem as
[es} 0175
max B / e S el Vv gy
{end} ° Jo =5 ]

s.it. dk = [nf(g) — 0k — ¢ — g + wip|dt + J/wISdz.

The correspondence between (R.4) and the generic problem of section 1 is as follows:

k: k
H
X -
n
I : 9
1-3
f- C_ eB=Dv(M) = z(c )
k
g: nf(g)—f%—c—g:A(k,n,C)
v: 0
a: Y
o: U9S.

The Bellman equation for this problem is

2
pV (k,w) = max {x(c, n) + Vk[nf(%) —0k—c—g]+w |Vidu+ Vi

c,n,9

(R.5)

Note that functions of ¥ are always multiplied by w, while functions of ¢ and n are never multiplied by w.

This is the separability between two sets of control variables needed to use (32-36).

The first order conditions for ¢ and n are

Vi(k,w) = zc(c,n) = ¢ Pelf-Du()

k k k

Vi(k, ) (f(—) - (—)f'(—)) — o(en) = —v!(m)c B Bl

n n n

Dividing (R.7) by (R.6), and defining the real wage w,

The steady state condition for accumulation is

n* f(k* [n*) = ¢* + 6k* + g,
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and the steady state Euler equation—divided through by V;(k*,0)—is
p=Ap(k*,n*,c*) = f'(k*/n*) = 4. (R.10)
The first order condition for ¥ is
Vie(ky w)p + Vik (B, w)9S* = 0. (R.11)

Solving (R.11) for 4,
_ _Vk(k7w)

.
= Vi & (R.12)

Note that in (R.12), ¢ will have the well-defined limit ;,:Z“((,f”g)) & as w — 0. In the limit as w — 0, the
“risky” technology is in use, but becomes identical to the safe technology so that the certain steady state is
indistinguishable from the certain steady state of a model with only the safe technology.

Following (5) and using (R.12), the effect of the option of using the risky technology on welfare with w

going from zero to one is approximately given by

2 2
Va(k,0) = p! [mk* 0)0p + Vi (k" 0) 25] (R.13)
Vi
-V (V ?) s
-1 kM kk
- Tk Vi, Nk 27
p Vk(ka 52)M+ kk 5
_Vk2 NZ
Vi 2pS2

Following (19) and using (R.12), the effect of the option of using the risky technology on the marginal

value with w going from zero to one is approximately

Viw (K*,0) = (p+ k)~ [kaﬁ,u + Vikk (R.14)

_ Y% w kaka_2
p+K252 | V2

19252]

since neither v := 0 nor « := Yy nor o := JS is a function of the state variable k.

The Certainty Model (Second Order). The determination of &, Vi, (k*,0) and Vi (k*,0) can
piggyback on treatments of the model under certainty. In this case, Kimball (1991) gives a detailed analysis
of the Basic Real Business Model (log-)linearized around the steady state under certainty.

The convergence rate k depends only on the zeroth, first and second derivatives of the functions of the
model which appear in linearizing the model around the steady state under certainty. The convergence rate

under certainty is shown to be

1 s(1—0)v(p+9d)? ) p
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where o is here the steady-state elasticity of substitution between capital and labor,
[k k) (R (R
) pE) - (=) () -
= () R (5) ’

0 is capital’s share in production and 1 — § is labor’s share in production,

k* pr [ EF
—*f s * * ook
g k(*n):(erf)k 1o (R.17)
h () y y
where
k
y=nf|- (R.18)
n
is output, v is the consumption-constant labor supply elasticity
o' (n*)
=~ 7 R.19
v n*p!! (n*) ’ ( )

h is the marginal expenditure share of consumption when moving along the income expansion path,

,Ull(n*) _ c*
- ’U”(TL*) —I—v’(n*)2 - c* +I/U)*n*7

(R.20)

1 — h is the marginal expenditure share of leisure when moving along the income expansion path, and

h

= (R.21)

S

is the elasticity of intertemporal substitution for consumption and leisure combined® when “leisure” is defined
as

L=(1+v)n" —n. (R.22)

Whenv=0,h=1,1—h=0and s = 3. In (R.15),

v c* + vwtn* c*
= 2
1-h w*n* - w*n* (F.23)
as v = 0. Thus, when v =0,
1 1-6)(p+dc p
= fp24gq=_ 2 B .24
K 2\/” + B0 k2 (F.24)

Defining the steady state consumption share of output

c
.= —, R.25
¢ " (R.25)
the ratio Z—i is
¢ ¢y ¢
Z el = ¢ 2

6 Equation (R.21) can be turned inside out to get 3 = 1 — h + % Both this equation and (R.21) point to the fact that
B > 1 — h is necessary for concavity of z(c,n).
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so that

m:%\/p2+4%(p+6)2—g (R.27)

when v = (.
In this model, there is a very useful relationship between the convergence rate k and the effect of k£ on

¢ and n along the saddle path. By definition,

dn dce dn dc
— - - = i 2
K Ak+Andk+Acdk ptw ET (R.28)
Thus,
dc dn

In words, having one extra unit of capital adds p+ k& to the expenditure on consumption and leisure combined.
Define ¢ as the marginal expenditure share of leisure when moving along the saddle path:

—q*dn dn

E= wiufm’ (R.30)
dk dk
so that
dc
T =(1-9(p+n) (R.31)
and
dn
T —%(p + k) (R.32)

Unlike the marginal expenditure share of leisure when moving along the income expansion path 1 — h,
& includes the effect of additional capital on labor supply through higher wages as well as through higher
wealth. To find &, take a logarithmic derivative of (R.8) with respect to k:

0 dnk*\ _dwk* _dck* n*"(n)dnk*
o (1 dk n*) T dkw  dkc* v'(n) dkn*’ (R.33)
Using (R.31) and (R.32),
1y A ke 10 _
o w*n w c v w*n
Using (R.25) and (R.17),
0 (p+ k)8 dw k*  (p+k)d 1 (p+k)b
2 (it eae) ~ ettt (:39)
_ (p+r)o [ PSR
T (p+9C v(1—6)
Solving (R.35) for &,
_ 1-nh Ce p+0 B
,g_Tthg [1 Up+,i]_1 . (R.36)

11



For reasonable parameters, £ can take on either sign or be zero. The upper limit of 1 — h is reached when
the wage effect is eliminated by setting ¢ = oo. The derivative ‘;—z has the sign opposite to &; from (R.36)

and (R.32), . - c
n — « ¢

%me ;(p—l—&)—(p—i—m) . (R.37)
Roughly speaking, within the square brackets %(p + §) represents the wage effect of having more capital,
while —(p + k) represents the wealth effect of having more capital.

