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Geometric Construction of ACPs

@ Given three circles a, 3,~, pairwise tangent at three points,
is it possible to draw a fourth circle §, tangent to the original
three?

@ It was known to the Greek mathematician Apollonius that
there are always exactly two such circles 4, d’.

@ This suggests the following procedure.

e Begin with four circles, pairwise tangent at six points.
e For any three mutually tangent circles, draw the (other)
common tangent.

@ The resulting picture is called an Apollonian Circle Packing
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Fundamental Equations

@ It turns out to be more convenient to work with the
curvature of a circle than the radius.
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curvature of a circle than the radius.

@ ltis possible to draw four mutually tangent circles with
curvatures a, b, c, d iff
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@ This form
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called the Descartes quadratic form.

@ If a, b, c are given, then the possibilities for d are the roots
of the quadratic
x2 —2(a+b+c)x + (& + b? + c® — 2ab — 2ac — 2bc).

@ Therootsare d. = a+ b+ c+2vab+ bc + ca.

@ In particular d; +d- =2(a+ b+ c).
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rest by ring operations and square roots.

@ If we start with four curvatures a, b, ¢, d, we can get all the
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in some quadratic extension.
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How Pretty Pictures of Circles Become Number
Theory

@ If we start with three curvatures a, b, ¢, we can get all the
rest by ring operations and square roots.

@ If we start with four curvatures a, b, ¢, d, we can get all the
rest simply by ring operations.

@ Proposition. If three mutually tangent circles in a packing
have integer, then all circles in that packing have curvature
in some quadratic extension.

@ Proposition. If four mutually tangent circles in a packing
have integer curvature, then all circles in that packing have
integer curvature.

@ We don't just have configurations of circles, we have
configurations of numbers.
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@ It's best to think of an IACP as a configuration of
quadruples of circles (or quadruples of numbers).

@ View one quadruple as adjacent to the four quadruples
obtainable by switching out one circle.

@ ltis possible to get from any quadruple of circles to any
other in this way, essentially uniquely.

o Ifwelet Ay = (w,x,y,z)/(w? x?, y? z?), then what we
are studying is the way this group acts on integers.
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@ If we start with four integers a, b, ¢, d such that
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2(a+ b+ c) — d and iterating).
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@ If we start with four integers a, b, ¢, d such that
Q(a, b, c,d) # 0, then we can still formally construct a
configuration of integers as before (replacing d by
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or elliptic space (according to the sign of Q).
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NonEuclidean Packings.

@ If we start with four integers a, b, ¢, d such that
Q(a, b, c,d) # 0, then we can still formally construct a
configuration of integers as before (replacing d by
2(a+ b+ c) — d and iterating).

@ Such a thing corresponds to packing circles in hyperbolic
or elliptic space (according to the sign of Q).

@ In particular Q is the same for all quadruples in the
generalized packing.
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@ How many packings occur with a given exterior curvature?

@ More generally, for an integer a, how many times does it
appear in IACPs (up to symmetry)?

@ The answer turns out to be unexpectedly pretty;
occurrences of ain (primitive) IACPs correspond to
(primitive) sublattices of Z2 with index |a|.

@ The norms of primitive elements in the lattice correspond
to curvatures adjacent to a.

@ Occurrences of a also correspond to a certain class of
quadratic forms.
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@ For a pair of integers a, b, how many times do they appear
adjacently in IACPs (up to symmetry)?

@ Counting such occurrences is the same as counting chains
of circles which can appear between them.

@ This amounts to counting integer-valued quadratic
polynomials.

@ Counting occurrences of a, b turns out to be the same as
counting solutions of x> = ab (mod a + b).
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integers occur in a given packing.
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Which Curvatures Appear?

@ The main open problem in IACPs is knowing which
integers occur in a given packing.

@ All the curvatures in an IACP must satisfy a certain
condition modulo 24.

@ Big Open Question. Do all but finitely many integers
which satisfy the condition modulo 24 appear?

@ An affirmative answer was conjectured by Graham,
Lagarias, Mallows, Wilks, and Yan. Mathematicians who
study ACPs are sometimes classified into optimists and
pessimists based on whether they believe the conjecture.

@ ltis a very recent result of Elena Fuchs that the integers
which appear have positive density, but this is still quite far
from what is hoped-for.
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Versions of the Main Conjecture

@ Question. Does the GLMWY Conjecture hold for even one
packing?

@ Question. Can we find a finite list of packings which
together contain almost all integers?

@ Question. Does the GLMWY Conjecture fail for even one
packing?
@ Question. Is there even one packing P and even one

number n such that P does not contain n, but P contains
numbers congruent to n modulo any modulus?

