ON THE DECK GROUPS OF ITERATES OF BICRITICAL
RATIONAL MAPS

SARAH KOCH, KATHRYN LINDSEY, AND THOMAS SHARLAND

ABSTRACT. A rational map on the Riemann sphere f : C — C is said to
be bicritical provided that f has exactly two critical points. In this note,
we give a complete description of which groups (up to isomorphism) arise
as the groups of deck transformations of iterates of bicritical rational
maps. Our results generalize those from a previous paper by the authors.

1. INTRODUCTION

In this note, we study particular subgroups of the group Mob of Mobius
transformations.

Definition 1.1. Let f be a rational map. The deck group of f is

Deck(f) = {ur € M&b| fopu=f},
made up of all u € Mdb that preserve the fibers of f.

A partial analysis of the deck groups of iterates of bicritical rational maps
was carried out in [4]. However, the goal of that work was to understand
bicritical rational maps which shared an iterate, and so the deck groups of
the iterates of such maps was only studied as a convenient tool. In the
present work, we carry out a study of the deck groups of iterates of rational
maps in earnest, and give a complete classification of which subgroups of the
Mobius group can be realized as the deck group of an iterate of a bicritical
rational map.

It is well-known that a finite group of Md&bius transformations is isomor-
phic to either a cyclic group, a dihedral group, or one of the polyhedral
groups Ay, As or Sy (see e.g [3]). In particular, if f is a rational map then
for each k, the group Deck(f¥) is finite, and so must be one of the possi-
bilities listed above. A study of rational maps of minimal degree with a
given deck group! was carried out in [2]. In [6], Pakovich studies the groups
Deckoo(f) = U Deck(f*) for rational maps f. He shows that, if f is not
a power map, then | Decks(f)| is bounded, and this bound depends only on
the degree d. He also computes some examples of Deck(f¥) for some given
rational maps.

We will be concerned mainly with the case where the rational map f is
bicritical. In this case, both the set Cy of critical points of f and the set

n [2], elements of the deck group were called half-symmetries
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of critical values Vy = f(Cy) of f contain exactly two elements. In [4], the
following result was proved.

Theorem 1.2. Let f be a bicritical rational map and k € N. Then Deck(f*)
is either cyclic or dihedral. Furthermore, if the degree of f is odd, then
Deck(f*) is cyclic.

We provide a sketch-proof of Theorem 1.2 in the present paper; the reader
wishing to see the full details is referred to [4].

In the case where C; = Vy, we will say that f is a power map. This is
equivalent to f being conjugate to z — z*%. In the case where f has degree
2, the following statement was obtained in [4].

Theorem 1.3. If f is quadratic then the possibilities for Deck(f*) (up to
isomorphism) are Zon for some n > 1, the Klein Vierergruppe Vy or the

dihedral group Dg of order 8. Furthermore, if f is not a power map then
| Deck(f*)| < 8.

The main goal of the present note is to study the possibilities for Deck(f*)
where f is a bicritical rational map. We give a complete description of which
groups (up to isomorphism) may be realized as Deck(f*) for some bicritical
rational map f.

Firstly, we will improve the result of Theorem 1.2 by showing that for
odd degree bicritical maps, Deck(f*) = Zg, except if f is a power map, in
which case Deck(f*) 2 Z .

Theorem A. Let f be a bicritical map of odd degree d. Then f is a power
map if and only if there exists k such that Deck(f*) is a cyclic group of order
greater than d. In particular, if f is not a power map then Deck(f*) = Z,
forall k > 1.

Our main theorem is the following, which generalizes Theorem 1.3 to
even degree bicritical maps. Some of the methods generalize or make use
of techniques first introduced in [4]. For completeness we include proofs in
this article.

Theorem B. Let f be a bicritical map of even degree d. The possibilities
for Deck(f*) (up to isomorphism) are Zgn for some n > 1, Dag or Dyg. In
particular, if f is not a power map then | Deck(f*)| < 4d.

In Proposition 5.5, we give examples showing that the groups Doy and Dyy
may indeed be realized (up to isomorphism) as Deck(f*) for some bicritical
rational map f and some k > 1.
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K. Lindsey was partially supported by NSF grant #1901247.
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2. PRELIMINARIES ON MOBIUS TRANSFORMATIONS AND THE DECK
GROUPS OF RATIONAL MAPS

In this section we outline some standard results on Mobius transforma-
tions and deck groups of rational maps. This will allow us to analyze the
deck groups of bicritical rational maps and outline the proof of Theorem 1.2.
We hope that the statements in the present section may also in the future
lend themselves to studying the deck groups of iterates of general rational
maps.

