Final Examination, 1998 Fall
MEAM 501 Analytical Methods in Mechanics and Mechanical Engineering

Name Noboru Kikuchi

1. What is the Legendre polynomial in an interval (-1,1)? Give its definition and major

properties.

The Legendre polynomials L, (X) are orthogonal polynomials obtained from the polynomial

basis functions 1, X, Xx?, X°.....,X", ..... with respect to the inner product

(f.9)= ¢ f ()g(x)x.

The polynomial L, (X) is the i degree polynomial and it possesses the i number of distinct

roots in the interval (-1,1).

2. Forasetofgiven n+1 points X, <X, <X;....<X, <X,,; inthe interval (a,b), define
the Lagrange polynomials L, (X) and state their major properties. As a special cases,
give the Lagrange polynomials (a) forn=1,and x, =-1, X, =+1, and (b) for n = 2, and

n+l

X, =-1,%,=0,x; =+1, and compute é Li(X).
i=1

Lagrange polynomials are n degree polynomials defined by

(X' Xl)"-(x' Xi-l)(x' Xi+1)---(x' Xn+l) :(wjl X=X

X - Xl)"'(Xi - Xi-l)(Xi - Xi+l)"'(Xi - Xn+l) jfil X - Xj

]

Li(X):(

such that



_ X=X _ 1. :x-xlzi
L= =00 ) L L= =20

. Ll(x):%x(x-l) D LK)=1- % LS(X)=%X(X+1)
Ll(x)+L2(x)+L3(x)=%x(x- 1)+1- x2 +%x(x+1):1

3. Suppose that a curve is defined by four data, f(O),g—f(O), f (1), and g—f(l) which are
X X

the values of the function and its first derivative at the two end points of the interval (0,1).
Obtain a cubic polynomial f(s) that is determined by these four data. It is noted that

such a cubic polynomial is called the Hermite cubic polynomial.
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4. Define the Bezier spline with n+1 control points X, X,,..., X,

X = rélX-B_n (X) , Bin (X) = (i - 1)! (r::'_ i +1)! Xi'l(l- X)n-i+l

5. The position vector of an arbitrary point P of a curve C on a two dimensional plane is

x(x)u

given by a parametric form r(x) z} ( % where x is a parametric coordinate in (0,1).
1 YyiX

Suppose that a coordinate s is defined along the curve, and let s be zero at the point
defined by X =0, while its value is set as the total length L of the curve at the other end
of the curve defined by X =1. (a) Establish the relation between s and x. (b) How to
compute the total length of the curve? (c) How to define the unit tangent vector t? (d)

What is the unit normal vector n? (e) State a way to calculate the curvature?

2 2
0 0

(@ Noting that ds =+/dr-dr = \/@: +§Hﬂi dx , we have the relation
1]




(b) L= st = QJa&j—;(

(c) A unit tangent vector is given by
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= d_ = d_d_ = , €,,€, arethe unit vectors along the x and y axes.
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(d) Noting that the tangent vector t is unit, we have

gt ot
t-t=1 b E-t:() b %/\t b n= ds _ ds
ds ds ds

(e) Curvature is defined by

dt dt
ds ds

L N
ds ds ds

6. State the Gauss-Legendre quadarature.

Integration of a function f defined on the interval (-1,+1) is approximated by the summation
of a linear combination of the weights w; and the values of the function at the quadrature
points X; which are the roots of the n degree Legendre polynomial L, (X) defined on the

interval (-1,+1):



61 f (x)x » én w, f(x,)

i=1

This quadrature can integrate 2n- 1 degree polynomials exactly.

7. What is the necessary condition of the following minimization problem:

xI R"

min %XTAX- xb , AT R"™,bl R".

dF (x)(y) = lim—- F(x +ay) = lim

1 T T, U
a®0ﬂa a®0ﬂa E(X+ay) A(X+ay)- (X+ay) b%

Lol otan vthoyt i (a LAt pl .
=—y AX+=x Ay-y b=y [=|A+A X-Dby=0 ,
2y 5 y-y y % 5 )X % y
therefore, the necessary condition becomes the matrix equation

%(A +A k=b

8. Define the Lagrangian L to the following constrained minimization problem

.1 1 X0 é2 -1 i1
mn =x'Ax-x'b , x={'y,A=g D=1y
§|1+RzX2£12 X el 3 TZK

,and find the necessary condition of the mini-max problem associated to the Lagrangian L
defined.



L(x,! ):%XTAX- xb-1(1 2x-1)

_1 é2 lU|Xu |1u |Xu_ 0
=5 }er13 % '%Tl 2],x :

From L(x,| )£ L(dx,1)," dx we have

‘ 1 1
o TAx-b- 11 W_g vy b Axll“ b
1 |22% %

From L(x,dl )£ L(x,l ) , "dl £0, we have
@ -1)r 2x-120 , "d £0

Combining these two, we have the necessary condition of the mini-max problem for the

Lagrangian:

10
Axl:ub
2

(l -|I)([1 2k-1)30 , "d £0

9. Find the first variation of the functional F defined by

IA(?;VQ +kv? 2fvpdx+ ko:vgd'ou P.v(L)
T edxe b 21 é2d

F)=501E

for given functions EA, k, and f , and constants k,, P_,and L.
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10. If a minimization problem
mnF(v) , K={iv]| v0)=1}

where V is a linear space of all piecewise continuously differentiable functions defined on
the interval (0,L), is considered for the functional F defined in Problem 9, find the necessary
condition.

du d(v- u)

dF(u)(v- u)= Qi EA— i dx

+ku(v-u)- 2f(v- u)gdx

+K uéi‘ﬁ%é%?- WX B (L)- u(L): o

e2g e2gy

"vl K

Noting that
v=u+du , "du st.du(0)=0

we have



Pdu(L)=0

€ du ddu a0 aELo
dF(u)ldu) = EA— — +kudu - 2fd d kuc—=-=duc—-~+
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"du st du(0)=0



