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(3) Use the symmetry theorem to prove that with constant returns to scale and perfect competition
in both factor and labor markets the value of the firm is proportional to its capital stock. What
does this mean about marginal Q and average Q?

The firm solves

Π(K0, 0) = max
I,L

∫ ∞

0
e−rt {F (K, ZL)−WL− I[1 + φ(I/K)]} dt

subject to

K̇ = I − δK; K0 given,

where I is investment, K is installed capital, L is labor, Z is the level of technology, W is the
wage rate, r is the constant rate of interest, φ() is a convex adjustment cost function, and δ the
constant rate of capital depreciation. Π(K, t) is the value of the firm starting at time t with
initial capital K. The firm takes all prices as given. The output price and price of investment
goods have been normalized to unity for convenience.

Note that F (θK,ZθL) = θF (K, ZL) for any nonnegative scalar θ by constant returns to scale.
Therefore the above problem admits the following scale symmetry:

I −→ θI

K −→ θK

L −→ θL

Π −→ θΠ.

By the symmetry theorem

Π(θK, t) = θΠ(K, t)

for any nonnegative scalar θ. Choosing θ = 1/K yields

Π(1, t) = K−1Π(K, t).

Rearranging gives us
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Π(K, t) = KΠ(1, t),

where Π(1, t) does not depend on K. Since the value of the firm is proportional to its capital
stock, the marginal value of capital (marginal Q) is equivalent to the value of the firm divided
by its capital stock (average Q).

(4) Is there any special case in which you could use the symmetry theorem to completely solve
things when the firm faces imperfect competition and does not have constant returns to scale?
If so, find it. (Be careful here. The answer is yes, but it takes some fiddling to get it to work
out and it is very dependent on the specialness of the case.)

The firm now solves

Π(K0, 0) = max
I,L

∫ ∞

0
e−rt {PY F (K, ZL)−WL− PII[1 + φ(I/K)]} dt

subject to

K̇ = I − δK; K0 given,

where PY is the output price, PI is the price of investment goods, and all other variables are
as above. Assume that F is homogeneous of degree γ > 1 and that noncompetitive prices are
of the form:

PY = P̄Y Y −µ (where Y = F (K, ZL))
W = W̄Lη

PI = P̄II
ν ,

for nonnegative constants P̄Y , W̄ , P̄I , µ, η, and ν. Then the problem admits the following scale
symmetry:

I −→ θI

K −→ θK

L −→ θL

Π −→ γ(1− µ)Π

in the special case where γ(1 − µ) = 1 + η = 1 + ν. We can see this by applying the scale
symmetry to each of the terms in the objective function:

PY F (K, ZL) −→ P̄Y F (θK, ZθL)−µF (θK, ZθL) = θ−γµθγP̄Y F (K, ZL)−µF (K, ZL)

= θγ(1−µ)PY F (K, ZL),
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WL −→ W̄ (θL)ηθL = θηθW̄LηL

= θ1+ηWL,

and

PII −→ P̄I(θI)νθI = θνθP̄II
νI

= θ1+νPII.

Note also that φ(θI/θK) = φ(I/K). Now it should be clear why we need the restriction that
γ(1− µ) = 1 + η = 1 + ν.

Applying the symmetry theorem:

Π(θK, t) = θγ(1−µ)Π(K, t).

Choosing θ = 1/K yields

Π(1, t) = Kγ(µ−1)Π(K, t).

Rearranging gives us

Π(K, t) = Kγ(1−µ)Π(1, t),

where Π(1, t) does not depend on K. So the value of the firm is no longer proportional to its
capital stock and marginal Q differs from average Q.
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