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Abstract

The flows of heat and electricity in a column-type micro-thermoelectric cooler are analyzed by modeling the various

interfacial resistances. Electron (barrier tunneling) and phonon (diffuse mismatch) boundary resistances at the ther-

moelectric/metal interface, and thermal non-equilibrium between electrons and phonons adjacent to this interface

(cooling length), increase the thermal conduction resistance and decrease the Seebeck coefficient of the thermoelectric

elements. These in turn reduce the device cooling performance, which is also affected by the thermal and electrical

contact resistances at the thermoelectric/metal and metal/electrical-insulator interfaces.

To produce a temperature drop of 10 K with a cooling load of 10 mW, the optimum number of thermoelement pairs,

operating current, and coefficient of performance, based on vapor deposited 4 lm thick films of Bi2Te3 and Sb2Te3, are

predicted for a micro-thermoelectric cooler operating with a 3 V battery.

� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

Thermoelectric cooling is a suitable technique for the

local cooling of micro-sensors and devices as it does not

require any moving parts and can be microelectronically

integrated. While the search for thermoelectric materials

compatible with solid-state electronics material contin-

ues, tellurium compounds currently have the highest

cooling performance around room temperature. Thin

films (700 nm) of tellurium compounds have been

deposited by vapor deposition [1,2]. Min and Rowe [3]

proposed a micro-thermoelectric cooler where the ther-

moelectric thin films are grown on a very thin, low

thermal conductivity SiC membrane (PECVD) to mini-

mize the heat leakage effect. The electrical current and

heat flow parallel to the film plane. Thick films (10–50

lm) of tellurium alloys have been deposited using elec-

troplating for fabrication of thermoelectric coolers

where the current and heat flow perpendicular to the
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film plane (column-type design) [4,5]. Yao et al. [6] have

increased the performance of this design by optimizing

the geometry and using suitable materials (for both the

thermoelectric legs and the substrate).

Due to parasitic conduction heat transfer between hot

and cold junctions, and the thermal and electrical contact

resistances, thin films (less than 1 lm) have not been used

in conventional column-type thermoelectric coolers.

These problems can be minimized, if thicker films (2–10

lm) are used. Here, the column-type design of a layered-

fabricated micro-thermoelectric cooler is considered for

a wireless vapor sensor application, as shown in Fig. 1.

The thermoelectric films (Bi2Te3 and Sb2Te3) are about 4

lm thick (obtained from preliminary fabrication studies,

by co-evaporation of the elements). The goal for the

cooler is to lower the temperature of the sensor 10 K

below ambient in less than 30 s, while using minimal

power with a 3 V battery.

In this study, we consider how the small size of the

columns will affect the thermal and electrical transport

(electron, phonon and energy conversion) through the

interfaces between the thermoelectric and metal films,

and thus the performance of the device. Boundaries hin-

der the phonon heat flow differently than the electronic
ed.

mail to: kaviany@umich.edu


Nomenclature

a unit cell dimension (m), side length (m)

Ak cross-sectional area of the thermoelectric

element (m2)

Aj¼1;4 constants in the electron and phonon tem-

perature equations [Eqs. (19) and (20)]

B emission constant (A/m2 K2)

c unit cell dimension (m)

COP coefficient of performance

d side width (m), barrier thickness (m)

ec electronic charge 1.6022· 10�19 C

E electron energy (J)

Ec energy at bottom of conduction band (J)

EF Fermi energy (J)

Eg band gap energy (J)

Eo potential barrier height (J)

Ev energy at top of valence band (J)

f frequency (Hz)

hP Planck constant 6.6261 · 10�34 J s

Je electrical current (A)

je electrical current density (A/m2)

k thermal conductivity (W/mK)

kB Boltzmann constant 1.3806 · 10�23 J/K

L thickness (m), Lorenz number (V2/K2)

me;o electron mass in free space 9.1096· 10�31 kg

me;te electron/hole effective mass in the thermo-

electric element (kg)

n number density of primitive cells (m�3)

nc electron/hole concentration in the thermo-

electric element (m�3)

N donor/acceptor atom concentration (m�3)

Nte number of thermoelectric pairs

P density of states (s/radm3), tunneling prob-

ability

Pe electrical power (W)

q heat flux (W/m2)

Q heat flow rate (W)

Re electrical resistance (X)
Rk conduction resistance (K/W)
_Se energy conversion rate (W)

T temperature (K)

Tctc center-of-thermal-conductivity temperature

(K)

u velocity (m/s)

Vb built-in potential energy (J)

W depletion width (m)

Ze figure of merit (1/K)

Greek symbols

aS Seebeck coefficient (V/K)

c ke=kp
d electron–phonon cooling length (m)

Du voltage (V)

�o free-space permittivity 8.8542· 10�12 C2/Jm

�r relative permittivity

l electron/hole mobility (m2/V s)

qe electrical resistivity (Xm)

s transmission coefficient

se electron/hole energy relaxation time (s)

sm electron/hole momentum relaxation time (s)

/ work function (J)

v electron affinity (J)

x angular frequency (rad/s)

Subscripts

b boundary

c cold, contact

cc cold connector

D Debye

e electron

h hot

hc hot connector

j phonon mode

J Joule

l load

m metal

mc metal connector

n n-type thermoelectric material

p p-type thermoelectric material, phonon

P Peltier

te thermoelectric element

1 ambient

Superscript

* dimensionless
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heat flow, causing the two subsystems to be out of

thermal equilibrium [7]. As the thickness of the ther-

moelectric film decreases and becomes comparable to

the carrier cooling length, this electron–phonon non-

equilibrium becomes significant, and influences the

thermoelectric properties of the device.

The phonon and electron boundary resistances and

the phonon–electron non-equilibrium adjacent to the
interfaces of the thermoelectric elements have been de-

scribed by others [7–13]. Molecular dynamics, lattice

dynamics, Boltzmann transport equation, and Monte

Carlo methods, have all been used as tools to under-

stand heat conduction mechanisms and to simulate the

nanoscale transport process [14,15]. Here, the phonon

boundary resistance is estimated by the diffuse mismatch

model theory using the measured density of states [8,9].



Fig. 1. Rendering of micro-thermoelectric cooler used with a

micro-vapor sensor. The column-type design and various en-

ergy conversion mechanisms _Se and heat transfer Q are also

shown.
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The electron boundary resistance is estimated assuming

electron tunneling and using the Wiedemann-Franz law

at the boundaries [7]. The electron and phonon tem-

perature distributions in the thermoelectric elements are

obtained from a simplified form of the coupled Boltz-

mann transport equations for the electron and phonon

subsystems [7,10,13]. In addition, the thermal and elec-

trical contact resistances (due to defects in the crystal

structure, variation of surface roughness, etc, originated

in the fabrication process) are estimated from the

experimental results reported in the literature [16–22].

