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Intr oduction

1.1 Statistical physics

Statisticalphysicsis aboutsystemsomposeaf mary parts.

Examples:

2 atomsor moleculesn agas,liquid, or solid;
2 electrongn ametal,semiconductqror plasma,;
2 guantain quantumgelds,particularlyphotonsn electromagneti€eldsandphononsn sound.

2 individualsin populationsparticularlyevolution (changesn genefrequenciesn populations),
thespreadf diseasesocialinteractions;

2 speciesn anecosystem;
2 computersn anetwork;
2 agentsn amarket, suchasa stockmarket;

2 swarmsof insectssuchasants.

Thetechniquedor studyingthesesystemsarebasedargely on combinatoricsandprobabilitytheory
hencethe namestatisticalphysics.



1.2 Percolation

Imaginecoloringin the square®n a squardattice at randomwith probability p:

This simplesystemis calledsite percolation onthe squardattice.

How mary sitesarecolored?SupposehereareN sitesin total. Thenthe probability of therebeingk

of themcoloredin is A \ !
pc= P@iph (1.1)

This is the binomial distribution. For asquardatticeof N = 10£ 10 = 10Q for example,with
p= 1, it lookslike this:

0.1

0.08

0.06

0.04

probability p(k)

0.02

0 25 50 75 100

number of occupied sitek



Themeanof this distributionis

A I
X X
hi = Kpi = k N pigNi K, (1.2)
k=0 k=0 k
whereg= 1 p. Butthisis equalto
@t AN @
. N .
ki = p~ ‘ pegi e = @(p+ Q" = pN: (1.3)
k=0

Sothe meanis right at the averageoccupatiorprobability, aswe might expect. The meansquareof
thedistributionis

@, G+ " = pN+ PN(N ;1) (1.4)

X, N .
H(Zi — k2 KaNi k — 1 =
K Pd p@p@

k=0
Sothevariances
Yg = hij Hki?=pN+p’™N(Nj 1)j pPN*=pNi p°N = p(li p)N: (1.5)

- P_— o .
Sothestandardleviationgoesas¥ » = N, andhencethedistribution getsnarraver, asafractionof
N asN becomedarge. ThusasN becomedarge, we canpredictthe valueof k=N with betterand
betteraccurag.

Somevaluesof k arestatisticallymorelikely thanothers—
sometimegnud morelikely. Knowing nothingelseabout
this systemwe canmake a predictionaboutwhatthe value
of k is likely to behere.

1.3 Randomwalk

Here's anotherexample,the randomwalk. Considera walker on a straightline who takesonestep
every secondvith probabilityp of goingto theright andprobabilityg= 1 p of goingto theleft:



time —»

space —»

Thepositionx(N) of thewalker afterN stepss givenby
X(N)=r(N)i I(N)=2r(N)i N; (1.6)

wherer (N) is thenumberof stepsto therightandl(N) = N j r(N) thenumberto theleft.

Whatis the probability distribution of x(N )? The probabilityof takingr stepsto therightandN j r
to theleftis A 1

N _
p= pgti (1.7)

which is just the binomial distribution again. Thuswe know immediatelythat the averagevalue of
X(N) is
hx(N)i = 2pN i N = N(pi 0); (1.8)

andthevarianceis

hx2 | i = 4hr?i | 4Nhri+ N?j N%(pi g)?

4pN + 4p°N? | 4p°N i 4pN?+ N?j 4p?N?+ 4pN?j N?

= 4poN: (1.9)

Thustherandomwalk, which is a sumof independentandomvariables§ 1, givesa binomialdistri-
butionin x. Thisis aspecialcaseof thecentral limit theorem.

%

1.4 Entropy

The simpleresultsof the previous sectionarea particularexampleof a generakoncept:

2 A microstateis oneof theindividual statesof our systemsuchasa particularsetof occupied
siteson the percolationattice,or a particularpathtakenby therandomwalker.
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2 A macrostateis a stateof the systemde£nedoy somelarge scalepropertyof the systemsuch
asthenumberof occupiedsites,or the distancdraveledby thewalker.

In generatherearemary microstatesvhich cancorrespondo agivenmacrostatefFor example there
areusuallymary pathsthewalker cantake whichwill resultin it traveling a distancex.

Let-( x) bethe numberof microstatecorrespondingo macrostatex. Thenthe mostlikely valueof
X is theonewhich maximizes-( x). Corventionally in fact,onemaximizes

S(x) = klog-( x); (1.10)
whichis calledtheentropy. (Strictly, it's the microcanonicalentropy—we'll cometo that.)
From the calculationsabove, we know that the width of the peakin -( x) getsnarraver asN gets

larger, sothatin thelimit of largeN maximizingthe entrofy givesa very goodestimateof thevalue
of X.

