THE NOETHER–LEFSCHETZ THEOREM IN ARBITRARY
CHARACTERISTIC
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Abstract. We show that if X ⊂ PN
k is a normal variety of dimension
n ≥ 3 and H ⊂ PN
a
very
general
hypersurface
of degree d = 4 or ≥ 6,
k
then the restriction map Cl(X) → Cl(X ∩ H) is an isomorphism up to
torsion. If n ≥ 4, the result holds for d ≥ 2. The proof uses the relative
Jacobian of a curve fibration, together with a specialization argument,
and the result holds over fields of arbitrary characteristic.
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1. Introduction
For a normal variety X, let Cl(X) be its Weil divisor class group. The
main result of this article is a Noether–Lefschetz result for Cl:
Theorem 1.1 (Proposition 3.1, Proposition 4.1). Let k 6= Fp be an algebraically closed field of arbitrary characteristic p ≥ 0, X a normal projective
variety of dimension n ≥ 3 over k, L0 a very ample line bundle on X, and
d an integer. For Y ∈ |Ld0 | the restriction map
/ Cl(Y )

Cl(X)

(1) is injective for d ≥ 2 and general Y ,
(2) is surjective up to torsion for d = 4 or ≥ 6 and very general Y if
n = 3, and
(3) is surjective up to p-power torsion for d ≥ 2 and very general Y if
n ≥ 4.
Here very general means contained in a nonempty subset that is the complement of a countable union of proper closed subvarieties of |Ld0 |. In (3),
the restriction map is surjective under the additional assumption that either
1
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char k = 0 or k has infinite transcendence degree over Fp . (1) also holds
over Fp .
The classical Noether–Lefschetz theorem, stated by M. Noether [Noe82]
and proven by Lefschetz [Lef21] over the complex numbers, says that if
Sd ⊂ P3C is a very general surface of degree d ≥ 4, then the restriction
map Pic(P3C ) → Pic(Sd ) is an isomorphism. In the classical statement, very
general means away from a countable union of proper closed subvarieties of
the parameter space |OP3 (d)|, referred to as the Noether–Lefschetz locus.
C
Moreover, Lefschetz also showed for N ≥ 3 that Pic(PN
C ) → Pic(S) is an
isomorphism for a very general complete intersection surface S ⊂ PN
C unless
4
S is the intersection of quadric threefolds in PC or a degree 2 or 3 surface
in P3 . There have been many generalizations of the classical theorem in
numerous directions over the complex numbers [CGGH83, Gre84, Ein85,
Voi88, Voi89], and for arbitrary smooth ambient threefolds X over C the
Noether–Lefschetz theorem is known to hold for very general Y ∈ |L| with
certain homological assumptions or if the line bundle L is sufficiently positive
relative to KX [Moi67, Voi03, Jos95, BN20].
In higher dimensions, the results are stronger: the Grothendieck–Lefschetz
theorem in characteristic 0 says that if X is smooth of dimension n ≥ 4 then
for any ample effective divisor Y the restriction map Pic(X) → Pic(Y ) is
an isomorphism, and injectivity still holds if n = 3 [Gro05, Har70].
Over an algebraically closed field k of arbitrary characteristic, Deligne
showed using `-adic cohomology that the classical Noether–Lefschetz theorem for surfaces in P3k and Lefschetz’s result for complete intersection surfaces in PN
k hold [DK73]. If k is uncountable then the complement of the
Noether–Lefschetz locus automatically contains a point, and this still holds
even if k 6= Fp is countable [Ter85], and for Fp when p ≡ 1 (mod (d−1)3 +1)
and (d, 6) = 1 [Shi83, Theorem 5.1]. If the degree d of the surface is even,
however, the Tate conjecture implies that every smooth Sd has even Picard
number, so the Noether–Lefschetz locus covers |OP3 (d)|(Fp ). In particuFp

lar this happens for d = 4 and p ≥ 5 [Cha13]. In positive characteristic,
Grothendieck–Lefschetz holds for complete intersections in PN
k , and in general for smooth varieties up to finite p-power torsion by replacing Kodaira
vanishing with asymptotic Serre vanishing in the proof.
Another closely related problem is the specialization of Néron–Severi
groups. If X → B is a smooth proper morphism of varieties over an algebraically closed field k, then the specialization map NS(Xη ) → NS(Xb )
from the geometric generic fiber to a closed fiber is always injective up to
torsion, and the locus where the Picard rank jumps is a countable union of
proper subvarieties of B. If k 6= Fp then the complement of this jumping
locus contains a point [And96, MP12, Amb18, Chr18].
There are also results for singular ambient varieties in characteristic 0.
For normal varieties, Noether–Lefschetz for Picard groups no longer holds,
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but Ravindra and Srinivas proved a variant for class groups: if L is a basepoint free and ample line bundle on a normal threefold X and if KX ⊗
L is globally generated then the restriction map Cl(X) → Cl(Y ) is an
isomorphism for very general Y ∈ |L| [RS09]. Again passing to a resolution, they use techniques first introduced by Srinivas and Kumar and
show a formal Noether–Lefschetz theorem on the universal family of divisors. The Noether–Lefschetz problem has also been studied by Bruzzo
and Grassi for complete simplicial toric threefolds [BG12, BG18] and by
Bruzzo, Grassi, and Lopez for Q-factorial normal threefolds with rational
singularities [BGL20]. In higher dimensions, Ravindra and Srinivas proved
Grothendieck–Lefschetz for class groups, showing that for any basepoint
free and ample line bundle L on a normal variety X of dimension ≥ 4,
Cl(X) → Cl(Y ) is an isomorphism for general Y ∈ |L| [RS06], by adapting
Grothendieck’s strategy to a resolution of singularities of X. Brevik and
Nollet generalized this to hypersurface sections of X containing a fixed base
locus [BN16].
To prove Theorem 1.1, we will study the divisors on X using a family of
abelian varieties—namely the relative Jacobian of a general curve fibration.
Néron used this approach in his thesis [Nér52], where he related divisors on
X to the Jacobian of the generic fiber in his proof of the Theorem of the
Base. This idea of fibering by curves dates back to Picard, and it has also
been used to construct the Picard variety [Mat52, Igu52, Cho52].
1.1. Outline. The proof of Theorem 1.1 uses two main ingredients: the
relative Jacobian and a degeneration argument. We being by showing the
degeneration argument for quartic surfaces in P3 in §1.2. Section 2 contains
preliminaries, including a Bertini result for sufficiently ample line bundles
in §2.4 which will inform the situation in which we consider the relative
Jacobian.
Section 3 contains the proof of injectivity. We study sections of the relative Jacobian in §3.1. In §3.2 we show that the subgroup of Cl0 of algebraically trivial divisors is the same for a general Y ∈ |L|. For injectivity of
Cl, we consider specialization of sections of this family and show that the
restriction map to “many” complete intersection curves is injective in §3.3.
We show surjectivity in Section 4. In §4.1 we cut to surfaces instead of
curves and apply a result of Graber–Starr [GS13] on extending sections of
families of abelian varieties to get surjectivity to a very general reducible
complete intersection surface S1 + S2 . In Proposition 4.7 we specialize from
a very general T in |L2 | to S1 + S2 and show that the restriction map to T
is surjective modulo torsion. For odd multiples of L we use a different type
of degeneration to a reducible member in Proposition 4.9. These arguments
work over a ground field that has infinite transcendence degree over the
prime subfield Q or Fp . Finally, in §4.2 we show the existence of a divisor
over any ground field k 6= Fp for which surjectivity holds.
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1.2. Quartic surfaces in P3 . In the case when X = P3 and Ld0 = OP3 (4),
the argument of Section 4 becomes very explicit (and does not require the
assumption that the ground field has infinite transcendence degree). So we
begin by showing the argument for quartic surfaces in P3 .
Let K 6⊂ Fp be a field, C ⊂ P3K a degree 4 elliptic curve of rank at least 18,
and q1 , q2 , p1 , . . . , p15 ∈ C(K) points that are independent in Pic(C)/hHi,
where H is the restriction of the hyperplane class on P3 . For each i = 1, 2, the
degree 2 line bundle 2qi on C uniquely determines a smooth quadric surface
Qi = (fi = 0) such that the image of the restriction Pic(Qi ) → Pic(C) is
generated by 2qi and H − 2qi . The points p1 , . . . , p15 determine a quartic
surface T = (g = 0) and a unique sixteenth point p16 ∈ C(K) such that
T ∩ C = p1 + · · · + p16 .
Claim: For any λ 6∈ K, the quartic surface defined by f1 f2 + λg = 0 has
Picard rank 1.
Proof. Let |Λ| ∼
= P1 be the pencil in |OP3 (4)| spanned by Q1 + Q2 and T ,
and let X̃ = {s0 f1 f2 + s1 g = 0} ⊂ P3 × P1 [s0 : s1 ] be the total space of the
pencil.
Now consider the Chow variety WDiv(X̃/P1 ) of relative Weil divisors
[Kol17, 3.21.3]. The components of WDiv(X̃/P1 ) are defined over K, so for
any λ 6∈ K the point [1 : λ] ∈ P1 will not be in the image of any component
of WDiv(X̃/P1 ) not dominating the base. Let Tλ = (f1 f2 + λg = 0) be the
corresponding quartic surface, and let Dλ be a curve on Tλ . After a base
change by a smooth curve Γ → P1 we can find a divisor D on X̃ ×P1 Γ whose
fiber over λ̃ is Dλ , where λ̃ ∈ Γ(K(λ)) maps to [1 : λ] ∈ P1 (K(λ)); see the
proof of Proposition 4.7 for details.
Let 0̃ ∈ Γ be a point mapping to [1 : 0] ∈ P1 (K), and denote the fiber
∼
∼
=
=
(X̃ ×P1 Γ)0̃ = Q̃1 + Q̃2 , so that Q̃i −
→ Qi and C̃ := Q̃1 ∩ Q̃2 −
→ C. By a
local computation (Lemma 4.8), the class group of the local ring of X̃ ×P1 Γ
at a point x̃ in C̃ is either
• Z/rZ if x̃ maps to a point of C \{p1 , . . . , p16 } and r is the ramification
index of Γ → P1 at 0̃, or
• Z, generated by (Q̃1 )x̃ (or equivalently (−Q̃2 )x̃ ), if x̃ maps to some
pj .
Let p̃j ∈ C̃ be the point mapping to pj for 1 ≤ j ≤ 16. Then D
uniquely determines a Weil divisor class Di◦ on Q̃i , and the restriction
D1◦ |Q̃1 ∩Q̃2 − D2◦ |Q̃1 ∩Q̃2 is supported on {p̃1 , . . . , p̃16 }. Write D1◦ |Q̃1 ∩Q̃2 −
P16
P16
D2◦ |Q̃1 ∩Q̃2 =
j=1 aj p̃j . Then the divisor
j=1 aj pj on C is in the subgroup hH, 2q1 , 2q2 i of Pic(C) generated by the images of Pic(Qi ) → Pic(C),
so for some b1 , b2 ∈ Z we have
2b1 q1 + 2b2 q1 +