Based on these interfacial effects, the flows of heat

and electricity in the micro-cooler are modeled. An

optimal geometry is obtained, and the overall device

performance is predicted. These results will be used in

the ongoing fabrication research (not reported here).
2. Thermal and electrical transport at boundaries

The interface of a conductor and a thermoelectric

material is characterized by amismatch in bulk properties

and by irregularities in the thin region near the boundary.

Different thermal and electrical carriers encounter dif-

ferent resistances across this interfacial region.

Phonons (quanta of energy associated with lattice

vibrations) are assumed to strike the interface and lose

their memory. The probability of being scattered to one

side of the interface or the other is related to the density
of states and the phonon speeds of different modes. The

phonon boundary resistance represents the reflected

phonons and is considered independent of the interface

structure [8].

Electrons are assumed to encounter a potential bar-

rier at the interface (which depends on the band struc-

ture of the two interfacial materials), resulting in the

electron boundary resistance. For a metal/semiconduc-

tor interface absent of surface states, the potential bar-

rier height is a function of the metal work function

(energy required to excite an electron from the Fermi

level to the vacuum level), the semiconductor electron

affinity (energy difference between the highest energy

level in the conduction band and the vacuum level) and

the semiconductor bandgap (energy gap that separates

the conduction band from the valence band) [23]. The

potential barrier width (or thickness) depends on the

metal work function, and on the semiconductor per-

mittivity, doping density and work function. Depending

on the height and thickness of the potential barrier,

electrons can tunnel through this barrier or be thermally

excited over it (thermionic emission) [7].

Phonon and electron boundary resistances at a metal/

thermoelectric interface cause electron–phonon thermal

non-equilibrium near the boundary, which is most sig-

nificant in the thermoelectric material (the transport of

heat in the metal is accomplished by the free conduction

electrons). The energy conversion mechanisms (Joule

heating and Peltier cooling/heating) will also contribute

to this non-equilibrium [7]. In crystalline thermoelectric

materials, electrons will interact with phonons and

impurities, and in the polycrystalline state, with pho-

nons, impurities and grain boundaries. These cause the

electrons to reach thermal equilibrium with the lattice

(phonons), at a distance from the interface known as the

cooling length.

The phonon and electron boundary resistances (re-

lated to the thermal transport) are present only at the

metal/thermoelectric interfaces, and their effects are in-

cluded in the physical properties of the thermoelectric

elements. Interfacial features not included in the

boundary resistances (e.g., surface defects, crystal size

and orientation, strain in the materials), depend on the

fabrication process. These affect both the thermal and

the electrical transport through the interfaces, and are

included in the thermal and electrical contact resis-

tances. These contact resistances are present at all

interfaces and are directly added to the bulk resistance

of the metal connectors.
3. Boundary resistances

Heat is transferred across a continuous solid junction

by electrons and phonons. The thermal boundary

resistances associated with thermoelectric heat transport



Fig. 2. Thermal boundary resistances associated with phonon

and electron heat transport at the metal/thermoelectric inter-

face: (a) phonon boundary resistance, (b) electron boundary

resistance, (c) mixed boundary resistances.
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through metal/semiconductor interfaces are presented in

Fig. 2. A phonon wave incident at the interface will be

partially transmitted (and partially reflected) due to the

mismatch between the properties of the two materials.

This phonon wave reflection causes the phonon

boundary resistance ðAkRkÞb;pp, as shown in Fig. 2(a),

where Ak is the cross-sectional area of the thermoelectric

element, Rk is the conduction resistance, and the sub-

script b; pp stands for the resistance at the boundary in

the phonon subsystem. An electronic potential barrier of

thickness d and height Eo, associated with the different

band structures of the two materials, is shown in Fig.

2(b). This barrier represents a resistance to the electronic

heat transport across the interface, i.e., the electron

boundary resistance ðAkRkÞb;ee. Energy can also be di-

rectly exchanged between phonons (on one side of the

interface) and electrons (on the other side). The resis-

tance associated with this energy transfer is the mixed

boundary resistance ðAkRkÞb;pe, or ðAkRkÞb;ep, as shown in

Fig. 2(c).

3.1. Phonon boundary resistance

In the current application, the interface is formed by

a thermoelectric material (Bi2Te3 or Sb2Te3) and a

conductor (metal connector), which have different den-

sity of states (DOS), mass density, Debye temperature

and frequency, and also different speeds of sound, pro-

viding resistance to the flow of phonons at the interface.
Two theories have been applied to the prediction of

the phonon boundary resistance [8]. The first is the

acoustic mismatch model (AMM), which assumes no

phonon scattering (i.e, a perfect, planar interface with

specular reflection). The second one is the diffuse mis-

match model (DMM), which assumes that all phonons

incident on the interface will scatter (i.e., a rough

interface with diffuse reflections). In the AMM, the

transport is controlled by the difference in the acoustic

impedance of the materials (product of the mass density

and the phonon velocity). The assumption that no

scattering occurs at the interface is reasonable at very

low temperatures, where the phonon wavelength is

longer than other interface length scales such as defects

and roughness. As the temperature increases the phonon

wavelength decreases, compromising the AMM theory.

In the DMM, the transport is controlled by the diffuse

scattering at the interface and the differences in densities

of states.

Phelan [9] showed that by using the measured pho-

non DOS (as compared to the DOS calculated assuming

the Debye model), the DMM predicts the phonon

boundary resistance Rk;b;pp in relatively good agreement

with the experimental data. Here we will use the DMM

and show that by using our estimated average phonon

speed for the thermoelectric material, the measured

DOS and that of the Debye model give similar values of

Rk;b;pp.

The physical system consists of a film (material te,
thermoelectric element) deposited on a substrate

(material mc, metal connector). In a typical application,

a net heat flux q is caused by the increase of the film

temperature Tte, relative to the substrate temperature

Tmc. The heat flux and temperatures are related through

ðAkRkÞb;pp ¼
Tte � Tmc

q
: ð1Þ

Starting with the general expression for the energy

transported per unit time from material te to material

mc, and assuming that the transmission coefficient ste!mc

is independent of the temperature on either side of the

interface (only one side of the interface is considered) [8],

Phelan [9] derived an expression for q as a function of

the phonon DOS Pp:

q ¼ hPste!mc

8p

X
j

upðte;jÞ

Z 1

0

PpðxpÞxp
1

exp
hPxp

2pkBTte

� �
2
4

� 1

exp
hPxp

2pkBTmc

� �
3
5dxp: ð2Þ

In Eq. (2), hP is the Planck constant, j is the phonon

mode (either longitudinal or transverse), upðte;jÞ is the

speed of the phonon of mode j in material te, xp is the

phonon angular frequency, and kB is the Boltzmann



Table 1

Bulk properties of n- and p-type thermoelectric elements

Property Reference Bi2Te3 Sb2Te3

TD, K [25] 165 160

a, m [25] 4.38· 10�10 4.25· 10�10

c, m [25] 30.36· 10�10 29.96· 10�10

aS;bulk , lV/K [2] )228 171

k, W/mK [7] 2.0 2.1

ke, W/mK [7] 0.5 0.6

kp, W/mK [7,16,17] 1.5 1.5

qe, Xm [2] 1.30· 10�5 1.04· 10�5

l, m2/V s [2] 75· 10�4 173· 10�4

me;te, kg [16] 0:58me;o me;o

nc, m�3 [2] 6.5· 1025 3.4 · 1025

Table 2

Microscale properties of n- and p-type thermoelectric elements

Property Bi2Te3 Sb2Te3

n, m�3 5.95· 1027 6.40· 1027
xD, rad s

�1 2.16· 1013 2.09· 1013
up, m s�1 3,058 2,888

ste!mc 0.56 0.54

sm, s 2.5 · 10�14 9.8· 10�14

se, s 1.0 · 10�11 2.7· 10�11

L.W. da Silva, M. Kaviany / International Journal of Heat and Mass Transfer 47 (2004) 2417–2435 2421
constant. The transmission coefficient is approximated

by [8,9]

ste!mc ¼
P

j u
�2
pðmc;jÞP

j u
�2
pðte;jÞ þ

P
j u

�2
pðmc;jÞ

: ð3Þ

Note that Eq. (3) is derived for the case where Tte is
equal to Tmc [9], whereas here there is a finite heat flow

rate through the thermoelectric film. So, Eq. (3) would

give an adequate prediction of the transmission coeffi-

cient for small Tte � Tmc. Our typical heat flow rates give

Tte � Tmc approximately equal to or less than 1 K. We

use Tte � Tmc equal to 1 K and Eq. (3) in the present

study. However, as also reported by Phelan [9], no sig-

nificant change in the phonon boundary resistance is

found above 90 K, for Tte � Tmc up to 10 K.

Equation (2) is numerically integrated to yield a value

for q, which is substituted into Eq. (1) to determine

ðAkRkÞb;pp. Due to the lack of data for material te (here,

either Sb2Te3 or Bi2Te3), and since the fabricated films

are polycrystalline (verified by X-ray diffraction), we

have assumed that the three phonon wave speeds (two

transverse and one longitudinal) are equal, i.e.,

X
j

u�2
pðte;jÞ ¼

1

u2pðte;lÞ
þ 2

u2pðte;tÞ
¼ 3

u2pðteÞ
: ð4Þ

The phonon speed up is related to the Debye tempera-

ture TD, and to the Debye angular frequency xD,

through the expressions

TD ¼ hPxD

2pkB
and xD ¼ ð6p2u3pnÞ

1=3
; ð5Þ

where n is the ratio between the number of primitive

cells and the unit cell volume.

For Bi2Te3 and Sb2Te3, the non-primitive hexagonal

unit cell with dimensions a and c contains three lattice

points and has three times the volume of the primitive

rhombohedral cell [24]. The numerical values of the

lattice parameters a and c, as well as the Debye tem-

perature [25] used for determining the average phonon
speed and the transmission coefficient of material te are

given in Table 1. The material mc, assumed to be copper,

has longitudinal and transverse phonon speeds equal to

4760 and 2,325 m/s respectively [26]. The results ob-

tained from Eqs. (3) and (5) are presented in Table 2.

Bulat [27] has assumed that for bismuth compounds the

sound velocity is 2100 m/s, which is approximately 30%

lower than the values predicted here.

The measured [28] and the Debye phonon DOS, Pp
(THz�1), as a function of the phonon frequency fp (THz)

for the thermoelectric materials Bi2Te3 and Sb2Te3 are

shown in Fig. 3(a). To establish Pp as a function of the

angular frequency xp and on a per unit volume basis

[i.e., Pp given in (s/radm3)], as required by Eq. (2), the

values shown in the graph are divided by 2p and mul-

tiplied by the factor n, defined after Eq. (5). The Debye

DOS Pp;D (s/radm3) is given by

Pp;D ¼
x2

p

2p2u3p
: ð6Þ

From the areas under the curves of the Fig. 3(a), we

have predicted the boundary resistances using the Debye

(fp < fp;D ¼ 3:3 THz) and the measured DOS (0.1 THz

K fp K 5:2 THz), and have found similar values, as

shown in Fig. 3(b). The difference in the resistances re-

ported by Phelan [9] may be due to the lack of agreement

between the areas under the curves (for YBa2Cu3O7�d

used there). In that analysis, xD is to the left of the

measured mean frequency, i.e, xD ¼ 5:4� 1013 rad/s
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and the measured DOS ranges from 1 · 1013 to 14 · 1013
rad/s. The increase in the boundary resistance with in-

crease in temperature (at high temperatures) has also

been reported by Prasher and Phelan [29]. They devel-

oped a new model that incorporates near boundary

scattering (due to non-uniformities) in the basic acoustic

mismatch model. The thermal boundary resistance at

higher temperatures is successfully predicted using an
empirical Umklapp scattering parameter. Since no

experimental boundary resistance data is available for

Bi2Te3 and Sb2Te3, this model is not used here. It should

also be mentioned that the observed minimum in Fig.

3(b) moves to the right, as the Debye temperature in-

creases, and then a plateau behavior is reached, as

shown in [9].

In order to assess the effect of any uncertainty in upðteÞ
on Rk;b;pp, ±25% variation is allowed in upðteÞ of Sb2Te3.

In Fig. 3(b), it is shown that Rk;b;pp decreases 33% and

increases 82% (at Tte ¼ 300 K) when upðteÞ increases and
decreases 25% respectively.

For Tte equal to 300 K, the phonon boundary resis-

tances at the Bi2Te3/Cu and Sb2Te3/Cu interfaces,

determined using the experimental DOS, are 9.2 · 10�8

K/(W/m2) and 8.0 · 10�8 K/(W/m2), respectively. These

resistances have the same order of magnitude of the

resistances measured by Stoner and Maris [30]

(1.0 · 10�8–3.2 · 10�8 K/(W/m2) at 300 K) between dia-

mond and several metals.
3.2. Electron boundary resistance

When a metal is in contact with a semiconductor, the

Fermi energy levels in the two materials must be the

same at thermal equilibrium. In addition, the vacuum

level must be continuous. These two requirements

determine a unique energy band diagram for the ideal

metal–semiconductor contact [31]. The energy band

diagrams of a metal with work function /m, and of

n- and p-type semiconductors with work functions /n

and /p, and electron affinities vn and vp, are shown in

Fig. 4(a), for /p > /m > /n. When the solids come into

contact (Fig. 4(b)), the more energetic electrons in the

conduction band (CB) of the n-type semiconductor will

diffuse into the metal in search of lower empty energy

levels (just above the metal Fermi energy EF ;m) and

accumulate near the surface of the metal. Electrons

flowing from the semiconductor leave behind an elec-

tron-depleted region of width W . In this region, the

difference between the energy at the bottom of the

conduction band and the Fermi energy of the n-type
semiconductor (Ec;n � EF ;n) must increase, so that the

concentration of electrons nc;n decreases fnc;n �
exp½�ðEc;n � EF ;nÞ=kBT �g [32]. The bands must bend to

increase Ec;n � EF ;n toward the junction. The potential

barrier for electrons moving from the metal to the n-type
semiconductor is Eo;n ¼ /m � vn, and is greater than the

built-in potential energy Vb;n (energy needed to take an

electron from the n-type semiconductor to the metal).

