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Intr oduction

1.1 Statistical physics

Statisticalphysicsis aboutsystemscomposedof many parts.

Examples:

² atomsor moleculesin agas,liquid, or solid;

² electronsin ametal,semiconductor, or plasma;

² quantain quantum£elds,particularlyphotonsin electromagnetic£eldsandphononsin sound.

² individualsin populations,particularlyevolution (changesin genefrequenciesin populations),
thespreadof disease,socialinteractions;

² speciesin anecosystem;

² computersin anetwork;

² agentsin amarket,suchasastockmarket;

² swarmsof insects,suchasants.

Thetechniquesfor studyingthesesystemsarebasedlargelyoncombinatoricsandprobabilitytheory,
hencethenamestatisticalphysics.
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1.2 Percolation

Imaginecoloringin thesquaresonasquarelatticeat randomwith probabilityp:

Thissimplesystemis calledsitepercolation on thesquarelattice.

How many sitesarecolored?SupposethereareN sitesin total. Thentheprobabilityof therebeingk
of themcoloredin is

pk =

Ã
N
k

!

pk(1 ¡ p)N ¡ k : (1.1)

This is the binomial distrib ution. For a squarelattice of N = 10£ 10 = 100, for example,with
p = 1

2 , it lookslike this:
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Themeanof thisdistribution is

hki =
NX

k=0

kpk =
NX

k=0

k

Ã
N
k

!

pkqN ¡ k ; (1.2)

whereq = 1 ¡ p. But this is equalto

hki = p
@
@p

NX

k=0

Ã
N
k

!

pkqN ¡ k =
@
@p

(p + q)N = pN: (1.3)

Sothemeanis right at theaverageoccupationprobability, aswe might expect. Themeansquareof
thedistribution is

hk2i =
NX

k=0

k2

Ã
N
k

!

pkqN ¡ k = p
@
@p

p
@
@p

(p + q)N = pN + p2N (N ¡ 1): (1.4)

Sothevarianceis

¾2
k = hk2i ¡ hki 2 = pN + p2N (N ¡ 1) ¡ p2N 2 = pN ¡ p2N = p(1 ¡ p)N: (1.5)

Sothestandarddeviationgoesas¾k »
p

N , andhencethedistributiongetsnarrower, asa fractionof
N asN becomeslarge. ThusasN becomeslarge,we canpredictthevalueof k=N with betterand
betteraccuracy.

Somevaluesof k arestatisticallymorelikely thanothers—
sometimesmuch more likely. Knowing nothingelseabout
this system,we canmake a predictionaboutwhat thevalue
of k is likely to behere.

1.3 Randomwalk

Here's anotherexample,the randomwalk. Considera walker on a straightline who takesonestep
everysecondwith probabilityp of goingto theright andprobabilityq = 1 ¡ p of goingto theleft:
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Thepositionx(N ) of thewalkerafterN stepsis givenby

x(N ) = r (N ) ¡ l(N ) = 2r (N ) ¡ N; (1.6)

wherer (N ) is thenumberof stepsto theright andl(N ) = N ¡ r (N ) thenumberto theleft.

Whatis theprobabilitydistributionof x(N )? Theprobabilityof takingr stepsto theright andN ¡ r
to theleft is

pr =

Ã
N
r

!

pr qN ¡ r (1.7)

which is just the binomial distribution again. Thuswe know immediatelythat the averagevalueof
x(N ) is

hx(N )i = 2pN ¡ N = N (p ¡ q); (1.8)

andthevarianceis

¾2
x = hx2i ¡ hxi 2 = 4hr 2i ¡ 4N hr i + N 2 ¡ N 2(p ¡ q)2

= 4pN + 4p2N 2 ¡ 4p2N ¡ 4pN2 + N 2 ¡ 4p2N 2 + 4pN2 ¡ N 2

= 4pqN: (1.9)

Thustherandomwalk, which is a sumof independentrandomvariables§ 1, givesa binomialdistri-
bution in x. This is aspecialcaseof thecentral limit theorem.

1.4 Entr opy

Thesimpleresultsof theprevioussectionareaparticularexampleof ageneralconcept:

² A microstateis oneof theindividual statesof our system,suchasa particularsetof occupied
siteson thepercolationlattice,or aparticularpathtakenby therandomwalker.
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² A macrostateis a stateof thesystemde£nedby somelargescalepropertyof thesystem,such
asthenumberof occupiedsites,or thedistancetraveledby thewalker.

In generaltherearemany microstateswhichcancorrespondto agivenmacrostate.For example,there
areusuallymany pathsthewalkercantakewhichwill resultin it travelingadistancex.

Let ­( x) bethenumberof microstatescorrespondingto macrostatex. Thenthemostlikely valueof
x is theonewhichmaximizes­( x). Conventionally, in fact,onemaximizes

S(x) = k log­( x); (1.10)

which is calledtheentropy. (Strictly, it' s themicrocanonicalentropy—we'll cometo that.)

