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1 INTRODUCTION

1 Introduction

1.1 Adaptation Motivation

This compilation of notes presents an in-depth look at the development and application of
output-based adaptive methods to large, complex problems in aerodynamics. We choose
aerodynamics applications because the convection-dominated nature of these flows is such
that outputs of engineering interest can be sensitive to small perturbations in the flow.
The problem of generating adequate meshes is thus not very forgiving, as inadequate
resolution in a seemingly uninteresting area of the domain can have repercussions in
important areas that affect outputs of interest. It is in these situations that output-based
adaptive methods, which specifically take into account such “propagation effects,” can pay
off, often by a margin that thankfully outweighs their nontrivial cost.

Reality

System of equations

discretization errors

CFD solution/data

convergence errors

Governing equations, BCs

Outputs

post−processing errors

modelling
errors

input uncertainties

Figure 1: Various sources of
error affecting computation.

When discussing adaptation, we are concerned with min-
imizing errors from the numerical discretization, which in-
cludes effects of mesh size, polynomial order, and time step.
Such error is inherent to computational simulations because
of the finite nature of discrete numerical calculations. As
illustrated in Figure 1, discretization error is not the only
source of error in computation, but its management tends to
be the most elusive. In practice, with limited resources, nu-
merical errors are managed by practitioners who are knowl-
edgeable about the assumptions and limitations of the mod-
els, and/or by best-practice guidelines for mesh generation.
However, even very experienced practitioners cannot reliably
quantify the error in a discrete approximation of a complex
flowfield – see for example Figure 3. In addition, reliance on
best-practice guidelines is an open-loop solution that leaves
unchecked the possibility of large amounts of numerical error
for computations on novel configurations.

Methods based on an adjoint analysis, where an adjoint associated with an output is
the sensitivity of that output to residuals in the governing equations, help to close the
loop in the control of numerical error via two ways. First, these methods provide output
error estimates, which can be used as types of numerical “error bars” to determine if the
engineering output has been computed to sufficient accuracy. Second, the error estimates
can be localized, e.g. to elements of the computational mesh, in order to drive an adaptive
method that reduces the error, as illustrated schematically in Figure 2. We view both
of these uses of output-based analysis as improvements in the robustness of numerical
simulations. Furthermore, note that the a posteriori nature of the error estimation and
adaptation elicits a new paradigm for what constitutes a numerical solution – rather than
treating properties of the discretization, such as the mesh, as givens, we propose to treat
these properties as unknowns in the solution process.
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1 INTRODUCTION 1.1 Adaptation Motivation

adaptive iterations
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Figure 2: Typical adaptive convergence result obtained using output-based error estimates. The task
of allocating degrees of freedom to regions of the domain is incorporated into the solver. Note, in many
cases we can compute directional error estimates, i.e. corrections, and the resulting corrected outputs
are illustrated by a dashed line. We can also often obtain conservative error estimates (though not strict
bounds), and these are illustrated by the shaded regions at ±ε.
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Figure 3: Two ways of adapting the mesh for a transonic, M∞ = 0.95, Euler simulation around a
NACA 0012 airfoil. The “fishtail” shock structure aft of the airfoil is a prominent feature, one targeted
by a typical indicator such as an unweighted residual, which is actually not necessary for the prediction
of drag. An indicator that weights the residual by the drag adjoint is not distracted by this feature and
quickly hones in on the correct drag value.
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1.2 Why “High Order”? 1 INTRODUCTION

1.2 Why “High Order”?

The title of these notes indicates that we employ a “high-order” discretization. In many
scientific and engineering disciplines a debate continues on the merits and deficiencies of
low-order versus high-order algorithms, in particular for Computational Fluid Dynam-
ics (CFD). A recent example is the International Workshop on High-Order CFD Meth-
ods [108], in which “high-order” discretizations were compared against their “low-order”
counterparts for a suite of over a dozen test cases. The quotation marks indicate that
that demarcation of low/high order is also debatable. A typical answer is that the choice
of order depends on the problem: smooth/discontinuous flows are efficiently resolved with
high/low order methods. However, most practical applications of CFD have both smooth
and singular features, the locations of which are generally not known a priori, so that
neither low- nor high-order algorithms ubiquitously dominate.

This order debate masks a more important observation: without solution-based error
estimation and adaptivity, neither low nor high-order methods are robust. Unquanti-
fied discretization errors can and do pollute results. Over-resolution, while less typical,
is also problematic because it is inefficient: slow simulations mean fewer high-fidelity
runs for uncertainty quantification or design optimization applications. Moreover, deter-
mining under- versus over-resolution can be extremely difficult for complex aerodynamic
problems, and hence in these cases output-based methods are paramount for controlling
numerical error and appropriately distributing resolution for efficient calculations.

In an adaptive setting, high order is applied selectively and becomes just another
tool for efficient accuracy improvement. Other tools include mesh size and stretching
optimization and mesh motion; one can imagine that more adaptive tools translate into
a better use of degrees of freedom, and hence more efficient adaptation, as indicated in
Figure 4. For our work, we focus on hp-refinement (refinement of both the mesh and

log(error)

adaptive h

uniform h

Traditional perspective Adaptive paradigm
log(error)

p = 2

p = 3

p = 1

log(dof) log(dof)

adaptive hp

one uniform ref. one adapt iter. two adapt iters.

initial mesh

two uniform refs.

Figure 4: Schematic comparison of output convergence for uniform mesh refinement and for adaptive
refinement. In aerodynamics, hp-refinement provides an important capability for addressing errors in
flows with both smooth and discontinuous regions, specifically when targeting engineering outputs. Note
that in the presence of singular features, the convergence rate of high-order approximations with uniform
refinement (left) will generally be no better than that of low-order approximations, whereas this is not
the case with hp-refinement.
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1 INTRODUCTION 1.3 Background

approximation order), which is important because aerodynamic flows generally exhibit
both smooth and discontinuous features. hp-refinement is then a big step in maximizing
efficiency and robustness of CFD calculations, and the ability to locally enrich the order
of the method is hence particularly important.

1.3 Background

We approach high order not from the point of view that these methods are categorically
better than their low-order counterparts, but rather from the perspective that high order
is just another refinement option for enrichment and optimization of a solution approx-
imation space. Of course this means that we need to work with a discretization that
admits high order, preferably in a locally-adaptive manner. Several such choices exist, yet
we turn to finite elements for their built-in variational framework, and to discontinuous
approximation spaces for convective stability. Previous works have demonstrated the re-
alizability of high-order accuracy [? 37], error estimation [14, 57, 31], hp-adaptation [61],
stable viscous discretization [9, 10, 3, 16, 85], and extension to variational space-time
algorithms [5, 67, 105, 106, 65, 8, 73, 97, 36] using discontinuous Galerkin (DG) finite
element methods.

DG methods for CFD have received a great deal of attention, with a common con-
clusion that while accurate, they are expensive. A class of hybrid methods, collectively
termed hybrid discontinuous Galerkin (HDG), has been recently developed to address
the expense of traditional DG [78, 77, 91]. In HDG, the element-interior approximation
remains the same as in DG, but additional unknowns are introduced: the traces of the
state on element interfaces. Stabilized fluxes couple interior DOFs to these traces only,
so that interior DOFs can be statically condensed out of the linear system, leaving the
trace DOFs, which scale with order to a one-lower dimension, as the only globally-coupled
unknowns. Viscous discretizations are handled naturally via conversion to a first-order
system with additional unknowns. We will apply output-based adaptation to both DG
and HDG discretizations.

Output-based methods [88, 12, 54, 107, 75, 35] seek to quantify and minimize errors
in scalar outputs of interest. Their robustness and efficiency arise from the fact that
they specifically target for refinement those and only those areas of the computational
domain that are important for predicting the output. They are well-suited for convection-
dominated flows because through the use of adjoint solutions they properly account for
error propagation effects, which can be troublesome for many heuristic adaptive indicators.
Application to unsteady problems has been more limited [69, 70, 8, 73, 36, 33] due largely
to implementation challenges and computational expense associated with the solution of
a fine-space adjoint equation, especially for nonlinear problems.
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2 DISCRETIZATION

2 Discretization

2.1 The Discontinuous Galerkin Method

2.1.1 Conservation Equations

Consider a conservation law given by the partial differential equation (PDE)1.

∂tu + ∂iHi(u,∇u) = 0, (1)

where u ∈ Rs is the state vector, Hi ∈ Rs is the ith component of the total flux, 1 ≤ i ≤ d
indexes the spatial dimension d, and summation is implied on the repeated index i. We
decompose the total flux into convective and diffusive parts,

Hi = Fi(u) + Gi(u,∇u), (2)

Gi(u,∇u) = −Kij(u) ∂ju, (3)

where Fi ∈ Rs is the ith component of the inviscid/convective flux, Gi ∈ Rs is the ith

component of the viscous flux, and Kij ∈ Rs×s is the (i, j) component of the viscous
diffusivity tensor. We will initially focus on steady problems, so that ∂tu = 0.

2.1.2 Solution Approximation

element edomain Ω

Ωe

Figure 5: Partition of a square do-
main into 14 triangular elements.

DG is a finite element method in which the state u is
spatially approximated in functional form, using linear
combinations of basis functions, usually polynomials, on
each element. No continuity constraints are imposed on
the approximations on adjacent elements. Denote by Th
the set of Ne elements in a non-overlapping tessellation
of the domain Ω, as illustrated in Figure 5.

uh(~x) ≈
Ne∑
e=1

Npe∑
n=1

Uenφen(~x), (4)

where

Npe = number of basis functions needed for an order pe approximation
φen(~x) = nth order pe basis function on element e (zero on all other elements)

pe = order of spatial basis functions on element e
Ne = number of elements

Uen = vector of s coefficients on nth basis function on element e

Formally, we can write that uh ∈ Vh = [Vh]s, where

Vh = {u ∈ L2(Ω) : u|Ωe ∈ Ppe ∀Ωe ∈ Th} ,

and Ppe denotes polynomials of order pe on element e. 2 In many cases we use the same
approximation order on all elements, so that ∀e, pe = p.

1See Appendix A for the PDEs used in this work
2A caveat here is that for elements that are curved, the polynomial approximation is usually performed

on a master reference element, so that following the reference-to-global mapping, the state approximation
on curved elements is not strictly of order pe.
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2 DISCRETIZATION 2.1 The Discontinuous Galerkin Method

2.1.3 Weak Form

We obtain a weak form of (1) by multiplying the PDE by test functions vh ∈ Vh and
integrating by parts to couple elements via fluxes. The convective fluxes on element
faces are handled via a traditional finite-volume (approximate) Riemann solver, but the
diffusive treatment is trickier and requires stabilization. Multiple diffusion formulations
exist [3], and we employ the second form of Bassi and Rebay (BR2) [9].

We can write the final semilinear weak form as

Rh(uh,vh) = 0, ∀vh ∈ Vh, (5)

which, by linearity of the second argument, we can decompose into contributions from
each element,

Rh(uh,vh) =
Ne∑
e=1

Rh(uh,vh|Ωe) = 0, ∀vh ∈ Vh. (6)

Integrating by parts and applying the BR2 diffusion treatment, we find that the semilinear
form associated with each element is

Rh(uh,vh|Ωe) =

∫
Ωe

vTh ∂tuh dΩ−
∫

Ωe

∂iv
T
hHi dΩ

+

∫
∂Ωe\∂Ω

v+T
h

(
F̂ + Ĝ

)
ds+

∫
∂Ωe∪∂Ω

v+T
h

(
F̂b + Ĝb

)
ds

−
∫
∂Ωe\∂Ω

∂iv
+T
h K+

ij

(
u+
h − ûh

)
nj ds

−
∫
∂Ωe∪∂Ω

∂iv
+T
h Kb

ij

(
u+
h − ubh

)
nj ds (7)

where (·)T denotes transpose, and on the element boundary ∂Ωe the notations (·)+, (·)−, (·)b
respectively denote quantities taken from the element interior, neighbor element, and
boundary. The last two terms symmetrize the semilinear form for adjoint consistency.
A schematic showing key quantities and the variables affecting the fluxes is given below.
The unique state on an interior face is ûh = (u+

h + u−h )/2.

u+
h

u−h

~n

ub
h

∂Ωe\∂Ω

Ωe

∂Ωe ∪ ∂Ω

F̂ = F̂(u+
h ,u

−
h , ~n)

Ĝ = Ĝ(u+
h ,u

−
h ,∇u+

h ,∇u−h , ~n)

F̂b = F̂b(ubh,BC, ~n)

Ĝb = Ĝb(ubh,∇u+
h ,BC, ~n)

In particular, on an interior face σf , the convective flux F̂ is computed using the Roe
approximate Riemann solver [93], and the BR2-stabilized viscous flux is

Ĝ =
1

2

(
G+
i + G−i

)
n+
i + η

1

2

(
δ+
i + δ−i

)
n+
i , (8)
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2.1 The Discontinuous Galerkin Method 2 DISCRETIZATION

where the auxiliary variables δ+
i , δ

−
i ∈ [Vh]

d have support on the two elements adjacent
to the interior face σf and are obtained by solving ∀τ hi ∈ Vh∫

Ω+
e

τ Thiδ
+
i dΩ +

∫
Ω−
e

τ Thiδ
−
i dΩ =

∫
σf

1

2

(
τ+T
hi K

+
ij + τ−Thi K

−
ij

)
(u+

h − u−h )n+
j ds. (9)

η is a stabilization factor that should not be less than the number of faces per element,
and in our work is taken to be (at least) twice the maximum number of faces on adjacent
elements.

On a boundary face σb, fluxes are typically computed directly from the boundary state,
ub, which is a function (projection) of the interior state and the boundary-condition data,
ubh = ubh(u

+
h ,BC). One exception is the convective flux for a boundary condition in which

a complete exterior state is specified: in such a case, an approximate-Riemann solver is
used to compute the boundary convective flux, F̂b. The BR2-stabilized boundary viscous
flux is

Ĝb = ΠBC
G

[
Gi(u

b
h,∇u+

h )ni + ηδini
]
, (10)

where the auxiliary variable ~δ ∈ [Vh]
d has support on the element adjacent to the bound-

ary face σb and is obtained by solving ∀τ hi ∈ Vh∫
Ωe

τ Thiδi dΩ =

∫
σb
τ+T
hi K

b
ij(u

+
h − ubh)n

+
j ds. (11)

The projection ΠBC
G in (10) incorporates boundary conditions on the viscous flux, such as

a prescribed heat flux in the compressible Navier-Stokes equations.

2.1.4 Discrete System

For efficient implementation, the various contributions from all elements to the final semi-
linear form in (5) are computed in three logical loops: one loop over all element interiors,
one loop over all interior faces, and one loop over all boundary faces. When computing
these contributions, we choose as test functions the trial basis functions introduced in (4),
φen, where

span {φen} = Vh. (12)

Recall that e is the element number and n indexes the polynomial basis functions inside
element e. Each state equation is tested with the same set of functions, which means that
we can define a size-s residual vector for the nth test function in element e by

Ren ≡ {Rh(uh, φener)}r=1...s ∈ Rs, (13)

where er ∈ Rs, r = 1 . . . s, is a vector of all zeros except a 1 in position r. We now use the
convention that dropping a subscript means considering the set of values over the entire
range of that subscript. So Re is the set of residuals over all states and basis functions
inside element e, and R is the set of all residuals for all elements in the domain. Using
the same convention for the state, U, we can write the discrete system of equations (i.e.
residuals) compactly as

R(U) = 0. (14)
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2 DISCRETIZATION 2.2 Discrete Adjoint

Note that both U and R lie in RN , where the total number of degrees of freedom including
equation states is

N =
Ne∑
e=1

Npes. (15)

When considering different discretization spaces, we will append a subscript h or H to
the variables R, U, and N .

In practice, we store the state and residual vectors unrolled, as illustrated in Figure 6.
Finally, the number of basis functions per element depends on the approximation space

state approx.
coefficients for

basis function n
element e andU = element e

Ue1

Ue2

UeNpe

Uen basis fcn n
...
U2

Us

U1

numbers needed to describe s order p
polynomials inside element e

Figure 6: Unrolled storage of the state vector U ∈ RN .

and order p. We consider two approximation spaces that are given by the span of mono-
mials in reference space coordinates ξi, Πd

i=1ξ
pi
i : a full-order space in which

∑d
i=1 pi ≤ p,

and a tensor-product space in which ∀i, pi ≤ p. The resulting dimensions of these spaces
are

full-order basis set: Np =

(
p
d

)
tensor-product basis set: Np = (p+ 1)d.

2.1.5 Nonlinear Solver

To solve (14), we use a preconditioned Newton-Krylov method augmented with pseudo-
transient continuation. Starting from an initial guess, usually the free-stream condition,
and a conservative time step set using a Courant-Friedrichs-Lewy (CFL) number of ap-
proximately 1, the Newton solver iterates until steady state. The linear system at each
Newton iteration is solved using an element-line preconditioned General Minimal Residual
Krylov subspace method [95, 94]. As successful Newton updates are taken, the time step
is increased according to an exponential growth formula for the CFL number. Details on
the solver, including the incorporation of physical constraints on some of the variables,
can be found in [22].

2.2 Discrete Adjoint

Suppose that we are interested in a scalar output computed from the solution to our PDE.
Using the discrete state vector, we write

output J = J(U). (16)
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The discrete adjoint, Ψ ∈ RN , is a vector of sensitivities of the output to the N residuals.
That is, each entry of the adjoint tells us the effect that a perturbation in the same
entry in the residual vector would have on the output J . One common source of residual
perturbations is changes in input parameters for a problem, and so we ground the adjoint
presentation in the context of a local sensitivity analysis.

2.2.1 Local Sensitivity Analysis

Consider a situation in which Nµ parameters, µ ∈ RNµ , affect the PDE in (14). For
example, in aerodynamics, parameters could be used to set boundary conditions or the
geometry. We can then write the following chain of dependence,

µ︸︷︷︸
inputs ∈ RNµ

→ R(U,µ) = 0︸ ︷︷ ︸
N equations

→ U︸︷︷︸
state ∈ RN

→ J(U)︸ ︷︷ ︸
output (scalar)

. (17)

We are interested in how J changes (locally for nonlinear problems) with µ,

dJ

dµ
∈ R1×Nµ = Nµ sensitivities. (18)

Note, if J depends directly on µ we would add ∂J
∂µ

to the above sensitivity, but for clarity

of presentation we consider only the case when J = J(U). Several options exist for
computing these sensitivities. Two direct ones are finite differencing, in which the input
parameters are perturbed one at a time, and forward linearization, in which the sequence
of operations in (17) is linearized. Both of these become expensive when Nµ is moderate
or large, because of the need to re-solve the system R(U,µ) = 0 for each parameter. A
third choice is the adjoint approach, which requires an inexpensive residual perturbation
calculation followed by an adjoint weighting to compute the effect on the output. That
is, we write

dJ

dµ
= ΨT ∂R

∂µ
. (19)

This approach is efficient for computing a large number of sensitivities for one output, as
the cost is one residual perturbation calculation and one vector product per sensitivity.

∂R
∂µ

solver
(expensive)

∂J
∂U

Rµ U J

δJ = ΨTR

Figure 7: Bypassing the forward solve
via an adjoint approach to sensitivity cal-
culation.

The central idea in the adjoint approach is that
we do not need to solve the forward problem each
time we want a sensitivity. Suppose that for a given
µ we solve our discrete system and find U such that
R(U,µ) = 0. Now perturb µ → µ + δµ . . . what
is the effect on J? We can re-solve for a perturbed
state, but this is expensive. Instead, we can separate
the effects of µ on R, and R on J , as illustrated
on the right. The adjoint method precomputes the
effect of R on J , which is the expensive step. The
resulting N sensitivities are stored in the vector Ψ.
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2.2.2 The Adjoint System

To derive an equation for the adjoint, we consider the chain of operations we would take
in computing the sensitivities via a direct approach. In the following steps, we assume
small perturbations.

1. Input µ→ µ+ δµ

2. Residual R(U,µ+ δµ) = δR 6= 0 → R(U,µ) + ∂R
∂µ

∣∣∣
U,µ

δµ = δR

3. State R(U + δU,µ+ δµ) = 0 → R(U,µ) + ∂R
∂µ

∣∣∣
U,µ

δµ+ ∂R
∂U

∣∣∣
U,µ

δU = 0

4. Output J(U + δU) = J(U) + δJ → δJ = ∂J
∂U
δU

Subtracting step 2 from step 3, we obtain

∂R

∂U

∣∣∣
U,µ

δU = −δR ⇒ δU = −
[
∂R

∂U

]−1

δR. (20)

Combining this result with the output linearization in step 4 gives the output perturbation
in terms of the residual perturbation,

δJ =
∂J

∂U
δU = − ∂J

∂U

[
∂R

∂U

]−1

︸ ︷︷ ︸
ΨT ∈ RN

δR. (21)

Taking the transpose of the equation ΨT = − ∂J
∂U

[
∂R
∂U

]−1
and moving everything to the

left-hand side gives the adjoint equation,(
∂R

∂U

)T
Ψ +

(
∂J

∂U

)T
= 0. (22)

The nth component of Ψ is the sensitivity of J to changes in the nth residual.