2.1. Deck groups and Md&bius transformations. A non-identity Mobius
transformation ¢: C — C of finite order has exactly two fixed points; we
denote by Fix(¢) the set of fixed point of ¢. In [5], Milnor showed that a
degree d bicritical map had order d rotational symmetry about its critical
points, so that Deck(f) = Z4. Furthermore, it is not hard to see that for
any rational map, the group Deck(f¥) is a finite subgroup of M&b. Thus
Deck(f*) must be cyclic, dihedral, or isomorphic to one of the polyhedral
groups Ay, As or Sy. We collect these observations, and other standard facts
about deck groups, into a Lemma. We denote by deg,(f) the local degree
of f at the point z € C.

Lemma 2.1. Let f be a rational map of degree d > 1.

(1) The group Deck(f) is finite, and so must be cyclic, dihedral, or iso-
morphic to one of the polyhedral groups A4, As or Sy. Furthermore
| Deck(f)| < d.

(2) Any non-identity element of Deck(f) has exactly two fixed points.

(3) If z € C and ¢ € Deck(f), then degy(z) = deg;(¢(2)).

(4) For all k > 1, Deck(f*) C Deck(f*+1).

(5) If f is bicritical of degree d, then Deck(f) is cyclic of order d. Fur-
thermore, each non-identity ¢ € Deck(f) has Fix(¢) = Cy.

We will often make use of the following classical result (see e.g. [1],
Theorem 4.3.6) which characterizes exactly when two non-identity M&bius
transformations commute.

Lemma 2.2. Let ¢ and p be non-identity Mébius transformations with fized
point sets Fix(¢) and Fix(u) respectively. Then the following are equivalent.

(1) pop=pog

(2) $(Fix(u)) = Fix(s) and pu(Fix($)) = Fix(9).

(3) Either Fix(u) = Fix(¢) or ¢, p and ¢popu are involutions and Fix(¢)N
Fix(p) = @.

2.2. Sketch Proof of Theorem 1.2. In this section, we provide an outline
of the proof of Theorem 1.2 that was given in [4]. The following is the key
observation.



4 SARAH KOCH, KATHRYN LINDSEY, AND THOMAS SHARLAND

Proposition 2.3. Let f be a bicritical rational map of degree d, and let p
be a prime number that does not divide d. Then for all natural numbers k,
the group Deck(f*) has no element of order p.

(Sketch). If some element 7 € Deck(f*) were to have order p, then each
element in C would have orbit of length 1 or p under the action of (7). In
particular the fiber f~*(w) over an regular value w contains d* points, and
since p does not divide d¥, the element 7 must fix at least one element in
such a fiber. But then as there are infinitely many regular points for f*, we
see that 7 must be the identity, a contradiction. O

The proof of Theorem 1.2 now follows easily from Proposition 2.3.

Sketch proof of Theorem 1.2. The polyhedral groups A4, As and Sy all con-
tain elements of order 2 and elements of order 3. Thus if Deck(f*) were
polyhedral we would havedeg(f) = d > 6 by Proposition 2.3. But then by
Lemma 2.1, then group Deck(f) would contain an element of order d > 6.
But none of the polyhedral groups contain an element of order > 6, so this
is a contradiction.

Now suppose the degree of d is odd. In that case, 2 does not divide d
and so by Proposition 2.3, Deck(f*) cannot contain any element of order 2.
Thus Deck(f*) is not dihedral. O

2.3. Deck groups and bicritical rational maps. We now turn our at-
tention to deck groups of iterates of bicritical rational maps. The following
relatively simple observation has major ramifications which we will use in
the rest of the paper. It generalizes an argument used in [4], and a similar
result was given in [6].

Lemma 2.4. Let f be a bicritical rational map with critical point set Cy.
Then if ¢ is a Mébius transformation such that ¢(Cy) = Cy, then there exists
a unique Mobius transformation p such that wo f = f o ¢. Furthermore

p(Vy) = V.

Proof. Once we prove existence, the uniqueness will follow from the surjec-
tivity of f. We first prove the existence result for g(z) = z%. In this case, ¢
is a Mébius transformation such that ¢(Cy) = Cy if and only if ¢(z) = az™?

for some a € C\ {0}. But then go ¢ = a%2%? and so taking u = az

completes the proof for g(z) = z¢.

