
Douglass Houghton Workshop, Section 2, Tue 10/25/16

Worksheet Koala

1. Last time we thought about a parabolic mirror in the shape of the graph of y = ±
√
4x.

So far we’ve found:

� A light ray y = −b hits the mirror at P = (b2/4,−b).

� The slope of the tangent at that point is −2/b.

� The normal line at the same point has slope b/2.

� When a line makes an angle θ with the x-axis, it has slope
tan θ.

� So if we call the angle between the normal line and the
horizontal θ, then θ = tan−1(b/2).
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(a) Draw the picture on the board.

(b) To the ray, the mirror looks flat, just like the tangent line. Draw the reflected
ray. What angle does it make with the x-axis?

(c) We know that sin 2x = 2 sinx cos x and cos 2x = cos2 x− sin2 x. Use those to find
a formula for tan 2x in terms of tan x.

(d) What is the slope of the reflected ray?

(e) Write an equation for the reflected ray.

(f) Where does the reflected ray intersect the x-axis? What is surprising about this
answer?

(g) Graph several rays, with their reflections.

(h) What’s cool about this type of mirror?

2. (This problem appeared on a Fall, 2006 Math 115 exam) The Flux F , in millilitres per
second, measures how fast blood flows along a blood vessel. Poiseuille’s Law states
that the flux is proportional to the fourth power of the radius, R, of the blood vessel,
measured in millimeters. In other words F = kR4 for some positive constant k.

(a) Find a linear approximation for F as a function of R near R = 0.5. (Leave your
answer in terms of k).

(b) A partially clogged artery can be expanded by an operation called an angioplasty,
which widens the artery to increase the flow of blood. If the initial radius of the
artery was 0.5mm, use your approximation from part (a) to approximate the flux
when the radius is increased by 0.1mm.

(c) Is the answer you found in part (b) an under- or over-approximation? Justify
your answer.



3. Let f(x) = x2−2x+4 and g(x) = −x2−2x−3. Find the equations of all lines tangent
to both curves.

4. Let f (n)(x) denote the nth derivative of f . If f(x) = e−2x, find f (531)(x). Is f (531)(x)
increasing or decreasing? Concave up or concave down? Try graphing f (531) without
your calculator, then check with the calculator.

5. The diagrams below each have 4 regions, representing different ways a function can
behave at a point. In each region write an example of a function and a point that meets
the criteria. For example, in the intersection of “f ′ = 0” and “f changes direction”,
we have x2@ x = 0, because the derivative of x2 is indeed 0 at x = 0, and the function
switches from decreasing to increasing there.

f chang
es direction

f ′ = 0 f ′ undefined

x2@ x = 0

f chang
es concavity

f ′′ = 0 f ′′ undefined

6. After graduation Dinko fulfills his life-long dream to start a boy band. (His boyish
good looks allow him to pretend to be 16 when he is actually 22.) The band’s name is
Elegant Dolphin. Claire and Ngan, huge fans of boy bands, attend a concert the band
plays at Michigan Stadium.

Above the heads of the boys, on a light pole, is a giant sculpture of a dolphin.
Claire wonders how high it is. She knows she is 100 ft from the base of the pole,
so she pulls out her sextant and measures the angle to the top of the pole. The
sextant has some inherent uncertainty: let’s say that Claire measures an angle
θ, with an uncertainty of ǫ. So she knows that the real angle is somewhere
between θ − ǫ and θ + ǫ.

(a) If the angle is exactly θ, how high is the tower?

(b) Use a derivative to approximate how much uncertainty in that answer results from
using the sextant. (Assume ǫ is small.)

(c) Suddenly, at a dramatic moment in the song Girl, Let’s Ride in My Car (remi-
niscent of Live While We’re Young by One Direction) a toy convertible emerges
from the mouth of the dolphin and falls to the ground. Dinko then drives the car
around the stadium and picks up fans for rides.

Ngan, paying close attention, times how long it takes for the car to hit the ground.
(She knows that an object falls 16t2 feet in t seconds). If her stopwatch is accurate
to within a time δ, about how accurate is her estimate of the height?



(d) Suppose that ǫ = 0.01 radians, δ = 0.1 sec, and two measurements made are
θ = 1.13 radians and falling time of 3.6 seconds. What are the two estimates for
the height of the tower, and which is more accurate?