Since R(U,µ) = 0, from step 2 above we have δR = ∂R
∂µ

∣∣∣
U,µ

δµ and (21) becomes

δJ = ΨT ∂R

∂µ

∣∣∣
U,µ

δµ ⇒ dJ

dµ
= ΨT ∂R

∂µ

∣∣∣
U,µ

. (23)

Therefore, once we have Ψ, no more solves are required for new sensitivities for the same
output. Note that the calculation of ∂R

∂µ
is typically very cheap compared to a forward

solve.
Although we have presented the adjoint in the context of a parameter sensitivity

analysis, we will see in the next section that residual perturbations also arise when discrete
solutions are viewed from an enriched space. This will be the motivation for using adjoint
solutions in output error estimation.

2.2.3 Adjoint Consistency

The solution to (22) is a discrete adjoint, which at the simplest level we can think of as a
vector of N numbers. However, the adjoint also has a continuous counterpart, call it ψ(~x),
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and we can think of the N numbers in Ψ as expansion coefficients in an approximation
of ψ using the same basis functions used for the primal problem. The accuracy of this
approximation is of interest for various reasons, including error estimation.

Suppose that the exact primal solution, u ∈ V , satisfies

R(u,v) = 0, ∀v ∈ V , (24)

for an appropriately defined space V . The exact adjoint ψ ∈ V then satisfies

R′[u](v,ψ) + J ′[u](v) = 0, ∀v ∈ V , (25)

where the primes denote Fréchét linearization about the arguments in square brackets,
and R and J are the continuous versions of the semilinear form and output functional,
respectively. While we have assumed that both u and ψ lie in V , this may not always be
the case [68].

The exact adjoint can be regarded as a Green’s function that relates source pertur-
bations in the original partial differential equation to perturbations in the output[44, 46].
A sample adjoint solution is shown in Figure 8 for Reynolds-averaged compressible flow
over an airfoil. While the adjoint solution often shares qualitative characteristics similar

8.1: x-momentum state (near view) 8.2: x-momentum adjoint (near view)

8.3: x-momentum state (far view) 8.4: x-momentum adjoint (far view)

Figure 8: Comparison of the primal solution (x-momentum component) and the adjoint solution (con-
servation of x-momentum equation component) for a drag output in Reynolds-averaged turbulent flow
over an RAE 2822 airfoil (see Section 6.8.2). The color scales are clipped to show the interesting features
of each quantity – in the adjoint plots, yellow is near zero.

to the primal, such as the presence of a boundary layer in a high-Reynolds number flow,
it also shows marked differences, such as the “wake reversal” seen in the far-field view in
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Figure 8. In this case, the output is drag, and upstream of the airfoil, residual perturba-
tions on/near the stagnation streamline (the flow that is going to hit or come closest to
the airfoil) will have a larger magnitude impact on the drag than residual perturbations
elsewhere; hence we see an adjoint “reversed” wake telling us that there are large sensitiv-
ities to perturbations in front of the airfoil. The figure shown tells us that this is the case
for residual perturbations in the conservation of x-momentum equations, but plots of the
other adjoint components show similar behavior.

The adjoint field depicted in Figure 8 is the discrete adjoint solution on a fine mesh. It
can only be regarded as a faithful representation of the exact adjoint if the discretization
is in some manner consistent with the exact adjoint problem. Primal consistency in
the variational problem requires that the exact solution u satisfy the discrete variational
statement,

Rh(u,v) = 0, ∀v ∈Wh, (26)

where Wh = Vh + V = {h = f + g : f ∈ Vh,g ∈ V}. Similarly, the combination of
the discrete semi-linear form Rh and the functional Jh is said to be adjoint consistent if
[68, 53, 80]

R′h[u](v,ψ) + J ′h[u](v) = 0, ∀v ∈Wh. (27)

Discretizations that are not adjoint consistent may still be asymptotically adjoint consis-
tent if Eq. 27 holds in the limit h→ 0, by which we mean the limit of uniformly increasing
resolution, over suitably normalized v ∈Wh. For non-variational discretizations, the def-
inition of consistency must involve an approximation operator to map exact solutions into
discrete spaces [27].

Adjoint consistency has an impact on the convergence of not only the adjoint approx-
imation but also the primal approximation[3, 51, 45, 50, 68, 53, 80]. In error estimation,
an adjoint-inconsistent discretization can lead to irregular or oscillatory adjoint solutions
that pollute the error estimate with noise and lead to adaptation in incorrect areas [68].
Enforcing adjoint consistency imposes restrictions on the output definition and on the
interior and boundary discretizations that enter into the semi-linear form. These restric-
tions have been studied by several authors in the context of the discontinuous Galerkin
method [3, 68, 53]. In general, discretizations that are found to be adjoint inconsistent
can often be made adjoint consistent by adding terms to either the semi-linear form or
the output functional.

2.3 Examples

2.3.1 Method of Manufactured Solutions

A natural question after implementing any discretization is: is the implementation cor-
rect? One can use analytical solutions to specific problems to verify parts of the implemen-
tation, but it is very difficult to find analytical test cases for the Navier-Stokes equations,
especially with Reynolds-averaged turbulence, that test all or most components of the
implementation. Another option is to use the method of manufactured solutions. True to
its name, this method lets us “make up” a solution,

u(~x) = uMS(~x) = chosen by the user. (28)
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Now, a made-up solution such as this will generally not satisfy the PDE in (1). That is,
substituting uMS into (1) will result in a remainder of

sMS ≡ ∂tu
MS + ∂iHi(u

MS,∇uMS). (29)

If we take this remainder and treat it as a (negative) source term, we can obtain a modified
PDE that uMS does satisfy,

∂tu
MS + ∂iHi(u

MS,∇uMS)− sMS = 0. (30)

So, to test our discretization of the PDE, we have to discretize an additional source term,
sMS. Once we have this, we can run a simulation on an arbitrary domain with Dirichlet
boundary conditions, uMS(~x), and test how close the resulting solutions are to the chosen
exact solution. Based on interpolation theory, we expect the error between the discrete
solution and uMS to converge as hp+1 for a characteristic mesh size h (see Section 3.5).
Note, a false alarm is possible if the original PDE discretization is correct and we botch
the source term discretization, but source terms are typically easy to discretize so the risk
of this happening is low.

One simple manufactured solution for the compressible Navier-Stokes equations is
sinusoidally varying density, velocity, and pressure fields, given by

ρMS = aρ + bρ sin(cρx+ dρy)
uMS = au + bu cos(cux+ duy)

...
pMS = ap + bp sin(cpx+ dpy)

(31)

We use the primitive variables because this makes the calculation of the source term sMS

easier. In the case of the Reynolds-averaged Navier-Stokes equations, we also make any
additional variables sinusoidally varying, such as the working variable ν̃ in the SA model.

Figure 9 shows the results of manufactured solution tests for three equations: Euler,
compressible Navier-Stokes, and Reynolds-averaged Navier-Stokes. The parameters used
in defining uMS are given in Table 1. In the convergence plots, we see that the continuous
L2 error norms in the discrete solutions decrease at the expected rates of p + 1. This
demonstrates a successful verification of the discretization via a manufactured solution.

Table 1: Parameters entering (31) used in the manufactured solution test presented in Figure 9. Addi-
tional quantities are: gas constant, R = 1.0; Prandtl number, Pr = 0.71; specific heat ratio, γ = 1.4. For
the viscous cases, a constant viscosity of µ = 0.01 was used. For the RANS case, the wall distance was
measured from the bottom boundary of the domain, which was a unit square.

Quantity a b c d
ρMS .9 .04 -2 1
uMS .1 .02 1 1
vMS .05 -.1 0.7 1.3
pMS 1 .05 2 -1
ν̃MS .02 .03 -1 2
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9.1: Manufactured solution, ρ
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9.2: Euler discretization test
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9.3: Compressible Navier-Stokes test
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9.4: Spalart-Allmaras RANS test

Figure 9: Manufactured solution tests for DG discretizations of the Euler, compressible Navier-Stokes,
and RANS-SA equations, each at orders p = 1 and p = 2, on a unit domain Ω = [0, 1]2. Errors shown are
continuous L2 norms between the discrete solution to (30) and the exact manufactured solution, uMS.
Note that optimal order p+ 1 convergence rates are (nearly) attained for all runs.
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2.3.2 Adjoint Sensitivity Tests

One way to test a discrete adjoint is to compare output sensitivities computed using
the adjoint to those computed using finite differences. In this example we show this
comparison for a viscous flow over a NACA 0012 airfoil at M = 0.5, Re = 5000, α = 2◦.
We are interested in the sensitivity of the lift coefficient to angle of attack. Since the lift is
defined as the force perpendicular to the free-stream direction, the output depends directly
on the input parameters, so that we need to augment (19) with the partial derivative of
J with respect to the input angle of attack, α,

dJ

dα
= ΨT ∂R

∂α
+
∂J

∂α
. (32)

For the present test we compute ∂R
∂α

using a simple forward difference,

∂R

∂α
≈ R(U, α + ∆α)−R(U, α)

∆α
, (33)

where ∆α is a small value, e.g. 0.01rad. In Figure 10, we show a comparison of the
sensitivity computed using (32), i.e. a local linearized sensitivity, to outputs obtained by
actually perturbing the input parameter. The qualitative agreement is excellent, and a
quantitative look shows convergence at the expected rate as the angle of attack pertur-
bation goes to zero.

10.1: Mach number contours
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10.2: lift coefficient sensitivity

Figure 10: Verification of the discrete adjoint solver using a parameter sensitivity test. The angle of
attack is varied in a viscous flow over a NACA 0012 airfoil, and the resulting data points are overlaid on
a line through the baseline, α = 2◦, case, with a slope computed from the discrete lift coefficient adjoint.
The agreement is excellent for small α perturbations; deviations at larger α are due to the nonlinear
nature of the compressible Navier-Stokes equations.
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3 Output Error Estimation

Numerical errors due to insufficient mesh resolution can affect outputs, often in seem-
ingly subtle but significant ways. The latter point is especially true for the convection-
dominated flows common to aerodynamics. Our goals are to quantify the effect of these
numerical errors and to reduce them through mesh adaptation. In this section, we consider
the first of these: estimation of output error.

3.1 Two Discretization Levels

Without access to infinite resolution, estimating the true numerical error in an output
is practically out of reach for general nonlinear problems. We thus resign ourselves to
estimating the output error between two finite-dimensional spaces: a coarse approximation
space (VH) on which we calculate the state and output, and a fine space (Vh) relative to
which we estimate the error. The equations and output representations on these spaces
are

coarse space: → RH(UH) = 0︸ ︷︷ ︸
NH equations

→ UH︸︷︷︸
state ∈ RNH

→ JH(UH)︸ ︷︷ ︸
output (scalar)

fine space: → Rh(Uh) = 0︸ ︷︷ ︸
Nh equations

→ Uh︸︷︷︸
state ∈ RNh

→ Jh(Uh)︸ ︷︷ ︸
output (scalar)

We would like to measure the output error in the coarse solution relative to the fine space,

output error: δJ ≡ JH(UH)− Jh(Uh). (34)

The fine space is typically constructed by uniformly refining each element in the coarse
space, or by increasing each element’s approximation order. Figure 11 illustrates a fine
space obtained by uniform refinement. We assume that the fine approximation space
contains the coarse approximation space, so that the following lossless state injection,
UH
h , is possible:

UH
h ≡ IHh UH , (35)

where IHh is the coarse-to-fine state injection (prolongation) operator.

3.2 The Adjoint-Weighted Residual

On the fine space, the exact solution Uh ∈ RNh would give us zero fine-space residuals,

Rh(Uh) = 0. (36)

However, the state injected from the coarse space will generally not be a fine space solution
and hence will not give us zero fine-space residuals,

Rh(U
H
h ) 6= 0. (37)
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UH
UH

h

Coarse space Fine space

injection: IHh

Figure 11: Sample fine approximation space obtained by uniform refinement of each element in the
mesh of the coarse approximation space. An alternative fine space is obtained by incrementing the
approximation order of each element.

Instead, the injected coarse state solves a perturbed fine-space problem,

find U′h such that: Rh(U
′
h)−Rh(U

H
h )︸ ︷︷ ︸

δRh

= 0 ⇒ answer is: U′h = UH
h . (38)

As this is just the fine-space problem with a residual perturbation, the fine-space adjoint,
Ψh, tells us to expect an output perturbation given by the inner product between the
adjoint and the residual perturbation,

Jh(U
H
h )− Jh(Uh)︸ ︷︷ ︸
≈ δJ

= ΨT
h δRh = −ΨT

hRh(U
H
h ). (39)

This derivation assumes small perturbations in U and R when the output or equations
are nonlinear. Calling the left-hand side δJ assumes JH(UH) = Jh(U

H
h ), which is true if

the output definition (e.g. geometry) does not change between the coarse and fine spaces.

In summary, we have

δJ ≈ −ΨT
hRh(U

H
h ) (40)

Note that this error estimate does not require the fine-space primal solution, Uh.

3.3 Approximations

The error estimate in (40) uses the adjoint on the fine space, Ψh. Obtaining Ψh requires
solving a large, possibly expensive, linear system. Suppose we have the coarse-space
adjoint, ΨH , which injected into the fine space is ΨH

h ≡ IHh ΨH . Define the adjoint
perturbation as

δΨh ≡ ΨH
h −Ψh.
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We then re-write (40) as

δJ ≈ −
(
ΨH
h

)T
Rh(U

H
h )︸ ︷︷ ︸

computable correction

+ (δΨh)
T Rh(U

H
h )︸ ︷︷ ︸

remaining error

. (41)

The computable correction is tempting to use as the sole error estimate. It does pro-
vide important information on δJ for many discretizations, including reconstructed finite
volume. However, it performs poorly as an adaptive indicator because it does not incor-
porate any new information from the fine space. Moreover, it is zero for finite element
discretizations with Galerkin orthogonality. Therefore we need some estimate of Ψh.
Several methods are used in practice,

1. Reconstruct Ψh from ΨH using information from neighboring elements.

2. Solve for Ψh approximately using a cheap iterative smoother on the fine space.

3. Solve for Ψh exactly on the fine space if the Nh ×Nh linear system is tractable.

In this work we employ the third option when possible, as it gives the most accurate error
estimates (albeit at the highest cost). When the fine-space solve becomes too expensive,
we turn to one of the first two approximations; although we sacrifice some accuracy in the
error estimate, the adaptive indicator obtained from the error estimate remains similar to
that obtained from solving the fine-space adjoint exactly.

For nonlinear problems the leading term not present in (41) is quadratic in the state
and adjoint errors. This “error in the error estimate” can be reduced to third-order in the
state and adjoint errors by using [90]

δJ ≈ −
(
ΨH
h

)T
Rh(U

H
h ) +

1

2
(δΨh)

T Rh(U
H
h ) +

1

2
(δUh)

T Rψ
h (ΨH

h ), (42)

where Rψ
h (ΨH

h ) is the residual vector of the fine-space adjoint problem, (22), and δUh =
UH
h −Uh is the state perturbation. In practice, both the state and adjoint perturbations

could be approximated using one of the three approaches outlined above.

3.4 Error Effectivity

The error estimate calculated above is not a bound. We measure its accuracy by defining
an effectivity,

ηH =
JH(UH)− Jh(Uh)

JH(UH)− J
, (43)

where J is the exact output, i.e. calculated from the exact solution. An effectivity close
to 1 is desirable. In practice this value will depend on the choice of fine space (order
enrichment versus element subdivision), and on approximations made in the fine-space
adjoint error estimation. However, we can make some rough a priori estimates. If the
output converges as JH(UH)− J = CHk, uniform element subdivision for the fine space
yields an effectivity of ηH = 1− (1/2)k – this does not approach unity as H → 0. On the
other hand, if order enrichment is used for the fine space, then the effectivity converges
as ηH = 1− C1H

δk, where δk is the increase in convergence rate of the fine-space output
relative to the coarse-space output. In this case, the effectivity does approach unity with
mesh refinement [35].
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3.5 Examples

We now present some examples that test the error estimates described in this section. We
use uniform mesh refinement studies to determine the rate, k, at which certain errors,
notably the output error, asymptotically converge,

error ∝ hk, valid as h→ 0, (44)

where h is a measure of the size of the mesh elements. Even though we have many
elements, not all of the same size, we use a single h value that we can think of as indicating
a refinement level. When we do a uniform refinement study, we are not concerned with
the particular value of h; we just want to know how “uniform” changes in h for every
element translate into changes in the error.

In the following studies we will uniformly subdivide mesh elements, by bisecting each
edge 3, and measure the resulting effect on the error. In this case, a reasonable definition
of h is

√
1/Ne, where Ne is the number of elements. So a uniform refinement of a two-

dimensional mesh would increase Ne by a factor of 4, and decrease h by a factor of 2.
Taking the logarithm of (44), we obtain

log(error) = C + k log

(√
1

Ne

)
. (45)

3.5.1 Drag Error for Euler Flow over a Bump

In this example, we consider inviscid subsonic flow inside a channel that has a smooth
Gaussian perturbation on the bottom wall. The compressible Euler equations govern the
flow, and the output J is the drag (horizontal) force on the bottom wall. The solution on
a fine mesh is shown in Figure 12.1.

Figure 12.2 shows the initial coarse mesh for the uniform refinement study. On this
mesh, we perform the following steps:

1. Solve for the flow using p = 1. This gives us UH , which is the state in the coarse
approximation space. Also compute JH = JH(UH).

2. Solve the adjoint exactly using p = 2. This gives us Ψh, which is in the fine
approximation space.

3. Compute the error estimate using (40) and find the associated corrected output,

corrected output = JH − δJ. (46)

We then repeat these steps on three successive refinements of the coarse mesh. We also
obtain the “exact” output, J , by solving using p = 3 approximation on a mesh that is
uniformly refined once more compared to the finest mesh in the study.

3When using curved elements it is important to bisect curved edges as close to along the arc length
as possible, and the same applies for element interiors; for example, bisecting a reference element when
using a reference-to-global mapping with a lot of nonlinear stretching would not necessarily reduce the
size of each element by the same amount.
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12.1: Mach number contours; range is 0.27 to 0.43

12.2: Coarsest mesh for uniform refinement study: quartic curved triangles
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12.3: Convergence of baseline and corrected output
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12.4: Convergence of error effectivity

Figure 12: Error estimates and effectivity for inviscid flow in a channel with a Gaussian bump, at
M∞ = 0.3, using p = 1 approximation. The output of interest is the drag force coefficient on the bottom
wall. The adjoint is solved exactly on the fine space.
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Figure 12.3 shows the convergence of the errors in the coarse-space output, JH − J ,
and in the corrected output, JH − δJ − J . Based on the formula in (45), we expect
(asymptotically) straight lines on a log-log plot, and this is what we see. The slopes tell
us the convergence rates. First, we observe a rate of k = 3 for the output error JH−J , and
for our p = 1 approximation, this is a super-convergent result . . . approximation theory
would lead us to expect a rate of p + 1 but we are actually seeing a rate of 2p + 1 (we
can verify this with data from higher p). Second, we observe a rate of 4, 2p + 2, for
the corrected output. So we see that the output correction buys us an extra order of
convergence for the output, which is a reasonable result as we are using order enrichment
for the fine space.

Figure 12.4 plots the error effectivity, (43), for the solutions on the 4 mesh refinements.
We actually plot two effectivities: one as defined in (43) (this is relative to the exact output
J), and a similar one but relative to the fine-space output Jh. The latter choice gives us
an idea of the errors we make in estimating JH − Jh, while the former tells us about
JH − J . We see that as expected (by design), we estimate the error better relative to
the fine space than relative to the true output, but that both effectivities approach 1 as
H → 0.

We mentioned that in practice we sometimes solve the fine-space adjoint problem ap-
proximately, to avoid the cost of a full solve on the fine space. It turns out that this
approximation degrades the accuracy of the error estimates, resulting in worse conver-
gence rates for the corrected output compared to when using an exact fine space adjoint.
Figure 13 shows this degradation when using ν iterations of an element-block Jacobi solver
to smooth the fine-space adjoint after injection from the coarse space. We see that when
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Figure 13: Effect of inexact fine-space adjoint solve, using ν element-block smoothing iterations, on
the error estimates for inviscid flow in a channel with a Gaussian bump, at M∞ = 0.3, using p = 1
approximation. The output of interest is the drag force coefficient on the bottom wall.

ν is small (less work on the fine space), the error estimates are not great, although the
corrected output is still better than the original coarse one. As ν increases, the error
estimates approach the exact adjoint solve result (ν → ∞), and the effectivities close in
on 1. The “adequate” number of smoothing iterations will depend on the case and on
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the smoother, in addition to the desired accuracy levels, so these results should not be
interpreted as a recipe for how to choose ν. Instead, one take-away message is that to get
the best error estimates possible, we need the best possible fine-space adjoint; however,
another one is that even approximate fine-space adjoints can lead to improved outputs.
Furthermore, in an adaptive setting, the indicators obtained from these error estimates
will turn out to be very good at driving mesh refinement.