Now suppose that f is bicritical of degree d. Then there exist Mobius
transformations o and 3 such that f = a o go 3, where g(z) = 2% In
particular 3(C,) = Cy. Thus if ¢ fixes Cs as a set then ¢/ = 71 o ¢ o 3 fixes
C4 as a set, and by the above there exists p/ such that y/ o g = go ¢'. Hence
taking p1 = a0 i/ o ™!, a simple calculation yields o f = f o ¢. The fact

that p(Vr) = Vp is clear. O

In particular, when the map ¢ in Lemma 2.4 belongs to Deck(f*), we get
the following.
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Lemma 2.5. Let f be a bicritical rational map and ¢ € Deck(f¥) for some
k. If $(Cy) = Cy, then there exists a unique ¢r—1 € Deck(f*~1) such that
foor=¢r_10f. Moreover ¢_1(V¢) = Vy.

Proof. Following Lemma 2.4, we only need to show that ¢_; € Deck(f*~1).
To see this, consider the following diagram.

~ k—1
C f*>

¢ ¢
J/d)k Jfﬁk—l lid
¢t efSe

The large outermost rectangle commutes since ¢, € Deck(f*). There-
fore, the square on the right commutes as well. As a consequence, ¢p_1 €
Deck(f*=1). O

In the next section, we will show that if f is a bicritical rational map, and
¢ € Deck(f*), then #(Cy) = Cy. This will allow us to drop this hypothesis
in Lemma 2.5 and strengthen it in Proposition 4.1. However, we will find
the result of Lemma 2.5 useful when dealing with quadratic rational maps.

3. ELEMENTS OF Deck(f*) PRESERVE THE SET OF CRITICAL POINTS OF f

In this section we prove the following, which will be a key result in proving
our two main theorems.

Theorem 3.1. Let f be a bicritical rational map and ¢ € Deck(f*) for
some k. Then ¢(Cy) = Cy.

The proof in the case for deg(f) > 3 is relatively simple. However, the
quadratic case requires some more care.

3.1. Quadratic rational maps. The difficulty of proving Theorem 3.1 in
the quadratic case comes from the complications arising when Deck(f*) is
dihedral. Accordingly, we start with some standard facts about dihedral
groups. To fix our ideas, we use the following presentation of Ds,, the
dihedral group of order 2n.

Dy, = (R, F | R" = F? = (RF)? = id). (1)

We include in this definition the case where n = 2, so that the Klein Vier-
ergruppe Vj is considered to be dihedral. We remark that if I' = (r) is a
cyclic subgroup of Dy, such that [I'| > 3 then I' is the unique such sub-
group. Furthermore, there must exist ¢ such that R = r. The following
simple group theoretic fact will be also useful.

Lemma 3.2. Let n be even and suppose a € Doy, has order 2. Then there
exists a subgroup I' of Do, such that o € T' and I' =2 V.
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Proof. The result is clearly true for the group Vj, so assume n > 2. Using the
presentation (1), the center Z(Dsg,) is isomorphic to Zg, and is generated
by p = R™?. Thus if a is any other element of order 2 in Dy, then
I' = {id, u, o, pa} forms a subgroup of Ds,, isomorphic to V. O

Recall that by Lemma 2.1, then if f is bicritical of degree d then Deck(f) =
Zq. Furthermore, since Deck(f) C Deck(f*) for all k, all the Deck(f*)
contain a copy of Zg as a subgroup. If Deck(f¥) is itself cyclic, then all
non-identity elements of Deck(f*) have the same pair of fixed points, which
are necessarily the critical points of f. On the other hand, if d > 3, then by
the discussion preceding Lemma 3.2, it follows that if Deck(f*) is dihedral
then Deck(f) is the unique cyclic subgroup of order d in Deck(f*), and
the generator of Deck(f) is an iterate of an element of maximal order in
Deck(f*). However, in the quadratic case we need to be more careful, since
if Deck(f*) is dihedral, it does not immediately follow that any order 2
subgroup of Deck(f*) must be the group Deck(f).

Using terminology from [4], we say a bicritical rational map with critical
values v1 and wve is critically coalescing if f(vi) = f(v2). Note that in
this case, we must have Cy NV = @. For if v were both a critical point
and a critical value of a degree d bicritical rational map which is critically
coalescing, the image f(v) would have at least d + 1 preimages (counting
multiplicity), which is impossible. Thus f(v1) = f(v2) is equivalent to the
condition that f*(c;) = f¥(cz) for all k > 2 (where ¢; and ¢ as usual denote
the critical points of f). The next lemma is a slight generalization of a result
from [4].