Putting Things Together. The easiest way to find Vi (k*,0) is to differentiate the first-order condi-

tion for consumption (R.6) with respect to k:

Vir (E*,0) = 2cc(c”, n*);i_z + Zen(c”, n*)Z_Z (R-38)
. d d
= (¢) A1) | g T8 4 (B — 1)t (") T
= B0 - 98— €8 - 1)

using the fact that w* = ¢*v'(n*). Thus, absolute risk aversion in general equilibrium is

—Vir(*,0) _ (B=8(p+K)
Vi(k*,0) c* ' (1:39)

—(1— . . .
4 w, absolute risk aversion in general

In comparison to the partial equilibrium absolute risk aversion
equilibrium goes up dramatically with a higher convergence rate k. Absolute risk aversion in general equi-
librium also tends to be higher than the partial equilibrium absolute risk aversion because the wage effect on
labor reduces the extent to which variation in labor hours absorbs risk; when times are bad and the capital
stock is low, the wage is also low, so that consumption, which has a greater effect on marginal utility, bears
the brunt of the reduction in expenditure.

By (R.13) and (R.39), the effect of the option to invest in the risky technology on welfare is approximately
Vi (k*,0)c* u?

p o 2B-8(p+rK)S?

The factor establishes a welfare unit equal to the additional welfare that would result from a certain

Vie (k*,0)c*
P
percentage increase in consumption in perpetuity. Thus, the additional welfare from the option to invest in
the risky technology is approximately equal to the additional welfare that would result from a permanent

increase in consumption by the fraction W.
All that remains is to calculate Vigg (k*,0) and Vi, (k*,0). Following (30), simplified greatly by the fact

that z(c,n) is not a function of k, so that terms in (30) like Uggk, Ugke and Ugge are not relevant—and that

7 The general equilibrium effects operating through changes in factor prices can be eliminated by setting ¢ = oo in (R.36)
and setting x = 0 in (R.39).
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¢ occurs only linearly in the accumulation function A(k,n,c)—

Vi (£°,0) _ ece (85)° + 37een (45)° (47) + 3zenn (42) (52)° + 2ann (52)°

= 41
AT . (e
dn dn\ 2 dn\?
A A n TR nn TR nnn TR
+ Aggr + 3Akk (dk)+3Ak ( k) + A (dk)
Vik dn dn\>
+ 37]3 Apr + 245, (%) + Ann (%) ,
since V;, = z.. Using (R.31), (R.32) and (R.39) and expanding the powers of 1 — &,
Vierr (K, 0)
ML S 42
(p+ 30) s (R42)
LTeen Tenn LTeen 2 _ Tnnn Tenn Teen 3
3 Lece — 3 ( w* + :L'ccc) é- + 3 ((w*)2 + 2 w* + mccc) f ((w*)3 + 3(10*)2 + 3 w* + xccc) £
(p+K)
Tc
Akkn Aknn 2¢2 Annn 3¢3
Apry — _
;8 _§ Akn Ann 22
3 (040 22E) [ - 22200+ g+ S0+ 02

The Certainty Model (Third Order). As an aid to expressing Z.,» in an interpretable way, note
that by (R.8), (R.17-R.19) and (R.25),

" (n*) B 1 . .
v'(n*)2  wvn*'(n*)  vnrw* vl —6) (R.43)

As an aid to expressing Z,,, in an interpretable way, note in addition that the income expansion path

through the steady state is defined by
w*
- .44
c== ) (R.44)

with w* treated as a constant. Taking the derivative (R.44) twice with respect to n yields the equation

d2c . ,UIII n ,UII n 2
an? =w [— I(3+2 ,()3]. (R.45)
n Tn/Te=—w* v (TL) v (n)
Multiplying by (15:)2 = w*v,l(n*) and evaluating at the steady state yields a unit-free parameter for the

curvature of the income expansion path—):

C* d2C ,UIII (n*) ’U” (n*)2 ,UIII (’l’l*) CC 2
— a° — 2 =— 2 . 4
(s (w*)? (dn2 mn/zc__w*> v'(n*)3 + v'(n*)* v'(n*)3 + 21 —0) (R.46)
Now, calculate as follows.
xCCC /82 +
e e (R.4T)
Zeen _,32 +8
P = e (R.48)
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Tenn 52—2ﬂ+1+(5—1)ﬁ

= 4
2o(w)? @) (249
2
tonn B+ 28=1=38 = Vi =2 (it ) +v 50)
zo (W) (c*)2 : :
The derivatives of the accumulation function A(k,n,c) needed to evaluate (R.42) are as follows:
1
A = —f" (E) (R.51)
n n
k k
Apn=—=f" - .52
k 2 f (n) (R.52)
K2 k
An=—f"1~- i
s (5) (R53)
1 k
A J— mn - i 4
kkk n2f (n) (R.54)
_ k m k 1 n k
Apkn = n3f (n n2f - (R.55)
kK ., (k k k
_ K K g g [ B .
A = Lo (B) w25 (2) (.56)
K3 k k2 k
Amm — B e [B) gl (R )
s (B) sk (%) (R.57)