From the calculationsabove, we know that the width of the peakin ­( x) getsnarrower asN gets
larger, sothatin thelimit of largeN maximizingtheentropy givesa very goodestimateof thevalue
of x.

A real-world example: Hereis apictureof my of£ceat theSantaFeInstitute.

It' s messy. Why? Becausetherearemany microstatesof my of£ce—many placesI couldput each
paperandbookfor example—but mostof themcorrespondto whatwe would de£neas“messy”and
very few to whatwe would de£neas“tidy.” Messyandtidy arethemacrostatesin this case,andthe
of£ceis messybecause­( messy) À ­( tidy). Of course,I could tidy up my of£ce(somethingI do
aboutonceor twicea decade),andsolower theentropy by moving from themessymacrostateto the
tidy one.But this requireswork (andwork of aparticularlyunattractivekind too).

Macrostateswith highentropy aremorelikely thanoneswith
low entropy. Thisallowsusto predictwhichmacrostatesare
likely to occur. It alsomeansthatmostsystemsarein high-
entropy states. Their entropy canbe lowered,but only by
doingwork.
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1.5 Mor egeneralforms for entropy

Thede£nitionwe gave for entropy above is correct,but limited. In particular, it makestwo assump-
tions:

1. thatall themicrostatescorrespondingto agivenmacrostateareequallylikely to occur;

2. that themacrostateis speci£edby thevalueof a quantitywhich is measurableindividually for
eachmicrostate(numberof occupiedsites,distancetraveledby awalker).

In generalneitherof thesethingsis true. It is of courseperfectlypossibleto have systemsin which
microstatesoccurwith differentprobabilities—evenoneswhich correspondto thesamemacrostate.
Also, moregeneralwaysof specifyingthemacrostatearepossible.Indeed,themostgeneralway to
specifythemacrostateis simply to statethesetof probabilitiesf pi g thatthesystemwill befoundin
a givenmicrostate.Fromthis set,any othermacroscopicvariable,e.g.,mostprobablemicrostateas
above,canbecalculatedtrivially.

Considerthenasystemwhichcanbein any oneof N microstatesdenotedby i = 1: : : N . Imaginein
factthatwe have a largenumberM À N of copiesof this system—aso-calledensemble—andthat
wemeasureeachoneto £ndoutwhatmicrostateit is in. Let n i bethenumberof systemsfoundto be
in thei th microstate.Thenthenumberof waysof gettingaparticularsetof valuesf n i g—thenumber
of microstatescorrespondingto thismacrostate—isgivenby themultinomialdistribution

­( f ni g) =
M !

n1!n2! : : : nN !
: (1.11)

Thenthe most likely macrostateis the onewhich correspondsto the maximumof this quantity, or
equivalentlyto themaximumof theentropy

S =
1

M
log­ =

1
M

·

logM ! ¡
NX

i =1

logni !
¸

: (1.12)

Wemakeuseof Sterling's approximation

logk! ' k logk ¡ k; (1.13)

giving

S =
1

M

·

M logM ¡ M ¡
NX

i =1

ni logni +
NX

i =1

ni

¸

= ¡
X

i

ni

M
log

ni

M

= ¡
X

i

pi logpi ; (1.14)

where
pi =

ni

M
: (1.15)

Notethat in this formulationthemacrostatecanonly bede£nedwith respectto theentireensemble.
Also, notetheminussign.
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Thereis sometimesaconstantk givenin front of thede£nitionof theentropy thus:

S = ¡ k
X

i

pi logpi : (1.16)

Of course,this constantmakesno differenceto wherethemaximumof theentropy is. In traditional
statisticalmechanics,k = 1:3807£ 10¡ 23 JK¡ 1, for reasonswhicharerootedin theobscureandoften
nonsensicalhistoryof physics.

Equation(1.16) is perhapsthe most importantequationin
statisticalphysics. It givestheGibbsentropy for anensem-
ble. TheGibbsentropy is thequantitywhichis maximizedin
orderto £ndthemostprobablemacrostateof theensemble,
whichcorrespondsto asetof valuesf pi g.

1.6 Examplesof the useof the Gibbsentropy

To make useof theGibbsentropy, oneusuallyspeci£esthesystemof interestandany relevantcon-
straintson the probabilitiespi , and thenmaximizesthe entropy to £nd the mostprobableset f pi g
subjectto thoseconstraints.Herearesomeexamples.

1.6.1 The microcanonicalensemble

Consideragainsystemslike thesimpleonesat thebeginningof this lecturein whichall microstatesi
areequallylikely, andamacrostatem correspondstoaspeci£csetof microstates.Thentheconstraints
onpi aresimple:

pi =

(
­ ¡ 1

m if statei belongsto macrostatem
0 otherwise.

(1.17)

Thus
Sm = ¡

X

i 2 m

1
­ m

log
1

­ m
= log­ m ; (1.18)

exactlyaswede£nedit before.

In fact, if we don't restrictall pi to beequal,we £nd thatpi = constantmaximizesS anyway—the
uniformprobabilitydistributionmaximizestheentropy with or without theconstraint.

