
Douglass Houghton Workshop, Section 1, Wed 03/08/17

Worksheet Kowabunga

1. We have a new tool for evaluating limits, called L’Hôpital’s Rule. It
allows us to resolve some limits we couldn’t do last fall. In particular,
we can prove our favorite result, about Michael Phelps’s towel.

(a) Recall our model of toweling: water spreads out evenly over Michael and the
towel. So if Michael has area 1m2 and starts with wetness W , after using a towel
of size T his new wetness will be

W
(

1

1 + T

)

.

Suppose instead he divides his towel of size T into n parts. How wet will he be if
he starts with 1 liter of water on him?

(b) What happens if he divides the towel into more and more pieces? Let

L = lim
n→∞

(the formula you found in part (1a)).

Take the ln of both sides of the equation above. It’s OK to move the ln inside
the limit, because ln is a continuous function.

(c) Let p = 1/n. As n → ∞, p → 0. So rewrite your limit with p’s instead of n’s.

(d) In order to use L’Hôpital’s Rule, you need to have something of the form 0/0 or
∞/∞. So get you limit in that form, and resolve it.

2. (This problem appeared on a Fall, 2011 Math 116 Exam) An aquarium containing
100 liters of fresh water will be filled with a variety of small fish and aquatic plants.
A water filter is installed on the tank to help remove the ammonia produced by the
decomposing organic matter generated by plants and fish in the aquarium. The filter
takes water from the tank at a rate of 20 liters every hour. The water is then filtered
and returned to the aquarium at the same rate of 20 liters every hour. Ninety percent
of the ammonia contained in the water that goes through the filter is removed. It is
estimated that the fish and plants produce 30 mg of ammonia every hour. Assume the
ammonia mixes instantly with the water in the aquarium.

Filter

(a) Let Q(t) be the amount in mg of ammonia
in the fish tank t hours after the fish were
introduced into the aquarium. Find the dif-
ferential equation satisfied by Q(t). Include
its initial condition.

(b) Find the amount of ammonia in the fish tank 3 hours after the fish were introduced
into the aquarium. Include units.

(c) What happens to the value of Q(t) in the long run?



3. (This problem appeared on a Winter, 2009 Math 116 exam) The quantity

∫

∞

1

dx
√

(a2 + x)(b2 + x)(c2 + x)

roughly models the resistance that football-shaped plankton encounter when falling
through water. Note that a = 1, b = 2, and c = 3 are constants that describe the
dimensions of the plankton. Find a value of M for which

∫

M

1

dx
√

(a2 + x)(b2 + x)(c2 + x)

differs from the original model of resistance by at most 0.001. Hint: make use of the
integral and the comparison test.

4. Back before break we found formulas for converting from latitude (φ) and longitude
(θ) to Cartesian coordinates:

x = cosφ cos θ

y = cosφ sin θ

z = sinφ

Here the origin is the center of the earth, and the radius of the earth is 1. The only
catch was that the formulas assume that a point is on the surface of the earth.

(a) How far is the point P = (x, y, z) from the origin?

(b) If you multiply all the coordinates of P by the same number, you get a point that
is either directly above or directly below P . Suppose P is below the surface of the
earth. What are the Cartesian coordinates of the point on the surface directly
above P ?

(c) Find a way to convert the Cartesian coordinates of a point on the surface back to
latitude and longitude.

5. There is still nothing special at latitude 14◦38′53′′ N, longitude 78◦6′28′′ W. It’s just a
point in the ocean. But, if you were to shoot a neutrino from the middle of the Diag
(latitude 42◦16′36′′ N, longitude 83◦44′15′′ W) to that point, through the earth’s crust,
its deepest point would be directly under a very interesting place. Find that place,
using Excel.