3.5.2 Drag Error for Viscous Flow over a NACA 0012 Airfoil

In this example, we consider viscous subsonic (M∞ = 0.5) flow over a NACA 0012 airfoil
(closed-trailing-edge [31]) at zero angle of attack. The compressible Navier-Stokes equa-
tions, at Re = 5000, Pr = 0.71, and constant viscosity, govern the flow, and the output
J is the drag (horizontal) force on the airfoil, at which an adiabatic no-slip boundary
condition is imposed. The solution on a fine mesh is shown in Figure 14.1.

We follow the same steps as in the previous example for measuring the convergence
rate of the output and the corrected output (i.e. the error estimate)4. Figure 14.3 shows
the convergence of the errors in the coarse-space output, JH − J , and in the corrected
output, JH−δJ−J . The lines are not straight initially, indicating that the solution is not
yet in the asymptotic regime. However, by the finer meshes we observe relatively straight
lines on the log-log plot. We observe a rate of k ≈ 2.7 for the output error JH − J , and
for our p = 1 approximation, this is still super-convergent relative to the expected rate of
p + 1. For the corrected output, we observe a higher rate of 3.8, and so we see that the
output correction buys us an extra order of convergence, which is again reasonable as we
are using order enrichment for the fine space.

The effectivity story in Figure 12.4 is similar to that of the previous example. The
error estimate does a better job at predicting the error between the coarse space and
the fine space than at predicting the error relative to the exact output, but both of the
effectivities converge to 1 as H → 0.

4We also follow the remedy for alleviating the effects of p-dependence of the BR2 residual on the
error estimates, by evaluating the fine-space residual with order p integration rules and stabilization
approximation. [113]
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14.1: Mach number contours; range is 0.0 to 0.6

14.2: Coarsest mesh for uniform refinement study: quartic curved quadrilaterals
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Figure 14: Error estimates and effectivity for viscous Re = 5000, M∞ = 0.5 flow over a NACA 0012
airfoil at α = 0, using p = 1 approximation. The output of interest is the drag force coefficient on the
airfoil, and the adjoint is solved exactly on the fine space.
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4 Mesh Adaptation

The output error estimate derived in the previous section provides error bars on quantities
of interest from numerical simulations. However, the benefit of these estimates extends
beyond the error bars. Because the output error estimate takes the form of a weighted
residual, and because local mesh refinement decreases residuals, the error estimate pro-
vides a means of targeting for refinement areas of the computational domain that give
rise to the output error. This is the key idea of output-based mesh adaptation.

4.1 Error Localization

The adjoint-weighted residual error estimate in (40) can be localized to the elements by
keeping track of the contributions from each fine-space element, indexed by e below,

JH(UH)− Jh(Uh) ≈ −ΨT
hRh(U

H
h ) = −

∑
e

ΨT
heRhe(U

H
h )

⇒ εe ≡
∣∣ΨT

heRhe(U
H
h )
∣∣ ,

where the subscript e indicates restriction to element e, and the adaptive indicator εe is
obtained by taking the absolute value of the elemental contributions. When order enrich-
ment is used for the fine space in error estimation, this εe is the adaptive indicator for each
element in the current mesh and can be used directly to drive a mesh adaptation strat-
egy. When element refinement is used for the fine space, then the indicators for the fine
sub-elements of a coarse element need to be summed to obtain the coarse-element adap-
tive indicator. The steps involved in obtaining the adaptive indicator, εe are summarized
graphically in Figure 15.

4.2 Adaptation Mechanics

Numerous strategies exist for translating the error indicator into a modified computa-
tional mesh. In CFD for aerospace engineering, the most popular adaptation strategy is
h-adaptation, in which only the triangulation forming the mesh is modified. This modifi-
cation usually consists of targeted refinement and coarsening, although pure node reposi-
tioning, sometimes called r-refinement, has also been investigated [19, 72]. For high-order
methods, additional strategies include p-adaptation, in which the approximation order is
changed on a fixed triangulation [104, 68], and hp-adaptation in which both the order and
the triangulation are varied [48, 14, 89, 2, 59, 26, 56, 74, 58, 62]. For CFD applications,
in which solutions often possess localized, singular features, h-adaptation is key to an effi-
cient adaptation strategy. With the growing availability of high-order methods, however,
hp-adaptation can now be used to further improve efficiency.

4.2.1 Local Refinement

Many approaches to adapting a mesh rely upon the application of local operators through
which the mesh is modified incrementally. A simple example of a local operator is element
sub-division in a setting that supports non-conforming, or hanging, nodes [13, 63, 90, 26,
102]. For triangular and tetrahedral meshes, local mesh modification operators consist of
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15.1: p = 1 state, UH 15.2: p = 1 residual, RH(UH) (zero as expected)

15.3: p = 1 state injected to p = 2, UH
h 15.4: p = 2 residual, Rh(UH

h )

15.5: p = 2 lift adjoint, Ψh 15.6: Error indicator, εe = |ΨT
heRhe(U

H
h )|

Figure 15: Quantities involved in the calculation of the error estimate and adaptive indicator for
Re = 5000, α = 2◦, M = 0.1 flow over a NACA 0012 airfoil.
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node insertion, face/edge swapping, edge collapsing, and node movement, as illustrated in
Figure 16.1. These operators have been studied extensively by various authors [41, 18, 20,

Edge Swap Edge CollapseEdge Split

16.1: Unstructured local mesh operators

element
targeted

hanging
node

16.2: Hanging-node refinement

Figure 16: Local mesh modification adaptation operators in two dimensions.

109, 49, 110, 4, 82, 83] in different contexts. The primary advantage of local operators is
their robustness: the entire mesh is not regenerated all at once, but rather each operator
affects only a prescribed number of nodes, edges, or elements.

Another local operation, especially relevant for discontinuous Galerkin discretizations,
is hanging-node mesh refinement, illustrated for quadrilateral elements in Figure 16.2.
The non-conforming nature of a hanging node mesh does not significantly affect the DG
discretization, which does not enforce solution continuity between elements. Hanging
node refinement could be isotropic or directional [21]. It is particularly useful for initially-
structured, stretched meshes for viscous flows, in which only a few refinements of key
regions may dramatically improve the accuracy of an output.

4.2.2 Global Re-Meshing

Another approach to adapting a mesh is global re-meshing, in which a new mesh is
generated for the entire computational domain. The original, or background, mesh is used
to store desired mesh characteristics during regeneration. For applications to adaptation,
the desired mesh characteristics are often described using a Riemannian metric, the idea
being that in an optimal mesh, all edge lengths will have unit measure under the metric
[20, 49]. In a Cartesian coordinate system of dimension d, an infinitesimal segment δx
has length δΓ under a Riemannian metric M,

δΓ2 = δxT M δx = δxi Mij δxj, (47)

where δxi are the components of δx ∈ Rd, Mij are the components of the symmetric,
positive definite metric, M ∈ Rd×d, and summation is implied on the repeated indices
i, j ∈ [1, . . . , d].

The metric M contains information on the desired mesh edge lengths in physical space.
As M is symmetric and positive definite, the unit measure requirement,

xT M x = 1,
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describes an ellipsoid in physical space that maps to a sphere under the action of the
metric. The eigenvectors of M form the orthogonal axes of the ellipsoid – i.e. the principal
directions. The corresponding eigenvalues, λi, are related to the lengths of the axes, hi,
via

λi =
1

h2
i

⇒ hi
hj

=

(
λj
λi

)1/2

Physically, the hi are the principal stretching magnitudes. A diagram of a possible ellipse
resulting from the unit-measure requirement in two dimensions is given in Figure 17.1.
Thus, the ratio of eigenvalues of M can be used to define a desired level of anisotropy.

e
2

h
2

e
1

h
1

17.1: Riemannian metric ellipse 17.2: Sample mesh obtained by global re-meshing

Figure 17: Depiction of adaptation using global metric-based re-meshing. On the left, an ellipse rep-
resenting requested mesh sizes implied by equal measure under a Riemannian metric M, together with
the principal directions, ei, and the associated principal stretching magnitudes, hi. On the right, sample
mesh for viscous flow generated using global re-meshing.

A successful approach for generating simplex meshes based on a Riemannian metric is
mapped Delaunay triangulation, in which a Delaunay mesh generation algorithm [99] is
applied in the mapped space, allowing for the creation of stretched and variable-size tri-
angles or tetrahedra [71]. This method is implemented in the Bi-dimensional Anisotropic
Mesh Generator (BAMG) [15, 55], which has been used in various finite volume [96, 107]
and discontinuous Galerkin [34, 6, 79] applications requiring anisotropic meshes. An ex-
ample of an output-adapted mesh obtained using BAMG is shown in Figure 17.2.

4.2.3 Targeting Strategies

In global re-meshing, all elements can be refined or coarsened based on their error indi-
cators. However, when using local operators, such as hanging-node or order refinement,
one must decide which elements to target. The determination of which elements to refine
or coarsen has important implications, as too little refinement at each adaptive iteration
may result in an unnecessary number of iterations, while too much refinement may result
in an expensive solve on an overly-refined mesh. A useful tool for analyzing adaptation
targeting strategies is an error distribution histogram [1], in which elements are binned
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according to the error indicator. A typical assumption is that in an ideal mesh, the error
is equidistributed among the elements [4], and this situation yields a “delta” histogram, in
which all elements lie in the same bin. In contrast, the initial coarse mesh will generally
have some distribution of error indicators, and the goal of an adaptation targeting strat-
egy is to drive the histogram towards the ideal delta distribution. This characterization
of adaptation targeting strategies also holds for runs in which a maximum element count
is specified instead of an error tolerance. The ideal mesh in this case is one for which the
error is equidistributed among a number of elements within the element budget [112, 113].

Most adaptation targeting strategies are based on a decreasing refinement thresh-
old [76], in which elements with the highest error are targeted for refinement first so that
the mesh size grows gradually. For example, a fixed-fraction approach prescribes a frac-
tion of elements with the highest error indicator to be refined at each adaptation iteration,
such that the decreasing threshold is a function of the shape of the error histogram. Then,
the elements targeted for adaptation are typically refined in a locally uniform manner,
e.g. by splitting all edges in half. This simple approach has been applied to output-based
adaptation in several studies[11, 54, 7, 101, 62, 75, 23]. The fixed-fraction parameter is
often chosen heuristically in a trade-off between an excessive number of iterations and a
risk of over-refinement. Nevertheless, the method works quite well for practical problems.

4.2.4 Incorporating Anisotropy

An important ingredient in h-adaptation for aerodynamics is the ability to generate
stretched elements in areas such as boundary layers, wakes, and shocks, where the so-
lution exhibits anisotropy, which refers to variations of disparate magnitudes in different
directions. Anisotropy can be created to a limited, albeit often sufficient, extent with
hanging-node refinement [100, 103]; yet global re-meshing with unstructured triangular
and tetrahedral grids offers the most flexibility in tailoring the required stretching.

For spatially second-order methods, the dominant method for detecting anisotropy in-
volves estimating the Hessian matrix of second derivatives of a scalar (e.g. Mach number)
computed from the solution [? 71, 20, 49]. A mesh metric is obtained from the Hessian
by requiring that the approximation error estimate of the scalar quantity u be the same
in any chosen spatial direction. The Hessian matrix stores precisely this information, so
that this requirement leads to a metric that is directly proportional to the Hessian. The
proportionality constant can be tied to the error indicator to incorporate the output error
estimate [107].

The definition of a metric tensor becomes difficult for high-order methods because the
standard Hessian matrix approach assumes linear approximation of the scalar quantity.
One possible extension is based on constructing a metric around the direction of maximum
p + 1st derivative [31, 30, 81]. Another extension involves the calculation of the order
p+ 1 derivative tensor that is analogous to the Hessian for p = 1, or the use of surrogate
heuristics based on inter-element jumps for quadrilateral or hexahedral meshes [66].

The metric tensor may also be used to guide an adaptation procedure based on local
operators, for example in an effort to make all edges approximately the same length when
measured using the metric tensor [20, 28, 110, 83].

The methods mentioned so far rely on a priori analysis and heuristics to predict the
desired mesh anisotropy. For example, the approximation error assumptions are made
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without regard to the output of interest by using a single scalar, such as the Mach number,
to control the anisotropy for a system of equations. However, the assumption that the
directional approximation error must be equidistributed for one or more scalar variables
at each point in the domain may not be valid, especially when only a scalar output is
desired. This observation has motivated research into adaptation algorithms that more
directly target the error indicator.

Hessian-based approximation error estimates have been combined with output-based a
posteriori error analysis to arrive at an output-based error indicator that explicitly includes
the anisotropy of each element [40, 39? ]. Other works have considered directional output
error estimates for quadrilateral and hexahedral meshes [92], and direct node position
optimization using an auxiliary adjoint problem [98].

For general unstructured meshes, output error estimation has been incorporated into
local mesh operators of element swapping, node movement, element collapse, and element
splitting [84]. A direct optimization approach for output error reduction has also been
applied to quadrilateral and hexahedral elements, using anisotropic discrete refinement
options [60, 52, 21]. Finally, a recent work extends the ideas of direct mesh optimiza-
tion to general unstructured meshes with global re-meshing, through optimization of a
parametrized metric field via local refinement sampling [113].

4.2.5 Adapting in Order

In order/p-adaptation [104], the approximation space is refined or coarsened by changing
the order of approximation. With the discontinuous Galerkin method, changing the order
is simple and can be done locally on each element [68, 33]. Advantages of p-adaptation
are that the computational mesh remains fixed and that an exponential error convergence
with respect to degrees of freedom (DOF) is possible for sufficiently smooth solutions.
Disadvantages include difficulty in handling singularities and areas of anisotropy and the
need for a reasonable starting mesh.

hp-adaptation strives to combine the best of both strategies, employing p-refinement
in areas where the solution is smooth and h-refinement near singularities or areas of
anisotropy. The motivation for this strategy is that, in smooth regions, p-refinement
is more effective at reducing the error per unit cost, compared to h-refinement [? 62].
Implemented properly, hp-adaptation can isolate singularities and yield exponential error
convergence with respect to DOF. In practice, however, the difficulty of hp-adaptation
lies in making the decision between h- and p-refinement, which typically requires either a
solution regularity estimate or a heuristic algorithm [62, 17]. An approach that employs
output error information to make the hp decision and to choose the appropriate element
anisotropy for quadrilateral and hexahedral elements has also been presented [23].

4.3 Examples

The following sub-sections demonstrate applications of output-based refinement to various
aerodynamic flows. We consider inviscid, viscous, and turbulent flows in two and three
dimensions. Our figure of merit will generally be degrees of freedom, although we also
present some results for computational time.
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4.3.1 Inviscid Flow over an Airfoil

In this example we adapt a mesh to predict drag in inviscid flow over a NACA 0012 airfoil
at α = 2◦. The initial mesh is the same as that shown in Figure 14.2. We compare
uniform refinement to output-driven, isotropic, hanging-node, fixed-fraction refinement
with f adapt = 0.05.

Figure 18 shows the convergence of the drag coefficient error with degrees of freedom
for p = 1 and p = 2 approximation. We see that uniform refinement converges at a rate
of 2.6 for p = 1 and 3.0 for p = 2. This can be deemed super-convergent for p = 1 but
sub-optimal for p = 2. The reason for this sub-optimal high-order convergence is due to a
singularity of the flow at the trailing edge, which then dominates the error convergence.
On the other hand, we see that adaptive refinement produces meshes that make better

18.1: Final drag-adapted mesh for p = 2
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18.2: Output convergence

Figure 18: Adaptation results for an inviscid M∞ = 0.5 flow over a NACA 0012 airfoil at α = 2◦. The
output of interest is the drag force coefficient on the airfoil, and, at each adaptive iteration, the adjoint
is solved approximately with ν = 10 element-block Jacobi smoothing iterations on the fine space. Using
an exact adjoint solve does not perceptibly change the adaptive result.

use of degrees of freedom: the equivalent “convergence rate” for p = 2 adaptation is ap-
proximately 5, i.e. the expected super-convergent rate of 2p+1 for an inviscid simulation.
We note that although we usually speak of convergence rates only for uniform refinement
studies, this notion generalizes to adaptive mesh refinement [112]. For example, for a
case in which the entire domain is important (e.g. a very smooth solution), adaptive
refinement would (eventually, in turn) target the entire domain too so that its error ver-
sus degrees of freedom would converge at the same rate as for uniform refinement. More
interestingly, when there are (isolated) singularities present, a situation in which uniform
refinement would see its rate limited, adaptive refinement could “quarantine” these sin-
gularities with nominal resources and allocate the rest to resolving the remaining smooth
regions at the optimal rate. This is indeed what we observe in Figure 18, where, while
uniform refinement sees its rate limited by non-smooth solution features for high order,
adaptive refinement attains a higher, super-convergent rate.
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4.3.2 Viscous Flow over an Airfoil

We consider again the case of a NACA 0012 airfoil in viscous flow, introduced in Sec-
tion 3.5.2. We use p = 2 solution approximation and fixed-fraction, f adapt = 0.05, and
isotropic hanging-node adaptation.

Figure 19 shows the adaptive results when using a drag-adjoint weighted residual
indicator, compared to uniform refinement. As in the previous example, we see that

19.1: Final drag-adapted mesh for p = 2
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19.2: Output convergence

Figure 19: Adaptation results for viscous Re = 5000, M∞ = 0.5 flow over a NACA 0012 airfoil at
α = 0. The output of interest is the drag force coefficient on the airfoil, and, at each adaptive iteration,
the adjoint is solved approximately with ν = 10 element-block Jacobi smoothing iterations on the fine
space. Using an exact adjoint solve does not perceptibly change the adaptive result.

adaptive refinement produces meshes that make better use of degrees of freedom: the
equivalent convergence rate for p = 2 is approximately 4.5, slightly above the expected
rate of 2p for a viscous simulation. Uniform mesh refinement at p = 2 only attains a rate
of 2.6. Thus, as in the previous example, adaptive refinement can “uncover” the optimal
convergence rates for high-order discretizations, resulting in a more efficient use of degrees
of freedom.

4.3.3 Which Output?

In this example, we consider a NACA 0012 airfoil with a closed trailing edge and a
far field approximately 40 chord-lengths away. The initial mesh of cubic quadrilateral
elements is illustrated in Figure 22. While the initial mesh appears structured, this
structure disappears with the first adaptation iteration and the mesh storage is always
fully unstructured. In the following results, quadratic solution approximation, p = 2,
was used in the discretization, and isotropic h-adaptation was driven by a fixed-fraction
strategy with f adapt = 0.1, meaning that at each step of the adaptation, those elements
lying in the top 10% of the error criterion were chosen for refinement.

Mach number contours for the airfoil in inviscid flow at M∞ = 0.4, α = 5◦ are shown
in Figure 20. Three different engineering outputs are considered: drag coefficient, lift co-
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20.1: Mach number contours 20.2: x-momentum moment adjoint

Figure 20: NACA 0012, M∞ = 0.4, α = 5◦: Contours of the Mach number and the x-momentum
component of the moment adjoint.

efficient, and leading-edge moment coefficient. All of these outputs were computed using
integrals of the inviscid momentum flux, that is, the pressure, on the airfoil surface. Ad-
joint solutions associated with these outputs were used to drive three different adaptation
runs. One adaptation run was also performed using an “entropy-adjoint” indicator [38],
in which the entropy variables are interpreted as a “free adjoint” for an output that ex-
presses an entropy balance statement. For comparison, an unweighted residual indicator,
equivalent to summing the absolute values of the discrete fine-space residuals, was also
tested.

Figure 21 shows the results of adaptation runs driven by the different indicators. Uni-
form mesh refinement results are given for comparison. The plots show the error in the
engineering outputs versus degrees of freedom. Each “truth” output was calculated from a
p = 3 solution on a mesh obtained by uniformly refining the finest output-adapted mesh.
For all three outputs of interest, the adjoint-based adaptive strategies, including the en-
tropy adjoint, perform similarly and are orders of magnitude better than uniform mesh
refinement. The unweighted residual indicator performs well for the drag output, and sim-
ilarly to the output adjoints for the lift and moment outputs. Interestingly, the refinement
based on the entropy adjoint actually gives better predictions for lift and moment than
the refinements that specifically target those outputs. These results are certainly surpris-
ing, but not actually paradoxical, because the procedure does have empirical elements.
For example, the lift and moment adaptive indicators target the stagnation streamline in
front of the airfoil, perhaps excessively so. As shown in Figure 20 for the moment output,
the adjoint varies rapidly across the stagnation streamline. This behavior was suggested
in the analysis of Giles and Pierce who found that a square root singularity with respect
to distance from the stagnation streamline exists for sources that perturb the stagnation
pressure [44]. Intuitively, a force output on the airfoil should respond differently to pertur-
bations that affect the flow over the upper surface of the airfoil versus to those that affect
the flow over the lower surface of the airfoil. The singularity is strongest for the lift and
moment outputs, and for these cases the performance of the output adjoint adaptation
deteriorates the most. The noise created by polynomial approximation of the adjoint on
discrete finite elements in this area may be responsible for the excessive refinement.

