MATH 116 — PRACTICE FOR EXAM 3

Generated April 15, 2012

NAME:

INSTRUCTOR: SECTION NUMBER:

1. This exam has 13 pages including this cover. There are 10 questions. Note that the problems are not
of equal difficulty, so you may want to skip over and return to a problem on which you are stuck.

2. Do not separate the pages of the exam. If any pages do become separated, write your name on them
and point them out to your instructor when you hand in the exam.

3. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

4. Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

5. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric keypad).
However, you must show work for any calculation which we have learned how to do in this course. You
are also allowed two sides of a 3" x 5" note card.

6. If you use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the
graph, and to write out the entries of the table that you use.

7. You must use the methods learned in this course to solve all problems.

Semester | Exam | Problem | Name Points | Score
Fall 2008 3 6 ibuprofin 12
Fall 2011 3 7 12
Fall 2008 3 7 Snow 16
Fall 2006 3 2 7
Fall 2004 3 10 Doppler 8
Fall 2011 2 8 spirals 10
Fall 2010 3 3 sewage flow 11
Fall 2006 2 1 corn 12
Winter 2011 3 7 wine glass 12
Fall 2009 1 8 13
Total 113

Recommended time (based on points): 125 minutes



6. [12 points] When a patient takes a drug (e.g., by ingesting a pill), the amount of the drug
in her/his system changes with time. We can think of this process discretely (each pill is an
immediately delivered dose) or continuously (each pill delivers a small amount of drug per unit
time over a long time). This problem considers these two different models.

a. [4 points] Suppose that ibuprofen is taken in 200 mg doses every six hours, and that all
200 mg are delivered to the patient’s body immediately when the pill is taken. After six
hours, 12.5% of the ibuprofen remains. Find expressions for the amount of ibuprofen in
the patient immediately before and after the nth pill taken. Include work; without work,
you may receive no credit.

Solution: Immediately after the first pill, the amount in the patient’s system is A; =
200. Immediately before the second pill is taken the amount in the patient’s system is
By = (0.125)(200), and immediately after, Ao = 200 + (0.125)(200). Similarly, we have
Bs = (0.125)(200) + (0.125)2(200) and A3 = 200 + (0.125)(200) + (0.125)2(200), and so
on. Thus immediately after the nth pill taken, the patient has

200(1 — 0.125"
A, = 200 + (0.125)(200) + - - - + (0.125)"71(200) = i a7 ) mg,

or about 228.57(1 — 0.125™) mg of ibuprofen in her/his system, and immediately before
the nth pill the patient has (for n > 1),

0.125)(200)(1 — 0.125"1
By, = (0.125)(200) + - - - + (0.125)"*(200) = (01251 1 _)(0 125 ) e

or about 28.571(1 — 0.125"~!) mg of ibuprofen in her /his system.

b. [4 points] Now suppose that ibuprofen is taken in a time-release capsule that continuously
releases 35 mg/hr of ibuprofen per hour for six hours. The drug decays at a rate pro-
portional to the amount in the body, with a constant of proportionality r = 0.35. Write
a differential equation for the amount of ibuprofen, y(t), in the patient as a function of
time. Solve your differential equation, assuming that there is no ibuprofen in the patient
initially.

Solution: We know that the rate of change of the ibuprofen in the body, y(t), is 35 mg/hr
less the decay of the amount that’s present, so we have % = 35— 0.35y, and if the initial
amount present is zero, we also have y(0) = 0. We can solve this by separation of
variables:

dy dy
) —0. -1 = —0.35dt.
: 35 — 0.35y 0.35(y 00), so y—1 0.35

Integrating both sides, we have In |y — 100] = —0.35t + C, so that y = 100 + ke~ 0-3%,
Because y(0) = 0, k = —100, and we have y = 100(1—e~%3%). Note that this is only valid
for 0 <t < 6; at t = 6 we expect that another pill will be taken, and we will then have to
solve the same differential equation with the initial condition y(6) = 100(1 — e~0-3%(6)) =
87.75.




c. [4 points]  This is the third part of problem (6), which begins on the previous page. The
figure below shows graphs that may correspond to the solutions that you obtained in (6a)
and (6b). The graph to the left corresponds to part (a), with the solid and open circles
in the graph showing the amount of ibuprofen in the patient after and before the nth pill.
The graph to the right corresponds to (b). Assuming that these graphs do represent your
solutions, use your results from (a) and (b) to determine the values of A, B, C, and D.
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Solution: We note that A is the amount of ibuprofen in the patient after taking one
pill, which is 200 mg; C is the limiting value for this quantity, which is 228.6 mg. B is
the limiting value for the amount of ibuprofen in the patient before the nth pill, which
is 28.6 mg. D is the limit of the exponential in (b), which is 100 mg.