16
X
j=1

aj pj ∼ 2b1 q1 + 2b2 q1 + 4a16 H +

15
X
(aj − a16 )pj ∈ hHi.
j=1
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Since q1 , q2 , p1 , . . . , p15 are independent in Pic(C)/hHi, this implies −2b1 =
−2b2 = aj − a16 = 0 for 1 ≤ j ≤ 15, so
D1◦ |Q̃1 ∩Q̃2

−

D2◦ |Q̃1 ∩Q̃2

∼ a16

16
X

p̃j .

j=1

Then the divisor D−a16 Q̃1 on X̃ ×P1 Γ is Q-Cartier along C̃. Let Di be the
divisor on Q̃i defined by D − a16 Q̃1 . By abuse of notation we also denote
∼
=
by Di the corresponding divisor under Q̃i −
→ Qi . Since Pic(Q1 ) ×Pic(C)
Pic(Q2 ) ∼
= Z is generated by the restriction of the hyperplane class on P3 ,
there is some d ∈ Z such that D1 ∈ |OP3 (d)|Q1 | and D2 ∈ |OP3 (d)|Q2 |.
Now on X̃ ×P1 Γ, the difference between the pullback of OP3 (d) and D −
a16 Q̃1 is a divisor that is Cartier on the generic fiber, Q-Cartier along the
fiber Q̃1 + Q̃2 over 0̃ ∈ Γ, and trivial when restricted to Q̃1 + Q̃2 . So by
injectivity of specialization of Néron–Severi groups, the fiber over λ̃ is in
Cl0 (Tλ ) = 0. That is, Dλ ∈ |OP3 (d)|Tλ |.
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thank Claire Voisin for granting permission to use her proof of Lemma 4.5;
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Waldron for answering many questions and for comments on an early draft
of this article; Scott Nollet for helpful suggestions on the title and abstract;
and Remy van Dobben de Bruyn and Takumi Murayama for helpful conversations. This material is based upon work supported by the National Science Foundation Graduate Research Fellowship Program under Grant No.
DGE-1656466. Any opinions, findings, and conclusions or recommendations
expressed in this material are those of the author and do not necessarily
reflect the views of the National Science Foundation.
2. Preliminaries
2.1. Class groups of normal varieties. Let X be a proper, normal variety over an algebraically closed field k. When we say divisor without
specifying further, we refer to Weil divisors. ∼ will denote linear equivalence of divisors, and if D is a divisor on X, then by abuse of notation we
will also write D ∈ Cl(X) for its linear equivalence class.
Definition 2.1 ([Kol18, Definition 15]). Let Cl(X) denote the group of divisors modulo linear equivalence, and let Cl0 (X) be the subgroup of divisors
that are algebraically equivalent to 0. The Néron–Severi class group of X
is the quotient Clns (X) = Cl(X)/ Cl0 (X).
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The natural inclusions Pic0 (X) ⊂ Cl0 (X) and NS(X) ⊂ Clns (X) are both
isomorphisms if and only if every Weil divisor is Cartier (for example if X
is locally factorial).
The class group can also be given a scheme structure via the Albanese
variety. Note that here, following [Kol20], we use Albanese variety to refer
to the classical, pre-Grothendieck notion of the Albanese variety [Wei50].
Since we work over an algebraically closed field, we will only consider the
case when X has a smooth k-point: then the Albanese variety is the target
of the universal rational map albX : X 99K Alb(X) from X to an abelian
variety.
Theorem 2.2 ([Nér52], [LN59], [Kol18, Theorem 17], [Kol20]). Let X be a
proper, normal variety over an algebraically closed field k. Then
Cl0 (X) = Alb(X)∗
where Alb(X)∗ is the dual of the Albanese variety. The natural injection
Cl0 (X) → Cl0 (X)(k) is an isomorphism, and Clns (X) is a finitely-generated
abelian group.
In the literature, Cl0 is sometimes called the Picard variety [Wei50]. We
refer the reader to [Kol20] for a modern treatment and to [Kle05] for more
on the history.
Lemma 2.3 ([Kol18, Lemma 18]). Let β : X 0 → X be a proper birational
morphism between normal varieties, with exceptional divisors Ei . Then β∗
induces isomorphisms
Cl0 (X 0 ) ∼
= Cl0 (X),
M
Clns (X 0 )/
Z[Ei ] ∼
= Clns (X).
i

Base changing to a larger algebraically closed field may enlarge Cl0 but
will not affect Clns .
Lemma 2.4. Let X be a normal variety over an algebraically closed field k.
Then Clns (XK ) ∼
= Clns (X) for any algebraically closed field K containing k.
Proof. By [Kol20, 124.3] there is a proper normal variety X 0 that is birational
to X and such that Cl0 (X 0 ) = Pic0 (X 0 ), and NS(XK0 ) ∼
= NS(X 0 ) by [MP12,
Proposition 3.1].

2.2. Very general. Let X be a variety defined over an algebraically closed
field k. A general choice will mean one made outside a finite union of proper
closed k-subvarieties of the parameter space. When we use the term “very
general” without any further specification, we refer to a choice made in a
nonempty subset given by the complement of a countable union of proper
closed k-subvarieties. If k is uncountable then the complement of such a
countable union automatically contains a k-point.
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In the latter section of this article, in order to make our very general
choices more concrete, we will assume our algebraically closed field K has
infinite transcendence degree, fix a field of definition, and make choices very
general relative to this fixed field. In Weil’s terminology K is a universal
domain [Wei46, Chapter I, §1]. Although in practice the only countable
fields this adds are the algebraic closures of Q(ti | i ∈ N) and Fp (ti | i ∈ N),
it clarifies some instances when we need to make simultaneously very general
choices.
Definition 2.5 ([Wei46, Chapter IV, §1; Chapter IX, §6]). Let K be a field
and X a variety over K. Then X can be defined over a field that is finitely
generated over the prime subfield, and when we say a field of definition k0
for X, we mean an algebraically closed field k0 ⊂ K over which X is defined
and such that k0 has finite transcendence degree over the prime subfield
(Q or Fp ). Note that k0 is algebraic over a finitely-generated field and in
particular is countable.
The Chow variety of X is defined over k0 . A subvariety Y of X is given by
a K-point of Chow(X), and Y is said to be defined over a subfield k0 ⊂ k 0 ⊂
K if it is of the form Y = Y 0 ⊗k0 K for a subscheme Y 0 of X ⊗k0 k 0 . There is a
unique smallest field of definition k Y of Y in X, which is the residue field of
the morphism to Spec K → Chow(X) giving Y [Kol17, 3.18.1 and Definition
3.21]. Note that k Y is finitely generated and is generally not algebraically
closed. If the coordinates of the K-point [Y ] do not satisfy any algebraic
equation over k0 (or equivalently if the transcendence degree of k Y over k0
is equal to the dimension of the component of the Chow variety containing
[Y ]), we will say that Y is very general over k0 . If K is assumed to have
infinite transcendence degree over the prime subfield then we can ensure
that such Y exist.
We will say that Y1 , . . . , Yr are very general over k0 if each Yi is very
general over k0 and the compositum of the fields k Yj for j 6= i. In Weil’s
language, the fields k Y1 , . . . , k Yr are “independent” or “free with respect to
each other” [Wei46, Chapter I, §2].
Very general over k0 is more general than general, as it avoids any finite
union of proper k0 -subvarieties.
Let X be a variety over a field K of infinite transcendence degree, and let
Y → B be a family of complete intersections in X. For b ∈ B(K) let Yb be
the corresponding fiber. If we show that the restriction map Cl(X) → Cl(Yb )
is surjective up to torsion whenever b is very general over a field of definition
for X, then we will have shown that the restriction map to the class group
of the geometric generic member Yη of the family is surjective up to torsion.
Over an uncountable field, this is equivalent to the result for very general
fibers, i.e. outside of a countable union of proper subvarieties of B, see
[RS09, Section 3].
2.3. Thin sets and Néron’s theorem. We briefly review some relevant
facts about Néron’s specialization theorem that we will use in Section 3.
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Definition 2.6 ([Ser92, Chapter 3], [FJ08, Chapter 12]). Let k1 be a field
that is finitely generated over its prime subfield. A subset T ⊂ Pm
k1 (k1 )
is thin if T = f (X(k1 )) for some k1 -variety X and morphism f : X → Pm
k1
that is separable and generically finite onto its image and admits no rational
section.
Every thin subset of Pm
k1 (k1 ) is contained in a finite union of the following
two types of thin sets:
(1) Thin subsets contained in proper subvarieties, and
(2) f (X(k1 )) for some separable dominant morphism f : X → Pm
k1 with
dim X = m and deg(f ) ≥ 2.
If k1 is a finitely-generated field not contained in Fp , then Pm
k1 (k1 ) is not
thin for m ≥ 1 [Ser92, Theorem 3.4.1] [FJ08, Theorem 12.10]. Following
[Kol20], for an arbitrary field k we say that T ⊂ Pm
k (k) is field-locally thin
if T ∩ Pm (k1 ) is thin for every finitely-generated subfield k1 ⊂ k.
Theorem 2.7 ([Nér52, Theorem 6]). Let k be a field, U ⊂ Pm
k an open
subset, and A → U an abelian scheme. Assume the Mordell–Weil group
Aη (K) is finitely generated, where K is the function field of Pm
k and Aη is
the generic fiber of A.
Then there exists a subset N ⊂ U (k) containing the complement of a
field-locally thin set and such that the specialization map
Aη (K)