From (R.16), using the notation x = % for convenience, and allowing the elasticity of capital-labor substitu-

tion o and capital’s share 8 to vary with x,

xf"x) o) - xf'(x) _1-6(x)

= = . R.58
700 = f0e0 T ek (1:58)
Defining
x"o'(x*)
e= XX R.59
o) (1:59)
(R.16) can be logarithmically differentiated with respect to x at x*, to get
X" (x) X' (x") (X)) X' | xre'(x7)
ST X 4 + - + R.60
D) i) TR -0 T T T ahe) (.60)
(") . 1-0(x")
=1+0(x") - + +€
0 =500 * o)
1-2
1o 12
o
One last fact that is helpful in dealing with (R.42) is that since % = ﬁ,
(p+r)E* _ p+r 0 (R.61)

w*n*  p+d61—6°
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Substituting (R.47-R.61) into (R.42) and grouping together all the terms that originally involving
7 (g—) vields
(R.62)
Vierk (K, 0) 1 3 (B=1)¢ 2 2¢ 3
= 1) — 14" he ez (g e

Vie(k*,0)  (p+3r)(c*)
3,2 _ — 3
1 0% (109> (1+6+1 020+e) (1+7( o+ )0 )5)

6? p+0)(1—6
(p+ &) (p+8)2¢ (1—6) ¢ (p+K)0 2
T 2 (- (1+159)9) (+ pimiza ) }
Now, note that by (R.35)
(p+ k)0 _(p+ kK)o . Ce
L e -0 ok (1 ¢ v(l—e)g)’ (R-63)

so that (R.62) can be simplified to

(R.64)
Viee (K*,0) _— (p+rK)® (B=1¢ ,2 2(?
Vk(k*70) B (p+3lﬂ)(c*)2 {B(IB"' 1) _665"'3 (1 + m) ~f - (2 — m +¢> 53
a(1-0) [/1 - . ,
=0 [(5—2+5(1+6+6)> (1—g_y(1_0)§>

+3 (5—5_ 1%05) (1—5— V(lgie)g)zl}'

Putting Everything Together. Finally, (R.14), (R.39) and (R.64) can be used to find the effect of

uncertainty on the marginal value. In proportion to the initial value of the marginal value, this is

Vi(k,0) g2
Ve(k*,0)  (p+k)S? (R.65)
p,2 (/B_I)Cc 2 2Cc2
0'(]. —(9) 1 o Cc 3
s (5—2+5(1+9+e)) (1_5_m§>

) (e ]}

The effects of this change in the marginal value on the control variables ¢ and n are indicating by the
logarithmic derivatives of ¢ and n with respect to the costate variable “A” in Kimball (1991). An increase in
the costate variable always raises the accumulation rate of the state variable, so a positive Vj,, means that
uncertainty tends to make the mean growth rate of capital will be positive at the certain steady state level

of capital k*.
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3. When the Only Technology Available is Risky

There are economies of scale in examining several models that all reduce to the same model under
certainty. One model the has an especially low marginal cost given what has gone before is one in which,
instead of having a choice between a risky and a safe technology, the economy is stuck with only a risky

technology. To model this, modify (R.1) only by setting 7 =1 and pu = 0:

max E ¢ / e Pz(c,n)] dt
0

{e,n}
st. dk = [nf(%) —6k—c—g]dt—|—\/55nf(%)dz. (S.1)

The control variables in this model cannot be neatly separated, since n affects both the standard deviation

and utility. The only correspondences that differ from the previous section are as follows:

o: Snf (%) = Sy.

Substituting these into (5) and (8) and using the expressions for the certainty derivatives of V' from the

previous section yields

e o VieSZ(y*)?
Vw(k 30) - T (52)
_ [ch*] ((5 =+ f’v)) S*(y*)?
a p (c*)? 2
S2 V *
= (B9 +r5s [’“TC]
and
Vie (k*,0) B ka{_)ﬁ‘k(S"f(;ﬂ/n))2 +ka§_zz%(5"f(§/"))2 + Virk (Snf(;ﬂ/"))2
Vi(k*,0) (p+K)Vi (53)
_ kaSQy* [p—l— 6+ w*z—;:] + Vikk 52(12/*)2
B (p+ K)Vk
_ _(B-9s? B S*(y*)? Vikn
—that is,
Viw (E*,0 —§)S?
0 P05 5 (g (5.
(p + K)2S52 (8 =1)¢ 2¢;
“aprang (00 =0 (10 ) € - (- g ) €

(e R [ =)

o) (o)}
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4. The Effect of the Variance of Permanent Technology Shocks

Using the Scale Symmetry to Simplify the Problem. The ultimate problem of interest in this

section is

oo 1-8
max Eo/ et € (B-Du(m) gy
{C’,n} 0 ].

s.t. dK = [an(%) — 0K — C — gZ]dt. (T.1)
s.t. dZ = wZnpdt + Jw Z7Sdz.

The Bellman equation for this problem is

ct-# K
pJ (K, Z,w) = max{ B0 4 T (K, Z,w) [Zn f (Z—n> — 0K — C] (T.2)

,n

ZZ 2 Q2
+w[JZ(K,Z,w)ZW,u+JZZ(K,Z,w) 7;5 ]}

where J(K, Z,w) is the (current value) value function.
John Boyd (1990) has an excellent treatment of how to systematically use the symmetry of a problem
like this to reduce it to a problem with only one stationary state variable. In particular, since doubling both

the initial K and Z makes a doubling of C' feasible, the value function must be homogenous of degree 1 — 3:

K
J(K, Z,w) = Z'7PV (7,w) = Z17PV (k,w), (T.3)
where V' is a “reduced” value function, and
K
=—. T4
k=~ (T4)

The derivatives of J needed for the Bellman equation can be calculated as follows:

Jk(K, Z,w) = Z7PV, (gw) (T.5)
Jz(K,Z,w)=(1-B)Z7PV (gw> — Kz-BHhy, (§w> (T.6)