M. Cap Khoury < > Interesting Problems in ACPs



Construction
Apollonian Circle Packin
polionian Circle Packings Integral ACPs

Counting Problems
Curvatures Appearing in an ACP

Which Curvatures Appear?

e If Sis an infinite set of integers, we can wonder whether
packings must include curvatures from S (perhaps infinitely
many).
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e If Sis an infinite set of integers, we can wonder whether
packings must include curvatures from S (perhaps infinitely
many).
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classes appear) is pretty well handled.
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e If Sis an infinite set of integers, we can wonder whether
packings must include curvatures from S (perhaps infinitely
many).

@ The case of arithmetic progressions (i.e. which residue
classes appear) is pretty well handled.

@ The case of primes was resolved when Peter Sarnak
proved the Apollonian Twin Prime Theorem.
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Which Curvatures Appear?

e If Sis an infinite set of integers, we can wonder whether
packings must include curvatures from S (perhaps infinitely
many).

@ The case of arithmetic progressions (i.e. which residue
classes appear) is pretty well handled.

@ The case of primes was resolved when Peter Sarnak
proved the Apollonian Twin Prime Theorem.

@ Question(s). Unless S is the set of primes or an arithmetic
progression, there is still a lot of work to do here. Does a
given packing contain infinitely many squares? Cubes?
Triangular numbers? Fibonacci numbers?
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It's All the Same. ..

@ Given three spheres «, 3,7, d, pairwise tangent at six
points, it is possible to draw a fifth circle ¢, tangent to the
original three, in exactly two ways.
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points, it is possible to draw a fifth circle ¢, tangent to the
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@ This suggests the following procedure.

e Begin with five circles, pairwise tangent at ten points.
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@ Given three spheres «, 3,7, d, pairwise tangent at six
points, it is possible to draw a fifth circle ¢, tangent to the
original three, in exactly two ways.

@ This suggests the following procedure.

e Begin with five circles, pairwise tangent at ten points.
e For any four mutually tangent circles, draw the (other)
common tangent.
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It's All the Same. ..

@ Given three spheres «, 3,7, d, pairwise tangent at six
points, it is possible to draw a fifth circle ¢, tangent to the
original three, in exactly two ways.

@ This suggests the following procedure.

e Begin with five circles, pairwise tangent at ten points.
e For any four mutually tangent circles, draw the (other)
common tangent.

@ The resulting picture is called an Apollonian Sphere
Packing
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. Except For What's Different

@ The analogue of the Descartes equation is
&+bP+cP+ad?+ef =
ab+ ac + ad + ae + bc + bd + be + cd + ce
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. Except For What's Different

@ The analogue of the Descartes equation is
&+bP+cP+ad?+ef =
ab+ ac + ad + ae + bc + bd + be + cd + ce

@ The switching operation now sends the quintuple
(a, b, c,d,e)to the quintuple (a,b,c,d,a+b+c+d—e).
Though this preserves integrality as before, it does have
qualitative differences.
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. Except For What's Different

@ The analogue of the Descartes equation is
&+bP+cP+ad?+ef =
ab+ ac + ad + ae + bc + bd + be + cd + ce

@ The switching operation now sends the quintuple
(a, b, c,d,e)to the quintuple (a,b,c,d,a+b+c+d—e).
Though this preserves integrality as before, it does have
qualitative differences.

@ In particular, the group A5 does not act freely on the
quintuples of circles.
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Counting Problems

@ The three-dimensional analogues of the counting problems
solved earlier are still open.
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@ The three-dimensional analogues of the counting problems
solved earlier are still open.

@ Question. For three integers a, b, ¢, how many
occurrences of the triple a, b, ¢ as tangent spheres are
there in ASPs? (That is, we count suitable rings of six
spheres.)
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@ The three-dimensional analogues of the counting problems
solved earlier are still open.

@ Question. For three integers a, b, ¢, how many
occurrences of the triple a, b, ¢ as tangent spheres are
there in ASPs? (That is, we count suitable rings of six
spheres.)

@ Question. For a pair of integers a, b, how many
occurrences of the pair a, b as tangent pairs are there in
ASPs? (This should correspond to counting a certain class
of quadratic forms.)
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Counting Problems

The three-dimensional analogues of the counting problems
solved earlier are still open.

Question. For three integers a, b, ¢, how many
occurrences of the triple a, b, ¢ as tangent spheres are
there in ASPs? (That is, we count suitable rings of six
spheres.)

Question. For a pair of integers a, b, how many
occurrences of the pair a, b as tangent pairs are there in
ASPs? (This should correspond to counting a certain class
of quadratic forms.)

Question. For an integer a, how many occurrences of ain
IASPs are there? (This should correspond to something
like counting a certain class of nonEuclidean ACPs.)
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Curvatures Appearing in an ASP

@ Question. Given an IASP, what are the “obvious” modular
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Curvatures Appearing in an ASP

@ Question. Given an IASP, what are the “obvious” modular
arithmetic constraints on the curvatures?

@ Again, there is a conjecture that almost all curvatures not
excluded by these constraints should occur.
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@ Question. Given an IASP, what are the “obvious” modular
arithmetic constraints on the curvatures?