The meshes after eight adaptation iterations of each strategy are shown in Figure 22.
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21.1: Drag output
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21.2: Lift output
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21.3: Moment output

Figure 21: NACA 0012, M∞ = 0.4, α = 5◦: Comparison of output convergence histories for various
adaptation strategies.

VKI - 38 -



4.3 Examples 4 MESH ADAPTATION

The leading edge, trailing edge, and upper surface of the airfoil are consistently targeted
for refinement by the adjoint indicators. The unweighted residual adaptation targets the
vicinity of the leading edge and the trailing edge, but not the upper surface of the airfoil,
leading to errors in the lift and moment outputs. Refinement of the stagnation streamline
is evident in the adjoint-based runs, especially for the lift and moment adaptations. Fi-

22.1: Initial mesh 22.2: Drag-adapted

22.3: Lift-adapted 22.4: Moment-adapted

22.5: Entropy-adjoint-adapted 22.6: Residual-adapted

Figure 22: NACA 0012, M∞ = 0.4, α = 5◦: Meshes after eight adaptation iterations for the tested
adaptation strategies.

nally, we remark that although residual-based refinement performs well in this example,
this is not always the case for more complicated flows (e.g. see Section 5). In addition,
residual-based adaptation does not provide an error estimate that could be used as a
stopping criterion for the adaptation. The same may be argued for adaptation with the
entropy adjoint, as that output is typically not of direct engineering interest. However,
it turns out that the entropy adjoint output can be related to drag error [29] and hence
could be used as an adaptive stopping criterion when targeting drag.
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4.3.4 Transonic Turbulent Flow over an Airfoil

To demonstrate the importance of anisotropy, we present an example of output-based
adaptation for turbulent, transonic flow over an NACA 0012 airfoil. The free-stream
conditions are M = 0.8, α = 1.25◦, Re = 100, 000. In this case, the flow experiences a
relatively strong normal shock on the upper surface and a weak shock on the lower surface.
Element-wise constant artificial viscosity is used to capture the shocks [87]. p = 2 is used
for solution approximation on all elements, and the initial mesh consists of 1740 cubic
quadrilateral elements, as shown in Figure 23.

23.1: Initial mesh (1740 elements) 23.2: Mach number contours

23.3: 6th adapted mesh, isotropic (8,736 elements) 23.4: 10th adapted mesh, anisotropic (4,816 ele-
ments)

Figure 23: Turbulent NACA 0012, M = 0.8, α = 1.25◦, Re = 100, 000: Initial mesh, solution contours,
and adapted meshes. Note, under isotropic adaptation, some elements are refined anisotropically, and
these arise from additional refinements required to keep a maximum refinement ratio between adjacent
elements below 2. of 2-to-1 ratio between is due to

Convergence of the drag and lift coefficients is shown in Figure 24. The plots are
similar in that the lift output converges as rapidly as the drag output for all of the
adaptation schemes. Also, the drag adaptation performs well for the lift output and
vice versa. The anisotropic adaptations, performed using a discrete-choice output-based
approach [21], converge much more rapidly compared to the isotropic adaptations: the
outputs do not change much after 40,000 degrees of freedom with the anisotropic adapta-
tion, while changes are still observed after nearly 100,000 degrees of freedom when using
isotropic adaptation.

Two of the drag-adapted meshes are shown in Figure 23: one from isotropic adaptation
after six iterations and one from anisotropic adaptation after ten iterations. Differences
are evident in the boundary layer and wake, where anisotropic adaptation is more efficient.
The shock also appears to be more tightly resolved in the anisotropically-adapted mesh.
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24.1: Drag output
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24.2: Lift output

Figure 24: Turbulent NACA 0012, M = 0.8, α = 1.25◦, Re = 100, 000: Drag and lift convergence with
degrees of freedom using isotropic and anisotropic refinement. Note, outputs from uniform refinement
overshoot the exact values.

4.3.5 Transonic Turbulent Flow over a Wing

In this example, we demonstrate drag-based adaptation for a steady, three-dimensional,
turbulent, transonic flow. We consider the baseline wing geometry (DPW-W1) from the
third AIAA Drag Prediction Workshop [43]. The initial curved mesh, shown in Fig-
ure 25.1, was obtained through agglomeration of cells from a finer structured linear C-
grid generated specifically for this purpose. In the agglomeration, each curved hexahedral
element was obtained by merging twenty seven linear elements using a distance-based
Lagrange interpolation of the nodal coordinates, resulting in cubic (q = 3) geometry in-
terpolation. Also, the spacing of the linear mesh is such that the agglomerated mesh
presents y+ ≈ 1 for the first element off the wall as recommended in the workshop guide-
lines [42] and the outer boundary is located at 100 mean-aerodynamic-chord-lengths away
from the wing.

We use the Spalart-Allmaras turbulence model without trip terms, and element-wise
constant artificial viscosity for shock capturing [87]. The baseline flow solution is obtained
with linear (p = 1) approximation order, and we study anisotropic, output-based hp-
adaptation using discrete choices that include order enrichment [23] – in this strategy,
when deciding which discrete refinement option to choose, a figure of merit is used that
takes into account the benefit (error addressed) and the cost (the increased Jacobian
matrix size). The fine-space adjoint used for error estimation is obtained approximately
by using νsmooth = 5 iterations of an element-block Jacobi smoother. All of the adaptive
schemes start from the same initial solution. For the adjoint-based adaptation methods,
the CPU time taken for the initial adjoint solve is also included in the initial starting
time.

We compare two mesh improvement strategies starting from the initial p = 1 solution
shown in Figure 25.1. One of the strategies is uniform h-refinement, in which all hexahedra
are divided into 8 elements. The other is drag-based hp-adaptation in which f adapt = 10%
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25.1: Initial pressure contours (29310 cubic ele-
ments, p = 1).

25.2: Pressure contours on the 7th drag-adapted
mesh (85377 cubic elements).

Figure 25: DPW Wing 1, M∞ = 0.76, α = 0.5◦, Re = 5 × 106: Initial and drag-adapted meshes with
pressure contours.

of the elements is selected for refinement at each adaptation step. Additionally, we fix
the overall budget of CPU wall-time for each of the three runs and the last converged
solutions obtained within that budget are shown in Figure 25.
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26.1: Convergence with degrees of freedom
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26.2: Convergence with CPU time

Figure 26: DPW Wing 1, M∞ = 0.76, α = 0.5◦, Re = 5× 106: drag coefficient convergence for output-
based adaptation compared to uniform refinement, using both degrees of freedom and CPU time.

Figure 26 shows the drag coefficient convergence for the mesh refinement strategies.
Note that the dashed lines indicate the output corrected with the error estimate. The
difference between these corrected values for the last two adaptation steps of the output-
based strategy is within 0.15 counts of drag. Note that the performance in terms of
degrees of freedom and CPU time of the output-based strategy is better compared to
uniform refinement, especially when using the corrected output results.

Figures 27 and 28 show two cuts at representative span-wise positions for the output-
based strategy. Note the presence of anisotropic cells along the shock and on the boundary
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layer, and the minimal use of p-refinement in this case – this is due in part to the under-
resolved nature of the mesh for this flow, and to the relatively large cost ascribed to order
enrichment in the definition of the merit function.

27.1: 7th adapted mesh with Mach contours. 27.2: 7th adapted mesh p-order distribution; the
range is p = 1→ 5.

Figure 27: DPW Wing 1, M∞ = 0.76, α = 0.5◦, Re = 5× 106: cut at y = 220mm of the drag-adapted
mesh. Note, the reference span is 1524mm.

28.1: 7th adapted mesh with Mach contours. 28.2: 7th adapted mesh p-order distribution; the
range is p = 1→ 5.

Figure 28: DPW Wing 1, M∞ = 0.76, α = 0.5◦, Re = 5× 106: cut at y = 620mm of the drag-adapted
meshes.

An optimization-based mesh adaptation algorithm may offer insight on “best-practice”
gridding guidelines. We notice that several regions of the flow are frequently targeted for
refinement. One of these regions is near the leading edge where the flow accelerates
through the sonic condition. This change in character of the flow causes strong variations
in the adjoint solution, which are responsible for large error indicators. Another region
is the edge of the boundary layer, where the turbulent working variable, ν̃, transitions to
zero rapidly. The other two regions are the location of shock-boundary-layer interaction
and the trailing edge. These regions exhibit strong gradients in ν̃ that contribute to the
drag output. Figure 29 shows the interaction between the shock and the boundary layer.
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Note the concentration of cells in the boundary layer and the sharp variation of ν̃. Further
downstream, in the trailing edge region (Figure 30), the beginning of the turbulent wake
is also adapted.

29.1: Mach contours for initial mesh. 29.2: Mach contours for the 7th adapted mesh.

29.3: ν̃ contours for initial mesh. 29.4: ν̃ contours for the 7th adapted mesh.

Figure 29: DPW Wing 1, M∞ = 0.76, α = 0.5◦, Re = 5×106: interaction between shock and boundary-
layer at y = 620mm.

30.1: ν̃ contours for initial mesh. 30.2: ν̃ contours for the 7th adapted mesh.

Figure 30: DPW Wing 1, M∞ = 0.76, α = 0.5◦, Re = 5× 106: trailing edge at y = 620mm.
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5 Unsteady Systems

Results in the previous section showed that adapting a mesh using an indicator obtained
from an adjoint-weighted residual can improve robustness (through error estimates) and
efficiency (through targeted refinement) of a steady-state CFD simulation. The motivation
for such adaptation becomes even stronger in unsteady simulations, where we have control
of both spatial and temporal resolution. Identifying the regions in both space and time
that require adaptation is more challenging than identifying spatial regions alone. In
addition, with an extra dimension, the percentage of the total space-time domain that is
important for predicting an output is likely to be reduced compared to a steady problem,
which improves the prospects of efficiency gains.

The idea of output-error estimation through an adjoint-weighted fine-space residual
extends to unsteady problems without significant theoretical changes. However, unsteady
problems do pose challenges for solver efficiency and adaptation mechanics. In this section
we address some of these challenges and present adaptive results for reasonably-complex
unsteady simulations.

5.1 Primal and Adjoint Discretizations

We discretize time using a semi-discrete approach, i.e. independently of the spatial dis-
cretization. Although our adaptive results employ a finite-element temporal discretization,
we also present multi-step methods to simplify the presentation of the adjoint extension.

5.1.1 Multi-Step Methods

Primal Form: The discrete residual equation R(U) = 0, see (14), represents a steady
system. A simple method of incorporating unsteady variations is to use a semi-discrete
formulation, in which a PDE that is already discretized in space becomes

M
dU

dt
+ R(U) = 0, (48)

where M ∈ RN×N is the mass matrix,

Mij = Is

∫
Ω

φiφj dΩ. (49)

In the above expression, Is ∈ Rs×s is the state identity matrix, and 1 ≤ i, j ≤ N index the
global degrees of freedom. Note that in DG, φi will have support over only one element,
which means that the mass matrix is element-wise block diagonal.

In a multi-step discretization, the time derivative in (48) is discretized using finite-
differences. Denote by a superscript n or m the time nodes: e.g. in a uniform temporal
subdivision, the time at each time node would be given by tm = m∆t, where ∆t = T/Nt

is the time step size for integration with Nt time intervals over a time 0 ≤ t ≤ T . For
example, a backward Euler method uses the approximation

dU

dt

∣∣∣∣
tm

≈ Um −Um−1

∆t
, (50)
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so that the fully-discrete form of (48), evaluated at tm, becomes

M
Um −Um−1

∆t
+ R(Um)︸ ︷︷ ︸

unsteady residual: Rm

= 0. (51)

The initial condition sets the state at t = t0. We have defined the unsteady residual, Rm,
as the left-hand side of the discrete equation. In general the unsteady residual will depend
on states at several time nodes, and so we write Rm(Un). These Nt residual vectors have
to be driven to zero (usually sequentially) to obtain the full unsteady solution.

Adjoint Form: Let’s look at the adjoint for an unsteady multi-step discretization. The
unsteady version of the sensitivity chain in (17) is

µ→ Rm(Un,µ) = 0→ Un → J(Un), (52)

where, as in the primal form, 0 ≤ n,m ≤ Nt are the time indices in the unsteady
discretization. The equations derived for the steady adjoint in Section 2.2 apply directly,
but the vectors are now much larger (length RNNt). The adjoint equation is

Nt∑
m=1

(
∂Rm

∂Un

)T
Ψm +

(
∂J

∂Un

)T
= 0. (53)

Due to the transpose on the unsteady Jacobian matrix, the adjoint system is most easily
solved by marching backwards in time. For example, given a backward Euler temporal
discretization, the unsteady Jacobian ∂Rm

∂Un and its transpose will look like (? = N × N
block),

Primal unsteady Jacobian

∂Rm

∂Un
=



?
? ?

? ?
? ?

? ?
? ?

? ?



Adjoint unsteady Jacobian

(
∂Rm

∂Un

)T
=



? ?
? ?

? ?
? ?

? ?
? ?

?


We see that the primal Jacobian is zero above the main diagonal, making forward substi-
tution in time the method of choice for solving the primal problem. On the other hand,
the adjoint Jacobian is zero below the main diagonal, so that backward substitution is the
natural solution strategy. Hence, an unsteady adjoint solution requires marching backward
in time from the final state to the first state.

For nonlinear problems, the state history Un needs to be stored for computing the
linearizations in the adjoint solve. These states are typically written to disk, and solution
checkpointing can alleviate storage requirements if they are burdensome [47]. Once the
unsteady adjoint solution is available, the sensitivities are calculated as

dJ

dµ
=

Nt∑
m=1

(Ψm)T
(
∂Rm

∂µ

)
. (54)
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5.1.2 Discontinuous Galerkin in Time

Primal Form: Instead of finite differences we could also consider finite elements for the
temporal discretization. This is in fact a reasonable approach for output error estimation,
which is most rigorous in a variational formulation. In particular, for our adaptive work,
we use a discontinuous Galerkin method in time. This consists of time slabs on which
the temporal solution variation is approximated with polynomials of order r. The term
“time slab” is used only to emphasize that no local-in-space time stepping is performed,
and that, at a given time, all elements advance at the same time step, ∆t. This ∆t is just
the width of the current time slab, which can vary once adaptation is performed.

Figure 31 illustrates the concept of time slabs for a two-dimensional simulation. We

−
+
−
+

time slab k

element (e, k=1)

x

y

t

tk

tk−1

dynamic spatial order

Figure 31: Illustration of time slabs and dynamic-order (depicted by color) refinement for a DG-in-time
discretization.

enumerate elements in the spatial mesh by 1 ≤ e ≤ Ne, and these are assumed fixed (not
moving or refined) over the course of the simulation. We enumerate the time slabs by
1 ≤ k ≤ Nk, where Nk is the total number of time slabs. Each space-time element is then
identified by two indices, (e, k). pke denotes the order of approximation in element e, time
slab k, and this can vary across elements and time slabs.

On each space-time element (e, k), we approximate the state spatially using a standard
DG-in-space approximation, as introduced in Section 2. The result of the spatial approx-
imation is that on each element we have Npke

spatial unknowns, Uk
he. In DG-in-time, we

approximate the temporal variation of these unknowns using polynomials in time,

Uk
he(t) =

r+1∑
n=1

Ukn
heϕ

n
h(t), (55)

where ϕnh(t) are order r temporal basis functions. The subscript h on the above terms
indicates the space-time mesh, i.e. the approximation space. When discussing error
estimation, we will be dealing with coarse and fine spaces, which we will denote by H and
h subscripts, respectively.

For compactness of notation, we lump all spatial degrees of freedom associated with
time node n on slab k into one vector,

Ukn
h =

{
Ukn
he

}
∀e ∈ RNhk . (56)
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As a shorthand, we will denote by Uk
h the sets of unknowns over a whole time slab, k.

Finally, the set of states over the entire space-time domain will be referred to simply as
Uh.

A nonlinear system of equations on each time slab is obtained by substituting the
approximation from (55) into (48), multiplying by test functions in the same space as the
approximation functions, and integrating by parts to incorporate discontinuities at time
slab and spatial element interfaces. We group the resulting set of discrete equations by
time nodes on each time slab into (r + 1) unsteady residual vectors, enumerated by m,

Rkm
h ≡ amnMk,k

h Ukn
h − ϕmh (tk−1)Mk,k−1

h Uk−1,r+1
h +

∫ tk

tk−1

ϕmh (t)Rh

(
Uk
h(t)
)
dt = 0, (57)

where Mk,l
h ∈ RNhk×Nhl is the spatial mass matrix formed by spatial basis functions on

neighboring time slabs k and l, which could be different in cases of dynamic spatial order
refinement. Uk−1,r+1

h is the end-of-slab state from the previous time slab, as shown in
Figure 32. For the first time slab, k = 1, this is U0,r+1

h ≡ U0
h, which is the initial

condition.

ϕ2
h(t)ϕ1

h(t)
ϕ3
h(t)

t

tktk−1

Uk−1,r+1
h

Uk−1
h (t)

Uk
h(t)

Interval kInterval k − 1

Uk,1
h

Figure 32: DG in time for r = 2: depiction of temporal basis functions on one time slab and definitions
of key quantities in (57). The vertical axis represents a “state” – from the spatial discretization, we
actually have Nh states, and we can imagine having Nh such plots.

The values amn in (57) constitute a temporal stiffness matrix and are given by

amn = −
∫ tk

tk−1

ϕnh
dϕmh
dt

dt+ ϕnh(tk)ϕ
m
h (tk). (58)

Using a Lagrange temporal basis on equally-spaced nodes, we have,

for r = 1, amn =

[
1/2 1/2
−1/2 1/2

]
; for r = 2, amn =

 1/2 2/3 −1/6
−2/3 0 2/3

1/6 −2/3 1/2

 . (59)

The time integral in (57) is evaluated with (r + 1) points of Gauss quadrature for order
2r + 1 accuracy.
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Adjoint Form: The discrete adjoint equation, (53), remains valid for a DG-in-time
discretization. The number of time nodes is now Nt = Nk(r+ 1), where Nk is the number
of time slabs, since each time slab has r+ 1 temporal unknowns. Denoting the adjoint at
time slab k, time node m, by Ψkm

H , a more descriptive version of (53) is(
∂Rkm

h

∂Uln
h

)T
Ψkm
h +

(
∂Jh
∂Uln

h

)T
︸ ︷︷ ︸

Rln
ψh(Ψ

km
h )

= 0, (60)

where k, l index time slabs and n,m index time nodes. We have defined the adjoint
residual, Rln

ψh(Ψ
km
h ), as the entire left-hand side of the adjoint equation. Linearizing the

residual expressions in (57), the r + 1 adjoint residual vectors on time slab k are

Rln
ψh = amnMl,l

h Ψlm
h − ϕnh(tl)M

l,l+1
h Ψl+1,1

h +

∫ tl

tl−1

ϕnh
∂R

∂U

∣∣∣∣T
Uh(t)

Ψl
h(t) dt+

(
∂Jh
∂Uln

h

)T
(61)

In this equation, Ψl
h(t) =

∑
m Ψl,m

h ϕmh (t), and Ψl+1,1
h is the adjoint vector associated with

the start of the next time slab. When calculating on the last time slab, Ψl+1,1
h = 0.

Both the primal and adjoint equations are solved using a Newton iteration based on
an approximate factorization. This solver requires solutions of systems that are the same
size as a steady-state solution. Details are given in [36].

5.2 Deformable Domains

5.2.1 An Arbitrary Lagrangian Eulerian Treatment

In an Arbitrary Lagrangian Eulerian (ALE) method, the mesh can move at a velocity
different from that of the flow. This is useful for analyzing problems in which the compu-
tational domain undergoes deformation (e.g. flutter or flapping flight in aerodynamics),
as in these situations the mesh generally needs to “move with” the geometry so that much
of the computational domain may be affected.

The key idea of an ALE formulation is to map the original PDE on the deforming
physical domain to a modified PDE on a static reference domain, as solving on a static
domain is something we already know how to do. This transformation is illustrated
graphically in Figure 33, and Table 2 defines key quantities.