Lemma 3.3. Let f be a bicritical rational map of even degree d. Then if
Deck(f*) is dihedral for some k, then f is critically coalescing.

Proof. Write Deck(f) = (r) and suppose p = 7%2 is the unique element of
order 2 in Deck(f). Suppose k > 1 is minimal such that Deck(f*) is dihedral.
By Lemma 3.2, there exists I, a subgroup of Deck( f*) such that I" = V; and
peI'. Write I' = {id, u, o, B}. Since I is abelian and Fix(u) = Cy, then by
Lemma 2.2 we have a(Cy) = B(C¢) = Cy. Thus, by Lemma 2.5, there exists
v € Deck(f*~1) such that vo f = foa. Furthermore, v(Vy) = V; = {v1, v2},
and since « is an order 2 element distinct from p, it is not an element of
Deck(f). Thus we have v # id . By the assumption on the minimality
of k, Deck(f*~!) must be cyclic, and so for any non-identity elements v €
Deck(f*~1) we have Fix(y) = Fix(u) = Cs. Thus Fix(v) = C;.

If v fixes the elements of V; pointwise, then we have C; = Vy, and so f
is a power map. But this is impossible, since Deck(f¥) is always cyclic for
power maps. So v must be an involution which exchanges the elements of
V¢. But since Deck(f k=1) is cyclic, it contains a unique involution, namely
i, and so v = p. Thus p € Deck(f) interchanges the elements of V¢, and so

f(v1) = f(v2). O
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We remark that the converse of the above statement is true in degree 2
(see [4]). However, in higher degrees the converse does not hold.

Ezample 3.4. Let f(z) = i—;}. Then Vy = {1,i} and f(1) = f(i) = 0, and so
f is critically coalescing. One can readily check that Deck(f?) = Deck(f) =
Z4, and we will see later (Lemma 4.4) that this implies Deck(f*) = Z4 for
all k.

Lemma 3.5. Let F' be a rational map and suppose Deck(F) contains an
element of order k. Then there ezists z € C such that deg,(F) > k.

Proof. Let ¢ € Deck(F') have order k and let z € Fix(¢). Suppose that V is
a simply connected neighborhood of F(z) such that V N Vg C {F(z)}, and
let U be the component of F~1(V) which contains z. By restricting V if
necessary, we may assume that F~1(F(z)) NU = {z}. Then given w € V,
there exists ug € U such that F(ug) = w. Since F = F o ¢/ and ¢/(z) = 2
for all 0 < j < k — 1, we see that the component of (F o ¢/)~1(V) which
contains z is the set U. Thus for each j, u; = ¢/(ug) is in U. Hence F is
(at least) k-to-1 on the set U, and the only critical point in U is z. Thus
deg,(F) > k, by the Riemann-Hurwitz theorem. O

We are particularly interested in applying the previous result to the case
where F' = f¥ is an iterate of a quadratic rational map f and Deck(f¥) is
dihedral.

Lemma 3.6. Let f be a quadratic rational map and suppose Deck(fF) is
dihedral. If f* has a critical point with local degree greater than 2, then one
of the critical points c1 of f is periodic of some period p. Furthermore:

e the second critical point co satisfies fP(c2) = ¢1 and
e for either critical point ¢, f(c) = c1 if and only if n = ap for some
a>0.

Proof. By Lemma 3.3, f must be critically coalescing. Let the critical points
of f be ¢; and cy. Since f is critically coalescing, the image under f of a
critical point of f cannot also be a critical point of f.

A point z maps forward with local degree greater than 1 under f* if and
only if z is a preimage f~7(c;) for some 0 < j < k and i = 1,2. Furthermore,
if z maps forward by local degree strictly greater than 2 under f*, then the
forward orbit

Ok(2) = (2, £(2), F2(2), ., fF1(2))
must contain (at least) two critical points of f. If the same critical point ¢;
appears twice, we are done, since then that critical point would be periodic.
So assume without loss of generality that there exist 0 < n < m < k with
f"(z) = co and f™(z) = ¢;. Then we have f™ "(c3) = ¢;. But since f is
critically coalescing, f¢(c1) = f%(c2) for all £ > 2, whence f™"(c;) = ¢
and so ¢ is a periodic critical point under f.
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Now observe that if p is the period of ¢1, so that p > 0 is minimal such
that fP(c1) = ¢1. Since f is critically coalescing, we also have fP(cq) = ¢q,
and if there were 0 < j < p such that f/(cy) = ¢1, then this would imply
f?(c1) = c1, which is a contradiction. O

Proposition 3.7. Let f be a quadratic rational map and suppose that for
some k the group Deck(f*) is dihedral. Then if ¢ € Deck(f*) then ¢(Cy) =
Cy.