Eventually this built-in potential reaches a value that

prevents further accumulation of the electrons at the

metal surface and an equilibrium is reached. Similarly,

electrons in the metal will cross the junction to the

p-type semiconductor searching for lower energy levels
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around Ev;p (energy at the top of the valence band of the

p-type semiconductor). To show the decrease of hole

concentration nc;p near the junction, the p-type semi-

conductor energy bands are bent downward to increase

EF ;p � Ev;pfnc;p � exp½�ðEF ;p � Ev;pÞ=kBT �g [32]. The po-

tential barrier for electrons moving from the metal to the

p-type semiconductor is Eo;n ¼ Eg;p � ð/m � vpÞ, where

Eg is the band gap energy.

In the present study, the electron boundary resistance

is modeled using a potential barrier with a rectangular

shape [7], where we take Eo (which can be either Eo;n or

Eo;p) as the potential barrier height, and W =2 as the

potential barrier thickness d. The electrons can be

transferred across this barrier by tunneling. In analogy

with the Wiedemann–Franz law, the electron boundary

resistance is given by

1

ðAkRkÞb;ee
¼ p2

3

T
ðAkReÞb

kB
ec

� �2

; ð7Þ

where ðAkReÞb is the electrical boundary resistance [7],

1

ðAkReÞb
¼ 4pe2cme;teP

h3P

h2PEo

8p2me;ted2

� �1=2
; ð8Þ

me;te is the effective mass of the electrons/holes in the

thermoelectric material (given in Table 1), ec is the

electronic charge, and P is the tunneling probability.

Tunneling occurs if [7]
h2PEo

ð8p2me;ted2Þ

� ��1=2

kBT � 1: ð9Þ

For thick barriers the dominant transport mechanism

is thermionic emission. Then, p2=3 in Eq. (7) is replaced

by 2, and the electrical boundary resistance is given by

[7]

1

ðAkReÞb
¼ ecBT e�Eo=kBT

kB
; ð10Þ

where B is equal to 120 · 104 A/m2 K2, and Eo is assumed

to be much larger than kBT [23].

In order to choose between tunneling and thermionic

emission, Eo and d must be estimated. Mahan and

Woods [33] have reported potential barriers between

some metals and semiconductors equal to or less than

0.1 eV, including a Bi2Te3/Sb2Te3 interface (0.035 eV).

Nagao et al. [34], have reported that ohmic contact

characteristics are observed at the Au/Bi2Te3 junction,

i.e, no Schottky barrier is formed, so the contact does

not limit the current flow. These two results indicate that

small barriers can be obtained with such semiconduc-

tors. Here, we assume Eo equal to 0.1 eV at the interfaces

between the metal and both thermoelectric materials.

Both Bi2Te3 and Sb2Te3 are narrow-gap semiconductors

(Eg;n ¼ 0:15 eV and Eg;p ¼ 0:2 eV) [35,36], and the as-

sumed value (0.1 eV) is lower than their energy gaps.

This same relation was verified by the comparison with

reported values of Eo for various other metal/semi-

condutor interfaces [23,37] and Eg of the respective

semiconductors [23].

The barrier thickness d is estimated from the deple-

tion width W (d ¼ W =2), which can be approximated

(for zero applied voltage) as [31]

W ¼ 2�r�oEo

ecN

� �1=2

; ð11Þ

where �r is the relative permittivity of the semiconductor,

which is equal to 100 for Bi2Te3 [38] and equal to 55 for

Sb2Te3 [39], �o is the free-space permittivity (8.8542 ·
10�12 C2/Jm) and N is the donor/acceptor atom con-

centration in the crystal. When N is much larger than the

concentration of the intrinsic semiconductor (pure

semiconductor crystal in which the electron and hole

concentrations are equal), then N is nearly equal the

carrier concentration nc (electrons in the n-type semi-

conductor and holes in the p-type semiconductor) [32],

which is given in Table 1. Assuming that this is the case

here (i.e., N � nc), d is found to be 2.06 nm (metal/

Bi2Te3) and 2.12 nm (metal/Sb2Te3).

From Eq. (9), we verify that tunneling will occur if

d � 3:1 nm and d � 2:4 nm for the n- and p-type
semiconductor/metal junctions respectively. Although

the values of d obtained from Eq. (11) are slightly

smaller than these obtained from Eq. (9), we assume



Fig. 5. Schematic phonon–electron non-equilibrium adjacent

to the boundary due to the mismatch of the electron and

phonon boundary resistances, Joule heating, and Peltier heat-

ing/cooling.
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tunneling as the electron transport mechanism here, and

therefore, we use Eqs. (7) and (8) to evaluate the electron

boundary resistance.

The tunneling probability is given by [31]

P ¼ 1

(
þ E2

o sinh
2½8p2me;teðEo � EÞd2=h2P�

1=2

4EðEo � EÞ

)�1

; ð12Þ

where E is the electron energy (measured from the bot-

tom of the potential barrier), and E < Eo. Taking

E ¼ Eo=2 ¼ 0:05 eV (i.e., E � 2kBT ), we obtain P values

of 0.104 and 0.031 at the metal/Bi2Te3 and metal/Sb2Te3
junctions, respectively.

The resistances ðAkReÞb and ðAkRkÞb;ee are then esti-

mated from Eqs. (8) and (7) respectively, and are

2.6· 10�12 Xm2 and 3.5 · 10�7 K/(W/m2) at the metal/

Bi2Te3 interface, and 6.8 · 10�12 Xm2 and 9.3· 10�7 K/

(W/m2) at the metal/Sb2Te3 interface.

3.3. Total boundary resistance

The total thermal boundary resistance ðAkRkÞb is

given by [7]

1

ðAkRkÞb
¼ 1

ðAkRkÞb;pp
þ 1

ðAkRkÞb;ee
þ 1

ðAkRkÞb;ep
þ 1

ðAkRkÞb;pe
:

ð13Þ

Assuming for simplicity that there is no direct heat

transfer between electron and phonon subsystems across

the boundary, i.e., Rk;b;pe and Rk;b;ep ! 1, the total

thermal boundary resistance will be a function of the

phonon and electron boundary resistances only. In this

case, at the Bi2Te3/Cu and Sb2Te3/Cu interfaces, the

total thermal boundary resistances are 7.2 · 10�8 K/(W/

m2) and 7.4· 10�8 K/(W/m2), respectively.
4. Phonon–electron non-equilibrium

Because the thermal boundary resistances of the

electrons and phonons are not the same, and due to ohmic

heating and Peltier cooling/heating, electrons and pho-

nons can have different temperatures adjacent to the inter-

face (Te 6¼ Tp) and require a distance d (the cooling length)
to equilibrate. This phonon–electron non-equilibrium

region is shown in Fig. 5.