7. [16 points] The annual snowfall in Ann Arbor has mean 52.91 inches and standard deviation
12.67 inches. Assume that these data are normally distributed, and let x be the deviation of
a year’s snowfall from the mean (so that if z = —2 in a given year, it means that the snowfall
that year was 50.91 inches). Then the probability density function for x is

_ —x2/(202%) _ —z2/321.1
plz) = ——e = /27) = 0.03149¢ ,
oV 2

so that its cumulative distribution function P(x) is

P(a:):/ p(t)dt:/ 0.03149 ¢~*/3211 g

—00 —00

+ / 0.03149 ¢—t*/3211 g4
0

N =

a. [2 points| Explain why P(x) =

Solution:  We know the area under p(x) is one, and because the normal distribution

is symmetric about its mean, we know fi)oo p(z)dr = 5. Thus P(z) = [ p(t)dt =

[P p(ydt+ [ p(tydt =%+ [ p(t)dt.



This continues problem 7: here, p(x) = 0.03149 ¢

_ 2
2 /32011 g

1 xr
P(e) =5 + / 0.03149 ¢~**/321-1 g
0

b. [5 points] Write a Taylor series for p(z) (around x = 0).

Solution: We know that eI:1+az+%x2+~'—|—%a}”—|—---. Thus,

p(z) = 0.03149 ¢~*"/3211

1 1 (—1)
=0.03149 (1 — 2 4y oy N0 a2ngy )
0.03 9( TR T Co T E) R T E o TI T S >

c. [5 points] Write a Taylor series for P(z) (around z = 0). Hint: you will probably want to

use your work from (b).

Solution: Using the result from (a) and integrating the series in (b), we have

1 T S t2n
P(z) = 5 +/0 0.03149 > oot
£~ nl321.

(_1)n $2n+1
n!(2n + 1) 321.17°

1 o0
=5+ 0.03149 Z;J

d. [4 points] Use your result from (b) or (c) to estimate the probability that there will be

up to 60 inches of snow this winter.

Solution: This probability is just P(60 — 52.91) = P(7.09). Using the first two terms
of the series in (c), we have P(7.09) ~ 1 + 0.03149 (7.09 — 3((732?3)) = 0.712, or about a
71.2% chance. (The leading term gives 72.3%.)

We could also use the series for p(z): p(z) ~ 0.03149(1 — 5+ x?), so the probability
we want is &~ § + f07.09 0.03149(1 — 55 #%) dz, which will clearly be the same as the

preceding. Obviously, trying to use f_ong 0.03149(1 — 32—151 2?) dz does not work.
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7. [12 points] Determine whether the following series converge or diverge (circle your answer).
Be sure to mention which tests you used to justify your answer. If you use the comparison test
or limit comparison test, write an appropriate comparison function.

a. [3 points] Z 1 ) \/_

Solution: Since
1
lim \/ﬁ = lim ﬂ = —,

then the sequence a, = (—1)" : +\éﬁf does not converge to zero (it oscillates closer to l

and —7. Since the terms a,, does not converge to 0, then the series > .~ | a,, diverges.

b. [4 points] Z ne "
n=1

Solution: Let f(x) = xze™*". The function f(x) > 0 and f'(z) = e* (1 —222%) < 0
for x > 1. Hence by the Integral test

00 , 00 ) b 9 1 _ - 1
E ne” " behaves as / ze ¥ dr = lim ze ¥ dr = lim —567“@ ‘l{ =5
— 1

b—o0 1 b—o0 2e

the series converges.

o0 2
¢. [5 points] Z coif_zn)
n=1

Solution: This series has positive and negative terms. Since

cos(n?) 1
n2 — n?’
then the series of the absolute values satisfies
i cos =1
nz

n=1

The series on the right converges by the p series test with p = 2, hence the series of ab-
2
solute values converges. Since the series of absolute values converges, then )~ COZ(—;I)

converges.
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2. [7 points]  The graph to the right shows f(z), f'(x), f”(z) and
f//l(x)'
(a) [4 points of 7] Find the 3rd degree Taylor polynomial approxi-
mating f(z) near xz = 2.

Solution:

We know that the 3rd degree Taylor polynomial is Py = f(2)+
'(2)(x—=2)+ 5./ (2)(x —2)2 + 3./ (2)(z — 2)3. We can read
the values for f and its derivatives from the graphs, finding
flx)=2, f'(2) =1, f"(2) = —% and f”(2) = 1. Thus

1 1
P3:2+(:17—2)7Z(x72)2+1f2(:cf2)3.