The expressions for the transformations of the normals are obtained using dv = gdV
for infinitesimal volumes and d~l = Gd~L for infinitesimal vectors [86]. The system of
conservation laws on the physical domain is, repeating (1),

∂tu + ∂iHi(u,∇u) = 0, Hi = Fi(u)−Gi(u,∇u), (62)

where both inviscid and viscous fluxes are included. Integrating over a time-varying
volume v(t) yields,∫

v(t)

∂tudv +

∫
∂v(t)

~H · ~n da = 0, ~n is outward-pointing on ∂v(t), (63)
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Reference domain: ~X,uX , ~FX

~NdA

∂uX

∂t

∣∣∣
~X
+∇X · ~FX(uX ,∇XuX) = 0

Mapping

⇒

~X, t ⇒ ~x( ~X, t)

G = ∂~x
∂ ~X

g = det(G)
uX = gu

~vG = ∂~x
∂t

~FX = gG−1~F− uXG−1~vG

~nda = gG−T ~NdA

~NdA = g−1GT~nda

⇒

Physical domain: ~x,u, ~F

~nda

∂u
∂t

∣∣∣
~x
+∇ · ~F(u,∇u) = 0

Figure 33: Summary of the mapping between reference and physical domains. The equations
are solved on the reference domain, which remains fixed for all time. When denoting reference-
domain quantities, we use a subscript X.

Table 2: Definitions of variables used in the ALE mapping. Bold indicates a state vector and
an arrow indicates a spatial vector.

~X = reference-domain coordinates
uX = state on reference domain
~FX = flux vector on reference domain
dA = differential area on reference domain
~N = normal vector on reference domain
V = reference domain (static)
G = mapping Jacobian matrix
g = determinant of Jacobian matrix

~x = physical-domain coordinates
u = physical state
~F = flux vector on physical domain
da = differential area on physical domain
~n = normal vector on physical domain
v(t) = physical domain (dynamic)
~vG = grid velocity, ∂~x/∂t
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where ~H is a spatial vector with components Hi. We now transform to the reference
domain, V . The boundary integral of the flux is∫

∂v(t)

~H · ~n da =

∫
∂V

~H · (gG−T ~N) dA =

∫
∂V

(gG−1 ~H) · ~N dA. (64)

The first integral in (62) transforms using Leibniz’s rule,∫
v(t)

∂u

∂t
=

d

dt

∫
v(t)

u dv −
∫
∂v(t)

(u~vG) · ~n da

=
d

dt

∫
V

ug dV −
∫
∂V

(u~vG) · (gG−T ~N) dA

=

∫
V

∂(gu)

∂t
dV −

∫
∂V

(guG−1~vG) · ~N dA. (65)

Substituting (64) and (65) into (63) and applying the divergence theorem gives the PDE
on the reference domain,

∂uX
∂t

∣∣∣∣
~X

+∇X · ~HX(uX ,∇XuX) = 0, (66)

where uX = gu,
~HX = gG−1 ~H− uXG−1~vG.

∇X denotes the gradient with respect to the reference coordinates. We break up the
transformed flux, ~HX , into inviscid and viscous fluxes by lumping the grid-velocity term
into the inviscid flux,

~HX = ~FX − ~GX , ~FX = gG−1~F− uXG−1~vG, ~GX = gG−1 ~G. (67)

The gradient of the state transforms via the chain and product rules. Using implied
summation,

∂u

∂xj
=
∂(g−1uX)

∂Xd

∂Xd

∂xj
=

(
g−1∂uX

∂Xd

− g−2 ∂g

∂Xd

uX

)
G−1
dj

= g−1

(
∂uX
∂Xd

− g−1 ∂g

∂Xd

uX

)
G−1
dj , (68)

where d and j index the reference and physical coordinates, respectively. We also have,

G = Gjd =
∂xj
∂Xd

, δji =
∂xj
∂xi

=
∂xj
∂Xd

∂Xd

∂xi
= GjdG−1

di ⇒ G−1 = G−1
di =

∂Xd

∂xi
.

In a DG setting, discretization of the new reference-domain equation requires modifica-
tions to the numerical flux function on inter-element faces, to the boundary conditions, to
the face normal vectors, and to the quadrature integration weights. These modifications
are based on the reference-to-global mapping and its derivatives.

The weighted residual statement on the reference domain is obtained from the PDE
by multiplying by test functions (defined in the reference domain) and integrating over
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reference-domain elements. The discretization would be straightforward were it not for
the fact that fluxes and boundary conditions are specified on the physical domain. A
natural approach that minimizes intrusion into the code is to express the reference-space
fluxes and boundary conditions in terms of the physical fluxes and boundary conditions.

For example, the inviscid flux on the reference domain includes the standard Galilean
transformation expected from changing reference frames and also a multiplication by gG−1,
which is done by post-processing the equation-set specific flux,

~FX = gG−1~F− uXG−1~vG = gG−1
(
~F− u~vG

)
. (69)

To account for the Galilean transformation on element interfaces, the Riemann solver
needs to operate on ~F− u~vG instead of just ~F.

The reference-domain viscous flux is related to the physical viscous flux through

~GX = gG−1 ~G. (70)

Since the physical viscous flux is calculated using a diffusion matrix and the physical state
gradient, Gi = Kij∂ju, then, using (68) for the physical gradient, the reference-domain
viscous flux is

GX,d = gG−1
di Kij∂xju

= gG−1
di Kijg

−1
(
∂XcuX − uXg

−1∂Xcg
)
G−1
cj

= G−1
di KijG−1

cj︸ ︷︷ ︸
KX,dc

(
∂XcuX − uXg

−1∂Xcg
)
, (71)

where c, d index the reference domain coordinates. KX,dc represents the diffusion matrix
on the reference domain. It can be re-written in a more symmetrical form as

KX,dc = G−1
di KijG−1

cj = G−1
di KijG−Tjc . (72)

Boundary conditions also require modifications when simulating problems on deformable
domains. In particular, the physical boundary flux must be aware of motion on the bound-
ary, ~vG. For example, on a moving wall, the flow tangency boundary condition states that
the normal component of the fluid velocity is equal to the normal component of the
boundary motion velocity (which would be zero without mesh motion). This physical
consideration is separate from the subtraction of ub~vG from the flux – both must be
included.

Calculation of the viscous contribution on a boundary requires not only the boundary
state, ub, but also the boundary flux. For pure Dirichlet boundary conditions, the state
gradient information is taken from the interior. In other cases, the physical viscous flux is
prescribed on the boundary (e.g. zero heat flux for an adiabatic wall), and in these cases,
the viscous flux contribution is added directly to the residual. Note that no transformation
needs to be applied to the viscous flux dotted with the normal, since

~G · ~nda =
(
g−1Gid ~GX

)
·
(
gG−1 ~N

)
dA = ~GX · ~NdA. (73)
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5.2.2 Blended Analytical Mesh Motions

The ALE method described above requires an analytically defined mapping between ref-
erence and physical domains. Therefore, the user must prescribe a motion (e.g. sinusoidal
pitch/plunge) in a certain region of the domain. If only a portion of the domain needs to
move, the mapping can be smoothly blended into the static domain outside the moving
region. As Persson et al present in [86], a polynomial blending function is a simple way

34.1: Airfoil 34.2: Wing

Figure 34: Airfoil and wing undergoing analytical motions. The blue regions are those in which
the prescribed inner motion is blended into the static outer mesh. The boundaries of these
blending regions are circular in 2D and spherical in 3D.

to transition between deforming and static regions. A typical scenario is to have an inner
disk in 2D (or sphere in 3D) undergo a prescribed rigid-body motion, and to then blend
this motion into the static mesh via the polynomial blending function. Figure 34 shows
an example of this blending for an airfoil and a wing.

5.2.3 The Geometric Conservation Law

The ability to preserve a free stream is a desirable property of numerical schemes. How-
ever, for schemes employing a finite-dimensional basis (say a set of polynomials in space-
time), a constant state ū in the physical domain will generally not be a solution to the
discrete form of (66) in the reference domain. This means that for an arbitrary motion of
the mesh, an initially free-stream state will not be preserved.

This lack of free-stream preservation can be explained by noting that, for general map-
pings, the Jacobian g will be non-polynomial in both space and time. Hence, the reference
state uX = gū will likewise be non-polynomial, which means it cannot be represented ex-
actly with the reference-domain bases. This inexact representation will introduce both
spatial and temporal errors into an initially free-stream state, which manifest as conser-
vation errors that accumulate in time.
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To eliminate these conservation errors, a separate Geometric Conservation Law (GCL)
is enforced alongside the governing equations. The idea of the GCL is twofold: (i) to
address the representation issues mentioned above, replace the analytical g with a new
variable, ḡ, which is a polynomial approximation to g in space-time; and (ii) to ensure
that this ḡ actually allows for free-stream preservation, compute it from the following
equation [86]:

∂ḡ

∂t
−∇X · (gG−1~vG) = 0. (74)

This equation ensures that the change in element area (i.e. the change in ḡ) is directly
linked to what the grid velocities on element boundaries claim it should be. Hence, there
is no disagreement between grid velocities and Jacobians on what the geometry is, and in
that sense we have “geometric conservation.”

The strategy then is to use this ḡ to define a new reference-domain state uX̄ =
ḡg−1uX = ḡu, which is used instead of the original state uX = gu. If ḡ is discretized
using the same spatial basis as the state and is marched in time using the same unsteady
solver, a free-stream state ū will be preserved. In the end, what we have done is replaced
the original analytical g with a “best fit” space-time polynomial ḡ, which then makes the
free-stream state uX̄ = ḡū exactly representable in the discrete space.

Once ḡ is obtained on each element, it is used instead of g to convert the stored
reference state to the physical state. The final form of the reference-domain equation is
then

∂uX̄
∂t

∣∣∣
X

+∇X · ~HX̄(uX̄ ,∇XuX̄ , ḡ) = 0, (75)

where ~HX̄ is just ~HX but with uX̄/ḡ replacing uX/g in the calculation of the physical
state.

Figure 35 shows the effect of the GCL on a free-stream preservation test. In this
case, we solve the Navier-Stokes equations on a rectangular domain with an analytical
sinusoidal deformation mapping defined in the domain interior. The temporal and spatial
discretization are both discontinuous Galerkin, with order r = 1 and p, respectively.
Without the GCL, the free-stream solution is not preserved, though the L2 error converges
with both h- and p-refinement of the spatial mesh. With the GCL, the free stream is
maintained to residual tolerance, which was approximately ten orders of magnitude for
these runs. To achieve this level of accuracy, high order quadrature rules are required,
with rules of order 6p used in this case to demonstrate the GCL’s full effect. In practical
cases we use more modest rules, namely 2p + 5 for the Navier-Stokes equations, since
discretization errors tend to dominate and make high quadrature rules unnecessary.

Finally, note that (74) has introduced an additional numerical quantity, ḡ, which is
subject to discretization errors just like the state quantities, and this is relevant for error
estimation.
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Figure 35: Free-stream errors with and without the GCL. A large number of time steps is used
so that the spatial error dominates the temporal error in each case.

5.3 Error Estimation and Adaptation

5.3.1 The Adjoint-Weighted Residual and Error Localization

The adjoint-weighted residual output error estimate in (40) extends directly to unsteady
problems,

δJ ≈ −ΨT
hRh(U

H
h ) = −

Nk∑
k=1

r+1∑
m=1

(
Ψkm
h

)T
Rkm
h (UH

h ). (76)

The effect of the GCL can be incorporated into the above formula by extending the state,
residual, and adjoint vectors to include the GCL variable and equation. The contribution
of the GCL to the error estimate is important because, when the GCL is used, the GCL
residuals tell us where the mesh or time step should be refined to more accurately represent
the true motion [64].

To localize the error contributions to individual space-time elements in the mesh, we
note that the output error estimate in (76) can be written as a sum over all space-time
elements,

δJ ≈
Nk∑
k=1

Ne∑
e=1

εke , (77)

where the error contribution of a given space-time element (e, k) is, assuming a temporal
order of r,

εke =
r+1∑
m=1

(
−Ψkm

he

)T
Rkm
he

(
UH
h

)
, (78)
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This is just the adjoint-residual product restricted to the element (e, k), with a sum taken
over the intra-slab temporal degrees of freedom m. The error indicator is then taken as
the absolute value of this elemental contribution to the output error,

error indicator for element e of time slab k = εke =
∣∣εke∣∣. (79)

We are sometimes also interested in a “conservative” error estimate given by the sum of
the individual error indicators,

sum of error indicators = ε =

Nk∑
k=1

Ne∑
e=1

εke . (80)

5.3.2 Incorporating Space-Time Anisotropy

The indicator in (79) is sufficient for isotropic space-time refinement in which elements
are targeted for refinement in both space and time. However, isotropic refinement can
produce inefficient meshes. For example, if the discretization is under-resolved in the time
domain, spatial elements would needlessly be refined on account of the temporal error.
Therefore, important for an efficient adaptation strategy is a measure of the space-time
anisotropy of the error; in other words, is the error on a given space-time element due
primarily to the spatial or temporal discretization?

As a heuristic measure of space-time anisotropy, one could consider inter-element
jumps in the solution. For each space-time element, the average jump in the state com-
puted across the spatial interfaces and across the time slab interfaces could serve as an
estimate of which direction (space or time) is better resolved. Although cheap to eval-
uate, such a heuristic requires normalization and some arbitrary decisions, especially for
systems of equations.

We can eliminate some of the heuristics by basing the anisotropy measure on the
output error estimate [32, 33]. Specifically, we calculate the error anisotropy using separate
projections of the fine-space adjoint onto semi-coarsened spatial and temporal spaces, as
illustrated in Figure 36. The spatial and temporal error estimates for space-time element
(e, k) are obtained by using these projected adjoints in (77), resulting in separate εk,space

e

and εk,time
e estimates. We then use the ratio of these values to estimate the fractions (β)

of spatial and temporal error on element (e, k) as

βk,space
e =

|εk,space
e |

|εk,space
e |+ |εk,time

e |
, βk,time

e = 1− βk,space
e . (81)

5.3.3 Space-Time Mesh Adaptation

With the above estimates of spatial and temporal error, we have the fundamental in-
formation needed for adaptation. We adapt by resolving the unsteady problem several
times on successively refined space-time meshes, as illustrated in Figure 37. After each
primal solve, the adjoint equations are marched backward in time, new error indicators
are obtained, and a new adapted mesh is generated. This process is repeated until the
output error drops below a specified tolerance. A key choice in adaptation is the decision
of what to adapt. First, to address temporal errors, we could refine the time-step on each

VKI - 56 -



5.3 Error Estimation and Adaptation 5 UNSTEADY SYSTEMS

spatial resolution

UH

Ψh

te
m
p
or
al

re
so
lu
ti
on coarse spatial resolution

εtime = −Ψtime,T
h Rtime

h (UH)︸ ︷︷ ︸
time error

Ψtime
h projection of Ψh to

36.1: Estimation of εtime

spatial resolution

Ψh

te
m
p
or
al

re
so
lu
ti
on

Ψspace
h

UH
εspace = −Ψspace,T

h Rspace
h (UH) = spatial error

coarse temporal resolution

projection of Ψh to

36.2: Estimation of εspace

Figure 36: Measure of space-time anisotropy via projections of the fine-space adjoint into semi-coarsened
spaces. In this work, the coarse spatial and temporal resolutions are obtained by order decrement, and
the projection is least-squares.

Mesh adaptation
Error estimation

Second adaptive iteration

First adaptive iteration

Adapted solution
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states

Forward solve

Adjoint solve

Forward solve

Adjoint solve

t = Tt = 0

Figure 37: Adaptive solution process for unsteady problems. Adjoint vectors are written during each
adaptive iteration, which consists of a forward and adjoint solve.

VKI - 57 -



5 UNSTEADY SYSTEMS 5.3 Error Estimation and Adaptation

space-time element separately, and this would require a type of hanging-node treatment
in time. However, to enable efficient solution of the DG-in-time discrete system by our
approximate Newton solver, we limit the temporal refinement to entire time slabs, as
described below. Second, to address spatial errors, we can adapt a mesh and leave it
adapted for the course of the simulation (static spatial refinement) or we can devise an
adaptive schedule in which the refinement changes during the course of the simulation
(dynamic refinement). We consider both options, as described below.

Temporal Refinement: To address temporal errors, we adapt the DG-in-time dis-
cretization by adjusting the size of each time slab. When adaptation consists of only
refinement (no coarsening), then this adjustment consists of simple bisection of those
time slabs targeted for refinement, as shown in Figure 38.1. However, when coarsening
also occurs, the boundaries of a coarsened slab will typically encroach on those of the
neighboring slabs, and the entire temporal grid must be shuffled to make room for the
coarsened slab, as illustrated in Figure 38.2. To perform this shuffling, time slabs are
redistributed using one-dimensional metric-based meshing, the details of which are given
in Appendix B.

t

38.1: Time slab bisection

t

38.2: Time-slab shuffling

Figure 38: Temporal mesh refinement using bisection and shuffling. Time slabs shaded in blue are
flagged for refinement, and those in gold are flagged for coarsening.

Static Spatial Refinement: One simplification that minimizes storage and complexity
of the data structures is to have refinement of the spatial mesh remain fixed throughout
the unsteady simulation. That is, the number/location of elements and approximation
order on each element are both constant in time, as illustrated in Figure 39. Although
this can limit efficiency of the adaptation, especially for problems that exhibit spatially-
localized sources of error that move in time, there are many problems for which such a
static refinement strategy works well.

In static spatial refinement, the “objects” to be adapted are (i) spatial elements and
(ii) time slabs. Adaptive indicators identifying the spatial error on each spatial element
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Figure 39: Illustration of static spatial refinement for a DG-in-time discretization, using hanging-node
spatial mesh refinement. Static order refinement follows a similar approach.

and the temporal error on each slab are given by

aggregate spatial indicator on element e = εspace
e =

Nk∑
k=1

εkeβ
k,space
e , (82)

aggregate temporal indicator on time slab k = εk,time =
Ne∑
e=1

εkeβ
k,time
e , (83)

With these indicators, we could then conceivably lump all time slabs and space-time
elements into the same“bin,” rank them according to their error indicators, and determine
which to adapt based on their relative positions in that ranking. However, this approach
would neglect the cost of each refinement option. For example, if a time slab and a
spatial element had the same error but there were many more time slabs than spatial
elements, one would not want to weigh refining the time slab equally compared to refining
the element. Rather, refining the time slab would be cheaper because it would add fewer
degrees of freedom compared to refining a spatial element. Thus, rather than adapting
directly on errors, we adapt on a slightly different figure of merit – the amount of error
on a given element or slab (Eqns. 82 and 83) divided by the additional degrees of freedom
associated with adapting that element or slab. This figure of merit then ensures that we
eliminate the most output error for the least additional cost.

To first approximation, the number of degrees of freedom introduced in a time slab
division is estimated as the number of spatial degrees of freedom in the current mesh,
while the number of degrees of freedom introduced in a spatial refinement is estimated as
Nk times the number of new spatial degrees of freedom obtained from a refinement of that
element. The respective adaptive indicators εk,time and εspace

e are divided by these quan-
tities and then sorted highest to lowest. The element or time slab with the highest error
indicator per proposed additional number of degrees of freedom is chosen for refinement
first, and the process continues until a growth budget is reached or surpassed. This is
effectively a fixed-growth adaptation strategy. We note that in some cases the refinement
could target only spatial elements or only time slabs, depending on the relative resolution
in time and space.
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Dynamic Spatial Refinement: In dynamic spatial refinement, the spatial resolution
of an element can change during the course of the simulation. This change could arise from
hanging node refinement, mesh motion, or order refinement. We focus on order refinement,
illustrated in Figure 31, as it is one of the simplest options for a DG discretization in space
and time.

Recall that pke is the order of spatial approximation on spatial element e at time slab
k. So the “objects” to be adapted are both (i) individual space-time elements in order
and (ii) time slabs. Adaptive indicators identifying the spatial error on each space-time
element and the temporal error on each slab are given by

spatial indicator on space-time element e, k = εspace
ek = εekβ

space
e,k , (84)

aggregate temporal indicator on time slab k = εk,time =
Ne∑
e=1

εe,kβ
time
e,k , (85)

These definitions are similar to the static refinement case, except that now the spatial
indicator exists for every space-time element, instead of just as a sum over time slabs for
each element. As in static spatial refinement, we make a decision of what to adapt based
on a figure of merit that incorporates both the localized error estimate and the cost (in
terms of additional degrees of freedom) of the refinement operation. We now also allow
for order decrease, i.e. coarsening of the spatial mesh, in addition to refinement. More
details on this algorithm are given in Appendix B.

5.3.4 Implementation Notes

The adjoint equations require several derivative terms, including residual Jacobians and
output linearizations. In the current work, we perform all differentiation analytically, with
the exception of some terms required when using the geometric conservation law, which
we evaluate using finite differences for ease of implementation.

When solving the adjoint equations, we use the entire time history of the primal state
and GCL variable, which we store to disk during the primal solve. While for the present
work this storage has not been prohibitive, for larger problems solution checkpointing [47]
or local-in-time adjoint solvers [111] may be considered.

The space-time error indicators are computed on the fly during the backwards time-
marching solution of the unsteady adjoint problem. Following each unsteady adaptive
iteration, the error indicators are sorted and space-time elements are identified for refine-
ment and coarsening. A schedule of orders pke and time slab sizes is then written to disk
for the next adaptive iteration. This schedule takes the form of individual files that are
read in by the forward solver during the next forward solve.