4.1. Cooling length

The cooling length d, which is the distance from the

boundary required for electrons and phonons to reach

equilibrium, is defined as [10,27]

d ¼ se
nckB

kekp
ðke þ kpÞ

� �1=2
; ð14Þ
where se is the electron/hole energy relaxation time, and

ke and kp are the electron and phonon contributions to

the thermal conductivity k (k ¼ ke þ kp). Bartkowiak

and Mahan [7] have reported ke and kp equal to 0.5 W/

mK and 1.5 W/mK, respectively, for Bi2Te3. For

Sb2Te3, we assume the same phonon contribution (i.e,

kp ¼ 1:5 W/mK) [16,17], and estimate the electronic

contribution using the Wiedemann–Franz law,

ke ¼ LT=qe, where L is the Lorenz number and qe is the

electrical resistivity. For L equal to 2.1· 10�8 V2/K2 at

300 K [40] and qe equal to 1.04 · 10�5 Xm, we have ke
equal to 0.6 W/mK.

The electron/hole energy relaxation time is given by

[27,41]

se ¼
kBT

2me;teu2p
sm; ð15Þ

where up is the phonon speed estimated in Section 3.1,

and sm is the electron/hole momentum relaxation time,

which is a function of the electron/hole mobility l
[27,32],

sm ¼ me;tel
ec

: ð16Þ

The properties of the n- and p-type thermoelectric

elements used to evaluate the relaxation times and

cooling length are given in Table 1. The results obtained

from Eqs. (15) and (16) are presented in Table 2. The

cooling lengths estimated for Bi2Te3 and Sb2Te3 are 66

and 156 nm, respectively.

The available values for mobility vary from 75 · 10�4

to 1200· 10�4 m2/V s for Bi2Te3, and from 173· 10�4 to

510 · 10�4 m2/V s for Sb2Te3 [2,16]. Note also, that the

cooling length depends on u2p. Based on the values con-

sidered here for l and up, the predicted cooling lengths

are on the lower side, which is a conservative result, as

will be shown in Section 5.
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4.2. Phonon and electron temperatures

The kinetics of electrons and phonons in an electric

field or in a temperature field is described by the coupled

Boltzmann equations for electrons and phonons [10].

For a one-dimensional geometry, these equations can be

given by

�ke
d2Te
dx2

¼ qej
2
e �

nckB
se

ðTe � TpÞ; ð17Þ

�kp
d2Tp
dx2

¼ nckB
se

ðTe � TpÞ; ð18Þ

where je is the electrical current density. These are the

equations of energy balance in the electron and phonon

subsystems.

Assuming that qe, nc, se, ke and kp are constant, the

above equations are solved by defining a center-of-

thermal-conductivity temperature kTctc ¼ keTe þ kpTp,
[7]. The solution is

Te ¼ A1 þ A2

x
Lte

þ
qej

2
e

Lte
2

� �2 � x2
h i

2k
þ qej

2
ed

2

ck

� 1

c
A3 cosh

x
d

� �h
þ A4 sinh

x
d

� �i
; ð19Þ

Tp ¼ A1 þ A2

x
Lte

þ
qej

2
e

Lte
2

� �2 � x2
h i

2k
� qej

2
ed

2

k

þ A3 cosh
x
d

� �h
þ A4 sinh

x
d

� �i
; ð20Þ
Fig. 6. (a) Schematic temperature distribution of electrons and pho

version mechanisms and heat transfer path of the electron and phono
where c ¼ ke=kp, and Lte is the thermoelectric element

thickness.

The four unknown constants A1, A2, A3 and A4 are

determined by the boundary conditions for the flow of

heat by electrons and phonons at the boundaries, as

presented in Fig. 6(a) and (b). Note that, as previously

discussed, no direct heat transfer between electrons and

phonons across the boundaries is considered, i.e,

Rk;b;ep ¼ Rk;b;pe ! 1. Also for simplicity, it is assumed

that electrons and phonons are in equilibrium in the

connectors, i.e, Tcp ¼ Tce ¼ Tc and Thp ¼ The ¼ Th.
The phonon boundary conditions are, at x ¼ �Lte=2,

�
Tc � Tp � Lte

2

� �	 

ðAkRkÞb;pp

� kp
dTp
dx

����
�Lte

2

¼ 0; ð21Þ

and at x ¼ Lte=2,

�
Tp Lte

2

� �
� Th

	 

ðAkRkÞb;pp

� kp
dTp
dx

����
Lte
2

¼ 0: ð22Þ

The electron boundary conditions are, at x ¼ �Lte=2,

�
Tc � Te � Lte

2

� �	 

ðAkRkÞb;ee

� ke
dTe
dx

����
�Lte

2

þ ðaS;bulk � aS;bÞ

� jeTe

�
� Lte

2

�
� ðAkReÞb

j2e
2
¼ 0; ð23Þ

and at x ¼ Lte=2,
nons assuming equilibrium in the connectors. (b) Energy con-

n subsystems.
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Fig. 7. Phonon and electron temperature distributions in the

Sb2Te3 thermoelectric element [Eqs. (19) and (20)].
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�
Te Lte

2

� �
� Th

	 

ðAkRkÞb;ee

� ke
dTe
dx

����
Lte
2

þ ðaS;bulk � aS;bÞ

� jeTe
Lte

2

� �
þ ðAkReÞb

j2e
2
¼ 0: ð24Þ

The first term in the above equations represents the

heat flow as defined by the phonon (electron) boundary

resistance, and the second term is the heat flow predicted

by the Fourier law. The third term of Eqs. (23) and (24)

represents the Peltier cooling and heating, respectively.

The Joule heating at the boundaries is represented by the

fourth term.

The bulk Seebeck coefficient aS;bulk is given in Table 1

for the n- and p-type thermoelectric materials. The

boundary Seebeck coefficient aS;b, assuming that tun-

neling is the dominant electron transport mechanism

across the metal/semiconductor interfaces, is given by [7]

aS;b ¼
kB
ec

� �
p2

3
kBT

h2PEo

8p2me;ted2

� ��1=2

: ð25Þ

Taking the values of Eo and d estimated in Section 3.2,

we find jaS;bj equal to 252 and 187 lV/K for the p- and n-
type semiconductor/metal junctions, respectively. (The

sign of aS;b is discussed in Section 5.2).

Eqs. (19) and (20) were solved analytically with Eqs.