/ Ab (k)

is injective for b ∈ N .
2.4. Bertini theorems. In this section we recall some Bertini theorems
for very ample divisors. We also show that if a line bundle is sufficiently
positive, then the reducible locus is small (Lemma 2.13) and the sectional
genus is large (Lemma 2.15).
Theorem 2.8 ([FOV99, Theorem 3.4.10]). Let X be a variety over an infinite field k, D a Cartier divisor on X, and |V | ⊂ |D| a finite-dimensional
linear system. If
(1) |V | is not composed with a pencil (meaning the image of X under
the morphism |V | defines has dimension ≥ 2), and
(2) codimX Bs(|V |) ≥ 2,
then a general member of |V | is irreducible.
Lemma 2.9 ([FOV99, Theorem 3.4.14]). Let X ⊂ PN
k be a projective scheme
over an infinite field k. If X is regular (resp. normal, reduced, regular in
codimension c), then for a general hyperplane H ⊂ PN
k , the intersection
H ∩ X has the same property.
Lemma 2.10 ([GK19, Corollary 3.4]). Let k be an infinite field, X a normal
equidimensional quasi-projective k-scheme of dimension ≥ 1, and X ⊂ PN
k
a locally closed embedding. Then a general hypersurface H ⊂ PN
satisfies
k
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(1) X ∩ H is normal, and
(2) X reg ∩ H is regular.
Lemma 2.11 (Grothendieck’s connectedness lemma [Gro05, Exposé XIII,
Theorem 2.1] ). Let (x, X) be a local, excellent, S2 scheme of pure dimension
≥ 3 and x ∈ D := (t = 0) ⊂ X a Cartier divisor. Then D \{x} is connected.
In the proof of Theorem 1.1 we want to work with linear systems where
the locus of reducible members has codimension ≥ 2. This can sometimes
fail, as in the case of |OP2 (2)| where the closure of the reducible plane conics
is a divisor, but Lemma 2.13 will ensure these examples doesn’t happen if
the linear system is sufficiently positive.
Lemma 2.12. Let X be a variety, L a line bundle and Γ ⊂ H 0 (X, L) a
nonempty subspace, and B a line bundle defining a birational map. Then
the linear system |Γ + B| = {r ⊗ s | r ∈ Γ, b ∈ H 0 (X, B)} ⊂ H 0 (X, L ⊗ B)
defines a birational map.
Proof. Let s0 , . . . , sN be a basis of H 0 (X, B) and r0 , . . . , rm a basis of Γ.
Then {ri ⊗ sj | 0 ≤ i ≤ m, 0 ≤ j ≤ N } is a basis of |Γ| + |B| and so the
rational map it defines is given (up to isomorphism) by
ϕ : x 7→ [r0 s0 (x) : r0 s1 (x) : · · · : r0 sN (x) : r1 s0 (x) : · · · : rm sN (x)] ∈ P(m+1)(N +1) .
Denote the coordinates of P(m+1)(N +1) by [y00 : y01 : · · · : ymN ]. For each
i, define πi : P(m+1)(N +1) 99K PN to be the projection onto the coordinates
[yi0 : yi1 : · · · : yiN ]. Then πi ◦ ϕ agrees with the rational map defined by |B|
(away from (si = 0)) so its image has dimension n. So dim ϕ(X) = n.

Lemma 2.13. Let X be a variety of dimension n ≥ 2 over an algebraically
closed field k, and assume either
(1) X is normal, or
(2) dim Sing(X) = 0.
Let L0 be a very ample line bundle on X. Then the set of reducible divisors
in |Ld0 | is contained in a closed subscheme of |Ld0 | of codimension ≥ 2 for
(1) d ≥ 2 if the pair (X, L0 ) is not (P2 , OP2 (1)), and
(2) d ≥ 3 in general.
Proof. The case where X = Pn and L0 = OPn (1) follows from an explicit
computation, so we assume that (X, L0 ) 6= (Pn , OPn (1)). For each smooth
(closed) point x ∈ X and line bundle M on X, define |BxM | = {D ∈ |M| |
x ∈ Sing D}.
Ld

First we show that a general member of the linear system |Bx 0 | is irreducible. Since (X, L0 ) 6= (Pn , O(1)), the set |BxL0 | = {H ∩ X | H ∈
|OPh0 (X,L0 )−1 (1)| and Tϕ|L | (X),x ⊂ H} is nonempty, so by Lemma 2.12 the
0

linear system |BxL0 + Ld−1
0 | defines a birational morphism to its image. Since
Ld

d−1
L0
0
|BxL0 | + |Ld−1
0 | ⊂ |Bx |, the span |Bx + L0 | of these reducible divisors is
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Ld

also contained in |Bx 0 | and so the morphism |Bx 0 | defines is birational to
its image. In particular its image has dimension n ≥ 2. Since the base locus
Ld
of |Bx 0 | is x, which has codimension n ≥ 2 in X, a general member of this
linear system is irreducible by Theorem 2.8.
Replacing X by its image under the closed embedding ϕ|Ld | defined by
0
d
L0 , we may assume that Ld0 = OPN (1)|X , where PN = |Ld0 |, and that X is
not contained in a hyperplane. Let C = {(x, H) | x ∈ X reg and TX,x ⊂ H} ⊂
X×(PN )∗ be the conormal variety of X, with projections π1 : X×(PN )∗ → X
and π2 : X × (PN )∗ → (PN )∗ . The dual variety π2 (C) is irreducible since C
is irreducible of dimension N − 1.
Now consider the locus Sreducible of hyperplanes whose intersection with
X is reducible. This is a constructible subset of the closed subvariety of |Ld0 |
parametrizing hyperplanes not regular in codimension 0 [FOV99, Theorem
3.3.14], and Sreducible ( |Ld0 | by Theorem 2.8. Note that by the Enriques–
Severi–Zariski lemma, if H ∩ X is reducible then it is singular. So if X is
smooth then Sreducible ⊂ π2 (C), and this containment is proper by the above
discussion, so Sreducible has codimension ≥ 2 in |Ld0 |.
If X is not smooth, suppose first that Sing(X) has dimension 0. For
a closed point x ∈ Sing(X) consider the linear system |L0x | of divisors
passing through x. By Lemma 2.12 |L0x + Ld−1
0 | is not composed of a
pencil, and hence neither is |Ld0x |. By Theorem 2.8 a general member of
|Ld0x | is reducible, and so the reducible members Rx of |Ld0x | form a closed
subset of π1−1 (x) of dimension ≤ N − 2.
Let H ∈ Sreducible . If the intersection of two components of H ∩X contains
a smooth point of X, then H ∈ π2 (C). If not, then let x ∈ Sing(X) be a
closed point in the intersection of twoScomponents of H ∩ X. Then H ∈
π2 (Rx ). Since Sing(X) is a finite set, x∈Sing(X) Bx has dimension at most
N − 2, so its image in (PN )∗ has dimension at most N − 2. Thus, in the
case where dim Sing(X) = 0 we have shown that codim|Ld | (Sreducible ) ≥ 2.
0
Now assume X is normal. If n = 2 then dim Sing(X) ≤ 0, so we may
assume that n ≥ 3. Then Sreducible is the union of the two sets
(1) {H | H ∩ X is reducible and H ⊃ TX,x for some closed x ∈ X reg }
and
(2) {H | H ∩ X is reducible and Sing(H ∩ X) ⊂ Sing(X)}.
The closure of the first set has codimension ≥ 2 in |Ld0 | by the argument in
the smooth case, so it remains to consider the second set.
For such an H, denote the irreducible components of H ∩X by Z1 , . . . , Ze .
Each intersection Zi ∩ Zj ⊂ Sing(H ∩ X) for i 6= j. For each codimension 3 point x ∈ X contained in Zi ∩ Zj , Spec OX,x \ {x} is connected by
Lemma 2.11, so Zi ∩ Zj has codimension 2 in X. Since X is regular in codimension 1, and Zi ∩ Zj ⊂ Sing(X) both have codimension 2 in X, we have
that Zi ∩ Zj is a component of Sing(X). So H ∩ X must contain an (n − 2)dimensional irreducible component of Sing(X). By assumption n − 2 ≥ 1,
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so requiring that H contains a irreducible component of Sing(X) imposes
a codimension ≥ 2 condition on the elements of |Ld0 |. So again in this case
Sreducible has codimension ≥ 2 has codimension ≥ 2 in |Ld0 |.

Remark. If n ≥ 3 then Lemma 2.13 holds for d = 1 as well without the
normality assumption [NS52, Lemme 3] [Wei54, Lemme 4]. For surfaces in
characteristic 0, the Kronecker–Castelnuovo theorem [Cas94] says that the
general tangent hyperplane section of X is reducible, then X is either a ruled
surface or the Veronese embedding of P2 in P5 . Castelnuovo’s proof uses
properties in differential geometry that do not hold in positive characteristic.
Corollary 2.14. Let X 6= P2 be a variety of dimension n ≥ 2 over an
algebraically closed field k, and assume that either
(1) X is normal, or
(2) dim Sing(X) = 0.
Fix r ≤ n − 1, L0 a very ample line bundle on X, and d ≥ 2 an integer.
Then the locus of reducible complete intersections of r members of |Ld0 |, is
contained in a closed subset of |Ld0 | of codimension ≥ 2.
Proof. The result is clear if the pair (X, Ld0 ) is (Pn , O(1)), so we assume
otherwise. Induct on r: the r = 1 case is Lemma 2.13. If r ≥ 2, let
π1 : |Ld0 |×· · ·×|Ld0 | → |Ld0 | denote the first projection from the r-fold product,
and let R ⊂ |Ld0 | × · · · |Ld0 | denote the set of r-tuples (H1 , . . . , Hr ) such that
H1 ∩· · ·∩Hr is reducible. First assume X is normal. For each fixed H1 ∈ |Ld0 |,
we have that codimπ−1 (H1 ) (R ∩ π1−1 (H1 )) ≥ 2 if H1 is normal by hypothesis,
1

and codimπ−1 (H1 ) (R ∩ π1−1 (H1 )) ≥ 1 if H1 is not normal. In the latter case,
1

the locus of non-normal H1 is contained in a codimension 1 subset of |Ld0 |
by Bertini’s theorem (Lemma 2.10). So by dimension counting we have that
codim|Ld |×···×|Ld | (R) ≥ 2. The dim Sing(X) = 0 case follows by the same
0
0
argument.