2
Jzz(K, Z,w) = 2Z=B) |83 - 1)V (5,w> + 2B§Vk (gw) + %ka (gw)] . (T.7)

N

Defining

c= (T.8)

Z:
then substituting from (T.3)—(T.8) into the Bellman equation (T.2) and dividing by Z'~# yields the reduced

Bellman equation

PV (k,w) = max { B0 4V (k) [nf (g) . ] (T.9)

c,n
w252
2

+ w [ﬂu (V(k,w)(1 = B) — kVi(k,w)) + [B(8 —1)V(k,w) +2BkVy(k,w) + k2ka(k,w)]] } .
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Allowing the “Utility Discount Rate” to Depend on Uncertainty. In order to analyze the
effect of the variance of permanent technology shocks, it is necessary to make a modest generalization of
they equations in Section 1: allowing the discount rate to be of the form p —wp(k, z). Consider the following

Bellman equation:

pV(k,w) = mzaxF(k,x,w) (T.10)
= max {U(k,z) + Vi (k,w)A(k, x)

+ w |v(k,z) + V(k,w)p(k,z) + Vi(k,w)a(k,z) + Vir(k,w) 02(§,w)] } ‘

Despite the addition of the term involving p(k,x), all derivatives of V' or F' that do not involve w and are

evaluated at w = 0 can be calculated exactly as detailed in Section 1. Using the envelope theorem,

PV (k,w) = F,(k,z(k,w),w) (T.11)

2
=U+Vp+Vka—|—ka% + Vi A+ w pr+kaa+kaw%

Setting k to k*, w to zero and dividing by p, this implies

2
_ U+Vp+Vka+ka"7.

Vo (k*,0) (T.12)
p
“Totally” differentiating (T.11) with respect to k and then setting k to k* and w to zero yields
N dA o?
PViw (K", 0) = Viw 7 + Vip + Vika + Vierr = + 0k + Vi + Viak + Virook (T.13)
dz]”
+ % [Uw + Vp, + Via, + kaddm] .
Recognizing % as —k, and solving for Vi,
2
+Vpr + Vi(p+ +V + + Virr &
Vo (*,0) = Vg + Vg + Vie(p + ar) + Vir(a + ook) + Virr % (T14)
pt+EK
T
n [g_z] [Uz + sz + Viag + kaaaz] -
pt+kK

Separability between control variables involved in f and g on one hand and control variables involved in
v, p, @ and o on the other hand would make the second line on the right-hand side of (T.14) zero by the
first order condition for the maximization indicated in (T.10). In the absence of such separability, it is
helps one’s interpretation to combine partial derivatives with respect to x with the corresponding partial
derivatives with respect to k (as is done in Section 4). The derivative of the control variables with respect
to the state variable, Z—i is determined by the certainty model and so can be calculated exactly as before.

The Final Analysis. Equations (T.10)—(T.14) can now be used to analyze the reduced Bellman

equation in the neighborhood of k = k* and w = 0. The correspondence is as follows.
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k: k

- [

I : @
1-8
I lc_ ﬂe(ﬁ_l)”(") =x(c,n)
k

g: nf(ﬁ)—dk—c—g:A(k,n,c)
v: 0

p: (1= fum— s

a: — k[ur — BS*7?]

o: kSm.
The value at the certain steady state—which is needed to apply (T.12) and (T.14)—is
x(C*,n*) (c*)l ( 1 c* c*
V(k*,0) = = A=bvin) = —— g (c*,n*) = ———Vi(k*,0). T.15
0= = ") Tt )

Applying (T.12),

V., (k*,0) = p~! { [,mr - 5522”2] (1-B)V + [8S*x> — ] ka} (T.16)

S2m? k* o o £\’ S22
5 -B % + B8 —/“T]—(C—*> (B =8 +r)— }

-l wl [ o-oG el )

One odd but correct fact hinted at by (T.16) is that for values of capital’s share 6 very close to 1 and

|
0*
s
—N—
5

other cooperative parameter values such as capital-labor substitution o large (and only for such parameter
values), the technology shock variance S? might have a positive effect on welfare near w = 0. This is
because Jzz does not have to be negative. The first derivative Jz, which is the effect of labor-augmenting
productivity on welfare, is positively related to the level of labor effort n, as can be seen from (T.1). Since
an increase in Z can lead to an increase in n through the wage effect (and a very low labor’s share 1 — 6
would make the wealth effect of Z small), an increase in Z can lead to an increase in Jyz, if this change in
n overwhelms the direct decline in marginal utility with Z. To bolster this intuitive argument, note that in
(T.16), the mechanical reason that the coefficient of S? would be a positive value for £. If £ is positive, then
the capital starvation caused by an increase in Z is associated with lower leisure and higher labor supply.®

Applying (T.14), with the control variables ¢ and n not arguments in any of the uncertainty coefficient

functions (the counterparts to v, p, @ and o),

(T.17)

8 This effect that tends to make Jzz positive is analogous to the partial equilibrium fact that variance in factor prices
increases expected profit, since the firm can adjust factor quantities to take advantage of the fluctuating factor prices.
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* 2,2 2,2
‘(ﬁ:((k]i:oo)) = (o +1'€)Vk {Vkﬂ [(5"‘ 1)527T —IMT] + B Vik[(B + 1)S°x* — prr] + (k*)szkkSQ7T }
__P S*n? 8(8 —¢)
By [(5‘*‘ 1) 5 ,WT] - m[(5+ 1)S?7? — pr)

(p-+ 5% (3-1¢ 22
T30t m)(pt 02C {B(BJ“D —6pc+3 <1+ m) & - (2— e +¢) ¢

G (e ges) - )

+3 (ﬂ—f— 1C_Cg§> (1—§—ﬁ5)2”'

5. The Interaction of Investment Adjustment Costs with Uncertainty

Let me begin with the certainty model of investment adjustment costs. In order to keep things simple,
I will make labor supply exogenous as I introduce investment adjustment costs. Following Hayashi (), the

optimization problem is then

%?A w(e)dt,
st. f(k)=c+zk+g Q1)
st. k= ke(x), (Q-2)
where
=1 (Q-3)

is the investment rate. The current-value Hamiltonian is

H=u(c) + plf(k) —c—zk — g] + Akg(z). (Q4)
The first-order conditions are
u'(c)=p (Q-5)
and ku = kA@'(x) or
1=\ (z). (Q-6)

The multiplier p represents the marginal value of investment, while A represents the marginal value of capital.