Proof. If Deck(f*) is isomorphic to Vj, then Deck(f*) is abelian. Thus
every element of Deck(f*) commutes with x, the unique order 2 element of
Deck(f). Hence by Lemma 2.2, since Fix(u) = Cy we have ¢(C¢) = Cy for
all ¢ € Deck(f¥).

We now assume that Deck(f*) is dihedral and contains an element of
order greater than 2. By Lemma 3.5, there must exist z € C such that
degfk(z) =k > 2 and so by Lemma 3.6, f has a periodic critical point, c1,
and the other critical point co eventually maps onto c;, but is not in the
forward orbit of ¢;. We will show that the orbit orbpgg(sry(c1) under the
action of Deck(f*) is equal to Cy = {c1, c2}. To see that ¢y € orbpek(pry(€1),
let T be a subgroup of Deck( f*) which is isomorphic to V; and which contains
i (such a subgroup exists by Lemma 3.2). By Lemma 2.2, every non-identity
element ¢ € I' must have ¢(Cy) = Cy. In particular, if ¢ # p, then since p
and ¢ are distinct and both have order 2, we see that ¢ must transpose the
elements of Cy, and so ¢(c1) = co, meaning Cy C orbpge(pry(c1)-

Now suppose a € orbpgg(sx)(c1), so that there exists ¢ € Deck(f*) such
that ¢(c1) = a. We claim that a must eventually map onto c¢;. Let p > 2
be the period of ¢;. By Lemma 2.1, for all j > 0 and 1 < m < p such that
jp +m > k we have

deg pip+m (a) = degfjp+M(C1) = Qi+l (2)

Since (deggn(a));pZ; is an unbounded increasing sequence, it follows that
the forward orbit of @ must contain infinitely many terms which are critical
points. But since the only periodic critical point of f is ¢;, we see that a
must eventually map onto c;.

We now show that a € Cy. Let j be minimal such that jp +1 > k. Then
by (2), we have degjp+m(a) = 277! and so the orbit

ij(a) = (aa f(a)7 f2(CL), s ’f]p(a))
must contain j+ 1 critical points. Let the first appearance of a critical point
be fi(a) for ¢ > 0. Then by Lemma 3.6, there would be at most j critical
points in the orbit Ojp(a). Thus a must itself be a critical point and so
orbpee(pry(€1) € Cy. We conclude that orbpegsxy(c1) = Cy. It follows that
¢(Cy) = Cy for all ¢ € Deck(f"). O

Proof of Theorem 3.1. The result is trivial for ¢ = id, so suppose ¢ # id.
If Deck(f*) is cyclic, then every non-identity element of Deck(f*) has the
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same set of fixed points, which must be equal to the set Cy. Hence in this
case ¢(Cs) = Cy.

On the other hand, suppose Deck( f k ) is dihedral. Then we know that the
degree of f is even. If f is quadratic then the result holds by Proposition 3.7.
Now suppose f has degree d > 2. If ¢ € Deck(f*) is a power of some element
of order greater than 2 then ¢ fixes the set C; pointwise. The only other
possibility is that ¢ has order 2. But then if p € Deck(f*) is an element of
maximal order in Deck(f*), by (1) we must have

pod=cop . (3)

Now suppose ¢ is a critical point of f. Since p~!(c) = ¢, applying (3) to c
gives

p(d(c)) = 6(p~"(0)) = ¢(0)

from which it follows that ¢(c) is a fixed point of p, and so ¢(c) must be a
critical point of f. Thus ¢(c) € C O

4. CONSEQUENCES OF THEOREM 3.1

Theorem 3.1 has a number of useful consequences. We first state a
strengthened version of Lemma 2.5.

Proposition 4.1. Let f be a bicritical rational map and ¢}, € Deck(f*) for
some k. Then there exists a unique ¢p_, € Deck(f*~1) such that f o ¢, =
¢r—10 f. Moreover ¢p_1(Vy¢) = Vy.