1.6.2 The canonicalensemble

A morerealistictypeof constraintonasystemis aconstraintontheaveragevalueof someobservable
quantityE. In almostall experimentsthatwedoonsystemswedon't simplymeasureaquantityonce,
we measureit repeatedly. Theuniversalassumptiononemakes,which is almostentirelyunproven,
andprobablywrongexceptin all thecasesthatmatter, is theergodichypothesis:
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Theaverageof a largenumberof measurementson thesamesystemwill bethesameas
theaverageof measurementsonanensembleof differentandindependentsystems.

Thismeansthattheaverageof ourmeasurements,which is thethingonealmostalwayscalculates,is

hEi =
X

i

pi E i : (1.19)

Supposewe have measuredhEi , andwe want to know what themostlikely probabilitydistribution
over microstatesis. Thenwe shouldmaximizeEq. (1.16)subjectto theconstraint(1.19),aswell as
theobvioussumrule

§ =
X

i

pi = 1: (1.20)

Wecando themaximizationusingthemethodof Lagrangemultipliers:

@S
@pi

¡ ®
@§
@pi

¡ ¯
@hEi
@pi

= 0 for all i; (1.21)

whichgivesus
logpi ¡ 1 ¡ ®¡ ¯ E i = 0: (1.22)

Or equivalently

pi =
e¡ ¯ E i

Z
; (1.23)

whereZ is anormalizationcoef£cientwhichensuresthatEq.(1.20)is satis£ed.Z 's valueis

Z =
X

i

e¡ ¯ E i ; (1.24)

andit hasaspecialname:it' s calledthepartition function.

TheLagrangemultiplier ¯ is givenin termsof hEi by substitutingEq.(1.23)backinto Eq.(1.19).Al-
ternatively, in somecasesoneactuallyspeci£es̄ andthencalculateshEi from Eqs.(1.19)and(1.23).
For example,in classicalequilibriumstatisticalmechanics̄ = (kT) ¡ 1, whereT is thetemperature
of the system,k is the Boltzmannconstantde£nedin Section1.5, andthe observableE is, in this
case,thetotal internalenergy of thesystem.

Sinceit is by far themostcommonapproachto measurethe
averageof anobservablequantityasin Eq.(1.19),thedistri-
bution (1.23)appliesto a hugevarietyof differentsystems.
Thisdistribution is calledtheBoltzmann distrib ution.

Oncewe have thedistribution of probabilitiespi we canuseit to predictotherthings. For example,
thevarianceof E immediatelyfollows from

¾2
E = hE 2i ¡ hE i 2 =

P
i e¡ ¯ E i E 2

iP
i e¡ ¯ E i

¡ hEi 2: (1.25)
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1.6.3 Information theory

Considera communicationchannel—alettersentthroughthemail for example,or a pageof a book,
or anemailmessage.SupposethereareN differentpossiblemessagesthatcanbesent,andsuppose
thatmessagei is sentwith probabilitypi . How muchinformationis receivedpermessagesent?

Imaginereceiving a large numberM of messages.The distribution pi de£nesthe numbersn i of
messagesof eachtypereceived.Theinformationcontainedin themis only in their order. How many
ordersarethere?Thereare

­( f ni g) =
M !

n1!n2! : : : nN !
: (1.26)

Thus­ is ameasureof theinformationsent,asis its logarithm:

S = ¡
X

i

pi logpi : (1.27)

This is the Shannon information or Shannonentropy of a message.If the logarithmsare taken
base2, thentheunitsof informationarebits.

For example,supposethat our messagesare just single letters. Hereare the frequenciesof the 26
alphabeticlettersin the1.2million charactersof HermanMelville' s drearyandfrankly odiousnovel
MobyDick:

letter frequency percentage letter frequency percentage
A 75982 8.16583 N 64146 6.89381
B 16489 1.77208 O 67654 7.27082
C 22036 2.36822 P 17507 1.88149
D 37387 4.01800 Q 1510 0.16228
E 114225 12.27580 R 50781 5.45746
F 20358 2.18789 S 62704 6.73884
G 20334 2.18531 T 85998 9.24226
H 61366 6.59504 U 25967 2.79069
I 64146 6.89381 V 8429 0.90587
J 1046 0.11241 W 21617 2.32319
K 7888 0.84773 X 1199 0.12886
L 41861 4.49883 Y 16462 1.76918
M 22765 2.44657 Z 630 0.06771

Feedingtheseprobabilitiesinto Shannon's formula,we £ndthat theentropy per letterof MobyDick
is:

Smoby = 4:178bitsperletter: (1.28)

Note thata simpleASCII £le containingthetext of thebookuses8 bits per letter. Thusit is imme-
diatelyclearthat it shouldbepossibleto compressMobyDick by abouta factorof two. In fact the
Unix programgzip cancompressMobyDick from 1202863charactersto 489159,which is some-
whatbetterthana factorof two—betterthanShannon's informationtheorypredicts.Exercise:Why
is this?
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