@ Again, there is a conjecture that almost all curvatures not
excluded by these constraints should occur.

@ Question. Can we adapt E. Fuchs’ result to this case to
get positive density? Can we do even better?
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@ Question. Given an IASP, what are the “obvious” modular
arithmetic constraints on the curvatures?

@ Again, there is a conjecture that almost all curvatures not
excluded by these constraints should occur.

@ Question. Can we adapt E. Fuchs’ result to this case to
get positive density? Can we do even better?

e Because the group is so much larger, this should be
easier. ..
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Apollonian Sphere Packings Counting Problems

Curvatures Appearing in an ASP

@ Question. Given an IASP, what are the “obvious” modular
arithmetic constraints on the curvatures?

@ Again, there is a conjecture that almost all curvatures not
excluded by these constraints should occur.

@ Question. Can we adapt E. Fuchs’ result to this case to
get positive density? Can we do even better?

e Because the group is so much larger, this should be
easier. ..
e ...but it isnt trivial, because of the extra relations.
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More General Numbers

@ The geometric construction did not require the curvature to
be integers or even rationals.
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More General Numbers

@ The geometric construction did not require the curvature to
be integers or even rationals.

@ In fact, if we are only interested in configurations of
numbers, we can operate over any ring, whether real or
not.
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More General Numbers

@ The geometric construction did not require the curvature to
be integers or even rationals.

@ In fact, if we are only interested in configurations of
numbers, we can operate over any ring, whether real or
not.

@ An ACP over aring is given by a quadruple in the ring
satisfying (a+ b + ¢ + d)? = 2(& + b? + ¢ + d?).
extended by iterating the d < 2(a+ b+ ¢) — d action. We
are no longer thinking of geometric curvatures.
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More General Numbers

@ The geometric construction did not require the curvature to
be integers or even rationals.

@ In fact, if we are only interested in configurations of
numbers, we can operate over any ring, whether real or
not.

@ An ACP over aring is given by a quadruple in the ring
satisfying (a+ b + ¢ + d)? = 2(& + b? + ¢ + d?).
extended by iterating the d < 2(a+ b+ ¢) — d action. We
are no longer thinking of geometric curvatures.

@ It will still be true that if we begin with a configuration of
four numbers in a ring, the configuration can be extended
indefinitely without leaving the ring.
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More General Numbers

@ The geometric construction did not require the curvature to
be integers or even rationals.

@ In fact, if we are only interested in configurations of
numbers, we can operate over any ring, whether real or
not.

@ An ACP over aring is given by a quadruple in the ring
satisfying (a+ b + ¢ + d)? = 2(& + b? + ¢ + d?).
extended by iterating the d < 2(a+ b+ ¢) — d action. We
are no longer thinking of geometric curvatures.

@ It will still be true that if we begin with a configuration of
four numbers in a ring, the configuration can be extended
indefinitely without leaving the ring.

@ Interesting cases include number rings and Z/(nZ).
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Higher Dimensions

@ It’s natural to consider analogues in higher dimensions
involving configurations of n+ 2 n-dimensional
hyperspheres.
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Higher Dimensions

@ It’s natural to consider analogues in higher dimensions
involving configurations of n+ 2 n-dimensional
hyperspheres.

@ Interestingly, though the geometric construction appears to
go through as before, the hyperspheres intersect one
another.
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@ It’s natural to consider analogues in higher dimensions
involving configurations of n+ 2 n-dimensional
hyperspheres.

@ Interestingly, though the geometric construction appears to
go through as before, the hyperspheres intersect one
another.

@ Also, it is no longer true that configurations can be
extended indefinitely using only ring operations. (lt's
almost true, though.)
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@ It’s natural to consider analogues in higher dimensions
involving configurations of n+ 2 n-dimensional
hyperspheres.

@ Interestingly, though the geometric construction appears to
go through as before, the hyperspheres intersect one
another.

@ Also, it is no longer true that configurations can be
extended indefinitely using only ring operations. (It's
almost true, though.)

@ Question. Does an appropriate analogue of the GLMWY
Conjecture hold for larger n (by adapting Fuchs’ method or
in some other way)?
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Higher Dimensions

@ It’s natural to consider analogues in higher dimensions
involving configurations of n+ 2 n-dimensional
hyperspheres.

@ Interestingly, though the geometric construction appears to
go through as before, the hyperspheres intersect one
another.

@ Also, it is no longer true that configurations can be
extended indefinitely using only ring operations. (It's
almost true, though.)

@ Question. Does an appropriate analogue of the GLMWY
Conjecture hold for larger n (by adapting Fuchs’ method or
in some other way)?

@ Heuristically, this should be easy for n large enough.
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Appendix Valediction

Thank you for listening!

For a copy of these slides and links to various references and
resources, please visit capswhiteboard.wordpress.com.
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