Proof. The proof is the same as Lemma 2.5, with the hypothesis that ¢5(Cy) =
Cy removed by Theorem 3.1. O

We now use Proposition 4.1 to prove a number of preliminary results
which we will use to prove the main theorems. Observe that by Proposi-
tion 4.1, if for some k > 1 we have ¢}, € Deck(f*), then we can recursively
define a sequence

(ks P15+ - - @1, 0 = id)
where for each j, ¢; € Deck(f?) and f o ¢; = ¢j_1 o f. Each ¢; is uniquely
determined by the initial choice of ¢, and we must have f*Jog;, = pjof k=i
This gives the following commutative diagram.

GRS S SN o B AN
\L(bk \L¢)k71 \L¢1 lid
c—ts¢L LN G N

In particular, if j = 1 we obtain the following result.

Proposition 4.2. Let f be a bicritical rational map. Let k > 1 and suppose
b1 € Deck(f¥). Then there exists a unique ¢1 € Deck(f) such that the
following diagram commutes.
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e e e
¢kl . l¢1 lid
O EARN R N

Furthermore
(1) ¢y is the identity if and only if ¢) € Deck(f*1).
(2) ¢1(Vy) = Vy.

Proof. By Proposition 4.1 and the discussion preceding the statement of the
proposition, we know that there exists a unique ¢; € Deck(f) such that
5 Yo ¢y, = ¢y o fF1. This proves the diagram commutes. Now suppose
that ¢ € Deck(f*~!). Then we see that we must have ¢; = id. On the
other hand, if ¢; = id, then the diagram shows that f*=1 o ¢, = f¥~1, and
so ¢ € Deck(f*~1). The assertion that ¢1(V;) = V; again follows from
Proposition 4.1. [l

It should be noted that in general, an element ¢ € Deck(f) need not
map Vy to itself. For example, if f(z) = ﬁ, then the unique non-identity
element of Deck(f) is ¢(z) = —z, which fixes the critical points 0 and oo of
f. However, Vy = {0, —1}, which is clearly not preserved by ¢.

The following can be thought of as a partial converse to Proposition 4.1.

Lemma 4.3. Let f be a bicritical rational map of degree d and suppose u is
a Mobius transformation such that 1(Vy) = Vy. Then there exists a Mébius
transformation ¢ such that f o ¢ = po f and ¢(Cy) = Cy. In particular, if
1 € Deck(f*) for some k > 1 then ¢ € Deck(f**1).

Proof. The proof proceeds like that of Lemma 2.4, but note in this case
there is no uniqueness. First, suppose g(z) = z%. Then if p(Vy) =V, we
have p(z) = az*!. Thus taking ¢(z) = a%2*!, we get go ¢ = po g and
#(Cq) = Cy4 as required.

For the general case, we again note that if f is a bicritical rational map
of degree d, then there exist Mobius transformations « and S such that
f=aogopfor g(z) = 2¢. Thus if u(Vy) = Vy, then ¢/ = a lopoa
must satisfy p/(Vy) = V,. Hence there exists ¢’ such that go¢’ = /oy
and ¢'(Cy) = C,. Thus taking ¢ = 871 o ¢’ o3 we get fo¢p = po f and
#(Cy) = Cy, as required.

Finally, if 4 € Deck(f*) then since f o ¢ = po f, composing on the left
by f* gives

fflog=fro(fop)=fro(uof)=(ffon)of=frof=pt!
and so ¢ € Deck(f**1). O

Lemma 4.4. Suppose f is a rational map. Suppose for some k that Deck(f*) =
Deck(f**1). Then Deck(f*+2) = Deck(f**1) = Deck(f¥).
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Proof. Let ¢ € Deck(f*+2). By Proposition 4.1, there exists u € Deck(f**1)
such that

foo=pof. (4)

Since Deck(f**+1) = Deck(f*), we see that u € Deck(f*). But then post-
composing (4) by f* yields

fk+1o¢:fko(,ufof):(fkolu/)of:fk—i_l
and so ¢ € Deck(f**1). -

Lemma 4.4 ensures that the function of Example 3.4 has Deck(f*) = 7,
for all kK > 1.

We will use the notation Deck*(f*) = Deck(f*) \ Deck(f*~1), with the
convention that Deck(f%) = Deck*(f?) = {id}.

Lemma 4.5. Let f be a bicritical rational map and k > 0. Then Deck*(fF+1) #
@ if and only if there exists u € Deck™(f*) such that u(Vy) = Vy.