Error estimation requires that the adjoint be solved in an enriched space, and for our
work we use order refinement in both space and time: p→ p+1, and r → r+1. For large
(e.g. 3D) simulations, the cost of an adjoint solution on this space may become prohibitive
due to memory limitations associated with the linear solve (we store the full residual
Jacobian matrix). To address this issue, in these cases we employ a reconstruction-based
strategy in lieu of computing the fine-space adjoint directly. That is, we compute the
adjoint in the same space as the primal problem, and then reconstruct it in both space
and time to obtain an approximation to the fine-space adjoint. This reconstruction is
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performed locally, with patches of neighboring elements used to generate a least-squares
spatial reconstruction, and pairs of neighboring time slabs used to obtain a high order
temporal interpolant [32], as illustrated in Figure 40.

patch

p

p

pp
p+ 1

40.1: Spatial reconstruction

tktk−1 tR

reconstructed
r=2 adjoint
solution

IH,k IH,k+1

t

O((∆t)2r+1)

O((∆t)r+2)

r=1 adjoint solution

O((∆t)2r+1)

40.2: Temporal reconstruction

Figure 40: Illustration of spatial and temporal adjoint reconstructions. On the left, a patch of nearest-
neighbor elements used for spatial high order reconstruction via least-squares interpolation. On the right,
reconstruction of an r = 1 adjoint to r = 2 using the left node from the adjacent future time slab and
superconvergent nodes on the current time slab. tR indicates the root of the left Radau polynomial for
r = 1.

5.4 Examples

5.4.1 Static h-Refinement for an Impulsively-Started Airfoil

In this example we demonstrate the performance of static hanging-node spatial mesh
refinement together with time slab bisection for an unsteady computation on a static do-
main. The adaptive mechanics consist of only refinement (no coarsening) in space and
time, driven by a prescribed fixed-growth of degrees of freedom, f growth = 2, per adaptive
iteration. Adaptation using the output-based error indicator is compared to several other
strategies: adaptation using an indicator obtained from an unweighted residual; adapta-
tion driven by a measure of inter-element jumps; and uniform space and time refinement.
Details on these adaptive strategies are given in [32].

We consider an impulsively-started NACA 0012 airfoil in viscous flow, where for t ≥ 0,
the freestream conditions are M∞ = 0.25, α = 8◦, Re = 5000. To prevent a non-physical
step change in the velocity of the fluid at the airfoil surface, the initial condition at
t = 0 consists of the freestream with the velocity blended smoothly to zero in a circular
disk around the airfoil. Specifically, the velocity in the blended region, r1 ≤ r ≤ r2

is v = V∞(1 − cos(π(r − r1)/(r2 − r1)))/2 where r1 and r2 are radial distances from
the airfoil mid-chord (set to one and three chord lengths respectively) and V∞ is the
freestream velocity. No steady solve is performed prior to the unsteady simulation.

Figure 41a shows the entropy contours at t = 10 units, the final time in the simulation.
By this time an alternating pattern of shed vortices has developed and is clearly visible.
The output of interest is the lift coefficient integral from t = 9 to t = 10, as illustrated
in Figure 42a. A snapshot adjoint solution for the y-momentum equation at t = 6 is
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illustrated in Figure 41b. A “reverse wake” is evident in the adjoint solution, signifying
an oscillatory sensitivity of the output to y-momentum residual perturbations upstream.

41.1: Entropy contours at t = 10 41.2: y-momentum adjoint at t = 6

Figure 41: Impulsively-started airfoil: primal state at the final time and the adjoint state at t = 6.

For the adaptive runs, an initial spatial mesh of 510 elements is used, and the initial
temporal mesh contains 16 time slabs. The output convergence for the various indicators is
shown in Figure 42b. The residual indicator does not perform well at all again: the output
varies significantly from iteration to iteration. The other indicators converge, with the
fastest being output-based adaptation, followed by approximation error and then uniform
refinement. The advantage of the output-based refinement with degrees of freedom is a
factor of 3-4 savings over the approximation error indicator. The error estimates under-
predict the error in the middle stages of output-based refinement, while the conservative
whiskers at ±ε are more robust.

Figure 43a shows the time histories of the lift coefficient for adapted space-time meshes
of similar size. The source of the error in the residual-adapted case is clear: it does not
predict oscillatory vortex shedding, but rather an increasing lift coefficient. The other
three adaptive indicators track the actual time history well. Figure 43b shows the L2

time history error convergence for all of the methods, versus the cube root of the degrees
of freedom. Under uniform refinement, the observed convergence rate is a suboptimal
1.5, which could be caused by high-order derivative discontinuities in the blended initial
condition or the resolution not yet being in the asymptotic regime. Of primary interest,
however, is the performance of output-based adaptation, which remains the fastest out
of the methods tested. Even though the output is only measured on the final 10% of the
simulation time, accurate resolution prior to this metric time is important as it affects the
state at the start of the output measurement.

The corresponding adapted meshes are shown in Figure 44. Output-based adaptation
targets the airfoil leading and trailing edges, the boundary-layer region above the front
of the airfoil, and slightly the stagnation line in front and the wake behind the airfoil.
The approximation-error indicator also targets the leading and trailing edges and puts
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42.1: Output definition
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Figure 42: Impulsively-started airfoil: time integral output definition and its convergence under the
adaptive indicators. Error bars at ±δJ and whiskers at ±ε are shown for the output-based results. The
“actual” output is computed on a uniformly-refined final output-adapted space-time mesh.
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Figure 43: Impulsively-started airfoil: sample lift coefficient time histories and convergence of the L2

time history error for various adaptive indicators. The “actual” time history is computed on a uniformly-
refined final output-adapted space-time mesh.
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more emphasis on the wake, where the shed vortices propagate. The residual indicator is
distracted by effects of the initial condition: the velocity blending near the airfoil sends
out acoustic waves that the residual indicator attempts to track as they propagate away
from the airfoil.

44.1: Adapted on output error (5956 elements) 44.2: Adapted on approx. error (4585 elements)

44.3: Adapted on residual (7929 elements)

0 1 2 3 4 5 6 7 8 9 10

Output error: 141 time slabs

Approximation error: 420 time slabs

Residual: 211 time slabs

Time

0

0.5

1
x 10

−3

|Temporally−marginalized output error|

44.4: Temporal meshes

Figure 44: Impulsively-started airfoil: adapted spatial and temporal meshes for the seventh adaptive
iteration. Localized output error estimates εe and εk are shown for the output-error adapted meshes.

The temporal meshes are shown in Figure 44.4. The output-based indicator creates
a fairly uniform temporal refinement, with slightly higher resolution prior to the metric
time. The approximation error focuses on the initial time, as it tracks the evolution of
the blended velocity field, and the latter 1/3 time when the shed vortices develop. The
residual indicator again creates a mostly-uniform temporal mesh as it tracks the acoustic
waves.
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5.4.2 Dynamic-Order Adaptation for Pitching and Plunging Airfoils

In this example we demonstrate the performance of dynamic-order spatial mesh refine-
ment/coarsening together with time slab refinement/coarsening for an unsteady compu-
tation on a deformable domain. The adaptive mechanics consist of refinement driven by
a prescribed fixed-growth factor for degrees of freedom of f growth = 1.35 per adaptive
iteration, together with a coarsening fraction of f coarsen = .05. Adaptation using the
output-based error indicator is compared to adaptation using an indicator obtained from
an unweighted residual, and to uniform h and p refinement of the spatial mesh. The
temporal adaptation is always time slab refinement/coarsening.

This case involves two airfoils pitching and plunging in series at low Reynolds num-
ber [64]. The airfoils start from an impulsive free-stream condition and undergo three
periods of motion. The plunge amplitude is 0.25 chords, the pitch amplitude is 30◦, and
the period of both motions is T = 2.5. The Strouhal, Mach, and Reynolds numbers are
2/3, 0.3, and 1200, respectively. The airfoils are offset 4.5 chords horizontally and 1 chord
vertically, and are situated in a 60 x 60 chord-length mesh with 3, 534 triangular elements.

Entropy contours at various phases of the motion are shown in Figure 45. A reverse
Kármán vortex street develops behind each airfoil, and the second airfoil interacts with
the wake from the first airfoil near the end of the simulation. Our output of interest is
the lift on the second airfoil integrated from time t = 7.25 to t = 7.5 (the final time).

Adaptations were performed starting from an initial p = 1, 90 time step solution, with
a 35% growth factor and 5% coarsening factor used for the output- and residual-based
methods. The spatial order p was constrained to lie between 0 and 5, and a DG1 scheme
was used in time.

The output convergence for each adaptive method as a function of total space-time
degrees of freedom is shown in Figure 46. We see that the output-based adaptation
converges much faster than uniform refinement, requiring roughly two orders of magnitude
fewer degrees of freedom. These gains relative to uniform refinement are impressive,
though not entirely unexpected. Equally interesting is the difference between the output-
based and residual adaptation. The residual indicator targets regions of the domain where
the governing equations are not well-satisfied, and hence usually performs well for static
problems. However, in this case, its performance is erratic and no better than uniform
refinement. This erratic behavior is a consequence of the acoustic waves that emanate
from the airfoils as they pitch back and forth. The residual indicator becomes distracted
by these waves and exhausts degrees of freedom trying to resolve them as they propagate
throughout the domain. The output-based method, on the other hand, dismisses the
majority of these waves as irrelevant and simply ignores them.

The spatial and temporal meshes from the final output-based adaptation are shown in
Figures 47 and 48, respectively. We see that the near-airfoil and vortex shedding regions
are targeted for adaptation, as well as the group of large elements surrounding the mesh
motion regions. While somewhat difficult to observe in the still-frames, the initial vortex
shed from the first airfoil is heavily targeted throughout the simulation, since this vortex
later collides with the second airfoil near the final time.

To highlight one of the factors driving the adaptation, contours of the GCL adjoint
are shown alongside the entropy contours in Figure 45. The time t = 0.70T is the instant
before the initial vortex is shed, and the large sensitivity of the output to this event can be
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45.1: t = 0.70T

45.2: t = 1.25T

45.3: t = 2.75T

Figure 45: Two-airfoil case: Entropy (left) and GCL adjoint (right) contours at various stages of the
motion on a fine mesh. The GCL adjoint contours have been re-scaled to more clearly show the features
(black is -2, white is 1). Both acoustic and convective modes of error propagation can be seen in the first
two contours, while at the final time, the adjoint field collapses on the second airfoil.
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Figure 46: Two-airfoil case: Output convergence for various adaptive methods. The output-based
method performs the best. Note that for all plots, the “actual” value is taken from the final uniform
p-refinement.

seen in the adjoint contours. As the simulation proceeds, the output sensitivity gradually
shifts from the first airfoil to the second, before collapsing upon the second airfoil at the
final time.

Some other aspects of the GCL adjoint are worth pointing out. In the first two
contours, the near-circular rings represent inward-moving (adjoint) acoustic waves, which
converge upon a particular region as the simulation proceeds. The existence of a ring
implies that an important event in space-time is about to occur, and any errors made
within the circumference of the ring have the ability to influence this event. In this
simulation, the important events tend to be instances of vortex shedding, and the rings
converge on the trailing edge regions. Lastly, between the two airfoils, a path can be seen
tethering them together. This path appears because any errors within it ultimately reach
the second airfoil via convection, and can therefore directly affect the output.

Above, we solved the fine-space adjoint to machine precision to ensure accurate error
estimates and efficient allocation of mesh degrees of freedom. In practice, CPU time
is another important factor, and solving the adjoint to machine precision is generally
not the most efficient strategy. In Figure 49, we show a wall time comparison for the
various adaptive strategies, with the adjoint smoothed to a residual tolerance of 1× 10−3.
This tolerance is not necessarily optimal, and we note that the code itself has not been
optimized for CPU time. However, our aim is simply to give an idea of the relative timings.
While the performance gains for the output-based method are not as substantial in this
context, it converges roughly 5− 10 times faster than the uniform refinement strategies.
It also significantly outperforms the residual-based adaptation, which fails to converge in
any reasonable amount of time.
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47.1: t = 0.70T

47.2: t = 1.25T

47.3: t = 2.75T

Figure 47: Two-airfoil case: Output-adapted meshes at various stages of the motion. Blue is p = 0, red
is p = 5.
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Figure 48: Two-airfoil case: Temporal grids from the seventh adaptation of both output-based and
residual runs. For clarity, only every other time slab is plotted.
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Figure 49: Two-airfoil case: Wall-time comparison for the adaptive methods. The output-based method
converges the fastest.
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5.4.3 Dynamic-Order Adaptation for a Three-Dimensional Wing

In this example we demonstrate the performance of dynamic-order spatial mesh refine-
ment/coarsening together with time slab refinement/coarsening for an unsteady compu-
tation on a deformable domain in three dimensions. The adaptive mechanics consist of re-
finement driven by a prescribed fixed-growth factor for degrees of freedom of f growth = 1.3
per adaptive iteration, together with a coarsening fraction of f coarsen = .05. Adaptation
using the output-based error indicator is compared to adaptation using an indicator ob-
tained from an unweighted residual, as well as to uniform h and p refinement of the spatial
mesh – the temporal adaptation is always time slab refinement/coarsening.

In three dimensions, the underlying ideas for mesh motion and adaptation remain the
same, but the increased algorithmic complexity and new dimensional scaling do not allow
for a simple extrapolation of the 2D results. In particular, the extra dimension makes the
scaling for the adjoint problem less favorable. For a (p=1, r=1) primal solve in 2D, the
dimension of the fine-space adjoint is approximately 3 times that of the primal, while in
3D this factor increases to over 5. When combined with additional CPU costs, computing
(or even smoothing) the adjoint on the fine space becomes an expensive proposition. We
therefore employ spatial and temporal reconstruction of the adjoint in lieu of a solution
on the fine space, as discussed in Section 5.3.4.

Figure 50: 3D wing: Schematic of the flapping motion. The flow regime is approximately that of a
housefly.

To test this strategy, we proceed in a similar manner as in 2D, though now simulating
a full wing rather than just an airfoil. The wing is shown in Figure 50, along with a
schematic of the flapping motion. The wing moves in all dimensions, with a 30◦ stroke
angle, a slight vertical plunge simulating movement of the “shoulder joint,” and an angle
of attack variation of ±10◦. The Mach number is 0.3, while the Reynolds number of 500,
Strouhal number of 0.4, and aspect ratio of 1.5 place the wing in the flight regime of a
small housefly.

Three periods of motion were simulated, and the solution at various times is shown in
Figure 51. Strong vortex cores develop near the leading edge and wingtip regions before
detaching and shedding into the wake. For adaptation purposes, the output of interest
is taken to be the lift integrated over the final 5% of the simulation time (from t = 7.1
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to t = 7.5). To solve the problem, output-based, residual, and uniform p-refinement
strategies were employed. Adaptations were performed starting from an initial p = 0,
75 time step solution, the spatial order p was constrained to lie between 0 and 5, and a
DG1 (i.e. r = 1) scheme was used in time. The convergence for each adaptive method is

t = T

t = 2.25T

t = 2.8T

Figure 51: 3D wing: Mach contours projected onto entropy isosurfaces, shown for several stages of the
flapping motion. The maximum Mach number (in red) is approximately 0.5. The images are taken from
the final (p=3) uniform refinement.

shown in Figure 52, and the results are encouraging. We see that although reconstructed
adjoints were used, the output-based adaptation still performs well, and converges with
about two orders of magnitude fewer degrees of freedom than uniform refinement. As
expected, the accuracy of the error estimate itself is not great (judging by the fact that
the corrected output converges no faster than the uncorrected one), but is enough to guide
the adaptation in the correct direction. Convergence as a function of wall time is shown
in Figure 52, and we see that the method also performs well in this context.
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52.1: Convergence versus DOF
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52.2: Convergence versus wall time

Figure 52: 3D wing: Output convergence as a function of degrees of freedom and wall time.

Of additional interest is the performance of the residual-based adaptation, which is so
poor that the curve is easy to miss in the plots. The reason for this behavior is evident
in Figure 53, which shows the orders midway through the final residual adaptation. The
residual indicator flags only large elements in the mesh blending region for refinement, and
leaves all elements near the wing at their original low order. The output-based adaptation,
on the other hand, refines elements near the wing as needed. The adapted spatial meshes
from the output-based runs are shown in Figure 54, while adapted temporal grids are
shown in Figure 53. We see that, at early times, the output-based indicator leaves the
mesh relatively coarse, but progressively increases the resolution in both space and time
as the simulation progresses.
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53.1: Residual-adapted orders

0 1 2 3 4 5 6 7

Output error: 51 time slabs

Residual: 75 time slabs

Time

53.2: Temporal grids

Figure 53: : On the left, spatial orders from the residual adaptation midway through the simulation
(blue is p = 0, red is p = 3). The adaptation targets only elements far from the wing, leading to poor
output convergence. On the right, temporal grids from the final output-based and residual adaptations.
The residual adaptation refines periodically with the motion, while the output-based adaptation increases
the resolution near the final times.
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54.1: t = T

54.2: t = 2.25T

54.3: t = 2.8T

Figure 54: 3D wing: Spatial orders from the final output-based adaptation, shown at several stages of
the flapping motion. Dark blue is p = 0, red is p = 3. The images on the left show the interpolation
orders projected onto entropy isosurfaces.
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6 Hybrid Discontinuous Galerkin Discretizations

6.1 Introduction

A DG discretization uses extra degrees of freedom (DOFs) compared to continuous finite
element methods for a given mesh and approximation order. While the discontinuous
approximation space in DG provides stability for convection-dominated problems, it does
not generally improve approximation capabilities of the underlying continuous functions.
The cost of “duplicating” these degrees of freedom at element interfaces is especially pro-
nounced in 3D. Hybrid DG methods, have been recently introduced to address this dupli-
cation problem [78, 25, 24, 77]. As illustrated in Figure 55, hybrid methods derive from
mixed formulations in which additional unknowns are placed at element interfaces.

y

x

u(x, y)

Th

û

DG

= EDG

= HDG

û

+

+

Figure 55: Illustration of the approximation space augmentation of hybrid discretizations compared
to a DG discretization. In HDG (hybrid DG), a face-wise discontinuous interface state û augments the
standard DG element-interior approximation. In EDG (embedded DG), the interface state û is chosen to
lie in a space of functions that are continuous at mesh vertices.

In DG, the number of globally-coupled unknowns scales with order p as pd, where d
is the spatial dimension. Hybrid DG methods have the advantage that the exponent is
reduced by one to pd−1, because the û variables turn out to be the only globally-coupled
unknowns, and these lie in a space of one lower dimension (faces instead of volumes). To
quantify this advantage, we compare DG, continuous Galerkin (CG), and the two hybrid
methods HDG and EDG using degrees of freedom per vertex of a mesh. This comparison,
presented in Table 3 assumes typical isotropic meshes (e.g. 6 triangles or 24 tetrahedra
adjacent to a vertex) and ignores boundary effects.

6.2 Weak Form

We consider a hybrid discontinuous Galerkin (HDG) discretization of the PDE in (1).
Other hybrid methods, such as EDG, can be obtained by modifying the approximation
space definitions. Assuming that diffusion is present, we introduce a new element-interior
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Table 3: .The numbers in the below tables indicate approximately how many degrees of freedom (per
equation of a system) we need per vertex of the mesh.

Triangles :
method p = 1 p = 2 p = 3 p = 4

DG 6 12 20 30
CG 1 4 9 16

HDG 6 9 12 15
EDG 1 4 7 10

Quadrilaterals :
method p = 1 p = 2 p = 3 p = 4

DG 4 9 16 25
CG 1 4 9 16

HDG 4 6 8 10
EDG 1 3 5 7

Tetrahedra:
method p = 1 p = 2 p = 3 p = 4

DG 24 60 120 210
CG 1 8.2 27.4 64.6

HDG 36 72 120 180
EDG 1 8.2 27.4 58.6

Hexahedra:
method p = 1 p = 2 p = 3 p = 4

DG 8 27 64 125
CG 1 8 27 64

HDG 12 27 48 75
EDG 1 7 19 37

variable, ~q ∈ [Rs]d, for approximating the gradient. The general system of equations
becomes

~q−∇u = 0,

∂tu +∇ ·
[
~F(u) + ~G(u, ~q)

]
︸ ︷︷ ︸

~H(u, ~q)

+ s(u, ~q) = 0, (86)

where ~F ∈ [Rs]d and ~G ∈ [Rs]d are the inviscid and viscous fluxes respectively, ~H ∈ [Rs]d

is the total flux, and s ∈ Rs is a source term. The HDG weak form is obtained by dotting
the first equation with test functions ~v ∈ [Vh]

d and the second with test functions w ∈ Vh

and integrating over all elements of the domain. The result is

(~q, ~v)Th + (u,∇ · ~v)Th − 〈û, ~v · ~n〉∂Th = 0, ∀~v ∈ [Vh]
d (87)

(∂tu,w)Th −
(
~H,∇w

)
Th

+

〈
~̂H · ~n,w

〉
∂Th

+ (s,w)Th = 0, ∀w ∈ Vh (88)〈
~̂H · ~n,µ

〉
∂Th\∂Ω

= 0, ∀µ ∈Mh (89)

where ·̂ denotes a quantity (not necessarily unique) defined on an interface between two

elements. For example, ~̂H is the total flux on an interface, but it is defined separately by
each of the adjacent elements. The inner products appearing in the above equation are
defined as

Inner product over elements : (u,w)Th =
Ne∑
e=1

∫
Ωe

uTw dΩ

Inner product over all faces : 〈u, ~v · ~n〉∂Th =
Ne∑
e=1

∫
∂Ωe

u+~v+ · ~n+ ds
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Recall that Ne is the number of elements and that (·)+ refers to a quantity taken from the
interior of an element. Also ~n+ is a normal pointing outward from Ωe. In HDG, the state
fluxes û ∈ Rs are separate unknowns on interior faces σf . We do not place unknowns on
boundary faces. To close the system, we need equations associated with the interior faces:
these are flux continuity statements given in (89, where µ ∈Mh are test functions defined
on the interior faces. Figure 56 summarizes the definitions of the various quantities.