The Euler equation is
A= pA=Hy = pA — ulf' (k) — 2] — Ad(2). @.7)
The Steady State. The steady state investment rate can be found by combining the steady state
condition k£ = 0 with (Q.2) to get
Pp(z*) =0 (Q-8)
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The closest counterpart to the depreciation rate in a model with adjustment costs is the steady-state invest-

ment rate. Thus, define

§=zx*. (Q.9)

(When there is steady growth, the investment rate on the steady growth path is more central to the model
than the “depreciation rate.” See Kimball (1991) for a discussion.)

The normalization implicit in the national income accounts is in normal times (translate “at the steady
state”) one unit of investment expenditure yields one unit of capital per unit time. Formally, this normal-
ization is

¢'(a") =¢'(6) = 1. (Q.10)
Combining (Q.10) with the first-order conditions (Q.5) and (Q.6),
u'(c*) = p* =\ (Q.11)
At the steady state, the Euler equation (Q.6) becomes
XNp =N (f'(k") —2*) — Ap(a"), (Q-12)
or
(&) =p+0. (Q.13)

Finally, the material balance condition at the steady state is
&) =c"+ 0k + g". (Q.14)

Remembering that capital’s share is § = (’”;ﬁ, dividing (Q.14) through by f(k*) = y* yields a relationship

between the GDP shares of consumption and government spending:

60
]-ZCC"'m'{'Cg- (Q15)

Log-Linearizing Around the Steady State.

Let me use a tilde (7) to denote a deviation from a steady state value and a hacek () to denote a

logarithmic deviation. Log-linearizing (Q.1) around the steady state yields
(p+0k*k = c*é + 5k* (k + ). (Q.16)

Dividing both sides of (Q.16) by f(k*) = y* to express things in terms of GDP shares, and collecting the
terms involving ,

L _E=¢(e+ . (Q.17)




Log-linearizing the first-order conditions (Q.5) and (Q.6) yields

f=—pc
with
()
=)
and
A= =ji
with
. 69"(9) "
= — = —46¢"(9).
J 500 ¢"(9)

(Q.18)

(Q.19)

(Q-20)

(@.21)

That is, B is the reciprocal of intertemporal substitution (and also relative risk aversion) and j is the

adjustment cost elasticity (and also the reciprocal of the elasticity of investment with respect to ¢ = %)

Log-linearizing the accumulation equation (Q.2),

.k
k= =
_ E o) + o(a")k
k*
.zt
::L'—*
x
=6k

Finally, log-linearizing the Euler equation yields

<A

_ pPA—pi—p [T (EDE + p*E — $(O)A — A ¢'(6)Z
A*

=p(A— ) — k" f"(k")k

_isq A0+,

= pj& -

(@-22)

(Q.23)

Solving for the Dynamic Equations. The investment rate x is the key to the dynamic equations.

Combining (Q.18) and (Q.20) indicates that
j& — X\ = Beé.

Multiplying (Q.17) by S and using (Q.24) to substitute out 3¢,

(Q-24)

(Q-25)



Solving for Z,

o5k + ¢
§ = % (Q.25)
Joe T pxs
p N
== E+ =X,
Bk
where
J€e
— 5 (Q.26)
JCC + P+5
and
BOS,
1-n=_—2% __ (Q.27)

G+ 2%
With (Q.25) in hand, (Q.22) and (Q.23) can be used directly to find the dynamic equations:

k =06z = p(1 — )k + —55\ (Q.28)
i:pjmﬂ(pw)k: [?j(l—NH—la;g(pré)] E+ pRA. (Q.29)
In matrix form, . 1) T
(PP
[A] [%j(l—N)+¥(p+6) pR | A]C (Q-30)

The trace of this matrix is p—as it is for all undistorted one-state variable stationary optimal control models.

The determinant is

det = p>R(1 = R) — p?R(1 = R) — (1 ;9)
— (1-0)d(p+0)¢

. Bs

1-6) (p+9)?

. 5 9"
° ()2

(p+ 6)5§ (Q.31)

The convergence rate k is

2 _ _
o — Vitr 4 det — tr (0.32)

Note how (Q.32) reduces to (R.27) when j = 0.

Finding 4= R dk ¢ and V. By definition, minus the convergence rate is the total derivative at the steady

state of the accumulation rate with respect to the state variable:

d dx dx

k= kgl = 9(e%) + 9 @) T =K (Q:33)
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Thus,

d_;z: K
dk k*
Also,
dc
[f( ) —zk —g]
dk o
* *dm *
(k") —k p T
=p+d+K—96
=p+kK
Finally, given the fact that
()
¢'(z)  ¢'(x)
one can calculate
Valh) L ML) de $a)de potn)
Vi (k*,0) dk A, u'(c*)dk  ¢'(z*) d c* ok*’

(Q-34)

(@Q.35)

(Q-36)

(Q-37)

Calculating Vjg,. The envelope theorem and its higher order counterpart that I used in deriving (30)

has a price (a price well worth paying). It requires that all the control variables be locally unconstrained.

To apply (30) directly, one cannot have two control variables such as ¢ and z subject to the constraint (Q.1).