(21)–(24). The resulting expressions for the coefficients

Aj are in general very complicated. For electrical current

je equal to zero, the coefficients Aj are

A1 ¼
Th þ Tc

2
; ð26Þ

A2 ¼
cL�

te coth L�
te þ

R�
eR

�
pð1þcÞ2

2R�
k

R�
e þ

R�
eR

�
pð1þcÞ2

2R�
k

þ cL�te coth L�te
ð1þ2R�

k
Þ�1 þ R�

pc
2

� ðTh � TcÞ; ð27Þ

A3 ¼ 0; ð28Þ

A4 ¼
c2R�

p � cR�
e

R�
e þ

R�
eR

�
pð1þcÞ2

2R�
k

þ cL�te coth L�te
ð1þ2R�

k
Þ�1 þ R�

pc
2

� ðTh � TcÞ
2 sinh L�

te

; ð29Þ

where the dimensionless parameters (*) are given by

R�
e ¼

Rk;b

Rk;b;ee
; R�

p ¼
Rk;b

Rk;b;pp
; R�

k ¼
Rk;b
Lte
Akk

; L�
te ¼

Lte

2d
:

ð30Þ

The electron and phonon temperatures for je equal to
0, 15 and 30 mA are shown in Fig. 7. Note that at the

cold junction (x ¼ �2 lm), the electron temperature

decreases with Peltier cooling and increases with Joule

heating [Eq. (23)]. At the hot junction (x ¼ 2 lm), the

electron temperature is increased by both of these energy

conversions [Eq. (24)], which explains the larger devia-
tions of Te and Tp from the temperature in this junction

(Th), compared with the smaller deviations of Te and Tp
from the temperature in the cold junction (Tc). The

difference between Te and Tp increases as je increases, as
expected by inspection of Eqs. (19) and (20). The dis-

tance from the junctions (hot or cold) required for

electrons and phonons to reach equilibrium, i.e, where

Te ¼ Tp, is larger (for je not equal to zero) than the

cooling length of 156 nm estimated for Sb2Te3. This is

due to the effects of Joule heating, not considered in the

derivation of Eq. (14). This difference increases (i.e., d
becomes larger) with the increase of je.
5. Effect of boundary resistances and phonon–electron

non-equilibrium on thermoelectric properties

The efficiency of the n- and p-type thermoelectric

elements is determined by the figure of merit

Ze ¼
a2S
qek

¼ a2S
Re;h–c=Rk;h–c

; ð31Þ

where Re;h–c and Rk;h–c are the electrical and thermal

resistances, respectively. A low electrical resistance is

desired in order to minimize the Joule heating, _Se;J, and
the electrical power consumption, Pe, of the device. The

thermal resistance must be large to minimize the unde-

sirable conduction heat transfer from the hot junction to

the cold junction, Qk;h–c, shown in Fig. 1. The Seebeck
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Fig. 8. Variation of (a) thermal resistance, Rk;h–c, obtained from

Eqs. (35) and (36), and (b) Seebeck coefficient of the thermo-

electric element, aS , obtained from Eqs. (40) and (41), with re-

spect to the cooling length d, and electron ðAkRkÞb;ee and

phonon ðAkRkÞb;pp boundary resistances.
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coefficient aS is an indicator of the device thermopower,

i.e., the Peltier heating/cooling at the junctions, _Se;P, and
should be maximized.

Here, as the thermoelectric element has a small

thickness (Lte ¼ 4 lm), its thermoelectric properties, and

therefore, its efficiency, can be influenced by the

boundary effects (phonon and electron boundary resis-

tances and phonon–electron non-equilibrium).

5.1. Thermal resistance of thermoelectric element

In the absence of electrical current, the heat flow

across the thermoelectric element i (i ¼ n; p) can be

calculated as

Qk;h–cðje ¼ 0Þ ¼ ðTh � TcÞ
ðRk;h–cÞi

: ð32Þ

From the heat flow path shown in Fig. 6(b),

Qk;h–cðje ¼ 0Þ ¼ Ak

�
� ke

dTe
dx

� kp
dTp
dx

�
�Lte

2

¼ Ak

�
� ke

dTe
dx

� kp
dTp
dx

�
Lte
2

: ð33Þ

Therefore, the thermal resistance of the thermoelectric

elements is given by

ðRk;h–cÞi ¼
ðTh � TcÞ

Ak � ke dTe
dx � kp

dTp
dx

h i
Lte
2

2
64

3
75

i

¼ Lte

Akk
ðTh � TcÞ

A2

� �
i

; ð34Þ

or, introducing Eq. (27) into Eq. (34),

ðRk;h–cÞi
Lte
Akki

¼
R�
e þ

R�
eR

�
pð1þcÞ2

2R�
k

þ cL�te coth L�te
ð1þ2R�

k
Þ�1 þ R�

pc
2

cL�
te coth L�

te þ
R�
eR

�
pð1þcÞ2

2R�
k

2
64

3
75

i

: ð35Þ

Note that Rk;h–c is greater than the bulk resistance

Lte=ðAkkÞ due to the thermal boundary resistances and

the phonon–electron non-equilibrium. This increase in

Rk;h–c reduces the undesirable heat conduction from the

hot to the cold junctions. For Lte much greater than 2d,
Eq. (35) becomes

ðRk;h–cÞi
Lte
Akki

¼ 1

"
þ 2Rk;b

Lte
Akk

#
i

: ð36Þ

The effect of the cooling length and the phonon and

electron boundary resistances on the thermal resistance

Rk;h–c, which is obtained from Eqs. (35) and (36), is

shown in Fig. 8(a), for cases (i)–(iv) described below.

The increase in Rk;h–c, compared to the bulk resistance, is

only 7.2% for (i) the predicted resistances [ðAkRkÞb;pp ¼
9:2� 10�8 K/(W/m2) and ðAkRkÞb;ee ¼ 3:5� 10�7 K/(W/
m2)] and cooling length (d ¼ 66 nm) of the Bi2Te3
thermoelectric element. An increase of these resistances

by an order of magnitude (iv), increases Rk;h–c in 72%.

Note that d can significantly affect Rk;h–c only when Rk;b;pp

(iii) or Rk;b;ee (ii) are individually increased, and dJ 100

nm. The thermal resistance of the thermoelectric element

is more sensitive to the increase of Rk;b;pp (iii). In this

case, Rk;b;pp is greater than Rk;b;ee, and the total thermal

boundary resistance [Eq. (13)] is dominated by the

electron contribution. The shaded region in the graph

marks the range in which the cooling length is varied as

a function of the phonon speed of Bi2Te3 (up;te estimated

in Section 3.1 is equal to 3058 m/s).

5.2. Seebeck coefficient of thermoelectric element

The Seebeck coefficient of the thermoelectric element

i (i ¼ n; p) is given by

aS;i ¼
Duh–c

Th � Tc
; ð37Þ
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where Duh–c is the voltage drop between the cold and hot

interfaces of the element due to the bulk and boundaries

Seebeck effects, i.e.,

Duh–c ¼ aS;b½Th � TeðLte=2Þ� þ aS;bulk ½TeðLte=2Þ
� Teð�Lte=2Þ� þ aS;b½Teð�Lte=2Þ � Tc�: ð38Þ

Therefore, Eq. (37) becomes

aS;i ¼ aS;b

�
þ

Te Lte
2

� �
� Te � Lte

2

� �	 

Th � Tc

ðaS;bulk � aS;bÞ
�
i

;

ð39Þ

or, after evaluating Te at the cold and hot interfaces [Eq.