(b) [3 points of 77 Based on the graphs of f and its derivatives that you have in the given figure, what
would you guess the radius of convergence of the Taylor expansion for f(z) around z = 2 would
be? Explain.

Solution:

From the graphs it is clear that f and its derivatives have a vertical asymptote at z = 0. It is
not possible for a polynomial expansion to reproduce this, so we would expect that the Taylor
expansion would fail there. This is two units from x = 2, so we guess that the radius of convergence

is R=2.



9. (10 points) At age 65, Mrs. Smith retires with $1,000,000 in her retirement account. Assume
that after retirement:

(i) She receives interest of 5% per year (compounded continuously) on the balance in the account,
and this money is reinvested in the account ;

(ii) She withdraws money (for living expenses) from the account at a continuous rate of $60,000

per year.

(a) Write the initial value problem for the balance B(t) of dollars in the account ¢ years after
Mrs. Smith retires.

From the information given in the problem, we deduce that the balance in dollars, B(t), in Mrs.
Smith’s account satisfies the differential equation

B'(t) = 0.05B(t) — 60,000

and has the initial value B(0) = 1,000,000 dollars at time 0.

(b) Will Mrs. Smith ever exhaust the retirement account, i.e. reduce the balance in the account

to zero? Ezplain.

The amount of money B in the account is being reduced at all times. Indeed, originally
dB/dt = 0.05B — 60,000 < 50,000 — 60,000 < 0. As B decreases, so does 0.05B. Hence this
also happens at all future times. In particular, the account decreases by at least $10,000 each
year, and it will thus eventually be depleted.

Although the problem does not require it, one can find out when the account will be depleted by
solving the equation B(T) =0, for T. The solution to the differential equation in part (a) is
B(t) = 1,200,000 + A %%t where A is a constant. Since B(0) = 1,000,000, we get

A = —200,000 and thus B(t) = 1,200,000 — 200,000 e%%t. The solution of the equation

B(T) = 0 is found to be T' = (In6)/0.05 = 36 so it will take about 36 years to deplete the account.

(¢) Are there any equilibrium solutions to the differential equation of part (a)? If so, explain
their meaning in terms of Mrs. Smith’s money.

The only equilibrium solution of the differential equation from part (a) is where dB/dt =0 for
all times t or where B = 60,000/0.05 = 1,200, 000.

This is the amount of money necessary so that the interest generated is exactly equal to the
amount that Mrs. Smith is withdrawing, so that the balance in the account remains constant.
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8. [10 points] For a > 0, consider the family of spirals given by r = 9% in polar coordinates.

a. [2 points] Write down an integral that gives the length L of a spiral in this family for
1 <60 <b. No credit will be given if you just write down the formula given in part (b).

Solution: Using parametric equations: x = 0% cosa and y = 9% sin a.

b « 1 . 2 « 1 2
L:/1 <_9a+1C089_9aSln9) +< garl Sln9—|—9C089> do
b 1\?2 a \2
:/1 \/(ea) * (_eaﬂ) d0

or

b. [8 points] It can be shown that the length L of the spiral in part a) may also be written

as b
1 o?

= —1/1+ —=df
/1 J2le’ + 92

Use this formula for L to find all values of @ > 0 for which the length of the spiral is
infinite for 1 < 6. For which values of « is the length finite? Justify all your answers using

the comparison test.
o0 1 2 [e'e] 1
/1 W\/Ed@ behaves as /1 6—ad9
*° 1
/ —d& < / 1 +
1

then arc length is infinite of @ < 1.

\/1+ d9</ \/1+a2d9—\/1+a2/ —d@
1

Hence the arc length is finite of o > 1.

Solution:

Since
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3. [11 points] Sewage flows into the tank described in the previous problem at a rate of
f(t) cubic meters per day. Let t be the number of days since December 1, when the
tank had 1 m? of sewage. A graph of f(t) is given below. Use it to answer the following
questions.

Rate of flow
f(t) (m"3/day)

3
25

2 / \
/ \

15 / \
N\

. / \\

05 \

AN

C'0 2 4 6 8 10 12 14 16 18 20 22 24 t(@ays)

a. [3 points] Suppose that V() gives the volume of sewage in the tank at time ¢. Find
a formula for V'(¢) in terms of f(¢).

‘ Solution: V(t) =1+ fot f(t)dt

b. [2 points] For what times ¢ in [0, 24] is V'(t) concave up?
| Solution: 4 <t < 10

c. [2 points] For what times ¢ in [0, 24] is V (¢) concave down?