Instead, recast the certainty problem in the equivalent form

mgsc/ooou(f(k) ok g)dr,

st. k=ko),
and define
U(k,z) = u(f(k) — ok — g)
A(k,z) = ké(x).
Then

3

Viekk (k*,O) _ Ugkr — 3Ukka:ki* + 3Ukww(:T)2 - U:cwa:(;pr

(p + 3K)

Vk(k*70) B Vk
K Ii2 I€3
A —_ A T3 o A zTT - Aza:a:
+ Akkr — 3Akk o + 3A; )2 )2
ka Ii:2
A 2A4, App——
+3(Vk>[’“’“ ko e Ave

(Q-38)
(Q-39)

(Q.40)

In order to express the third derivatives in an interpretable way, extend the definitions of 8 and j to more

general arguments and define
c*B'(c)
Bler)
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and

. zj'(z")
SC)
Then it is not hard to show that
UI”(C*) — ,B(ﬂ (—}c_*])‘2+ U) ul(c*)
and
JG+1+n)

#"(a) = 6" () = 1L
Calculating at the steady state, and using (Q.19), (Q.21), (Q.43), (Q.44) and (R.60),
Uikt = 00" () + 3/ (K" () + 17 (K)ol ()
Uiks = K" (c") — 2pu"(e") — K" (K ()
Ukao = 2k*u" (c*) + (k%)% pu"" (c*)
Usza = —(K*)*u" (")

A, =0
Ape = @' (") =1
Aazw — k*qsll(x*) — _J’;

Aper =0
Appe =0

Apze = ¢II($*) =

SR N

52

Subtituting from (Q.45)—(Q.47) into (Q.40),
Vikrk (k‘*,O) _ UHI(C*) "% K UH(C*) "%
(0+30) oy = 0 APy + 34 m) [£106) + 200 ] s+ )

+3

pram(E)E ()2 P13V ) |

_ (p+ﬁ)3(ﬂciﬂ)2+ 1+v) +3ﬂ(£)*;:*m) [(p+6) (1 ;0) _%]
(p+6)(1-86) 1—26 .
+ 2 o [1+0+—U + ]
K*j i +1+n) K Jrc* K
BRI o o (5(””) ok ) (2+35
_peyen [ (o R)%6? (1-6) B9
= (k%) {(p+5)2@25(5+1+u)+ . [3(p+n)cc+(p+5)(1+0+
jK? (p+ k)6 N
+5—2 [35 <1+B(p+5)gc>+n(2g 1 n)]},
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k*

) ) (Ve Y [ E)

)

|

(Q42)
(Q.43)

(Q44)

(Q.45)

(Q-46)

(Q47)

(Q.48)

1-26 )]
o



since, as before,
¢t (p+0)¢ R
k> 0 (F.26)

The Effect of the Variance of Permanent Technology Shocks in the Presence of Investment
Adjustment Costs. With
ct=8
u(c) = m;

(making v zero) the same symmetry as in Section 4 applies, and the results of Section 4 can be applied without

(Q.49)

modification except for the expressions for Vi (k*,0) and Vigr (k*,0) and the value of the convergence rate
K.

Equations (T.1)—(T.9) remain true. The reduced Bellman equation is

_ _ g\1-8
oV (k) =m;x{(f W=k 2D v (o) (Q.50)

o [mvuc,w)(l — )= VA (k) +

[B(8 = 1)V (k,w) + 28kVi (k) + k2Vis (k, w)]] }

Equation (T.15), relating V (k*,0) to Vi (k*,0), remains true, since the investment adjustment costs do not
affect the steady state and totally inelastic labor supply is allowed as a possibility in Section 4. The first
lines of (T.16) and (T.17) also remain true, since none of the uncertainty coefficient functions depend on any

of the control variables or involve the adjustment cost in any way. Thus,

* ) — 1 _ S*n? _ 2,2 ﬁ 2
Vio(k*,0) = p~* { |ur = B=—— | (1= BV + [BS*n” — ] kVi + =~k Vix (Q-51)

o (] [ e ()] 57
p c | op p c* c* 2

Here, the variance of the technology shocks definitely has an adverse effect on welfare. Any ambiguity was

removed by making labor supply totally inelastic. The investment adjustment cost, as parametrized by j

makes technology shock variance more costly. Using the first line of (T.17), but then substituting in from

(Q.37) and (Q.48),

(Q-52)
ka: (gii’oo)) 0 +1n)vk {Vkﬂ [w S /ﬂr] + k" Viel(B +1)8%n° — pur] + (k) Vi 52;2 }
= p:% [(ﬂ + 1)52;2 - wr] - (B’Z— + ﬁ) [(8 +1)S*7® — pr]
5 (500 50 a1 52
52 [35( ﬂ%) +m(2j—1—n)]}-

Surprisingly, adjustment costs as parametrized by j appear at least as likely interact with the variance of

technology shocks in a way that increases investment as one that lowers investment, though a third derivative
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larger than given by a constant elasticity accumulation function has a positive 1, which interacts with the

variance of technology shocks in a way that lowers investment.

6. Kreps-Porteus Preferences

The Bellman Equation with Kreps-Porteus Preferences. The definitive treatment of Kreps-
Porteus preferences in continuous time can be found in Duffie and Epstein (1992). They show that there are
an infinite number of ways of expressing the same continuous-time Kreps-Porteus preferences in differential
form. I give below an elementary treatment of one way to get a continuous-time Bellman equation for Kreps-
Porteus preferences in the form that leaves the expression of the certainty model unaltered by the shift from
intertemporal von Neumann-Morgenstern to Kreps-Porteus preferences.