Proof. Suppose ¢ € Deck*(f**1). By Proposition 4.1, there exists p €
Deck(f*) such that

pof=fo¢ (5)

and (V) = Vy. If p is not an element of Deck®(f*), then u € Deck(f*~1).
Thus f*1opu = f*1, and so composing f*~! on the left of (5) we get

fP=fltopof=frod

and so ¢ € Deck(f*). But this contradicts ¢ € Deck*(f**1), and so we
conclude that p € Deck*(f*).

Conversely, suppose that there exists € Deck®(f*) such that p(Vy) =
V;. Tt follows from Lemma 4.3 that there exists ¢ € Deck(f**1) such that
pof = fog. Suppose that ¢ € Deck(f*). Then Proposition 4.1 asserts
that there is a unique p/ € Deck(f*~1) such that ' o f = f o ¢. But then
p =i, and so this contradicts u € Deck*(f*). Hence ¢ € Deck*(f**!) and
so Deck*(fF*1) £ @. O

Lemma 4.6. Let f be a bicritical rational map. Then

| Deck(f*)]

ek(r=] = o

Furthermore, if f is not a power map, then the quotient is at most 2.

Proof. Suppose ¢ € Deck*(f*). Then by Proposition 4.2, there exists a

unique non-identity element p € Deck(f) such that f*'o¢ = po fF=1
Define h: Deck(f*) — Deck(f) by h(¢) = u, where u is defined as the

map from the above paragraph. We claim that A is a homomorphism. To
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see this, note that if f*1o¢; = 1o fF 1 and f5 1o ¢p = pg o fF~1, then
-1 -1
frlogrope=piof topy
k-1
— oo f
= popgo fr

It follows that h(¢10¢2) = h(¢p1)oh(p2). Again by Proposition 4.2, we have
ker h = Deck(f*~1). Since each coset of ker h in Deck(f¥) has cardinality
equal to | Deck(f*~1)|, and since there are at most | Deck(f)| = d cosets, we
conclude the first statement is true.

Now suppose f is not a power map. Then there is at most one non-
identity element 111 of Deck(f) such that p1(Vf) = V. Thus the image of h
is a subgroup of {id, p1}, and so the quotient (6) is at most 2. O

5. PROOF OF THE MAIN THEOREMS

5.1. Mobius transformations preserving the sets of critical points
and critical values values of a bicritical rational map. As can be as-
certained from Proposition 4.1 and Lemma 4.5, the Mdbius transformations
p such that p(Cy) = Cy and u(Vy) = Vy are of particular importance when
it comes to analyzing the groups Deck(f*). In fact, when f is not a power
map these two conditions on p are very restrictive.

Lemma 5.1. Let f be a bicritical rational map of degree d such that |Cy U
V¢| = 3. Then the only Mébius transformation p satisfying u(Cy) = Cy and
(V) = Vg is the identity. Furthermore, Deck(f*) = Zy for all k > 1

Proof. Since |Cy N Vy| = 3, there exists a unique w € Cy N'Vy. But then any
Mobius transformation g such that p(Cy) = Cy and u(Vy) = Vy must fix
w. Therefore, u would have to act as the identity on the three element set
CrNVy, and so p = id. The final claim then follows from Lemmas 4.4 and
4.5. O

Lemma 5.2. Let f be a bicritical rational map such that |C;UVy| = 4. Then
there exist at most four Mébius transformations p such that (1(Cy) = Cy and
u(Vy) = Vy. Any such p which is not the identity must be an involution.
Furthermore, these maps form a group under composition, and if they all
exist, this group is isomorphic to Vy.

Proof. Since a Mobius transformation is uniquely characterised by its action
on three points, we see there are the following possibilities for pu.

(1) p fixes the elements of C¢ and V¢ pointwise, so that u = id.
(2) g1 such that Fix(p1) = Cr and pq swaps the elements of V.
(3) 2 such that Fix(uo) = Vy and po swaps the elements of Cy.
(4) p3 such that ps swaps the elements of C and the elements of V.

Furthermore, if i is not the identity, then u is an involution. To complete
the proof, we need to show that these four Mobius transformations form a
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group. But by Lemma 2.2, uy and ps commute. Furthermore, p; o uo = ps,
from which it follows that (uq, pe) = Vj. O

We will continue to use the notation u;, ¢ = 1,2,3 to denote the trans-
formations obtained from the above lemma. Since any element of Deck(f)
fixes Cy pointwise, we have po, ug ¢ Deck(f).