We will need the following result on sectional genus to apply Lemma 4.5
in the proofs of Propositions 4.7 and 4.9.
Lemma 2.15. Let X be a normal projective variety of dimension n ≥ 2
over an algebraically closed field k and L0 an ample and basepoint-free line
bundle on X. For any smooth complete intersection curve D of members of
|Ld0 | such that D is contained in the smooth locus of X, the cokernel of the
restriction map
/ Jac(D)
Cl0 (X)
has positive dimension if
(1) d ≥ 2, unless X = P2 and L0 = OP2 (1), and
(2) d ≥ 3 in general.
Proof. Let C ⊂ X reg be a smooth complete intersection curve of members
of |L0 |. Since the morphism Jac(C) → Alb(X) is surjective [Kol20, Lemma

12

LENA JI

130] we have pa (C) ≥ dim Alb(X) = dim Cl0 (X). So we need to show that
pa (D) > pa (C) for D in the statement of the lemma.
First suppose X is a surface. The arithmetic genus of any member of |Ld0 |
P
is equal to that of di=1 Ci for curves Ci ∈ |L0 |, which is equal to
pa (

d
X

Ci ) =

i=1

d
X

pa (Ci ) + (1 − d) +

i=1

d(d − 1) 2
L0 .
2

If d = 2 then pa (C1 + C2 ) = pa (C1 ) + pa (C2 ) + L20 − 1, and this is strictly
larger than pa (Ci ) unless pa (Ci ) = 0 and L20 = 1. In this case, X = P2 and
L0 = OP2 (1), and any plane curve of degree d ≥ 3 has positive genus.
If n ≥ 3, let D be a complete intersection curve of members of |Ld0 |.
Similarly one computes that
pa (D) = dpa (C) + 1 − d + d

(dn−1 − 1)(n − 1) n
L0
2

where C is a complete intersection curve of members of |L0 |. Since n ≥ 3
and L0 is ample we have
pa (D) − dpa (C) = 1 − d + d

(dn−1 − 1)(n − 1) n
L0 > dn − 2d + 1,
2

which is positive for d ≥ 2.

In order to ensure that the conclusions of Corollaries 2.14 and 2.15 hold,
throughout this article we will assume L = Ld0 for some very ample line
bundle L0 on X and integer d ≥ 2.
3. Injectivity
In this section we prove injectivity of the restriction map on class groups.
Proposition 3.1 (Corollary 3.7). Let X be a normal variety of dimension
n ≥ 3 over an algebraically closed field k, let L0 be a very ample line bundle,
and let d ≥ 2 be an integer. Then the restriction map
Cl(X)

/ Cl(Y )

is injective for a general complete intersection Y of at most n − 2 members
of |Ld0 |.
Weil proved injectivity of the restriction map on Cl to when Y is very
general over k for n ≥ 3 and d ≥ 1 (and more generally for X and Ld0
such that the reducible locus in |Ld0 | has codimension ≥ 2) by considering
a pencil in |Ld0 | [Wei54, Théorème 2]. We will fiber X by curves and use
Néron’s specialization theorem to show the result for general members.
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3.1. Sections of the relative Jacobian. We will use the relative Jacobian
to understand divisors. If f : X → B is a projective and flat morphism of
relative dimension one, locally of finite presentation, and with geometrically
reduced and irreducible fibers, then PicX/B is representable as a smooth
separated B-scheme. If f is smooth over U ⊂ B, then Pic0X|U /U is an
abelian U -scheme [BLR90, Theorem 9.3.1, Proposition 9.4.4].
We now fix some notation and assumptions that will be used throughout
the paper and describe the setting in which we will consider the relative
Jacobian. Since the restriction map from Pic(P2 ) to any curve is injective,
we may assume X 6= P2 .
Assumption 1. Let X 6= P2 be a normal variety of dimension n ≥ 2 over
an algebraically closed field k of arbitrary characteristic, L a very ample
line bundle on X, and |V | ⊂ |L| a general linear system of dimension n − 1.
Assume that L = Ld0 for an integer d ≥ 2 and a very ample line bundle L0
on X. Fix a base point x of the linear system |V |. We also fix a field of definition k0 ⊂ k for X and |V |, recalling by our conventions in Definition 2.5
that this means k0 is algebraically closed and has finite transcendence degree
over the prime subfield.
The linear system |V | defines a rational map ϕ : X 99K Pn−1 , which is a
morphism away from the finite set Bs |V |. Let ϕ0 : X 0 → Pn−1 be the normalization of the closure of the graph of ϕ0 ; by Lemma 2.10 this is a smooth
morphism over a dense open subset Usm ⊂ Pn−1 \ ϕ0 (Sing(X 0 )) ⊂ Pn−1 . Let
β : X 0 → X be the induced birational morphism. This is an isomorphism
away from the base locus of |V |, which by generality is contained in the
regular locus of X, so the pullback β ∗ : Cl(X) → Cl(X 0 ) is defined. Let Ex
be the exceptional divisor over x.
For a subvariety V ⊂ X we denote by V 0 ⊂ X 0 its strict transform. For
a point b ∈ Pn−1 the closure Cb = ϕ−1 (b) of the fiber of ϕ is a complete
intersection curve of members of |V |, and Cb0 = ϕ0−1 (b). Since the conditions
of Lemma 2.13 are satisfied, we have that the locus R of reducible fibers has
codimension ≥ 2 in |V |. Let Ui denote the complement of the closure of
R, let Usm denote the locus of smooth fibers, and let Cη0 denote the generic
fiber of ϕ0 , which is a curve over the function field K of Pn−1 .
We consider the relative Jacobian of ϕ0 : X 0 → Pn−1 in the above setting.
Then
• Pic0X 0 |U /Ui is a variety and smooth over Ui , and
i
∼
• Pic0 0
×U Usm with is an abelian Usm -scheme
= Pic0 0
X |Usm /Usm

X |Ui /Ui

i

with zero section b 7→ OCb0 . We frequently denote it by Jac(X 0 /Pn−1 ).
The section of ϕ0 given by the exceptional divisor Ex defines a rational
map X 0 99K Jac(X 0 /Pn−1 ) that is a morphism on Usm , and for any U ⊂ Usm
we have an isomorphism
∼ Pic0 0
Pic0 (X 0 |U ) =
(U )
X |Ui /Ui
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between equivalence classes of algebraically trivial line bundles and sections
[BLR90, Proposition 8.1.4].
We will study divisors on X 0 by relating them to rational sections of the
relative Jacobian [Nér52, Chapitre I, §8]. An algebraically trivial Cartier
divisor on X 0 defines a section of Pic0X 0 |U /Ui → Ui by pullback. An ali
gebraically trivial Weil divisor D on X 0 defines a rational section σD of
Pic0X 0 |U /Ui → Ui over Usm by restricting first to the regular locus of X 0 and
i
then pulling back the Cartier divisor OX 0reg (D|X 0reg ). Note that this rational
map does not in general extend over all of Ui .
By twisting down by an appropriate multiple of Ex , we can extend this
to any Weil divisor on X 0 :
Lemma 3.2. The map
(1)

Cl(X 0 )

/ Jac(C 0 )(K) = {sections of Jac(X 0 /Pn−1 ) → Usm }
η

D0 

/ (D 0 − deg(D 0 |C 0 )Ex )|C 0
η
η

is a surjection with kernel generated by Ex and ϕ0∗ OPn−1 (a) for some a ∈ Z.
Proof. The morphism ϕ0 admits a section, so a section σ of Jac(X 0 /Pn−1 ) →
Usm is the same as a divisor class in Pic0 (X 0 |Usm ) whose restriction to Cb0
agrees with σ(b) ∈ Jac(Cb0 ). So surjectivity follows from surjectivity of
Cl(X 0 ) → Cl(X 0 |Usm ) ∼
= Pic(Cη0 ).
Next we consider the kernel. The codimension 1 irreducible components
{γi }i of Pn−1 \Usm are degree ai hypersurfaces in Pn−1 . By Lemma 2.14, each
preimage ϕ0−1 (γi ) is irreducible, so the kernel is generated by ϕ0∗ OPn−1 (a)
where a = gcd{ai }. So for a divisor D0 to be in the kernel of the map
(1), it must satisfy D0 − deg(D0 |Cη0 )Ex ∈ hϕ0∗ OPn−1 (a)i. Since d ≥ 2 in
Assumption 1 we have # Bs |V | ≥ 2, so Ex is not the only exceptional
divisor of β, and for any other exceptional divisor E 0 the restrictions Ex |Cη0
and E 0 |Cη0 are independent in Pic(Cη0 ). So the kernel of (1) is generated by
Ex and ϕ0∗ OPn−1 (a).

The image of Cl(X) is disjoint from the subgroup of Cl(X 0 ) generated by
Ex and ϕ0∗ OPn−1 (a), so in particular we have:
Corollary 3.3. The map Cl(X) → Jac(Cη0 ) induced by the homomorphism
(1) of Lemma 3.2 is injective.
Remark. For an abelian scheme A → B → Spec k we denote by TrB/k (A)
and ImB/k (A) the Chow B/k-trace and Chow B/k-image, respectively.
These are abelian k-varieties that depend only on the field extension K/k
and the abelian variety A ×B Spec K over K := k(B) [GS13, Remark 3.3].
We refer the reader to [Con06] and [GS13, Section 3] for more details.
Chow introduced the K/k-trace and K/k-image and used this theory to
construct Cl0 and the Albanese variety [Cho52, Cho55]. Specifically, there
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is a canonical isomorphism
Cl0 (X 0 ) ∼
= TrUsm /k (Jac(X 0 /Pn−1 )).
In one direction, from the rational maps
X0

/ Jac(X 0 /Pn−1 )

∼
=

/ Jac(X 0 /Pn−1 )∨

/ ImU /k (Jac(X 0 /Pn−1 )∨ ) × Usm
sm

we get a map X 0 99K ImUsm /k (Jac(X 0 /Pn−1 )∨ ) inducing a homomorphism
Alb(X 0 ) → ImUsm /k (Jac(X 0 /Pn−1 )∨ ). This dualizes to a homomorphism
TrUsm /k (Jac(X 0 /Pn−1 ))

/ Cl0 (X 0 ) .