A real-world example: Hereis apictureof my ofEceatthe SantaFeInstitute.

It's messy Why? Becausdhereare mary microstateof my ofEce—man placesl could put each
paperandbookfor example—Ilut mostof themcorrespondo whatwe would de£neas“messy”and
very few to whatwe would de£neas*“tidy.” Messyandtidy arethe macrostates this case andthe
ofEceis messybecause( messy A -( tidy). Of course, couldtidy up my ofEce(something do
aboutonceor twice a decade)andsolower the entropy by moving from the messymacrostatéo the
tidy one.But thisrequireswork (andwork of a particularlyunattractve kind too).

Macrostatesvith highentrogy aremorelik ely thanoneswith
low entropy. Thisallows usto predictwhich macrostateare
likely to occur It alsomeanghatmostsystemsarein high-
entrofy states. Their entrofy canbe lowered,but only by
doingwork.




1.5 Moregeneralforms for entropy

The de£nitionwe gave for entrogy above is correct,but limited. In particular it makestwo assump-
tions:

1. thatall the microstatesorrespondindgo a givenmacrostatareequallylikely to occur;

2. thatthe macrostatés speciEedy the valueof a quantitywhich is measurabléndividually for
eachmicrostatg(numberof occupiedsites,distanceraveledby awalker).

In generalneitherof thesethingsis true. It is of courseperfectlypossibleto have systemsn which
microstateccurwith differentprobabilities—&en oneswhich correspondo the samemacrostate.
Also, moregeneralwaysof specifyingthe macrostatere possible.Indeed the mostgeneralway to
specifythe macrostatés simply to statethe setof probabilitiesf p; g thatthe systemwill befoundin
a given microstate.Fromthis set,ary othermacroscopiwariable,e.g.,mostprobablemicrostateas
above, canbecalculatedrivially.

Considetthena systemwhich canbein arny oneof N microstateslenotedoyi = 1:::N. Imaginein
factthatwe have alargenumberM A N of copiesof this system—aso-calledensemble—andthat
we measureeachoneto £ndoutwhatmicrostatet is in. Let n; bethenumberof systemgoundto be
in theith microstate Thenthe numberof waysof gettinga particularsetof valuesf njg—thenumber
of microstategorrespondingdo this macrostate—igivenby the multinomialdistribution

(fng)= M (1.12)

noliiing !l

Thenthe mostlikely macrostatas the one which correspondgo the maximumof this quantity or
equialentlyto the maximumof the entroyy

= Liog- = Liogmti Y lognit (1.12)
_M g —M agM 1j agn;: : .

i=1

We make useof Sterling's approximation

logk!" klogkij k; (1.13)
giving
— 1 . . X! X * _ . X n; n;
S= M)(MIOQM. M j i:lnilogni+i:1ni = i mlogm
=i plogp; (1.14)
i
where n:
p = M (1.15)

Notethatin this formulationthe macrostateanonly be deEnedwith respecto the entireensembile.
Also, notethe minussign.



Thereis sometimes constank givenin front of the de£nitionof the entrofy thus:
X
S=ijk plogp: (1.16)
i

Of course this constanimakesno differenceto wherethe maximumof the entroyy is. In traditional
statisticalmechanicsk = 1:3807€ 10' 22 JKi 1, for reasonsvhich arerootedin theobscureandoften
nonsensicahistoryof physics.

Equation(1.16) is perhapsthe mostimportantequationin
statisticalphysics. It givesthe Gibbsentrogy for anensem-
ble. TheGibbsentropy is thequantitywhichis maximizedn
orderto £ndthe mostprobablemacrostatef the ensemble,
which correspondso a setof valuesf p;g.

1.6 Examplesof the useof the Gibbs entropy

To make useof the Gibbsentrofy, oneusuallyspecif£eghe systemof interestandary relevantcon-
straintson the probabilitiesp;, andthen maximizesthe entrofy to £nd the mostprobablesetf p;g
subjectto thoseconstraintsHerearesomeexamples.

1.6.1 The microcanonicalensemble

Consideragain systemdik e the simpleonesat the beginningof this lecturein which all microstates
areequallylikely, andamacrostaten correspondto aspecifcsetof microstatesThentheconstraints
onp; aresimple: (

-0t if statei belongsto macrostaten
. = m
b 0 otherwise. (1.17)
Thus
X 1 1
Sm =i —log— = log- m; (1.18)
i2m - m -m

exactly aswe de£nedt before.

In fact,if we don't restrictall p; to be equal,we £ndthatp; = constanimaximizesS aryway—the
uniform probability distribution maximizesthe entrofy with or withoutthe constraint.