In the last few years, there has been considerable interest in preferences over temporal prospects that
allow for a clean distinction between risk aversion and the resistance to intertemporal substitution. This is
a distinction that is absent for the usual case of additively time-separable expected utility maximization, for

which the objective function is

Ve=E; | e Ui(w)| - (A1)
7=0

Generalizing Selden’s (1978) specification of two-period preferences, Weil (1988) and Epstein and Zin
(1987) independently arrived at a convenient specification of multiperiod preferences that has exactly this

property. A reasonably general representation of these preferences can be given by the recursive relationship
Vi = U(my) + e_p<I>t_1 (Et [‘I?‘t(Vt+1)]), (A.2)

where V; is the agent’s objective function at time ¢, U; is a standard single-period utility function, p is a
discount rate, E; is an expectation conditional on information available to the agent at time ¢ and ®; is a
twice-differentiable function with a strictly positive first derivative. If ®;(£) = £ for all ¢ and z, (A.2) reduces
to (A.1), but if ®; is a nonlinear function for some present or future values of ¢, then ®; causes a divergence
between risk aversion and the resistance to intertemporal substitution. In particular, if ®; is concave, it
tends to increase risk aversion without affecting intertemporal substitution in the absence of risk, while if
®, is convex, it tends to reduce risk aversion without affecting intertemporal substitution in the absence of
risk. In the last term in (A.2), there is a bending before taking the expectation conditional on information at
time ¢ and an unbending afterward that leaves certain quantities unaffected but in general returns a number
other than the conditional mean for a random variable—less than the conditional mean if ®; is concave, but
more than the conditional mean if ®; is convex.

Together with an appropriate endpoint condition preventing V; from going wild as ¢ — oo (or pinning
down Vr in the corresponding finite horizon problem), Equation (A.2) defines the agent’s utility function

over uncertain prospects. It will be true whether or not the agent optimizes. If the agent optimizes, we can
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add a bit more structure to this recursion. Recognizing the dependence of V;11 on z; through the effect of

x; on the state variables at time ¢ + 1, we have
Vt = n;zta,x {Ut(.’ll't) + eip(}t_l (Et [‘I)t (Vt+1 (Z’t))])} s (A3)

In order to find the equation corresponding to (A.3) in continuous time, we can make the length of a
period equal to h, instead of equal to 1, and take the limit as the length of a period goes to zero. With the
length of a period equal to h, (A.3) becomes

Vt = IIglvitiX {hUt(iﬂt) + e—phq)t—l (Et [(I)t (Vt+h(£lft))])} y (A4)

To obtain a non-trivial equation with a well defined, non-zero limit as h goes to zero, we can move )V, over

to the right-hand side of this equation and divide by h, obtaining the following:

(A.5) 0= %nﬁx {hU(z¢) + e PPB 1 (By [B Ven(m))]) } — %
= max {Ut(:vt) 4 e—rh @, ' (B, [®, (Vt+h($}tl))]) -9, (2:0%) 1 _;_ph Vt} .

Bringing V; under the maximization sign will not affect the validity of the equation as long as V; is treated
as a constant for the purposes of the maximization. Assuming that the expression in brackets in (A.5) is

uniformly continuous in h, the order of limiting and maximization operations can be interchanged, so that

} ’I
T=t

(A6)

by L’Hopital’s rule, the limit of (A.5) as h goes to zero is

1 0
W %Et @y (Vign(xt))

Tt

0 = max {Ut(xt) —pVr +

1 d
hzo} = n%vat,x {Ut(él?t) —pVs + WEt E(I)T(Vt)

Note that the expression % on the right-hand side must not be applied to changes in the quantity ®;(Vs)

due to changes in the function ®;(-) itself. Rearranging,

pV; = max {Ut(;vt V)

T:t} . (A7)

By retracing the steps taken to get to (A.7) from (A.3), it is easy to verify that simply by deleting

1
—F; —&
)+ (I)Q(Vt) t dt ‘r(

the maximization sign from (A.7) yields the continuous-time counterpart to (A.2), which is valid whether
or not the agent optimizes. With the maximization sign, (A.7) is a type of Bellman equation, without the
maximization sign, it merely specifies the agent’s preferences.

Now, to be more specific, suppose that there is just one state variable, k, so that we can write V; =
V(ke,t) and Up(xz) = Uk, z,t). (Hereafter, I will suppress time subscripts.) Let the evolution of k be
described by

dk = A(k,z,t)dt + o(k, z, t)dz, (A.8)
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where dz is a standard Brownian-motion increment. Then by It6’s lemma and the rearranging of one term,

(A.7) becomes

(4.9)
PV ) = itk = ms {6 )+ g B [0 6 00 + 1V, 0) T
=i {00 2) + gy (B0 () (Vi DA 2,0 + Va5
+a (v (k) HEZ ORI |

= ma (U k) + ik, DA( k) + (Vielh 6 + ot D, 7 ) TR

where all of the subscripts on V' (including the subscript on V;) denote partial derivatives.

Similarly, if & does not follow a pure diffusion process, but has a Poisson jump component as well, then

(A.7) becomes

(A.10)

1
(k1) = Vilht) = max { Ut k) + :

@ t(V (k1))
Vk(ka t)202(t7 k: 'Z')

[@2(‘/ (k,t)) (Vk(k,t)A(k,x,t) + ka(k,t)w)

+ @/ (V(k,1)

A k) /5 [V (€,8)) — 4(V(k,8)] dF(&k,m,t)] }

= max {U(t, k) + Vi(k, ) A(t, b, 7) + [ka(k, £+ %Vk(k, t)Q] M
T % /{ [@(V(E, 1)) d>t<v<k,t))]dF<§,k,m,t)} ,

where A(t, k,u) is the instantaneous probability of a Poisson jump and F(&, k,x,t) is the probability distri-
bution for the new value of k in case of a jump (with £ as the dummy variable representing the new value
of k).

Finally, (A.10) and (A.11) can easily be generalized to allow for many state variables and many control
variables, along the lines of Malliaris and Brock’s (1982) equations for the many-state-variable, many-control-

variable case.