(19)],

aS;i ¼ aS;b

2
64 þ

R�
e þ

R�
eR

�
pð1þcÞ2

2R�
k

þ cL�
te coth L�

te � R�
pc

R�
e þ

R�
eR

�
pð1þcÞ2

2R�
k

þ cL�te coth L�te
ð1þ2R�

k Þ
�1 þ R�

pc
2

� ðaS;bulk � aS;bÞ

3
75

i

: ð40Þ

For d � Lte=2,

aS;i ¼ aS;b

"
þ 1

2kðAkRkÞb
Lte

þ 1
ðaS;bulk � aS;bÞ

#
i

: ð41Þ

Note that for je equal to zero, ½TeðLte=2Þ� Teð�Lte=2Þ�
is less than or equal to (Th � Tc), as shown in Fig. 7.

Therefore, it is implied from Eq. (39) that jaS;ij6 jaS;bulk j.
This defines the sign of the boundary Seebeck coeffi-

cients obtained from Eq. (25), i.e., aS;b is equal to )252
and 187 lV/K for the p- and n-type semiconductor/metal

junctions, respectively.

The effect of the cooling length and the boundary

resistances on the Seebeck coefficient, which is obtained

from Eqs. (40) and (41), is shown in Fig. 8(b), for the

same four cases discussed in Section 5.1 [also indicated

in Fig. 8(a)]. The effective Seebeck coefficient is lower

than the bulk Seebeck coefficient, indicating an unde-

sirable reduction on the thermoelectric energy conver-

sion of the device. For the predicted boundary

resistances (i) [ðAkRkÞb;pp ¼ 9:2� 10�8 K/(W/m2) and

ðAkRkÞb;ee ¼ 3:5� 10�7 K/(W/m2)] and cooling length

(d ¼ 66 nm) of the Bi2Te3 thermoelectric element, a

reduction of 13% is found in aS . This proportion is in-

creased to 77% when both electron and phonon

boundary resistances are increased by an order of

magnitude (iv). For d < 10 nm, the Seebeck coefficient is

more sensitive to the increase in Rk;b;pp (aS is reduced by

37%, (iii)), than to the increase in Rk;b;ee (aS is reduced by

15%, (ii)), as observed for the thermal resistance of the

thermoelectric element. However, for larger cooling

lengths, the increase in the individual resistances cause

opposite effects. While aS is drastically decreased in case
(ii), it is increased in case (iii), where the electron con-

tribution to the total boundary resistance is dominant.

From Fig. 8(a) and (b), it is observed that for

Rk;b;ee < Rk;b;pp (iii), a larger cooling length [recall that d
was estimated on the conservative (lower) side] would

result in higher thermoelectric efficiency [Eq. (31)], due

to the increase in both the conduction resistance and the

Seebeck coefficient of the thermoelectric elements. For d
equal to 66 nm, any increase in the boundary resistances

results in opposite effects on Rk;h–c and aS , i.e., the con-

duction resistance is increased and the Seebeck coeffi-

cient is decreased. In Section 7, where the results from

the device optimization are discussed, the device cooling

performance will be investigated as a function of these

combined effects. A decrease in the performance with an

increase in the boundary resistances is expected, since

the efficiency of the thermoelectric element is more

sensitive to the reduction of aS , than to the increase of

Rk;h–c [Eq. (31)].
6. Contact resistances

The thermal ðAkRkÞc and electrical ðAkReÞc contact

resistances are a result of impurities, variations in the

crystal size and orientation, defects, etc, at the interface,

which are created in the fabrication process. When a

semiconductor is grown on top of a metal (or vice versa)

there is often no gap at the interface. But the different

lattice parameters of the materials allow strain between

the layers, which may cause the dislocation of atoms and

the formation of defects. Variation in the stoichiometry

of the thermoelectric compounds, as well as diffusion of

the metal into the semiconductor, can also occur. These

surface features (not considered in the thermal boundary

resistances) affect the transport of heat and electricity

through the interfaces. Their effects must be included in

the model for prediction of the micro-cooler perfor-

mance, and here this is done through the introduction of

ðAkRkÞc and ðAkReÞc. Both resistances cause a reduction

of the device performance. Thermal and electrical con-

tact resistances are present at the metal/thermoelectric

interfaces, and thermal contact resistances are present at

the metal/electrical–insulator interfaces of the micro-

cooler. The effect of the thermal contact resistance is a

discontinuity of temperature at the interface in the

presence of a heat flow. An electrical contact resistance

increases the total electrical resistance of the device, and

generates Joule heating at the junctions. In practice,

annealing (heat treatment) is used to reduce both the

thermal and electrical contact resistances.

6.1. Thermal contact resistance

Lahmar et al. [18] performed an experimental inves-

tigation on the thermal contact resistance between a
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The total boundary resistance Rk;b (described in Section 3.3) at

the thermoelectric/metal interfaces, and the contact resistances

Rk;c and Re;c (described in Section 6) at the thermoelectric/metal

and metal/electrical–insulator interfaces are indicated.
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gold coating and ceramic substrates, and showed that

thermal treatment significantly increases the adhesion

and reduces the thermal contact resistance between these

materials. The contact resistance decreased from 10�7 K/

(W/m2) to less than 10�8 K/(W/m2) after heat treatment.

Orain et al. [19] have developed a measurement

technique for determining the thermal conductivity of

dielectric thin films. It was reported that for films thicker

than 1 lm, the film thermal conductivity is equivalent to

the value for the bulk material. For thinner films, a drop

in the conductivity was observed, revealing the impor-

tance of the film/substrate contact (and boundary)

resistances. The effect of the layering technique and the

nature of the metal and substrate on the contact resis-

tance was also presented. Contacts of Au/Al2O3 and Au/

SiO2 formed by evaporation had resistances estimated

on the order of 1 to 2· 10�7 K/(W/m2). Based on these

results [18,19] a thermal contact resistance ðAkRkÞc of

10�7 K/(W/m2) is assumed.

Note that, when interfacial thermal resistances are

measured, the contributions of the contact and bound-

ary resistances are difficult to distinguish. Therefore, the

experimental results are for the dominant resistance,

which we assume to be the contact resistance. If this is

not the case, the predicted device performance will be

lower than the expected (i.e, we have chosen the con-

servative side), as will be discussed in Section 7.