Lemma 5.3. Let [ be a bicritical rational map of degree d, and suppose f
is not a power map. If Deck*(f?) # @ then Deck(f?) = Doy.

Proof. By Lemma 4.6 we have | Deck(f?)| = 2| Deck(f)| = 2d, and so by
Theorem 1.2 we must have Deck(f?) = Zyy or Deck(f?) = Dyy. Since
Deck(f?) # Deck(f), we know from Lemma 4.5 that there exists a non-
identity p1 € Deck(f) such that p11(Vy) = V. Since p; must fix the elements
of C¢ pointwise, we see that  must swap the elements of V¢ = {vy,v2}. Thus
f(v1) = f(v2) and f is critically coalescing.

Now suppose that Deck(f?) & Zyy. By Lemma 3.5, there exists ¢ such
that deg.(f?) > 2d. But then deg,(f?) = d? and so ¢ € Cy N Vy. Therefore
by Lemma 5.1, we have Deck(f?) & Z4, which is a contradiction. ([

Proposition 5.4. Let f be a bicritical rational map which is not a power
map. Then Deck(f*) = Deck(f3) for all k > 3.

Proof. Using the notation of Lemma 5.2, denote by I' = id, p1, g, us} the
group of Mobius transformations such that ;(Cy) = Cy and pu(Vy) = Vs (note
that some of the p; may not exist, but those that do must form a group).
By Lemma 4.4, we may assume that Deck(f) € Deck(f?) C Deck(f?), since
otherwise the statement of the proposition holds.

Since Deck(f) € Deck(f?), it follows from Lemma 4.5 that 1 € Deck*(f).
Similarly, since Deck(f3) # Deck(f?), one of us or us is an element of
Deck*(f?). But since uz = p1 o uz, we see that both us and pu3 must
belong to the group Deck(f?). However, this means that I' C Deck(f?) and
so Deck*(f3)NT = @. But by Lemma 4.5 this means that Deck(f*)
Deck(f3), and so by Lemma 4.4 we have Deck(f*) = Deck(f?) for all k
3.

O

5.2. Proof of Theorem A.

Proof of Theorem A. It is clear that if f is a power map then Deck(f¥) =
Zgx. Now suppose f is not a power map, so that [C;UV¢| > 2. If |C;UVy| = 3,
then Lemma 5.1 asserts that Deck(f*) & Z, for all k. If |C;UVy| = 4 then we
note that since d is odd, Deck(f) = Z4 cannot contain an element of order
2. But this means none of the elements u;, i = 1,2,3 from Lemma 5.2 can
belong to Deck(f), and so by Lemma 4.5 we have Deck(f?) = Deck(f) = Zg.
Thus by Lemma 4.4, we have Deck(f*) = Deck(f) = Zg for all k > 1. O

5.3. Proof of Theorem B.
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Proof of Theorem B. It is clear that if f is a power map, then Deck(f¥) =
Zg for all k. If f is not a power map, then by Lemmas 4.4 and 5.3, then
either Deck(f?) 2 Dyy or Deck(f*) 22 Z, for all k > 1.

If Deck(f?) & Doy, then by Lemma 4.6, the only options for Deck(f?) up
to isomorphism, are Dyq or Day. But by Proposition 5.4, the group Deck(f*)
cannot be larger than Deck(f?), and this completes the proof. O

We conclude by showing that Dy and Dyg are realized as Deck(f*) for
some rational map f.

Proposition 5.5. Let d be even.

d

(1) If f(2) = Z=2 for some a # 0 then Deck(f?) = Day.

29+a
(2) If g(2) = Z7+ then Deck(g?) = Dyg.
Proof. We note that since Cy = C, = {0,00}, the involution u(z) = —=z

belongs to Deck(f) and Deck(g).

1) It is clear that Vy = {—1,1}, and since u(V¢) = V¢, it follows from
f MV s !
Lemmas 4.5 and 5.3 that Deck(f?) 2 Dyg.
(2) Let ¢(z) = L. Then a simple calculation yields

2% 1

goo(z) = Y

= pog(z).

Since from the first part we know p € Deck(f), we see that by
Lemma 4.3 we must have ¢ € Deck(g?). Furthermore, it is clear
that ¢(V;) = V, and so Deck*(¢3) # @ by Lemma 4.5. But then
| Deck(g?)| = 2| Deck(g?)| by Lemma 4.6 and so Deck(g®) = Dyy. O
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