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Part f) Now add the two contributions for ! # 0, separating out the terms with s, - s, from those with s, - L,
and setting g = 2:
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Further simplify the expression by extracting the common factors is equations (57.140) and (S7.141):

(nljFmp| Hyjporo + Hirpitar [0liFme)

o Aaa n.,w :aviw TE F1) -G +1) - & [V; +Y.)] (87.145)
where
Y, = T - T HWE 5 Qc. 1) =+ 1) - mz T.c.+ D +10+1)— m_ (57.146)
and .

Setting j = 1 +1/2, after a little algebra the expression simplifies to Yy + Y, = 2I{I+1). Setting J =1—1/2,
one gets Y1, + Y, = 2I{l + 1) also! Therefore, when { # 0,
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Finally {see Problem 3.21) ]
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s0 the general formula is w

Pl ' IntjFmp) = €T (MY 1 a3 ;
(nljPme| H' [nljFmy) = £ A Ev GTOEED Tff D -G +1) -3 (S7.150)

Part g) The S-state rule can be obtained from equation ($7.150) with { = 0 and j = 1/2. But the derivation
was different.

Problem 7 .Hm\ﬂ_ﬂo Elementary Variational Method Problems
Part a) The trial function is (z) = Ne #%l = Ne=#=8(=) The normalization condition is

oo N2
1= zm.\ e~ 2Pl gy — — © (87.151)

—o0 g




Chapter VII. Approximation Methods for Bound States 93

whence N2 = . The derivatives are

P (z) = —BN (¢#*O(—2z) + eP=6(z)) (87.152)
and
¥"(z) = 2N (#20(-z) + e7P76(x)) — 2N 6 (z) = f*(z) — 2N BS (z) (§7.153)
. The expectation value of the kinetic energy is .
_ ;mw ——— V' (z) d : 2d N ONI%.W S7.154
@ = (o 2 J0) =k [Tv@w@ae- o [Tl s Tuoi =g G710
The expectation value of the potential energy is
_ I.M.EH_SE Hu _ ENEEM\.OD —_ 2 _ 398&
V(g) =N \c o= T et a =T (S7.155)
§o 2 2
E() =5~ + MMM (S7.156)

Since B(3) =+ o0 as § — 0 and as § — o0, it wmm a minimum for some positive 3. This occurs when
dE/dg3 =0, or

Bt = Wapeu (S7.157)

For this value, E(#) = w/v2 = v2(w/2), greater than the correct energy by a factor v/2.
Part b)

. P(r) = Ne /% (S7.158)
Compare this with the ground state wave function for the three-dimensional oscillator:
MW _wr?
W(r) = Tl g /2 (S7.159)
They are the same if we identify mw = 2/b?, so
g\ %
N = Amﬂv (87.160)

For a harmonic oscillator eigenstate, the expectation values of the kinetic and the potential energies are
equal.® The kinetic energy is independent of the potential. So

3 3
WITW)=qw=5-3 (87.161)
and
3
WV = \ W) Zdr = —4raN? \ e 2d (%) = —rat? m 2 v __a /8 (srae)
0 b2 by
Then with
E(®) = (| T ) + |V ]¥) (57.163)
the best value of b is the solution to
dE 3 o (8
| 0= =—— 455 (S7.164)
At the value given by the solution,
: 2
E= Kﬁas = —.4244131._.0°m (S7.165)

which, as expected, is slightly greater that the true value —.5a%m.

3This fact follows from the quantum virial theorem.
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Problem 7.14 Variational Estimate for a Quartic Potential

Part a) 7/
-t 4 _
N.s 702 eE + AzY(x) = By(x) (57.166)
Set z = 3i:
d? 2m g8t _ o
—=g¥(t) + ——v(t) = 2mEFY(t) | (S7.167)
Now choose 8 = 1/v2m:
2mE (1 $ -
@E + () = = Ailv P(t) = E(t) (87.168)
2mA
where .
AN 57.169
E.=E, h &;wv . (87.169)
Part b) The one-dimensional oscillator has mno_.:E state wave function
= [M]* a2
Y(z) = ﬁ - _ € (87.170)
So identify mw = a® ,
a2\t
N = Tﬂv (87.171)

The functions ¥(z) are eigenfunctions of a three-dimensional harmonie oscillator Hamiltonian with frequency
w. For the oscillator, {¢|T ¥} = (| V |¢) = E/2 in any eigenstate. But the expectation vallue of T does
not know what the potential is, so here too the expectation value of the kinetic energy is

2

w @
WTl) =7 =2— (S7.172)
Now set 2m = A = 1. Then [See equation (A.27))
N st = L [T ey = L (2= 2
WV ) = N .\.83 e Far= St [yt ay= np,\mﬂmm = (S7.173)
The scaled energy
Bay=2 12 . (87.174)
T2 4at .
is at a minimum when a® = 3. The best estimate of the energy is
= _ 1.4 B
E =338 = 1.08169... (S7.175)

Then for any A and m,

3
AR v (S7.176)

E(b) = 1.08169. .. Aﬂ

This energy is greater that erm true ground state energy (as required) by about 2%.

Part ¢) The wave function mom. the first excited state of the one-dimensional oscillator is (see section 3.2.4)

¥1(z) = V2mw mqsmel”_ : ze ™= /2 (87.177)
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Problem 7.16 Variational Method for the Stark Effect on the Ground State of Atomic Hydroge:

Part a) H_rmfwu\o”num_mumaou is given by

2
1= \_e_u d*r = z.u\.mluln AH.__. m.__.nOmmv r?drd cos8d¢

2
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Part b) The gradient of the wave function is
1 -rja _Q_ = - - |1\D_Q -~
V{r) = 1%2 e 14>z [zf2s + ¥ty + 202 ] + Ne —h, (§7.191
80
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Vh(r) - Vip(r) = e T + muv aIu.TwwlLR 262 T + @.v + 8 (S7.192
The expectation value of the kinetic energy is (terms linear in z vanish upon integration)
_.L 20(r) dr = —— 3
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mysteriously independent of 3. (There must be some way to understand this fact calculating.)
The expectation value of the Coulomb potential is

L i atr = -wnL o (1422 raran

ma
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The expectation value of the electric field perturbation is

H'(B) utmm\_ei_ugom%ﬁ

= N%E \ g /e T + mmv r? cos @ drdf) = zumm 28 e~ 2r/0p4 oo5? B drd2
8rN?fels ra\® . 4 1
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Part ¢) Thus the expectation value of the energy is
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Part d) There is a minimum when

_4 -2 1
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The solution is
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The ammmﬂﬁm sign yields the lower value if eE is ﬁOmz..Em At this value,

2¢Efa = 1— /1 + 16e2E2m?2a8| = —4e*E?*ma* + -
wﬁSM
and
2 1 22 2.6 a\ 2 12,02 6 22 2 6
g4 = ST T+mm E*m?a® — /1 + 16e?2 E2mia H = 4e‘ F*ma” +-
The energy, to order E2, is
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