∂Ωe ∪ ∂Ω

∂Ωe

~n

Ĥ · ~n
∣∣
interior

~H = ~F + ~G

~q,u

Ĥ · ~n
∣∣
boundary

σf ∈ Eh = set of interior faces

~n = normal pointing outward from Ωe

û = separate unknown on each face

Element Ωe ∈ Th

Figure 56: Definitions of various HDG quantities.

The approximation spaces used for the solution and test functions are given in Table 4.
The relevant spaces are defined as,

Vh = [Vh]s, Vh =
{
u ∈ L2(Ω) : u|Ωe ∈ Ppe(Ωe) ∀Ωe ∈ Th

}
Mh = [Mh]

s, Mh =
{
û ∈ L2(Eh) : û|σf ∈ Ppf (σf ) ∀σf ∈ Eh

}
We assume that each element Ωe can potentially have its own order, pe, and that both
u and ~q are approximated with this same order. Also, we assume that each face, σf can
have its own order, pf . Note that by approximating ~q independently, HDG can generally
predict gradients to a higher-order accuracy compared to standard DG.

Table 4: Spaces for trial and test functions in an HDG discretization.

Trial functions Test functions Space
u w Vh

~q ~v [Vh]
d

û µ Mh

6.3 Fluxes and Stabilization

Consider element Ωe. The general form for the total flux dotted with the outward-pointing
normal on an interior face of element Ωe is

Ĥ · ~n
∣∣
interior

= ~H(û, ~q) · ~n+ S(û)(u− û), (90)
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where u and ~q are quantities taken from the interior of element Ωe. Since we have two
elements adjacent to each interior face, and since the total flux definition above uses
element-interior quantities, the value of Ĥ ·~n may not be pointwise-continuous across the
face. Note that the total flux consists of two pieces. First, we have the physical flux
based on the interface state, û, and the element-interior gradient, ~q. Second, we have
a stabilization term that involves u and û. The normal vector does not appear in the
stabilization contribution. S ∈ Rs×s is a stabilization tensor that could be chosen in
various ways. Two choices are given below.

6.3.1 Lax-Friedrichs Stabilization

This is a simple choice in which we take S = τI, where τ is a global constant and I ∈ Rs×s

is an identity matrix. The constant τ could be set by the user, hard-coded, or computed
from the following equation:

τ = |cmax|+
ν

`visc

, (91)

where cmax is (an estimate of) the maximum characteristic speed, ν is the diffusivity,
and `visc is a user-defined viscous length-scale (not dependent on mesh size). A small
modification of this stabilization would be to define τ locally on each interior face, possibly
using a local maximum characteristic speed.

6.3.2 Roe Stabilization

A more sophisticated stabilization takes a “Roe”-like approach to the treatment of the
convective term. The stabilization matrix is

S = R |Λ|L + τviscI, (92)

where τvisc = ν/`visc is the same as the viscous portion of the Lax-Friedrichs stabilization.
The matrices R,Λ,L, all in Rs×s, come from an eigen-decomposition of the convective
flux Jacobian matrix computed about the interface state û,

∂(~F(û) · ~n)

∂û
= R Λ L. (93)

6.3.3 Boundary Conditions

Boundary conditions are incorporated in the same fashion as in DG: we define a boundary
flux using the element-interior state, the outward-pointing normal, the element-interior
~q, and boundary condition data,

Ĥ · ~n
∣∣
boundary

= Ĥb(u, ~q, ~n,BCs) + S(ub)(u− ub) (94)

ub = ub(u,BCs) = boundary state (a projection)

We emphasize that there is no separate face-based state defined on the boundary faces.
The boundary condition comes in through a flux that is constructed directly using the
element interior state and boundary condition data.
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When implementing the boundary condition, we first compute a boundary state ub

using the element-interior state u and the boundary condition data (BCs). The map from
u to ub has to be a projection, so that applying it more than once has no additional effect
compared to applying it just once. An example of how boundary conditions come into
this map is in the definition of a boundary state in the case of a no-slip wall: the map
to the boundary state must zero out the velocity components. Second, we compute the
boundary flux using this boundary state, the element-interior gradient ~q, the normal ~n
and possibly the BC data again (e.g. if a heat-flux BC directly specified the energy flux
through a wall).

Finally, note that stabilization is also included in the boundary flux. This stabilization
penalizes jumps between the element-interior state, u, and the boundary state, ub.

6.4 Discrete System, Static Condensation, and Matrix Storage

We approximate ~q, u, and û as follows:

inside element Ωe: ~q(~x)
∣∣
Ωe

=
d∑
i=1

Npe∑
n=1

Qeinφn(~x)x̂i (95)

inside element Ωe: u(~x)
∣∣
Ωe

=

Npe∑
n=1

Uenφn(~x) (96)

on face σf : û(~s)
∣∣
σf

=

Npf∑
n=1

Λfnµn(~s) (97)

where ~x ∈ Rd denotes a coordinate inside element Ωe, x̂i is the unit normal in the direction
of the xi coordinate, ~s ∈ Rd−1 denotes a coordinate on face σf , and n indexes the degrees
of freedom associated with a polynomial approximation of the required order. Note that
we assume that ~q and u are approximated with the same basis and order.

Using a Galerkin method, we convert the weak variational statements in (87-89) to
discrete form by defining the following residuals:

RQ
ein =

∫
Ωe

qiφn dΩ +

∫
Ωe

u∂iφn dΩ−
∫
∂Ωe\∂Ω

ûφnni ds−
∫
∂Ωe∩∂Ω

ubφnni ds (98)

RU
en =

∫
Ωe

∂tuφn dΩ−
∫

Ωe

~H · ∇φn dΩ +

∫
∂Ωe\∂Ω

Ĥ · ~n
∣∣
interior

φn ds (99)

+

∫
∂Ωe∩∂Ω

Ĥ · ~n
∣∣
boundary

φn ds+

∫
Ωe

sφn dΩ (100)

RΛ
fn =

∫
f

{
Ĥ · ~n

∣∣
L

+ Ĥ · ~n
∣∣
R

}
µn ds (101)

In the definition of the face residuals, RΛ, the notation L and R refers to the elements on
the left and right of the face f . Note that ~nL = −~nR. Using (90), the integrand appearing
in RΛ is

Ĥ · ~n
∣∣
L

+ Ĥ · ~n
∣∣
R

=
[
Ĥ(û, ~qL)− Ĥ(û, ~qR)

]
· ~nL + SL(uL − û) + SR(uR − û).
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For inviscid problems, when we do not have ~q, the term inside the square brackets is zero so
the flux balance becomes just an expression of a weak equality between stabilization terms.
An interesting situation occurs when pL = pR = pf and when the stabilization tensor is a
constant: setting the face residuals to zero enforces that the polynomial (uL + uR − 2û)
is identically zero. So the statement of weak flux continuity actually results in pointwise
equality of the fluxes between the elements adjacent to face f .

Note that in the definition of the residuals, the element-interior degrees of freedom
talk only to other interior degrees of freedom inside the same element and/or to degrees
of freedom on faces adjacent to the element. The residual Jacobian matrix is then

Q1 U1 Q2 U2 . . . . . . . . . Λf . . .

RQ
1

∂RQ
1

∂Q1

∂RQ
1

∂U1
. . .

∂RQ
1

∂Λf
. . .

RU
1

∂RU
1

∂Q1

∂RU
1

∂U1
. . .

∂RU
1

∂Λf
. . .

RQ
2

∂RQ
2

∂Q2

∂RQ
2

∂U2
. . .

∂RQ
2

∂Λf
. . .

RU
2

∂RU
2

∂Q2

∂RU
2

∂U2
. . .

∂RU
2

∂Λf
. . .

...
. . . . . .

... . . .
...

. . . . . .
... . . .

...
...

...
...

...
...

... · ... ·
RΛ
f

∂RΛ
f

∂Q1

∂RΛ
f

∂U1

∂RΛ
f

∂Q2

∂RΛ
f

∂U2
. . . . . . . . .

∂RΛ
f

∂Λf
. . .

...
...

...
...

...
...

... · ... ·

Because degrees of freedom associated with element Ωe do not talk directly to degrees of
freedom on other elements, we can statically condense all of the element-interior degrees
of freedom out of a linear system involving the Jacobian matrix, to obtain a linear system
for only the face degrees of freedom. Writing the above Jacobian matrix in shorthand as

Jacobian matrix =



∂RQ

∂Q

∂RQ

∂U

∂RQ

∂Λ

∂RU

∂Q

∂RU

∂U

∂RU

∂Λ

∂RΛ

∂Q

∂RΛ

∂U

∂RΛ

∂Λ


=

[
A B

C D

]
, (102)

we define a matrix K that is the same size as D = ∂RΛ

∂Λ
via

K = D−CA−1B. (103)

The matrix K contains information on coupling between face degrees of freedom after tak-
ing into account the “transmission” of residuals across elements through element-interior
degrees of freedom. The sparsity pattern of K is such that off-diagonal blocks (groups
of degrees of freedom associated with faces) of K are nonzero only if the two faces are
adjacent to the same element. Note that the inversion of A in (103) is an element-local
operation due to the fact that element-interior degrees of freedom are not coupled to each
other.
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We build K by looping over all elements Ωe. On each element, we compute the element-
interior and element-boundary terms, and their linearizations, that appear in the above
residual definitions. We then consider all pairs of faces adjacent to Ωe: let’s label them f
and g, as illustrated in Figure 57. Denote by Kfg the block of the global stiffness matrix

f g

Ωe

Figure 57: f and g index two faces that are adjacent to the same element, Ωe.

associated with face f (the row) and face g (the column). Element Ωe adds the following
contribution to this block:

contribution of elem Ωe: Kfg +=
∂RΛ

f

∂Λg

δfg −
[
∂RΛ

f

∂Qe

∂RΛ
f

∂Ue

]
∂RQ

e

∂Qe

∂RQ
e

∂Ue

∂RU
e

∂Qe

∂RU
e

∂Ue


−1

︸ ︷︷ ︸
A−1
e


∂RQ

e

∂Λg

∂RU
e

∂Λg



From a practical standpoint, when assembling K, we just need a certain amount of local
(associated with one element) storage to make the above calculation easier. This local
storage consists of matrices that contain linearizations of element interior and face residu-
als with respect to element interior and face states. The number of faces for which storage
is needed is the number of faces adjacent to the element Ωe. However, not all combina-
tions are nonzero: for example, face residuals are directly affected by only the face states
on the same face.

In assembling K we need, for each element Ωe, to invert the matrix Ae. This is an
element-local matrix but it still can be pretty large, especially in multiple dimensions
when we have multiple Q vectors. However, the block-diagonal entries of this matrix
associated with RQ

e and Qe are just mass matrices, so the inversion can be accelerated by
a block decomposition.

The system for a primal Newton update is given by

∂RQ

∂Q

∂RQ

∂U

∂RQ

∂Λ
∂RU

∂Q

∂RU

∂U

∂RU

∂Λ
∂RΛ

∂Q

∂RΛ

∂U

∂RΛ

∂Λ


∆Q

∆U
∆Λ

+

RQ

RU

RΛ

 =

0
0
0

 , (104)
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or in shorthand with QU = [Q,U]T denoting the combined Q and U vectors,[
A B

C D

] [
∆QU
∆Λ

]
+

[
RQU

RΛ

]
=

[
0
0

]
. (105)

After static condensation, we obtain a primal system for the face unknown updates,

K ∆Λ + R̃Λ = 0, (106)

where

R̃Λ ≡ RΛ −CA−1RQU . (107)

After solving this system for ∆Λ, we can back-substitute to get ∆QU,

∆QU = −A−1(B∆Λ + RQU). (108)

6.5 Adjoint Discretization

The adjoint system for a scalar output J is obtained by using the transpose of the primal
Jacobian, [

AT CT

BT DT

] [
ΨQU

ΨΛ

]
+

[
∂J
∂QU

T

∂J
∂Λ

T

]
=

[
0
0

]
. (109)

Statically condensing out the element-interior degrees of freedom, we obtain the following
system for the face adjoints,

[
DT −BTA−TCT

]︸ ︷︷ ︸
KT

ΨΛ +

[
∂J

∂Λ

T

−BTA−T
∂J

∂QU

T]
= 0. (110)

So, as expected, the Schur-complement adjoint system matrix is just the transpose of the
corresponding matrix for the primal system. The adjoint residual is also of similar form.
Once we solve (110) for ΨΛ we can back-substitute into (109) and solve for ΨQU .

6.6 Error Estimation

The adjoint-weighted residual output error estimate in (40) also applies to an HDG dis-
cretization,

δJ ≈ −(ΨQ
h )TRQ

h︸ ︷︷ ︸
δJQ

−(ΨU
h )TRU

h︸ ︷︷ ︸
δJU

−(ΨΛ
h )TRΛ

h︸ ︷︷ ︸
δJΛ

, (111)

where all the residuals are evaluated using the coarse state injected into the fine space,
QH
h ,U

H
h ,Λ

H
h . For the fine space, we increment the approximation order by one on each el-

ement and interface. We obtain the fine-space adjoint by solving exactly or approximately
(via smoothing) on this fine space. Note that in (111) we separated the error estimate
into three components, one for each residual.
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6.7 Localization and Adaptation

From (111) we can localize δJQ and δJU to elements, since both of these expressions
involve residuals associated with test functions on element interiors. Similarly, we can
localize δJΛ to faces because δJΛ involves residuals obtained from test functions on faces.
What we do with these error indicators depends in part on the chosen adaptation me-
chanics. In the most general case, we could consider a situation where faces and elements
are adapted independently, e.g. through approximation order; we could then incorporate
some measure of cost to define a merit function to decide which elements or faces needed
to be refined.

At present, however, we restrict our attention to pure h-refinement, and we only require
error indicators on the elements. The elemental error indicators are calculated as

εe = εQe + εUe , (112)

where εQe and εUe are localizations of δJQ and δJU , respectively. We could incorporate
the localization of δJΛ from the faces, by, for example, equally distributing this error
indicator to the two adjacent elements. However, in this work we simply ignore these
face error indicators when calculating the elemental error indicators for adaptation. The
justification for this is that δJΛ is typically much smaller in magnitude in comparison
to δJQ and δJU – in fact, in certain cases we can prove that δJΛ = 0, as discussed in
Section 6.8.1 below.

6.8 Examples

In the following examples we demonstrate the utility of output-based adaptation for HDG
discretizations of a couple aerodynamic flows. The adaptive strategy is fixed-fraction
hanging-node refinement with no coarsening. We present the results in terms of error ver-
sus element count to get a baseline comparison of DG and HDG, with the understanding
that the number of globally-coupled degrees of freedom can scale with p better for HDG
compared to DG, as outlined in Table 3. However, actual benefits of HDG will depend
on the efficiency of the local solves, parallelization, and general implementation choices,
and making comparisons to other discretizations is still a work in progress.

For the below results we use fixed-fraction (f adapt = 0.05) hanging-node adaptation
to refine the meshes after computing the output-based error indicator. The HDG dis-
cretization, just as DG, extends naturally to hanging nodes. Unknowns are placed on all
individual interior faces, so that an element that sits on the“coarse side”of a hanging-node
face sees and interacts with multiple independent face states on what would otherwise be
just a single face of that element. No major structural changes are necessary to make this
happen compared to what is already needed for HDG, as long as data can be linked to
all interior faces.

6.8.1 Inviscid Flow over an Airfoil

Our first example is inviscid flow over a NACA 0012 airfoil at M∞ = 0.5, α = 2◦. The
output of interest, J , is the drag force coefficient on the airfoil. We are interested in the
relative performance of HDG and DG for both uniform and adaptive refinement. Figure 58
presents these results.
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58.1: Mach contours (0–0.6) 58.2: Final HDG drag-adapted mesh for p = 2
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58.3: HDG Output convergence
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58.4: DG Output convergence

Figure 58: HDG and DG adaptation results for an inviscid M∞ = 0.5 flow over a NACA 0012 airfoil at
α = 2◦. The output of interest is the drag force coefficient on the airfoil, and, at each adaptive iteration,
the global adjoint system is solved approximately with ν = 10 block Jacobi smoothing iterations on the
fine space.
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One of the first observations is the striking similarity between the DG and HDG results.
We see in the drag coefficient error plots that the two sets of results are nearly identical
for the orders tested, p = 1, 2, 3. The conclusion from the uniform refinement data is
that for a given mesh, DG and HDG produce almost the same answer. An additional
conclusion from the output-based adaptive data is that the error indicators obtained by
the two discretizations target the same elements for refinement. Hence, the optimal DG
also appears to be the optimal HDG mesh.

Adaptation in the HDG runs was driven by εUe , the localization of the output error
contribution from the adjoint-weighted element-interior residuals, δJU in (111). There is
no approximation here as it turns out that δJΛ is zero to residual tolerance. It actually
remains zero for any fine space order increment on the faces, under certain conditions
that are valid here. The reason for this identically-zero error contribution is that in an
inviscid run, the only terms appearing in the weak flux continuity statement, (89), are
those involving the stabilization terms. Considering one face, if the same approximation
order, p, is used for the states in the two adjacent elements and on the shared face, and
if the stabilization matrix is constant, then the integrand in (89) is just a polynomial of
order p. Thus, testing against order p functions makes the integrand point-wise zero, so
that there is no residual left for the fine space to uncover.

Finally, we note that although the meshes produced by HDG and DG are comparable,
the number of globally-coupled degrees of freedom can be lower in the HDG results.
For example, at p = 2, the final drag-adapted mesh for DG contained 22230 degrees
of freedom (not including the state rank s), whereas the final drag-adapted HDG mesh
contained 15756 degrees of freedom – the number of elements was nearly the same, 2470
versus 2458. The degree of freedom difference becomes even more favorable for HDG with
increasing order, although more studies are required to understand what roles matrix fill
and system stiffness should play in this comparison.

6.8.2 Turbulent Flow over an Airfoil

In this example we apply output-based adaptation to an HDG discretization of turbulent
flow over an RAE 2822 airfoil. The conditions are M∞ = 0.5, Re = 105, α = 1◦, and we
use the Spalart-Allmaras one-equation turbulence model to close the Reynolds-averaged
Navier-Stokes equations. For the adaptive runs, we target the drag coefficient output.

Figure 59 shows the flow-field, mesh, and output convergence results for p = 2 ap-
proximation. The initial mesh consists of 798 quartic curved elements. As in the previous
example, the DG and HDG results are quite close, for both the uniform and adaptive
refinement runs. The largest differences occur on the coarsest mesh, where differences in
the stabilization are most prominent. We note that output-based adaptation converges
rapidly at first and then slows down. The slow-down is due to proximity of the farfield
boundary (100 chords), where we impose a full-state boundary condition that attracts
refinement.
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59.1: Adapted-mesh Mach contours (0–0.6) 59.2: Final HDG drag-adapted mesh

59.3: Adapted-mesh SA working variable, ν̃
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59.4: Output convergence

Figure 59: HDG and DG adaptation results for Reynolds-averaged turbulent flow, M∞ = 0.5, over an
RAE 2822 airfoil at α = 1◦, using p = 2 approximation. The output of interest is the drag force coefficient
on the airfoil, and, at each adaptive iteration, the global adjoint system is solved approximately with
ν = 10 element-block Jacobi smoothing iterations on the p+ 1 fine space.
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6.8.3 Scalar Advection-Diffusion

After having looked at a couple aerodynamic flows, we now take a step back to consider
a simple advection-diffusion equation,

~V · ∇u− µ∇2u = 0, (113)

where ~V = [0.6, 0.8], and µ = 0.02. The domain is a unit square, (x, y) ∈ [0, 1]2, and a
Dirichlet boundary condition function is imposed,

u = exp [0.5 sin(−4x+ 6y)− 0.8 cos(3x− 8y)] . (114)

For the stabilization term in HDG, we set τ = |~V |+ ν, so that the viscous length scale is
unity. A sample solution is shown in Figure 60.1. The output of interest is the integral
of the flux, −µ∇u over the right boundary of the square.

