
Problem Set # 5: Does Mean-Zero Background Risk
Raise the Risk Aversion of the Value Function?

Economics 609, Winter 2003

Due: Tuesday, February 18, 2:30 P.M.

Consider two facts.

Fact A: The papers “Risk Aversion with Random Initial Wealth” by Richard Kihlstrom, David Romer
and Steve Williams (Econometrica, 49 (1981), 911–920 and “Preservation of ’More Risk Averse’ Under
Expectations,” by D. C. Nachman (Journal of Economic Theory, 23 (1982), 361–368), show that if one
function u1(c) is globally more risk aversion than another function u2(c) that as long as either of the
two functions has decreasing absolute risk aversion, adding the same independent random variable to the
arguments of both functions and taking expectations over that ‘background’ random variable will yield
functions that have the same global risk aversion ranking:

û2(c) is globally more risk averse than û1(c), where

ûi(c) = Eεui(c + ε̃). (∗)

Fact B: The paper “Standard Risk Aversion” by Miles Kimball (Econometrica 61 (1993), 589–611,
which is in the coursepack, the prior papers “Proper Risk Aversion,” by John Pratt and Richard Zeckhauser
(Econometrica 55 (1987), 143–154) and subsequent paper “Risk Vulnerability and the Tempering Effect of
Background Risk,” by Christian Gollier and John Pratt (Econometrica 64 (1996), 1109–1124) each imply
among other things that if u1 has constant relative risk aversion of γ and ε is a mean-zero background risk,
then for all c,

−cû′′1(c)
û′1(c)

≥ γ.

The task of this problem set is to extend Fact B to the multiperiod case. Note that the Fact B has the same
spirit, but is much more specific than what these three papers show. The extra structure of Fact B opens
up a path to extend it to the multiperiod case.

1. Use Facts A and B in conjunction to argue that if

−cu′′2(c)
u′2(c)

≥ γ.

then

−cû′′2(c)
û′2(c)

≥ γ.
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2. Show that the property P defined by

V (B + δ)− V (B)
(B+δ)1−γ−B1−γ

1−γ

− V (B + 2δ)− V (B + δ)
(B+2δ)1−γ−(B+δ)1−γ

1−γ

≥ 0

is equivalent to the relative risk aversion of V being greater than or equal to γ whenever the relevant
derivatives exist.

3. Consider the consumption-savings problem with the Bellman equation

V t(Bt) = max
Ct

C1−γ
t

1− γ
+ e−ρhEtV

t+h(Rt(Bt − Ct) + εt(ωt+h))

where the functions εt are known in advance, but the realizations of ωt+h are not. The random variable
ε has mean zero. Assuming V T+h(BT+h) ≡ 0, show that V t(Bt) has the property P :

V (B + δ)− V (B)
(B+δ)1−γ−B1−γ

1−γ

− V (B + 2δ)− V (B + δ)
(B+2δ)1−γ−(B+δ)1−γ

1−γ

≥ 0

You may assume without proof that the results of question 1 about relative risk aversion being greater than
or equal to γ carry over to property P even when V is not continuously differentiable enough times for
−BV ′′(B)/V ′(B) to exist.

4. Explain why the result of question 3 carries over to the value function V t(Bt, Zt) where Z is a vector
of exogenous state variables, with the gross real interest rate R a function Rt(Zt) of this vector, ε a
function of this vector εt(Zt, ωt+h) and the vector of exogenous state variables itself evolving according
to

Zt+h = Γt(Zt, ωt+h; h).

5. Modifying the problem in question 3, let there be a two-point risky-asset and risk-free asset that allow
one to construct an optimist’s security that pays 1 unit if the two-point risky asset does well and zero
otherwise and a pessimist’s security that pays 1 unit if the two-point risky asset does badly and zero
otherwise. The gross return on the optimist’s security is R+

t or 0, while the gross return of the pessimist’s
security is 0 or R−t if the two-point risky asset does well or badly. The probabality of the good outcome
for the risky asset is p. This gives rise to the Bellman equation

V t(Bt) = max
S+

t ,S−t

(Bt − S+
t − S−t )1−γ

1− γ

+ pe−ρhEtV
t+h(R+

t S+
t + εt(ωt+h))

+ (1− p)e−ρhEtV
t+h(R−t S−t + εt(ωt+h))

,

where the expectation Et only applies to ε. Prove that V has the property P above.

6. Discuss ways in which the result to question 5 can be generalized—especially along the lines of question
4. One of the harder aspects of this question is whether the result carries over when there is a separate
mean-zero ε+ function and ε− function.
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