The Effect of Uncertainty in the Neighborhood of a Certain Steady State with Kreps-
Porteus Preferences. Based on (A.10), without the jump term, (T.10) can be modified to accomodate

Kreps-Porteus preferences as follows:

pV (k,w) = max F(k, z,w) (A.11)

= max {Uk,z) + Vi(k,w)A(k,z) + w [v(k,z) + V(k,w)p(k, z) + Vi(k,w)a(k, z)

+ (Viakow) + B0 ()Wl ) 521,
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where

3 CP"(V)
B(V) ) (A.12)
Equation (T.12) can be modified to
+Vp+Via+ (Vik + BV)V)Z
Vo (k0 = L VR Vead (i + BI)Ve)% (A.13)
p
and equation (T.14) can be modified to
(A.14)
Vo (*,0) = Ok + Vi + Ve(p + ar) + Viwa + [Viw + BV)VE ook + (Virk + 28(V) Vi Vi + B'(V)V) ”2—2
kw ) - p+ K
(41" [0s + VDo + Viag + (Vi + BV)V2)o0,]

+ .
p+ K

Again, the second line will be zero if the control variables can be separated into those involved in the certainty

coefficient functions and those involved in the uncertainty coefficient functions.
Applications

A Power ®. Consider .
[(1-p)V]=F

B(V) = = (A.15)
Then
_e"V)  B-r
a(V) = (V) - A=AV (A.16)
and
' r— /8
= Al
V)= Ty (4.17)
In all of the models above, in the main body of the paper,
c*
V(k*,0) = Vi (k*,0). T.15
(k,0) = 5 ek 0) (T.15)
In that case
* (IB — T)p
oV (K,0) = s (4.18)
and
! * (/8 - 1)(/3 - r)pz
_ . Al
o (V(F,0) = * sy (4.19)
Thus, at the steady state,
Vie +a(VI)VZ  Vie  p(B—r)
MVAS T 1) A2
Vi Vi + c* ( 0)
and
! 3 _ 2(3 _ _
Vire +20(V)Vie Vi + ' (VIVE Vi + 2p(B—1) Vik 4P (B-1)(8 T)‘ (A.21)

Vi Vi c* Vi (c*)?



Choosing How Much to Use a Risky Technology in General Equilibrium. The certainty
model in Section 2 is totally unaffected by going to Kreps-Porteus preferences. The first-order condition for

9, (R.12), needs to be modified to
— _Vk (k,(.U) ﬂ
Vik (k,w) + Ot(V)Vk2 S§2°

Using (A.18), and the fact that Vi (k*,0) is the same as in Section 2, the general equilibrium absolute risk

9 (A.20)

aversion is

Vit a)VE _ (p+R)B=8 +p(r—B) _ plr=&+ k(B¢ (A.21)

Vi c* c*

Applying (A.13), with an eye on (R.13),

12 2 * 2

(Vik +aV2) 2p52 — \ p ) 2[p(r — &) + k(B — €)]S?

Vo (K*,0) =

Applying (A.14),

(p+ K)Viw (k*,0) _ Vi Vikk + 20V Vi + /' VE 9242

= 9 A.23
Vi (k*,0) v T Vi 2 (4.23)
2
_ K _ 2 2 1174
— 252[ka n aVk2]2 { 2ka[ka + OéVk] + Viere Vi + 2akaVk + o Vk }
2 2 2
U Vi Vice 2 Vekk
=P (k) ) _oYkk LA
252 (ka+av,3) { 2 Vet
2 *\2
I 2 2, 2 (€*)*Virn
= =20+ r)(B=E+p(B-1)(B—r +7},
S8 g | e 9 - 16 -0 +
where V{“,’“’“ can be taken from (R.62).
k
When the Only Technology Available is Risky. For this case,
2V () %12 Q2
52 VkC*
— bt -+ x(5 - 9l | 25
and
Viw (k*,0) _ Vir + V2, [ dn] Viewk + 2aVie Vie + a'V;2 S%(y*)?
= S*y* 1) - A.25
A IR e G PEI7 2 (4.25)

2

S
=l — 9 + (8- 915 [

N 82 |:(C*)2kak
2(p+ K)GZ Vi

ptd ]
pt+EK ¢

=2p(B=r)(B =& (p+r)+p°(B-1)(B~1)|.

References

Boyd, John H. IIT (1990): “Symmetries, Dynamic Equilibria, and the Value Function,” in Conservation

Laws and Symmetry, Ryuzo Sato and Rama V. Ramachandran eds., Kluwer.

31



Duffie, Darrell and Larry G. Epstein (1992): “Stochastic Differential Utility,” Econometrica 60, 353-395.

Epstein, Larry G. and Stanley E. Zin (1989): “Substitution, Risk Aversion, and the Temporal Behavior of
Consumption and Asset Returns: A Theoretical Framework,” Econometrica 57, 937-970.

Judd, Kenneth L. (1991): Numerical Methods in Economics, manuscript, Hoover Institution.

Judd, Kenneth L. (1992): “Asymptotic Methods in Dynamic Economic Models,” mimeo.

Judd, Kenneth L., and Sy Ming Guu (1992): “Asymptotic Methods in Aggregate Growth Models,” mimeo.

Judd, Kenneth L., and Sy Ming Guu (forthcoming): “Perturbation Solution Methods for Economic Growth
Models,” chapter 4 of a book on economists using Mathematica edited by Hal Varian.

Kimball, Miles S. (1991): “The Quantitative Analytics of the Basic Real Business Cycle Model,” mimeo,
University of Michigan.

King, Robert G., Charles I. Plosser, and Sergio T. Rebelo (March 1988): “Production, Growth and Business
Cycles: I. The Basic Neoclassical Model,” Journal of Monetary Economics 21, 195-232.

Malliaris, A. G. and William A. Brock, Stochastic Methods in Economics and Finance, North-Holland: 1982.
Chapter 3, section 12, and Chapter 4, sections 1-10.

Selden (1978):

Weil, Philippe (1990): “Nonexpected Utility in Macroeconomics,” Quarterly Journal of Economics 105,
29-42.

32