Conversely, the map (1) defines a morphism Cl0 (X 0 )×Usm → Jac(X 0 /Pn−1 )
of abelian Usm -schemes and hence a homomorphism of abelian varieties
Cl0 (X 0 ) → TrUsm /k (Jac(X 0 /Pn−1 )) by the universal property of the Chow
trace.
3.2. The connected component Cl0 . We first show that a stronger result
holds for the subgroup of algebraically trivial divisors: the restriction map
on Cl0 is an isomorphism for a general divisor.
The following lemma is elementary and presumably well-known, but we
include it here for completeness. It also holds if U is replaced by a quasifinite, generically unramified cover from a normal variety.
Lemma 3.4. Let k be an algebraically closed field and π : A → U ⊂ Pm
k
an abelian scheme. Then TrU/k (A) ∼
= TrL∩U/k (A|L∩U ) for a general line
L ⊂ Pm
k .
Proof. For any line L ⊂ Pm
k , we can restrict the morphism TrU/k (A)×U → A
of abelian U -schemes to L, so TrU/k (A) → TrL∩U/k (A|L∩U ) comes from the
universal property. For a map in the opposite direction, pick b ∈ B general
and consider the family of lines Lλ 3 b. For each λ let TrLλ ∩U/k (A|Lλ ∩U ) be
the trace of the abelian scheme ALλ ∩U → Lλ ∩ U . Then the fibers over b of
the maximal abelian k-subschemes of A|Lλ ∩U → Lλ ∩ U
{τλ (TrLλ ∩U/k (A|Lλ ∩U ) × (Lλ ∩ U ))b | Lλ 3 b}
form a family of abelian subvarieties of Ab . So for a general λ they must
be constant [Cho55, §2] and equal to some abelian k-variety A0 , which is
isogenous to TrLλ ∩U/k (A|Lλ ∩U ) × (Lλ ∩ U ), so the traces for these λ are
isogenous. Pick one and call it T . Then we have T ⊗k k(U ) → Aη , so by
the universal property of the trace we get a morphism of abelian varieties
T → TrU/k (A).

Corollary 3.5. In the setting of Assumption 1, assume n ≥ 3. Then for a
general complete intersection Y of ≤ n − 2 members of |L|, the restriction
map Cl0 (X) → Cl0 (Y ) is an isomorphism.
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Proof. First we consider complete intersection surfaces of members of |V |.
Let L ⊂ Pn−1 be a general line corresponding to a complete intersection
surface S ⊂ X. Then the abelian schemes Jac(X 0 /Pn−1 ) → Usm and
Jac(X 0 /Pn−1 )|L∩Usm → L ∩ Usm have the same trace, and these are the
same as Cl0 (X) and Cl0 (S), respectively, as noted in the remark below
Corollary 3.3.
The isomorphism Cl0 (X) ∼
= Cl0 (Y ) for a general divisor Y in |V | follows
from applying the surface case to S ,→ Y and S ,→ X. Since |V | ⊂ |L| is
general, then repeatedly applying the divisor case gives the result.

3.3. Injectivity for Cl. In the following lemma we assume k 6= Fp to use
Néron’s specialization theorem.
Lemma 3.6. If k 6= Fp , then for k-points b away from a field-locally thin
set in Pn−1 (k), the map
Jac(Cη0 )(K)

/ Jac(C 0 )(k)
b

is injective.
Proof. Let A = TrUsm /k (Jac(X 0 /Pn−1 )). After possibly replacing Usm by a
smaller open subset U , by [Con06, Theorem 6.4] and Poincaré reducibility
we can find isogenies of abelian U -schemes
(A × U ) × Q

/ Jac(X 0 /Pn−1 )

/ (A × U ) × Q

where Q = Jac(X 0 /Pn−1 )/(A × U ) is the quotient and TrU/k (Q) = 0. So
it suffices to consider separately the two cases of a constant abelian scheme
and one with trivial trace.
For the traceless family Q → U , the group of rational sections is finitely
generated by the Lang–Néron theorem [LN59, Theorem 1]. So by Néron’s
Theorem 2.7 there are infinitely many points b ∈ Usm (k) outside a fieldlocally thin set such that the specialization Qη (K) → Qb (k) is injective.
Next, the constant part has only constant sections, since a non-constant
section would give a non-constant morphism U → A, which cannot exist
since U is an open subset of Pn−1 . A priori we could have torsion in the
kernel, but this does not happen by Corollary 3.3 since A = Cl0 (X).

Remark. If k has infinite transcendence degree over the prime subfield,
Lemma 3.6 can be proven for b very general over k0 without using the
Lang–Néron theorem or Néron’s specialization theorem. In this setting the
group of rational sections of Q → U is countable because each rational section gives an isolated point of the Chow variety [GS13, Lemma 3.6], so any
b with coordinates transcendental over a field of definition for Q is outside
the images of their intersections.
Putting this together with Corollary 3.3 shows injectivity of the restriction
map from X to infinitely many curves. We can factor this through higherdimensional complete intersections in |V |:
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Corollary 3.7. If n ≥ 3 in Assumption 1, then without further assumptions
on the ground field k, the restriction map Cl(X) → Cl(Y ) is injective for a
general complete intersection Y of ≤ n − 2 members of |L|.
Proof. We first show injectivity of the restriction map for a general complete
intersection surface S of members of |V |, since this will imply injectivity of
the restriction map to any divisor in |V | containing S. If k = Fp , let k ( k 0
be an extension of algebraically closed fields. Let N be the set of k 0 -points
for which the specialization map of Lemma 3.6 is injective; the complement
of N is contained inside a field-locally thin subset of Pn−1 (k 0 ). Since for
any finitely-generated field k1 ⊂ k 0 the set Pn−1 (k1 ) \ N (k1 ) is a finite union
of type 1 and type 2 thin sets (Definition 2.6), and since P1 (k1 ) ⊂ P1 (k1 )
is not thin, then for a general k-line L ⊂ Pkn−1 , the base change Lk0 will
contain a k 0 -point b in N and such that b ∈ Usm (k 0 ). For such L and
b ∈ Lk0 (k 0 ), the compositions of the maps in Corollary 3.3 and Lemma 3.6
is injective and factors through Cl(Sk0 ), where S = ϕ−1 (L) is the complete
intersection surface corresponding to the line L, so Cl(Xk0 ) → Cl(Sk0 ) is
injective. The base change to k 0 does not change Clns by Lemma 2.4, and
we have Cl0 (X) = Cl0 (S) and Cl0 (Xk0 ) = Cl0 (Sk0 ) by Corollary 3.5, so we
conclude that over k the restriction map Cl(X) → Cl(S) is injective.
Since |V | ⊂ |L| was general, this implies that the restriction map to a
general divisor in |L| is injective. Repeatedly applying the divisor case gives
the result for general complete intersections.

4. Surjectivity
In this section we prove surjectivity modulo torsion of the restriction map
on class groups.
Proposition 4.1 (Corollary 4.14, Corollary 4.4, Corollary 4.13). Let X be a
normal variety of dimension n ≥ 3 over an algebraically closed field k 6= Fp ,
and let L0 be a very ample line bundle on X. Then there exists Y ∈ |Ld0 |
in the complement of a countable union of proper subvarieties such that the
restriction map
/ Cl(Y )
Cl(X)
(1) has torsion cokernel for d = 4 or ≥ 6 if n = 3,
(2) is surjective for d ≥ 2 if n ≥ 4 and if k either
(a) has characteristic 0 or
(b) has infinite transcendence degree over its prime subfield, and
(3) has p-power torsion cokernel for d ≥ 2 if n ≥ 4 and char k = p.
4.1. Surjectivity over fields of infinite transcendence degree. In this
section we assume the ground field K has infinite transcendence degree over
its prime subfield and use the notion of very general over k0 discussed in
§2.2.
We will use the following result of Graber–Starr [GS13] on extending
sections of abelian schemes. Their result is stated for very general incident
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line pairs and 2-planes over an uncountable field, but their proof works for
fields of infinite transcendence degree.
Theorem 4.2 ([GS13, Theorem 1.3]). Let K be an algebraically closed field
of infinite transcendence degree, B a normal variety of dimension ≥ 2, and
f : B → Pdim B a generically finite, generically unramified morphism. Let
A → B be an abelian scheme, and let k0 ⊂ K be a field of definition for A
and B. Then for any pair of incident lines L1 ∪ L2 ⊂ Pdim B very general
over k0 , the restriction map
{sections of A → B} → {sections of A|f −1 (L1 ∪L2 ) → f −1 (L1 ∪ L2 )}
is a bijection. The same result also holds with incident line pair replaced by
2-plane.
Applying their result for incident line pairs to the relative Jacobian shows
surjectivity for a reducible member of |L2 |:
Lemma 4.3. In the setting of Assumption 1, assume that X is defined over
a field K of infinite transcendence degree and that n ≥ 3. Let S1 , S2 be a
pair of complete intersection surfaces of members of |V | very general over
k0 , and let Di be a Weil divisor on each Si such that D1 |S1 ∩S2 ∼ D2 |S1 ∩S2 .
Then there is a Weil divisor D on X, uniquely determined up to linear
equivalence, such that D|Si ∼ Di for each i. That is, the restriction map
Cl(X) → Cl(S1 ) ×Pic(S1 ∩S2 ) Cl(S2 )
is an isomorphism.
Proof. Let Si0 denote the strict transform of Si , let Li be the line such that
Si0 = ϕ0−1 (Li ), and consider the fiber product Cl(S10 ) ×Pic(S1 ∩S2 ) Cl(S20 ),
where the restriction maps Cl(Si0 ) → Cl(Si ) → Pic(S1 ∩ S2 ) are pushforward
by π|Si0 composed with the Gysin homomorphisms [Ful98, Chapter 6]. Let
Di be divisors on Si whose restrictions agree in Pic(S1 ∩ S2 ). The pullback
β|∗S 0 Di of Di is defined because the base points of |V | are smooth points of
i
Si by generality.
The restrictions (β|∗S 0 Di )|Cη0 have the same degree, so by the procedure
i

of Lemma 3.2 D1 and D2 define a section of Jac(X 0 /Pn−1 ) → Usm over
(L1 ∪L2 )∩Usm . This extends uniquely to a section σ of Jac(X 0 /Pn−1 ) → Usm
by Theorem 4.2 [GS13, Theorem 1.3]. By Lemma 3.2 we can find a divisor
D0 on X 0 defining σ and such that (π∗ D0 )|Si ∼ Di for each i.