’ Solution: 14 <t < 24

d. [4 points] Fill out the table below. Using the values in your table, compute Riemann
sums with 3 subintervals to find an underestimate and an overestimate for V/(12).
Justify why the Riemann sums you selected yield the appropriate under and upper
estimates. Do not forget to include the units in your answer.

0 4 8 12

t
f(t)

t 0 4 8 12
FOT 1] 1] ~ 175 3
f(t) is increasing in (0, 12) then
Upper estimate (Right hand sum): 4(1 + 1.75+3) + 1 =24 m?
Lower estimate (Left hand sum): 4(1 + 1+ 1.75) + 1 =16 m?

Solution:
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1.

[12 points] ~While at home for Thanksgiving, Alex finds a forgotten can of corn that has been sitting
on the shelf for a number of years. The contents have started to settle towards the bottom of the can,
and the density of corn inside the can is therefore a function, §(h), of the height h (measured in cm)
from the bottom of the can. § is measured in g/cm3. The can has a radius of 4 cm, and a height of
12 cm.

(a) [3pointsof12] Write an expression that approximates the mass of corn in the cylindrical cross-section
from height h to height A + Ah.

Solution:
The cylindrical cross-section is a disk with height Ah and radius 4 cm, so its volume is AV =
7(4)% - Ah. The mass of the cross-section is then AM = §(h) - AV = 167 - §(h) - Ah.

(b) 3 points of 12]  Write a definite integral that gives the total mass of corn in the can.

Solution:
We let Ah — 0 and add the contributions from each disk by integrating, to get

12
M:/ 167 - 5(h) dh.
0

(c) [3 points of 12] If 5(h) = 4e~%03" what is the total mass of corn inside the can?

Solution:
We have M = [} 167 - §(h) dh = [, 167 - 4¢=0-93" dh. Thus

12 12
M = 64r / e—0.0Sh dh = — 64 7T€_0'03h — —64007'('
0

—0.36 _ =~ 2g.
003 ) 3 (e 1) ~ 20262 g

(d) 3 points of 12 Write, but do not evaluate, an expression for the can’s center of mass in the h
direction. Would you expect the center of mass to be in the top or bottom half of the can? Do not
solve for the center of mass, but in one sentence, justify your answer.

Solution:
The center of mass is "
Jo 167 - h-6(h)dh
M 9
where M is the mass we found before. We expect this to be in the bottom half of the can, because
ff 167-h-6(h) dh
folz 16m-6(h)

E:

the density decreases with increasing h. (Obviously, we could also write h =

plugging in d(h) from (c) is fine too.)
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7. [12 points]
a. [5 points] You rotate the region shown about the y-axis to create a drinking glass.

Write an expression that represents the volume of material required to construct
the drinking glass (your answer may contain f(y)).

N 1/5
= (%)

-3

Solution:

Volume = /037r <f(y)2 — <%>§) dy + /_(; 7 f(y)2dy.

b. [7 points] Consider the vessel shown below. It is filled to a depth of 1 foot of water.
Write an integral in terms of y (the distance in ft¢ from the bottom of the vessel)
for the work required to pump all the water to the top of the vessel. Water weighs

62.4 Ibs/ft*.

Solution: Using similar triangles:
Volume of a slice=5 (%y) Ay
VVorszo1 5(3y) (62.4)(2 — y)dy = fol 468y(2 — y)dy.
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8. [13 points|] Let C(u) be a function that satisfies C’'(u) = Cosiiﬁ), C(2) = 3, and let S(u) be a
function that satisfies S’(u) = Sin(uQ), S(2) = —1.

u

a. [4 points] Write expressions for C'(¢) and S(t) that satisfy the above conditions.

Solution:

C(t):/;cos(ﬂdu—iri% 5<t):/2tsm(“2)du—1

u u

b. [6 points] A particle traces out the curve given by the parametric equations x(t) =
C(In(t)), y(t) = S(In(¢)) for t > 10. What is the speed of the particle at time ¢t? You may
assume that ¢ > 10.

Solution:

<jt /m(t) coS(UQ)du>2 N <jt /ln(t) Sin(u2)du>2
1(12(111(”)2)2+ (t n(lnzt)P)?

3

In(t) t In(t)

tIn(t

~—

c. [4 points] For t > 10, is the curve given by the parametric equations in part (b) of finite
or infinite length? Justify your answer.

Solution: The curve has infinite length. The arc length for t > 10 is given by integrating
the speed over the interval [10,00). With a u-substitution u = In(¢) we have

o dt * du
arc length = = —
10 tIn(t) In(10) U

which diverges by the p-test.