1.6.2 The canonicalensemble

A morerealistictypeof constrainbn asystems aconstrainontheaveragevalueof someobsenrable
guantityE . In almostall experimentghatwe do onsystemsve don't simply measurequantityonce,
we measurdt repeatedly The universalassumptiorone makes, which is almostentirely unproven,
andprobablywrongexceptin all the caseghatmatter is the ergodic hypothesis



Theaverageof alarge numberof measurementsn the samesystemwill bethe sameas
the averageof measurementsn anensemblef differentandindependensystems.

This meanghatthe averageof our measurementsyhichis thething onealmostalwayscalculatesis

X
hEi = P E;: (119)

Supposave have measurediEi, andwe wantto know whatthe mostlikely probability distribution
over microstatess. Thenwe shouldmaximizeEq. (1.16)subjectto the constraint(1.19),aswell as
theobvioussumrule X
§ = pi = 1 (1.20)
|

We cando the maximizationusingthe methodof Lagrangemultipliers:

@ @ _Q@Ei :
®—i —=0 for all i; 1.21
@I I @I @i ( )
which givesus
logpii 1i ®; E;=0: (1.22)
Or equvalently
g Fi
= : 1.23
p= (1.23)
whereZ is anormalizationcoeEcientwhich ensureghatEq. (1.20)is satisEedZ's valueis
X -
z= ¢ F: (1.24)

i
andit hasa specialname:it's calledthe partition function.

TheLagrangemultiplier  is givenin termsof hEi by substitutingeq. (1.23)backinto Eq.(1.19).Al-
ternatiely, in somecase®neactuallyspecifes andthencalculate$Ei from Egs.(1.19)and(1.23).
For example,in classicalequilibrium statisticalmechanics” = (kT) !, whereT is thetemperature
of the systemk is the BoltzmannconstantdeEnedin Sectionl.5, andthe obserableE is, in this
casethetotal internalenegy of thesystem.

Sinceit is by farthe mostcommonapproacho measureghe

averageof anobserablequantityasin Eq. (1.19),thedistri-

bution (1.23) appliesto a hugevariety of differentsystems.
This distributionis calledthe Boltzmann distrib ution.

Oncewe have the distribution of probabilitiesp; we canuseit to predictotherthings. For example,
thevarianceof E immediatelyfollows from

e EiE?
Y2 = ME? | hE|2—4:— hEi?: (1.25)



1.6.3 Information theory

Considera communicatiorchannel—detter sentthroughthe mail for example,or a pageof a book,
or anemailmessageSupposehereareN differentpossiblemessagethatcanbe sent,andsuppose
thatmessage is sentwith probabilityp;. How muchinformationis receved permessagsent?

Imaginereceving a large numberM of messages.The distribution p; deEnesthe numbersn; of
messagesf eachtypereceved. Theinformationcontainedn themis only in theirorder How mary
ordersarethere?Thereare

f =M 1.26
(fnig) = nynotsiing ! (1.26)
Thus- is ameasuref theinformationsent,asis its logarithm:
X
S=i plogp: (1.27)

i
This is the Shannoninformation or Shannonentropy of a message If the logarithmsaretaken
base2, thenthe unitsof informationarebits.

For example,supposédhat our messageare just single letters. Here arethe frequenciesof the 26
alphabetidettersin the 1.2 million character®f HermanMelville's drearyandfrankly odiousnovel
Moby Dick:

letter frequeny percentage letter frequeny percentage

A 75982 8.16583 N 64146 6.89381
B 16489 1.77208 O 67654 7.27082
C 22036 2.36822 P 17507 1.88149
D 37387 4.01800 Q 1510 0.16228
E 114225 12.27580 R 50781 5.45746
F 20358 2.18789 S 62704 6.73884
G 20334 2.18531 T 85998 9.24226
H 61366 6.59504 U 25967 2.79069
I 64146 6.89381 \Y 8429 0.90587
J 1046 0.11241 W 21617 2.32319
K 7888 0.84773 X 1199 0.12886
L 41861 4.49883 Y 16462 1.76918
M 22765 2.44657 z 630 0.06771

Feedingtheseprobabilitiesinto Shannors formula, we £ndthatthe entrogy perletter of Moby Dick
is:
Smoby = 4:178bits perletter. (1.28)

Notethata simple ASCII £le containingthe text of the book uses8 bits perletter. Thusit is imme-
diately clearthatit shouldbe possibleto compressvioby Dick by abouta factorof two. In factthe
Unix programgzip cancompressvioby Dick from 1202863characterso 489159 ,which is some-
whatbetterthana factorof two—betterthan Shannors informationtheorypredicts. Exercise:Why
is this?