The same argument applied to the 2-plane case of Theorem 4.2 gives
surjectivity for complete intersection threefolds of members of |V | that are
very general over k0 . We also get surjectivity to higher-dimensional complete
intersections by factoring the restriction map.
Corollary 4.4. In the setting of Assumption 1, assume that X is defined
over a field K of infinite transcendence degree and that n ≥ 4. For a complete intersection Y of r ≤ n − 3 members of |L| very general over k0 , the
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restriction map
Cl(X)

/ Cl(Y )

is surjective.
Proof. It suffices to show the case when Y ∈ |V | is a divisor. If dim Y ≥ 4,
let Z be a threefold obtained as the complete intersection of Y with members
of |V | very general over k0 . The restriction map Cl(X) → Cl(Z) is surjective
and factors through Cl(Y ) → Cl(Z), which is injective by Corollary 3.7. 
In order to specialize from a sufficiently general member of |L2 | to a
reducible one in |L| + |L|, we need the following conjecture of Kollár on
independence of intersection points. Voisin proved the conjecture over fields
of infinite transcendence degree, and we include her proof below. This result
will ensure in Proposition 4.7 that the points pi are independent in Pic(C)
modulo the hyperplane section, as in the case for quartic surfaces in P4 when
C was a degree 4 elliptic curve in §1.2.
Lemma 4.5 ([Voi20]). Let K be an algebraically closed field of infinite transcendence degree. Let C be a smooth projective curve over K and M a very
ample line bundle on C. Assume that either char K = 0 or that M = M⊗d
0
for an integer d ≥ 2 and M0 a very ample line bundle. Let A ( Pic0 (C) be
an abelian subvariety and M ∈ G ⊂ Pic(C) a finitely-generated subgroup.
Let k C ⊂ K be a field of definition for C, S
M, A, and G.
For a divisor D ∈ |M| write Supp D = i pi (D). Then for D ∈ |M| very
general over k C , the map
M
X
Z[pi (D)]/
[pi (D)] ,→ Pic(C)/hA(K), Gi
i

i

is an injection.
Proof of Voisin. Let d = deg M, let Z ⊂ C × |M| be the universal family,
and let U ⊂ |M| be the open subset parametrizing divisors consisting of d
distinct points. Let Z (d) → |M| be the universal family of divisors in |M|
with an ordering of the d (not necessarily distinct) points.
(d)
First we show that ZU is irreducible, or equivalently that the monodromy
group of ZU → U is the full symmetric group Sd . It suffices to show that the
monodromy group is 2-transitive and contains a transposition. 2-transitivity
(2)
is equivalent to irreducibility of ZU , which can be identified with the set
{(p1 , p2 , D) | p1 , p2 ∈ Supp D} ⊂ C ×C ×U . The fiber over a point (p1 , p2 ) ∈
C × C is the linear system |M − p1 − p2 |, so since M is very ample the
(2)
dimension of this linear system is independent of the pi and ZU → U is a
projective bundle and thus irreducible. Deforming a section with a double
zero gives a transposition.
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Next, for γ ∈ G and integers n1 , . . . , nd , m ∈ Z such that m 6= 0 and
(n1 , . . . , nd ) 6= (0, . . . , 0), define the subset
(
)
d
d
X
X
(d)
Z(n1 , . . . , nd , m, γ) = (p1 , . . . , pd ,
pi ) ∈ ZU | m(γ −
ni [pi ]) ∈ A
i=1

i=1

(d)

of ZU ⊂ C × · · · × C × |M|. Then
[
(d)
Z(n1 , . . . , nd , m, γ) ⊂ ZU
(n1 ,...,nd ,m,γ)

is a countable union of k C -subvarieties, and to show that the complement
(d)
contains K-points, it suffices to show that each Z(n1 , . . . , nd , m, γ) ( ZU .
(d)
By contradiction, assume that some Z(n1 , . . . , nd , m, γ) = ZU . Then
Pd
Pd
(d)
m(γ − i=1 ni [pi ]) ∈ A for every (p1 , . . . , pd , i=1 pi ) ∈ ZU , and since the
monodromy group is the entire symmetric group Sd , this also holds for any
permutation of the pi . Now the permutation representation on Qd is the
sum of two irreducible representations: the diagonal and its complement,
which is spanned by differences of the basis vectors. So we have that either
n1 = · · · = nd , or that m(γ − n[p1 ] + n[p2 ]) ∈ A for any p1 , p2 ∈ C. In the
second case we get that Pic0 (C)/A is torsion since the differences [p1 ] − [p2 ]
generate Pic0 , which is a contradiction. So we are in the first case, i.e. a
P

multiple of di=1 pi .
We will also need to replace X by suitable alteration in the proof of
Proposition 4.7 to use an argument involving specialization of Q-Cartier
divisors.
Lemma 4.6. Let X be a normal threefold over an algebraically closed field
k, L a very ample line bundle on X, and |Λ| ⊂ |L| a general pencil. Then
there exists a morphism from a projective variety ψ : X + → X such that
(1) ψ : X + → X is finite and purely inseparable over the regular locus
of X,
(2) X + is Q-factorial except possibly over finitely many points q1 , . . . , qr
of X,
(3) the pullback of a general member of |Λ| to X + is smooth, and
(4) for any b ≥ 1 the pullback of a general member of |Lb | is smooth
along the exceptional divisors of ψ : X + → X. In particular, the
pullback of a general member of |Lb | is Q-factorial.
Proof. If char k = 0, then any resolution of singularities ψ : X + → X works,
so assume char k = p > 0. Let Y → |Λ| be the total space of the pencil.
The generic fiber Y is a geometrically normal variety over the function field
K of |Λ| ∼
= P1 , and after a finite purely inseparable field extension the base
e
change Y ⊗K K 1/p admits a resolution of singularities Y + that is smooth
e
e
e
over K 1/p . Spreading out Y + and Y ⊗K K 1/p over an open subset U 1/p of
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|Λ|1/p we get a smooth family Y + → U 1/p of surfaces, a family Y|U ×U U 1/p
of normal surfaces, and a diagram
Y+

bir

/ Y|U ×U U 1/pe univ homeo / Y|U


U 1/p

e

bir
BlBs |Λ|

e

/ π1 (Y|U ) ⊂ X


/U v

where π1 (Y|U ) is a dense open subset of X whose complement is the union
of finitely many divisors Y1 , . . . , Yl in |Λ|. By Bertini’s theorem (after
possibly removing finitely many points from U ) the birational morphism
e
Y + → Y|U ×U U 1/p is an isomorphism over the regular locus of X.
e
Let θ : Z → X be the normalization of X in K 1/p . Then θ−1 (X reg ) →
X reg is a purely inseparable cover that agrees with Y + over the intersection
X reg ∩ π1 (Y|U ), so we may glue θ−1 (X reg ) to Y + to get a Q-factorial variety
with a morphism
X0+ := θ−1 (X reg ) ∪ Y +

/ X reg ∪ π1 (Y|U ) = X \ {q1 , . . . , qr }

that factors as the composition of a purely inseparable cover and a birational
morphism. The finitely many points q1 , . . . , qr are given by the intersection
of Y1 ∪ · · · ∪ Yl with the singular locus of X, since by generality the base
locus of |Λ| is contained in the regular locus of X.
Let X + be a projective closure of X0+ . Over X \{q1 , . . . , qr } the morphism
ψ : X + → X agrees with X0+ → X, so properties (1) and (2) hold. By
construction, the pullback of any member 6= Y1 , . . . , Yl of |Λ| to X + is smooth
except possibly over Bs |Λ|. So the pullback of a general member of |Λ| is
smooth over the singular locus of X, i.e. along the exceptional divisors of
ψ, and by openness of smoothness this holds for a general member of |L|
as well. Applying this to sums of b general members of |L| and again using
openness of smoothness, the pullback of a general member of |Lb | is smooth
along the exceptional divisors of ψ. In particular, by Bertini’s theorem, the
pullback of a general member of |Lb | is Q-factorial.

We are now ready to show surjectivity for L2 . Beginning with a divisor
on a very general member T of |L2 |, we degenerate to a reducible member.
By Lemma 4.3 the divisor on this reducible member will lift to a divisor DX
on X, and we show that up to torsion and Cl0 (X), the restriction of DX to
T agrees with the original divisor. Even when X is smooth, the family is
singular, so to deal with these singularities we apply Lemma 4.5 to ensure
that the divisors we work with are Q-Cartier in some necessary places.
Proposition 4.7. In the setting of Assumption 1, assume that X is defined
over a field K of infinite transcendence degree and that n ≥ 3. Let S1 , S2 be
complete intersection surfaces in |V | that are very general over k0 , and pick
a pencil in |L2 | through S1 + S2 that is very general over k S1 and k S2 .
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If T is a complete intersection surface of n − 3 members of |V | and a
member of |L2 | and if T is very general over the algebraic closure of the
compositum of the fields of definition for S1 , S2 , and the pencil, then the
restriction map
Cl(X)