60.1: Scalar distribution 60.2: Final HDG adapted mesh
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60.3: p = 1 output convergence
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60.4: p = 2 output convergence

Figure 60: HDG and DG adaptation results for a manufactured solution to a scalar advection-diffusion
problem. For the output-based adaptive results, the p+ 1 fine-space adjoint problem was solved exactly.
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Figure 60 compares uniform refinement and output-based adaptive results for DG and
HDG discretizations applied to this problem. In the adaptive runs, we employ a fixed-
fraction strategy with f adapt = 0.1 and we solve the fine-space adjoint problem exactly.
The results here differ from the previous ones in this section in that now we see a difference
in the convergence rates for HDG and DG, even with uniform refinement: HDG exhibits
an improved rate by 1 compared to DG. This is due in part to the mixed formulation
of HDG, in which the flux ~q converges faster than in non-mixed formulations because ~q
is approximated as a separate variable. Another way to take advantage of such super-
convergence is to locally post-process HDG solutions [78], and this could further tilt the
scales in HDG’s favor.

We also note from Figure 60 that the raw outputs from the adaptive runs do not
always beat uniform refinement. In this problem much of the domain is important for
the prediction of the output, and hence uniform refinement does reasonably well. The
corrected values, however, converge at an improved order, as expected since we solve the
fine-space adjoint problem exactly. Finally, we note that for HDG, the error contribution
from the face residuals, δJΛ, is zero to machine precision, so that using the element-interior
error indicator is appropriate.
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7 Conclusions

In this set of lecture notes we have presented some of the core ideas, methods, and
results for high-order output-based adaptive simulations of aerodynamic flows. Many
of the presented methods can be generalized to more than one discretization; we chose
the discontinuous Galerkin (DG) finite element method for various reasons, including
ease of high-order implementation, adaptive flexibility including natural support for hp-
adaptation, parallel scalability, and of course code availability. One notable drawback of
DG is its computational expense, and to address this we have also presented an extension
of our methods to a hybrid discontinuous Galerkin (HDG) discretization, in which the
globally-coupled unknowns scale with p to a dimension one lower compared to DG.

Numerical error estimates that use an adjoint solution to target a specific scalar out-
put are particularly useful for convection-dominated aerodynamic simulations, in which
even seemingly-small errors in one area of the computational domain can affect a large
portion of the flow field and significantly impact an output of interest. Weighting residu-
als by the adjoint solution produces an error estimate that takes such propagation effects
into account. The result is a type of “error bar” on the chosen output of the numerical
simulation. The cost of this error estimate lies in the computation of the adjoint solution
via a linear solve, possibly in an enriched “fine” approximation space. For the complex
nonlinear systems often encountered in aerodynamics, even a fine-space linear solve is
generally cheaper than the solution of the original primal system on the coarse space.

Moreover, because an output-error estimate is residual-based, it can be localized to
cells/elements in a finite volume/element calculation for the purpose of mesh adapta-
tion. Targeted local adaptation, such as refinement of a fraction of the elements with the
highest indicator, reduces local residuals, which then reduces the local contributions of
the targeted elements to the error. As we have shown, this concept extends to a wide
variety of complex problems, including three-dimensional, transonic, Reynolds-averaged
turbulent flow over a wing, and unsteady simulations on deforming domains. Below we
highlight some key conclusions garnered from the presented examples.

• Output-based adaptation can quarantine singularities, as long as they do not span
too much of the domain, so that these singularities do not affect the results and so
that optimal convergence rates, such as 2p+1 or 2p for inviscid or viscous problems,
are recovered. Uniform refinement, on the other hand, is limited by the lowest-order
singularity.

• For many steady problems, output-based adaptation shows benefits compared to
uniform refinement or heuristic indicators in both degrees of freedom and compu-
tational time. The latter is especially true for three-dimensional problems with
complex physics, e.g. RANS, in which the cost of an adjoint solve is low relative to
that of the primal solve.

• The mechanics of adaptation can be difficult in situations when curved anisotropic
elements are required, in particular in three dimensions. We have presented adapta-
tion results using hanging-node refinement of initially-structured quadrilateral and
hexahedral meshes, and this works quite well in the near-body region, where the
flow follows the body. However, such an approach requires a reasonable initial mesh
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and exhibits much more limited resolution capabilities compared to anisotropic un-
structured meshes. Improving the robustness of the latter is still an active research
area.

• Unsteady problems add another dimension – time – as a candidate for refinement,
and this generally bodes well for adaptation, as additional dimensions often translate
to a larger portion of the domain being“unimportant”for the prediction of an output.
With an ALE formulation, it is possible to handle complicated problems involving
geometry deformation, and we have demonstrated adaptation for such problems
with dynamic p refinement and coarsening. The adjoint becomes more expensive
in the unsteady case due to storage requirements for nonlinear problems. Yet, for
sufficiently strict error tolerances, we still observe benefits in computational time
relative to uniform refinement and heuristic indicators. Adaptation becomes even
trickier in unsteady problems with the added complexity of temporal refinement,
and we have presented a projection-based measure of space-time anisotropy that
helps guide the space versus time refinement decision.

• Hybrid DG discretizations can yield systems that are smaller in globally-coupled
degrees of freedom for moderate-to-high orders relative to standard DG. In addition,
an HDG discretization is modular and relatively straightforward, especially in its
diffusion treatment. The discrete adjoint extends naturally to HDG, and error
estimates now contain contributions from the three different equations – not all
of these contributions are of the same magnitude, and some are provably zero.
Our examples show that HDG and DG produce comparable solutions on a given
mesh, and that they gravitate towards the same adapted meshes under output-
based refinement. HDG shows benefits in degrees of freedom, especially for high
order, and additional studies are underway to understand the full cost of an HDG
discretization, with its two categories of degrees of freedom, and to fairly compare
computational time.

Finally, adaptive high-order methods likely are not yet being used to their full po-
tential. Additional challenges that need to be addressed include: reducing the cost of
adjoint solves, in particular for unsteady problems; applying adjoint methods to chaotic
simulations; calculating bounds instead of just estimates of the output error; investigating
the possibility of cheaper surrogates such as the entropy adjoint; developing better adap-
tive mechanics for complex spatial meshes; and generalization of the unsteady adaptive
methods to other discretizations, such as multi-step or multi-stage time integration.
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[101] P. Soĺın and L. Demkowicz. Goal-oriented hp-adaptivity for elliptic problems. Com-
puter Methods in Applied Mechanics and Engineering, 193:449–468, 2004.

[102] Shuyu Sun and Mary Wheeler. Mesh adaptation strategies for discontinuous
Galerkin methods applied to reactive transport problems. In H.W. Chu, M. Savoie,
and B. Sanchez, editors, International Conference on Computing, Communication
and Control Technologies, volume 1, pages 223–228, Austin, Texas, August 2004.

[103] Shuyu Sun and Mary F. Wheeler. Anisotropic and dynamic mesh adaptation for
discontinuous Galerkin methods applied to reactive transport. Technical Report
05-15, ICES, 2005.

VKI - 100 -



REFERENCES REFERENCES

[104] Barna A. Szabo. Estimation and control of error based on p convergence. In
I. Babus̆ka, O. C. Zienkiewicz, J. Gago, and E. R. de Oliveira, editors, Accuracy
Estimates and Adaptive Refinements in Finite Element Computations, pages 61–78.
John wiley & Sons Ltd., 1986.

[105] J.J.W. van der Vegt. Space-time discontinuous Galerkin finite element method with
dynamic grid motion for inviscid compressible flows. National Aerospace Laboratory
NLR-TP-98239, 1998.

[106] H. van der Ven and J.J.W. van der Vegt. Space-time discontinuous Galerkin fintie
element method with dynamic grid motion for inviscid compressible flows II. Effi-
cient flux quadrature. Computer Methods in Applied Mechanics and Engineering,
191:4747–4780, 2002.

[107] D. A. Venditti and D. L. Darmofal. Anisotropic grid adaptation for functional
outputs: application to two-dimensional viscous flows. Journal of Computational
Physics, 187(1):22–46, 2003.

[108] Z.J. Wang, Krzysztof Fidkowski, Remi Abgrall, Francesco Bassi, Doru Caraeni,
Andrew Cary, Herman Deconinck, Ralf Hartmann, Koen Hillewaert, H.T. Huynh,
Norbert Kroll, Georg May, Per-Olof Persson, Bram van Leer, and Miguel Visbal.
High-order CFD methods: Current status and perspective. International Journal
for Numerical Methods in Fluids, 2013.

[109] William A. Wood and William L. Kleb. On multi-dimensional unstructured mesh
adaptation. AIAA Paper 99-3254, 1999.

[110] Guoping Xia, Ding Li, and Charles L. Merkle. Anisotropic grid adaptation on
unstructured meshes. AIAA Paper 2001-0443, 2001.

[111] Nail K. Yamaleev, Boris Diskin, and Eric J. Nielsen. Local-in-time adjoint-based
method for design optimization of unsteady flows. Journal of Computational
Physics, 229:5394–5407, 2010.

[112] M. Yano, J.M. Modisette, and D.L. Darmofal. The importance of mesh adaptation
for higher-order discretizations of aerodynamics flows. AIAA Paper 2011-3852, 2011.

[113] Masayuki Yano. An Optimization Framework for Adaptive Higher-Order Discretiza-
tions of Partial Differential Equations on Anisotropic Simplex Meshes. PhD thesis,
Massachusetts Institute of Technology, Cambridge, Massachusetts, 2012.

VKI - 101 -





A CNS

A Compressible Navier-Stokes Equations

This appendix presents the Euler, compressible Navier-Stokes, and Reynolds-averaged
compressible Navier-Stokes equations.

A.1 Euler Equations

The Euler equations of gas dynamics are

∂tρ + ∂i(ρui) = 0
∂t(ρuj) + ∂i(ρuiuj + pδij) = 0
∂t(ρE) + ∂i(ρuiH) = 0

where ρ is the density ρuj is the jth momentum component, and ρE is the total energy.
The pressure and total enthalpy are given by

p = (γ − 1)

(
ρE − 1

2
ρukuk

)
,

H = E +
p

ρ
.

Note, i, j, k index the spatial dimensions and summation is implied over repeated indices.
These equations can be written in compact conservation form as

∂tu + ∂iFi = 0,

where

u =

 ρ
ρuj
ρE

 , Fi =

 ρui
ρuiuj + pδij

ρuiH

 .
A.2 Compressible Navier-Stokes

The compressible Navier-Stokes equations are given by

∂tρ + ∂i(ρui) = 0
∂t(ρui) + ∂i(ρuiuj + pδij) = ∂iτij
∂t(ρE) + ∂i(ρuiH) = ∂i(τijuj − qi)

where the viscous stress tensor and the heat flux vector are

τij = µ(∂iuj + ∂jui) + δijλ∂mum,

qi = −κT∂iT.
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Relevant physical quantities for air are,

Dynamic viscosity: µ = µref

(
T

Tref

)1.5(
Tref + Ts

T + Ts

)
,

(Sutherland’s law: Tref = 288.15K, Ts = 110K)

Bulk viscosity coefficient: λ = −2

3
µ,

Kinematic viscosity: ν =
µ

ρ
,

Thermal conductivity: κT =
γµR

(γ − 1)Pr
,

Specific-heat ratio: γ = 1.4,
Prandtl number: Pr = 0.71,

Gas constant: R.

To clarify the viscous implementation, we make the dependence of the viscous flux on the
gradient of the state vector explicit by writing the equations in the form

∂tu + ∂iFi − ∂i(Kij∂ju) = 0,

where u = [ρ, ρuj, ρE]T is the state vector and ~F is the inviscid flux vector. The viscous
flux coefficient matrices can be written as

Kij =

 0 0 0
Kρud,ρ
ij Kρud,ρuc

ij 0

KρE,ρ
ij KρE,ρuc

ij KρE,ρE

 ,
where for a given pair i, j,

Kρud,ρ
ij = (dim× 1) matrix = ν

(
udδij − uiδjd +

2

3
ujδid

)
Kρud,ρuc
ij = (dim× dim) matrix = ν

(
δdcδij + δdjδci −

2

3
δdiδcj

)
KρE,ρ
ij = (1× 1) matrix = ν

(
−ukukδij −

1

3
uiuj + κTTρ

)
KρE,ρuc
ij = (1× dim) matrix = ν

(
−2

3
uiδcj + ujδci + ucδij + κTTρuc

)
KρE,ρE
ij = (1× 1) matrix = ν (κTTρ)

and the temperature derivative vector is

Tu = [Tρ, Tρuc , TρE] =
γ − 1

Rρ
[−E + ukuk,−uc, 1] .

Note that the indices d, c, k index the spatial dimension.
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A.3 Reynolds-Averaged Compressible Navier-Stokes

We use the Spalart-Allmaras one-equation turbulence model to close the Reynolds-averaged
Navier-Stokes (RANS) equations. The augmented equations are

∂tρ + ∂i(ρui) = 0
∂t(ρui) + ∂i(ρuiuj + pδij) = ∂iτij
∂t(ρE) + ∂i(ρuiH) = ∂i(τijuj − qi)
∂t(ρν̃) + ∂i(ρuiν̃) = ∂i

(
η
σ
∂iν̃
)

+ cb2ρ
σ
∂iν̃∂iν̃ + P −D

where the Reynolds stress, τij, is

τij = 2(µ+ µt)εij, εij =
1

2
(∂iuj + ∂jui)−

1

3
∂kukδij.

µ is the laminar dynamic viscosity and the eddy viscosity, µt, is

µt =

{
ρν̃fv1 ν̃ ≥ 0
0 ν̃ < 0

, fv1 =
χ3

χ3 + c3
v1

, χ ≡ ν̃

ν
.

The heat flux, qi, is given by

qi = (k + kt)∂iT, k = Cpµ/Pr, kt = Cpµt/Prt.

The diffusivity for the SA working variable, ν̃, is given by η/σ, where

η =

{
µ(1 + χ) χ ≥ 0
µ(1 + χ+ χ2) χ < 0

The production term, P , is

P =

{
cb1S̃ρν̃ χ ≥ 0
cb1Sρν̃gn χ < 0

, S̃ =


S + S̄ S̄ ≥ −cv2S

S +
S(c2

v2S + cv3S̄)

(cv3 − 2cv2)S − S̄
S̄ < −cv2S

,

where S =
√

2ΩijΩij is the vorticity magnitude and

gn = 1− 1000χ2

1 + χ2

Also,

S̄ =
ν̃fv2

κ2d2
, fv2 = 1− χ

1 + χfv1

.

The destruction term, D, is given by

D =


cw1fw

ρν̃2

d2
χ ≥ 0

−cw1
ρν̃2

d2
χ < 0
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where

fw = g

(
1 + c6

w3

g6 + c6
w3

)1/6

, g = r + cw2(r6 − r), r =
ν̃

S̃κ2d2
.

The closure coefficients are

cb1 = 0.1355 cw2 = 0.3
σ = 2/3 cw3 = 2
cb2 = 0.622 cv1 = 7.1
κ = 0.41 cv2 = 0.7

cw1 =
cb1
κ2

+
1 + cb2
σ

cv3 = 0.9

Prt = 0.9

In discretizing the ν̃ viscous term, we have to be aware that we store ρν̃, so that

F v
ν̃i =

η

σ
∂iν̃ = −ην̃

ρσ
∂iρ+

η

ρσ
∂i(ρν̃),

from which the contributions to the diffusion matrix can be read off directly.

The SA working variable, ν̃, will generally be orders of magnitude smaller than the
other state components. Scaling or “non-dimensionalization” of ν̃ is used to make the
stored values of ν̃ closer to the other state components, which helps during the discrete
linear solves and when using finite residual convergence tolerances. Instead of ν̃ we store
ν̃ ′, given by

ν̃ ′ =
ν̃

ND
,

whereND is a scaling factor, usually on the order of νκSA, where ν is the laminar kinematic
viscosity. κSA is a user-prescribed factor, typically 100 or 1000, that makes ν̃ ′ on the order
of unity. The associated changes in the above expressions are obtained by re-writing all
of them in terms of ν̃ ′. In addition, the SA equation is divided by ND,

∂t(ρν̃
′) + ∂i(ρuiν̃

′) = ∂i

(η
σ
∂iν̃
′
)

+ND
cb2ρ

σ
∂iν̃
′∂iν̃

′ +
P −D
ND

.

This has the effect of bringing the SA equation residual to the same order as that of the
other equations.

B Unsteady Adaptive Strategy

This appendix describes the merit-function-based adaptive strategy used to adapt the
spatial and temporal discretizations in an unsteady simulation. This strategy is geared
for a slab-based temporal discretization (e.g. DG-in-time), where the size of the time
slabs can vary in time, and for dynamic hanging-node or order refinement in space.
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B.1 Greedy Fixed Growth Selection Algorithm

The error-addressed versus cost-added figure of merit is used in a fixed-growth adaptive
strategy in which some combination of time slabs and space-time elements are marked
for coarsening or refinement. The user specifies the fraction of degrees of freedom to be
coarsened (f coarsen), as well as the growth factor f growth, which dictates the total number
of degrees of freedom in the next mesh as Dnext = f growthDcurrent (where Dcurrent is the
number of current degrees of freedom). The coarsening and refinement budgets are then

Bcoarsen = f coarsenDcurrent,

Brefine = (f growth − 1)Dcurrent +Bcoarsen.

In practice, we typically use a coarsening fraction of ∼5% (f coarsen = 0.05) and a growth
factor of 1.30-1.35. With these budgets defined, the following algorithm is then used to
decide which space-time elements or time slabs to adapt:

1. Sort
Sort all space-time elements and time slabs based on the figure of merit: the amount
of output error addressed divided by the degrees of freedom added if the element/slab
were to be refined. For temporal refinement, the latter is approximated as the
degrees of freedom in the targeted slab k, dofk ≡

∑
e dof(pe,k), and for spatial

refinement as the number of additional degrees of freedom dof(pe,k + 1) − dof(pe,k)
associated with an order increase of element e, k.

2. Coarsen
Set coarsening degree-of-freedom tally to zero. Choose an unmarked space-time
element or time slab with the lowest merit function. If a time slab was chosen, mark
it for a factor of 2 coarsening and add 0.5 dofk to the coarsening tally. If a space-time
element was chosen, mark it for an order decrement and add dof(pe,k)− dof(pe,k−1)
to the coarsening tally. If the tally meets or exceeds the coarsening budget, Bcoarsen,
stop. Otherwise choose the next space-time element or time slab and repeat.

3. Refine
Set refinement degree-of-freedom tally to zero. Choose an unmarked space-time
element or time slab with the highest merit function. If a time slab was chosen, mark
it for a factor of 0.5 refinement and add dofk to the refinement tally. If a space-time
element was chosen, mark it for an order increment and add dof(pe,k+1)− dof(pe,k)
to the refinement tally. If the refinement budget, Brefine, is met or exceeded, stop.
Else, choose the next element or time slab.

B.2 Temporal-Mesh Optimization

When we say “factor of 2 coarsening” and “factor of 0.5 refinement”, this essentially means
that the width of a slab marked for coarsening will be doubled, while the width of a slab
marked for refinement will be halved. If only refinement occurs, this is exactly the case,
as each marked slab will be perfectly bisected; however, when coarsening also occurs, the
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B UNSTEADY ADAPT B.2 Temporal-Mesh Optimization

boundaries of a coarsened slab will typically encroach on those of the neighboring slabs,
and the entire temporal grid must be shuffled to make room for the coarsened slab. We
shuffle time slabs using one-dimensional metric-based meshing, as described below.

1. For each time slab k, define ∆̃t
desired

k = c∆tcurrent
k where c is 0.5 for refinement, 2

for coarsening, and 1 if the time slab is not marked. ∆̃t
desired

k represents the new
time step size that we desire on the current time slab k. The given choices of c are
consistent with the choices made for the degree-of-freedom counts above.

2. Define Ndesired = d
∑

k(∆t
current
k /∆̃t

desired

k )e, where d e is the greatest integer (ceiling)
function. This will be the total number of time slabs on the new temporal mesh.
Note that the ceiling function ensures that this number is an integer.

3. To ensure that the desired time step size is consistent with this total number of time
steps, define the new desired time step size as

∆tdesired
k = ∆̃t

desired

k

∑
k(∆t

current
k /∆̃t

desired

k )

Ndesired
.

4. Finally, define a function n(t) that is piecewise-constant over the current time slabs,
and that takes on the value 1/∆tdesired

k on each current slab k. Define the new time

slab breakpoints as times tl where
∫ tl

0
n(t)dt is an integer.

∆tcurrent

∆t

new time slab breakpoints

∆̃t
desired

n(t)

trefinecoarsen

c = 1

c = 0.5

c = 1
c = 2

t

Figure 61: Demonstration of the one-dimensional remeshing algorithm used to define new time
slab breakpoints.
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