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Chapter 7

Approximation Methods for Bound
States

Problem .w.m\ State Vectors in Second Order
The states can be computed from

Wa) = 3N+ D Ev:&mwbu mam, [¥a) :..3

m#En

while from Equations (7.5) and (7.21), the level shift is

= (Yo} H' tn) (87.1)
Expand:
A=Al + A%+ (S7.2a)
() = o) + 1) + lh2) + - (87.2b) i
write equation (7.9) as w
e = 92+ 2 wum@ (an+ai+- - H') (o) + 191} + bba) +- ) (57.3) m
m¥En m n
and collect terms order by order.
Through first order
o) =) — 3 oults (574)
:.-%.a :.-
and through second order
_ \Hpnl®
H 3&: o - Bo (87.5)

The second-order term in the expansion of the state vector is
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Problem ﬂ.m\ Oscillator with Cubic Perturbation
The unperturbed energies are w(n + Wv The perturbation is

= —pz* = —A2mw) Ha + o)
= —p(2mw)~¥ (a®® + 34" + 3aTa? + 0¥ + 3a + 3al)

The perturbation H' connects states whose levels differ by 1 or 3; it has no diagonal elements, so thet
first-order energy shift.
The matrix elements needed are

(L H'[0) = —p(2mw)~#(1| 3" |0) = —38(2mw)~*

(31 H'[0) = —B(2mw)~#(3| a® [0) = —vBA(2muw)~ -

(2| H' 1) = —B(2mw)~#(2] 3a1%a + 30 |1) = —6v20(2mw) %
(41 H' 1) = —B(2mw)~# (4] a®® 1) = —v/248(2mw)~ ¥

The second-order shift of the ground state is

1 1 1 1 1 1
Ay = —={(HH' |0} — —[{3| H' |0} =) ——f%——— (94 2) = —11 232 ,
SIHEOF = Sl H O = 257 s (042) = 115y (
The second-order shift of the first excited state is state is
1
Ay = ~|{0] H {1? ||_ﬁ_m\_c_n EN‘E_
= |mw 9-72-8)=-71 u» ! ¢
- GS& 3 w' (2mw)?
Problem 7.3 Harmonic Oscillator Perturbation Problem
The second-order shift of the n-th energy level is
. " 2
Mr=- Y ol G
3*4—. m - i
Now
A% [=* vn) = — A% [ (@® +a™ +2a%a + 1) [y2) (8

The last two terms contribute only when m = n. The remaining terms connect [w2) to _ﬁubv only. T

nt2n = A@iu_ al? g2} = E n+1){n+2) (S
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while . -
mﬂlu_ﬂ = Ma‘lm?vnlw_ a’ _@mv = P n{n—~1) hwﬂ.wg

Of course H}, _, , is automatically zero when n = 0 or n = 1. Thus

2P ) - (A 1 B2
2 _ n+2,n n—2n
= = -1) - 1 2
Bn Shw | —2hw 3 Tz 78—V = (04 Dt )
(87.16)
1 A2 1\ R
=——"  _[—4n—2]=|— -} =
2o oz 4~ 2] A: + uv Bm2ws
The exact eigenvalues are
1 A3 1 1A 14 A\
E,= “Jhw|l4+ —=| = Vhw (14 = -\ — 87.17
?+wu ﬁ +3€L ﬁ=+wu +w3€u mA,SEuv + ( )
in agreement with the second order perturbation computation.
f\ Problem 7.4 Infinite Well with Delta Function Revisited
The unperturbed energies are
2’
. = 57.18
E 8ma? ( )
The first order shifts are
A, = H,. = BE,ap,(0)? (57.19)
For even n the wave functions are odd, so there is no shift. For odd =,
Ay = _mm\.oaw = gE, (87.20)
independent of n. ‘
The off-diagonal matrix elements are also
H . =8E, (587.21)

provided both n and m are odd, and zero otherwise. So there is a shift of the odd levels only, given by

| 1 & 1 #E

. 2y _g2p2 . M = — 2 57.22

_ : A FE, E, m? — n? 4n? ( )
g

in agreement with equation (83.44). The sum can be calculated as follows:

e ————— s

m?2—n?  2n m+n m-n| 2n m+n m-n 2n
mzn,m.odd m#n m=1 m=2n+1
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(S7.23)
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Problem .N...m\ A Two-State System

The full Hamiltonian is
_ ..m..c + €] -A .
H= A 4 ma+muv | (57.24)

The exact eigenvalues are solutions to the characteristic equation:
(Boter — A} (B, +e2—-A)—A%=0 (87.25)

or
A=E,+ 212y W,\? el F A (57.26)

When €; < | 4|, the unperturbed eigenstates are

_ 1) £ [a)
Wi) = 7 A (87.27)

with eigenvalues E, T A. The nonvanishing elements of the perturbation are (il H' ;) = €;. The first-order
effect is

(x| H' g} = =L .NT 2 (S7.28)

To this order the energies are

€1 + €2

E=FE+A+ (87.29)

When |A| « ¢;, take the original states as the unperturbed states. The “unperturbed” cigenvalues are
E;, + €;. The first-order perturbation is zero. The second order energy shifts are

1 A?
AP = 1H], P2 = .
1 _ HM_ M& M& €1 — €3 Am.w mov

and
AP = AP (87.31)

which is also what you get by expanding the exact formula through second order in 4.

Problem 7.§ External Electric Quadrupole Field
Part a) Since E = —VV(r),

H' = eG(z? - ¢?) (57.32)

Part b) Define as usual

2 wm% (S7.33)

H' is the sum of two components of a rank-two spherical tensor: H' = Q3 + Q72 where
£2 = oGript , (S7.34)

The other components, QF* and @2, can be obtained by commuting Q*2 with the components of J as in
section 5.2.2, but you do not need them here.

Hnmozoém..._uwﬂvaquim;mﬂm,av<mam_..¢m=u_$m3\I3H +2. So do not bother to work out any
others. In particular, from the first selection rule (Section 5.2.4) :
(3:2,m+2|H'|3,2,m) = (3,2,m + 2| Q3[3.2,m) (87.35)

(3,2,m—2{H'{3,2,m) = (3,2,m + 2| Q5% (3,2,m) (87.36)