/ Cl(T )

has torsion cokernel.
Proof. We may assume n = 3 by Corollary 4.4. Let S1 , S2 ∈ |V | be very
general over k0 . Then each Si is a normal surface, S1 + S2 is a reducible
member of |V | + |V | ⊂ |L2 |, and C := S1 ∩ S2 is a smooth curve contained in
the regular locus of X. Let s ∈ |L2 | be the point corresponding to S1 + S2 ,
take a pencil through s that is very general over k S1 and k S2 , and let X̃ → P1
be the total space of the pencil. Then β : X̃ → X is the blowup along the
reducible curve given by the base locus.
The Chow variety WDiv(X̃/P1 ) parametrizing Weil divisors on the fibers
of X̃ → P1 [Kol17, 3.21.3] has countably many components not dominating
the base. The image of each of these components is a point defined over
the algebraic closure of the compositum of k S1 , k S2 , and a field of definition
for the pencil. So any K-point g corresponding to a divisor T = X̃g very
general over this field will not be in the image of any of these components.
Let {pj } denote the intersection points C ∩ T .
Let Dg be an integral divisor on the normal surface T , and consider the
component Ω of WDiv(X̃/P1 ) containing [Dg ]; by assumption Ω dominates
P1 . Let Γ ⊂ Ω be a curve passing through the point [Dg ] and dominating
the base P1 . Then the base change WDiv(X̃/P1 ) ×P1 Γ = WDiv(X̃ ×P1
Γ/Γ) → Γ admits a section whose image contains the divisor [Dg ] on the
fiber (X̃ ×P1 Γ)g̃ = X̃g , where g̃ maps to g. That is, we have a divisor D on
X̃ ×P1 Γ whose restriction to the fiber over g̃ is Dg , and whose restriction
to any fiber is a 1-cycle on the corresponding complete intersection surface.
Denote the base change α : X̃ ×P1 Γ → X̃.
Let s̃ ∈ Γ(K) map to s, and let r be the ramification index of Γ → P1
at s̃. The fiber (X̃ ×P1 Γ)s̃ has two irreducible components S̃1 and S̃2 , with
each S̃i mapping isomorphically to Si . Let p̃j ∈ S̃1 ∩ S̃2 denote the point
mapping to pj ∈ C.
The restriction of Ds̃ to each S̃i determines a unique Weil divisor class
Di◦ in each Cl(S̃i ). By Lemma 4.8 we know that on (X̃ ×P1 Γ) \ {p̃j } every
Weil divisor is locally Cartier along S̃1 ∩ S̃2 \ {p̃j } after multiplication by
r. So the difference D1◦ |S̃1 ∩S̃2 − D2◦ |S̃1 ∩S̃2 is a divisor on S̃1 ∩ S̃2 supported
on {p̃j }. The local computation also shows that the local class group is
Z = h(S̃1 )p̃j i = h(−S̃2 )p̃j i at each p̃j .
We now apply Lemma 4.5 to the very ample line bundle L2 |C on C and
to the subgroups A ⊂ Pic0 (C) and G ⊂ Pic(C) generated by the images of
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the restriction maps
Cl(S̃i )

(α◦β)∗

/ Cl(Si )

/ Pic(C)

for i = 0, 1. By Lemma 2.15 and the Theorem of the Base 2.2, these A and
G satisfy the hypotheses
of Lemma 4.5, so we conclude that (β∗ α∗ D1◦ )|C −
P
◦
(β∗ α∗ D2 )|C = a pj ∈ |L2a |C | for some a ∈ Z.
We now consider instead the divisor D − aS̃1 on X̃ ×P1 Γ. On the fiber
over g̃ this agrees with Dg̃ = Dg . Over s̃, the fiber (D − aS̃1 )s̃ determines
a unique Weil divisor class Di in each Cl(S̃i ), and D − aS̃1 is Q-Cartier
along C since it becomes trivial in the local class group at each p̃j . So the
restrictions of β∗ α∗ D1 and β∗ α∗ D2 to C agree in Pic(C), and the divisors
β∗ α∗ D1 on S1 and β∗ α∗ D2 on S2 satisfy the hypotheses of Lemma 4.3. So
we get a unique Weil divisor class DX ∈ Cl(X) such that DX |Si ∼ β∗ α∗ Di
for i = 0, 1. We now have two divisors DX |T and Dg on T .
Claim: DX |T − Dg is torsion in Clns (T ).
The claim implies surjectivity of Cl(X) → Cl(T ) up to torsion, since
0
Cl (X) ∼
= Cl0 (T ) by Corollary 3.5. So it remains to show the claim.
Let (β ◦ α)∗ DX denote the divisor (DX × Γ)|X̃× 1 Γ on X̃ ×P1 Γ. The idea
P

of the proof is that (β ◦ α)∗ DX − (D − aS̃1 ) is a divisor on X̃ ×P1 Γ whose
specialization to the reducible fiber s̃ is trivial. So if it is Q-Cartier, then we
can conclude by specialization of the Néron–Severi group that a multiple is
algebraically trivial on the very general fiber g̃. In general we can reduce to
the case where the divisor is Q-Cartier in the necessary places.
First assume X is smooth. Then the generic fiber X̃η of X̃ → P1 is a
smooth surface over the function field of P1 . So the generic fiber (X̃ ×P1 Γ)ξ
of the base change X̃ ×P1 Γ → Γ is also smooth over the function field of Γ,
and the divisor (β ◦ α)∗ DX − (D − aS̃1 ) on X̃ ×P1 Γ is Cartier on the generic
fiber. It’s also Q-Cartier on the reducible fiber S̃1 + S̃2 over s̃, since DX is
Cartier on X and D − aS̃1 was chosen to be Q-Cartier (with Cartier index
r) along S̃1 ∩ S̃2 . So r((β ◦ α)∗ DX − (D − aS̃1 ))ξ is in the kernel of
Pic((X̃ ×P1 Γ)ξ )

/ NS((X̃ × 1 Γ)ξ )
P

/ NS((X̃ × 1 Γ) )
P
ξ

sps̃

/ NS((X̃ × 1 Γ)s̃ ) .
P

The specialization map on Néron–Severi groups is injective up to torsion
because intersection numbers specialize, so some multiple is algebraically
trivial on the very general fiber. That is, lr(DX |T − Dg ) ∈ Pic0 (T ) for some
l ∈ Z>0 .
If X is singular, let ψ : X + → X be the alteration defined in Lemma 4.6.
We have a divisor (β ◦ α)∗ DX − (D − aS̃1 ) on X̃ ×P1 Γ, and we now claim
that the pullback ((β ◦ α)∗ DX − (D − aS̃1 )) ×X X + to X̃ ×P1 Γ ×X X + is
Q-Cartier near the reducible fiber (S̃1 + S̃2 ) ×X X + . For the DX part, we
have that (β ◦ α)∗ DX ×X X + is Q-Cartier near (S̃1 + S̃2 ) ×X X + because
X + is Q-factorial except over {qj }, and S1 , S2 do not contain any of the
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points qj by generality. Next, the divisor D − aS̃1 on X̃ ×P1 Γ is Q-Cartier
along S̃1 ∩ S̃2 by construction, and away from S1 ∩ S2 the base change
(S1 +S2 )×X X + → S1 +S2 becomes Q-factorial by property (4). So D −aS̃1
is also Q-Cartier after base change.
((β ◦ α)∗ DX − (D − aS̃1 )) ×X X + is also Q-Cartier on the geometric
generic fiber (X̃ ×P1 Γ ×X X + )ξ of X̃ ×P1 Γ ×X X + → Γ. The exceptional
divisors of (S̃1 + S̃2 ) ×X X + → S̃1 + S̃2 are specializations of the exceptional
divisors of (X̃ ×P1 Γ ×X X + )ξ → (X̃ ×P1 Γ)ξ , so there is some (Cartier)
divisor E with exceptional support on the geometric generic fiber such that
r(((β ◦α)∗ DX −(D −aS̃1 ))×X X + )ξ +E becomes trivial after specializing to
the fiber (S̃1 +S̃2 )×X X + over s̃. Then r(((β◦α)∗ DX −(D−aS̃1 ))×X X + )ξ +E
is numerically trivial, so some multiple lr(((β ◦α)∗ DX −(D −aS̃1 ))×X X + +
E)|T̃g ×X X + is algebraically trivial on the very general fiber. Pushing forward
we get β∗ α∗ (lr((β ◦ α)∗ DX − (D − aS̃1 ))|T̃g ) = DX |T − Dg ∈ Cl0 (T ).



Lemma 4.8. In the proof of Proposition 4.7, X̃ ×P1 Γ is locally Q-factorial
over C \ {pi } with Cartier index equal to the ramification index r of Γ → P1
at s̃.
Proof. Note that this computation applies to any collection of Cartier divisors S1 ∈ |L1 |, S2 ∈ |L2 |, and T ∈ |L1 ⊗ L2 | as long as each one is smooth
at x.
Let x ∈ C = S1 ∩ S2 ⊂ X be a closed point. Then x is in the regular locus
of X, S1 , and S2 , so we may choose local parameters y1 , y2 , y3 at x such that
Si is locally defined by yi at x. Let q be a local equation for T at x; then
x ∈ T if and only if q is in the maximal ideal of k[[y1 , y2 , y3 ]], i.e. not a unit.
∼
b
The total space of the pencil is locally O
X̃,x = k[[y1 , y2 , y3 , s]]/(y1 y2 − sq)
where s is a local parameter for OP1 ,s .
Let t be a local parameter at OΓ,s̃ . Then at a point x̃ in X̃ ×P1 Γ mapping
to x
r
∼
b
O
X̃× 1 Γ,x̃ = k[[y1 , y2 , y3 , t]]/(y1 y2 − ut q)
P

0 −1
r
∼
b
for some unit u. If x 6∈ T , then O
X̃×P1 Γ,x̃ = k[[y1 , y2 , y3 , t]]/((u q) y1 y2 −t )
is an Ar−1 -singularity, so its class group is Z/rZ.
If x ∈ T then q is in the maximal ideal of k[[y1 , y2 , y3 ]]. Since T ∈ |L2 |
is very general, x is not in its singular locus and Y not cut out by any of
the same equations as S1 + S2 , so we may assume that our coordinates were
r
∼
∼
b
chosen so that q = y3 . Then O
X̃×P1 Γ,x̃ = k[[y1 , y2 , y3 , t]]/(y1 y2 − ut y3 ) =
r
k[[y1 , y2 , yn , t]]/(y1 y2 − (uy3 )t ). This ring has trivial Picard group and its
class group is Z = h(y1 = t = 0)i = h−(y2 = t = 0)i.


Over uncountable fields, Noether–Lefschetz for even multiples ≥ 4 immediately follows from Proposition 3.1 and Proposition 4.7: if n = 3 then the
restriction map Cl(X) → Cl(T ) is injective and is surjective up to torsion
for surfaces T outside of a countable union of closed subvarieties of |L2 |.
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To get surjectivity for odd multiples in dimension 3, we consider a different type of specialization. Instead of degenerating to a reducible member of
|L| + |L|, we consider a reducible member of |L2A | + |LB | and apply Proposition 4.7 to lift divisors from the |L2A | component. To conclude with the
same specialization argument as before, we must ensure that our divisors
are Q-Cartier on the reducible member (possibly after base change by an
alteration of X), so we assume LB satisfies the conditions of Lemmas 2.10
and 2.15. This assumption is why the d = 5 case will be missing from
Corollary 4.14 below.
Proposition 4.9. Let X be a normal threefold over an algebraically closed
field K of infinite transcendence degree, and let k0 ⊂ K be a field of definition
A
for X. Let LA = LdA,0
where LA,0 is a very ample line bundle and dA ≥ 2
B
is an integer. Let LB be a very ample line bundle such that LB = LdB,0
for
dB ≥ 2 and LB,0 ample and basepoint-free. Assume that one of the following
holds:
(1) X is smooth,
(2) char K = 0, or
∼ d
(3) L⊗2
A ⊗ LB = M for some very ample line bundle M and integer d.

Let S10 , S20 ∈ |LA | be very general over k0 , pick a pencil in |L2A | through S10 +S20
0
0
that is very general over k S1 and k S2 , and let S2A ∈ |L2A | and SB ∈ |LB |
be very general over the algebraic closure of the compositum of the fields of
definition for S10 , S20 , and the pencil. Pick a pencil |Λ| ⊂ |L2A ⊗ LB | through
S2A + SB very general over the algebraic closure of the compositum of k S2A
and k SB .
If T ∈ |L⊗2
A ⊗ LB | is very general over the algebraic closure of the compositum of the above fields, then the restriction map
Cl(X)

/ Cl(T )

is surjective up to torsion.
Proof. Let C = S2A ∩ SB , and let X̃ be the total space of the pencil |Λ|.
Let s and g denote the points on |Λ| = P1 corresponding to S2A + SB and
T , respectively. By our choice of T , g is not in the image of any component
of the Chow variety WDiv(X̃/P1 ) not dominating the base.
Let Dg be an integral divisor on T . As in the proof of Proposition 4.7,
WDiv(X̃/P1 ) ×P1 Γ → Γ admits a section after taking some finite base
change Γ → P1 . So we have a divisor D on X̃ ×P1 Γ that restricts to Dg on
the fiber over a point g̃ ∈ Γ mapping to g.
∼
=
Let s̃ ∈ Γ be a point mapping to s. Then (X̃ ×P1 Γ)s̃ −
→ X̃s ∼
= S2A + SB ,
and we denote the components of the reducible fiber (X̃ ×P1 Γ)s̃ by S̃2A
and S̃B . As in the proof of Proposition 4.7, there is an integer a such that
D + aS̃B is Q-Cartier along S̃2A ∩ S̃B , obtained by applying Lemma 4.5 to
the very ample line bundle (L2A ⊗LB )|C on the curve C and to the subgroups
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A ⊂ Pic0 (C) and G ⊂ Pic(C) generated by the images of the restrictions
Cl(S2A ) → Pic(C) and Cl(SB ) → Pic(C). We use the assumptions on LB
here to apply Lemma 2.15 and ensure that A ( Pic0 (C).
The divisor D + aS̃B on the family defines a unique Weil divisor class
D2A ∈ Cl(S̃2A ). By Proposition 3.1 and Proposition 4.7 the restriction
Cl(X) → Cl(S2A ) is an injection with torsion cokernel, so for some c ∈ Z≥1
there is a unique divisor class DX on X such that DX |S2A ∼ cβ∗ α∗ D2A .
By Proposition 3.1 its restriction to SB agrees with the divisor defined by
D + aS̃B . Let (β ◦ α)∗ DX denote (DX × Γ)|X̃× 1 Γ .
P

The divisor (β ◦α)∗ DX −c(D +aS̃B ) on X̃ ×P1 Γ is trivial on the reducible
fiber S̃2A + S̃B . If X is smooth or if char K = 0, then the same specialization
argument in the proof of Proposition 4.7 implies a multiple of this divisor is
algebraically trivial when restricted to the fiber over g̃, and using the same
argument we conclude that Cl(X) → Cl(T ) is surjective up to torsion.
If X is singular and char K = p > 0, construct a purely inseparable
alteration X + → X as in Lemma 4.6 using a general pencil in the very
ample linear system |M|. Then ((S2A + SB ) \ (S2A ∩ SB )) ×X X + is Qfactorial, and since (β ◦α)∗ DX and D +aS̃B are Q-Cartier along S̃2A ∩ S̃B by
generality and by choice of a, respectively, the argument of Proposition 4.7
goes through. So we again conclude surjectivity of Cl(X) → Cl(T ) up to
torsion.

4.2. Surjectivity over fields 6= Fp . Following a suggestion of Bjorn Poonen, we will now apply a result of André in characteristic 0 and Ambrosi
and Christensen in characteristic p to show that if surjectivity holds over
fields of infinite transcendence degree, then it also holds for any field 6= Fp .
The result we will use is for the Picard rank of smooth families, so we will
apply it on a resolution of singularities or a suitable alteration. We first
recall their result:
Theorem 4.10 ([And96, Théorème 5.2], [Amb18, Corollary 1.7.1.5], [Chr18,
Theorem 1.0.1]). Let k 6= Fp be an algebraically closed field, B a k-scheme
of finite type, and T → B a smooth morphism. Let η be a generic point
of B and Tη the corresponding geometric generic fiber. Then there exists
b ∈ B(k) such that ρ(Tη ) = ρ(Tb ).
Using [MP12, Proposition 3.6], this means that for such b the specialization map NS(Tη ) → NS(Tb ) is an isomorphism if char k = 0 and an
isomorphism up to p-power torsion if char k = p > 0. In the case of a family
of surfaces, isomorphism up to torsion can be argued directly as follows.
Corollary 4.11. Let k 6= Fp be an algebraically closed field, B a variety
over k with generic point η, and T → B a family of normal surfaces. Then
there exists b ∈ B(k) such that the specialization map Clns (Tη ) → Clns (Tb )
is an isomorphism up to torsion.
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Proof. After base change by a purely inseparable dominant morphism B 0 →
B, the family T ×B B 0 admits a simultaneous resolution of singularities
T̃ → T ×B B 0 such that the exceptional divisors on the closed fibers specialize
from the geometric generic fiber (obtained by spreading out a resolution of
generic fiber of T → B after a purely inseparable base change). For a
resolution of singularities of a surface π : T̃ → T , the rank of Clns (T ) is
equal to ρ(T̃ ) − #{exceptional curves of π}, so by construction it suffices to
show the statement for the smooth family T̃ → B 0 .
If Di are divisors on T̃η specializing to Dbi on the fiber T̃b over b, then the
rank of the intersection matrix (Dbi · Dbj ) is independent of b ∈ B 0 [Ful98,
Example 20.3.6], so NS(T̃η ) → NS(T̃b ) has torsion kernel for any b. Thus
the specialization map will be surjective up to torsion if and only if ρ(T̃η ) =
ρ(T̃b ), and Theorem 4.10 produces such a k-point b.

Proposition 4.12. Let X be a normal variety of dimension n ≥ 3 defined
over an algebraically closed field k 6= Fp and L a very ample line bundle on
X.
(1) If L = Ld0 for a very ample line bundle L0 and integer d ≥ 2, then
there is a complete intersection surface Tb of |L2 | with n−3 members
of |L| defined over k and such that the restriction map
Cl(X)

/ Cl(Tb )

has torsion cokernel.
⊗2dA
B
(2) If n = 3, further assume that L = LA,0
⊗ LdB,0
for very ample
line bundles LA,0 , LB,0 and integers dA , dB ≥ 2 and that one of the
following holds:
(a) X is smooth,
(b) char k = 0, or
(c) L ∼
= Md for some very ample line bundle M and integer d.
Then there is a divisor Tb ∈ |L| defined over k and such that the
restriction map
Cl(X)

/ Cl(Tb )

has torsion cokernel.
Proof. Let T ⊂ X × B denote the corresponding universal family of surfaces
and Tη the generic fiber of the projection onto S. Note that the geometric
generic fiber Tη is normal by Bertini’s theorem. Let K be an algebraically
closed field of infinite transcendence degree containing k. Let LK denote the
pullback to XK := X ⊗k K, TK → BK the corresponding universal family,
and (TK )η the geometric generic fiber, which agrees with the base change of
Tη to the algebraic closure of the function field of BK .
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By Corollary 4.11 there is a k-point b ∈ B such that the specialization
Clns (Tη ) → Clns (Tb ) is an isomorphism up to torsion, where Tb is the corresponding surface. We have the following commutative diagram.
Clns (XK )

/ Clns ((TK )η )

Lemma 2.4

Clns (Tη )
after ⊗Q
Corollary 4.11

Lemma 2.4

/ Clns (Tb )

Clns (X)

Moreover, Clns (XK ) → Clns ((TK )η ) is injective with torsion cokernel by
Proposition 3.1, Proposition 3.5, Proposition 4.7 in case (1), and Proposition 4.9 in case (2). Therefore Clns (X) → Clns (Tb ) has torsion cokernel,
and using Proposition 3.5 again we conclude that Cl(X) → Cl(Tb ) has torsion cokernel.

In higher dimensions, one can apply the above argument to Corollary 4.4
to show:
Corollary 4.13. Let X be a normal variety of dimension n ≥ 4 defined
over an algebraically closed field k 6= Fp , L0 a very ample line bundle on X,
and d ≥ 2 an integer. Then there is a divisor Yb in |Ld0 | defined over k for
which the restriction map
Cl(X)

/ Cl(Yb )

(1) is surjective if char k = 0, and
(2) has p-power torsion cokernel if char k = p > 0.
The argument is essentially the same as in Proposition 4.12, but in positive
characteristic, instead of the resolution of singularities in Corollary 4.11
we take a smooth p-alteration [Tem17] of the generic fiber after a purely
inseparable base change. The finite part of the alteration only contributes
p-power torsion [Ful98, Example 1.7.4]; this and the torsion in the cokernel
of the specialization map [MP12, Proposition 3.6] are the reasons for the
torsion in the characteristic p statement.
When LA,0 = LB,0 in case (2) of Proposition 4.12 (and using (1) for the
d = 4 case) we obtain
Corollary 4.14. Let X be a normal threefold over an algebraically closed
field k 6= Fp and L0 a very ample line bundle on X. Then for any integer
d ∈ {4} ∪ Z≥6 the restriction map
Cl(X)

/ Cl(T )

is surjective up to torsion for very general T ∈ |Ld0 |.
In particular we recover the statement modulo torsion for X = P3C except
for the case of degree 5 surfaces.
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Séminaire de Géométrie Algébrique du Bois-Marie 1967–1969 (SGA 7 II), Dirigé
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