6.2. Electrical contact resistance

In macroscopic thermoelectric devices, electrical

contact resistance between the semiconductor and metal

electrodes has been reported to typically be between

10�8 and 10�9 Xm2, when standard techniques for

making a junction (such as soldering or hot pressing) are

used [16,20]. However, films with micron or submicron

thickness are produced using thin-film growth tech-

niques (e.g., evaporation or sputtering), and the resis-

tances are expected to be much smaller. Jaeger [21] has

reported electrical contact resistances for a variety of

aluminum-silicon systems, which range from 10�5 to

10�10 Xm2 as a function of annealing temperature.

If it is assumed that there is no gap at the contact

zone, then the electrical contact resistance ðAkReÞc is that
between the two materials at the interface [for example,

Bi(Sb)–Te/metal]. Choosing the highest electrical resis-

tivity between these materials, which is 1.3 · 10�5 Xm

(for Bi2Te3, as presented in Table 1), and estimating the

length of the contact equal to 100 nm, results in ðAkReÞc
equal to 1.3· 10�12 Xm2.

The relation between the thermal (electronic contri-

bution) and electrical resistances: ðAkRkÞb;ee and ðAkReÞb
when used for boundary resistances, or ðAkRkÞc;e and

ðAkReÞc when used for contact resistances, is given by

Eq. (7). As indicated in Section 4.1, for Bi2Te3, the

electron thermal conductivity ke is 25% of the bulk
thermal conductivity k [7]. Assuming the same contri-

bution for the thermal contact resistances, we have

ðAkRkÞc;e ¼ 0:25 ðAkRkÞc. Then, from Eq. (7), for T ¼ 300

K, ðAkReÞc is equal to 1.8 · 10�13 Xm2.

Under well-controlled laboratory conditions, mea-

sured electrical contact resistance between Si and Pt has

been reported to be 5 · 10�12 Xm2, and between Si and

Al, 1 to 2· 10�11 Xm2 [22]. Si/metal is not a type of

electrical contact found in the thermoelectric cooler, but

this is considered a good indication that the electrical

resistivity of the Bi(Sb)–Te/metal contact can be less

than or equal than 2· 10�11 Xm2, since the electrical

resistivity of Si (10�4 Xm) is higher than that of the

thermoelectric elements. Based on these results, ðAkReÞc
equal to 2· 10�11 Xm2 is assumed.
7. Geometry optimization

The heat flow path in the micro-thermoelectric cooler

is shown in Fig. 1 and the various parameters used in the

model are indicated in Fig. 9. Surface convection and

radiation heat transfer between the heat sink and the

vapor sensor are neglected as the conduction resistances

of the films are much smaller than the surface radiation

resistance and the air convection resistance (all in par-

allel). It is also assumed that the Joule heating in the

thermoelectric material is equally split between the top

and bottom bounding surfaces. So, at the cold junction

we have [42]

Qc þ Qk;c–h ¼ ð _Se;JÞc þ ð _Se;JÞcc þ ð _Se;PÞc; ð42Þ

and at the hot junction,

Qh þ Qk;h–c ¼ ð _Se;JÞh þ ð _Se;JÞhc þ ð _Se;PÞh: ð43Þ
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Qk;h–c is the heat transferred from the hot to the cold

surface by conduction,

Qk;h–c ¼
Th � Tc
Rk;h–c

¼ �Qk;c–h: ð44Þ

The thermal resistance Rk;h–c is given by

1

Rk;h–c
¼ Nte

1

ðRk;h–cÞp

"
þ 1

ðRk;h–cÞn

#
; ð45Þ

where Nte is the number of thermoelectric pairs, and

ðRk;h–cÞn and ðRk;h–cÞp are given by Eq. (35) as a function

of the boundary resistances and cooling lengths esti-

mated in Sections 3 and 4, respectively.

Qc and Qh are the heat transferred from the load

(vapor sensor) to the cold surface and from the hot

surface to the heat sink respectively:

Qc ¼ � Tl � Tc
Rk;c–l

and Qh ¼
Th � T1
Rk;h–1

: ð46Þ

At the cold side,

1

Rk;c–l
¼ Nte

1

Rk;c1 þ Rk;cc þ Rk;c2
; ð47Þ

and at the hot side,

1

Rk;h–1
¼ Nte

1

Rk;c3 þ Rk;hc þ Rk;c4 þ Rk;sink
: ð48Þ

Note that the thermal contact resistances between the

thermoelectric elements and connectors are ðRk;c1Þ�1 ¼
ðRk;c3Þ�1 ¼ 2Akðk=LÞcontact and between the connectors

and the electrical insulator films are ðRk;c2Þ�1 ¼
Accðk=LÞcontact and ðRk;c4Þ�1 ¼ Ahcðk=LÞcontact, where

ðk=LÞcontact was assumed equal to 107 (W/m2)/K, as dis-

cussed in Section 6.1. The thermal resistances of the

connectors are ðRk;iÞ�1 ¼ ðAk=LÞi, where i ¼ cc; hc, and
the thermal resistance of the heat sink (including the

electrical insulator film), which was assumed an infinite

solid, is ðRk;sinkÞ�1 ¼ lnð4ahc=dhcÞ=ðpksinkahcÞ [42].
ð _Se;PÞc is the Peltier cooling at the cold junction and

ð _Se;PÞh is the Peltier heating at the hot junction, given by

ð _Se;PÞc ¼ �NteaSJeTc and ð _Se;PÞh ¼ NteaSJeTh; ð49Þ

where Je is the electric current flowing along the ther-

moelectric elements and metal connectors, and

aS ¼ aS;p � aS;n is the sum of the Seebeck coefficients of

the n- and p-type materials, which are given by Eq. (40).

ð _Se;JÞc and ð _Se;JÞh are the portions of the Joule heating
(generated in the thermoelectric elements) assigned to

the cold and hot junctions respectively. Note that the

Joule heating generated at the metal/thermoelectric

contacts is also considered, so that
ð _Se;JÞc ¼ ð _Se;JÞh ¼
1

2
J 2
e Re;h–c þ

1

2
J 2
e Re;c: ð50Þ

The electrical resistance of the thermoelectric elements is

Re;h–c ¼ Nte
qe;pLte

Ak

�
þ
qe;nLte

Ak

�
: ð51Þ

The contact electrical resistance is

Re;c ¼
4NteðAkReÞc

Ak
; ð52Þ

where ðAkReÞc is taken to be equal to 2· 10�11 Xm2, as

discussed in Section 6.2.

ð _Se;JÞcc and ð _Se;JÞhc are the Joule heating generated in

the cold and hot connectors respectively, given by

ð _Se;JÞi ¼ J 2
e Re;i; where i ¼ cc; hc; ð53Þ

Re;cc ¼ Nte
qea
dL

� �
cc

and

Re;hc ¼ Nte
qea
dL

� �
hc
þ Re;pads: ð54Þ

Note that Re;pads is the electrical resistance between the

contact pads and the initial thermoelectric structures of

the cooler device. Based on measurements of pre-

liminary fabricated structures, we have estimated Re;pads

to be 50 X. Therefore, the total electrical resistance of

the device can be expressed as

Re ¼ Re;h–c þ Re;cc þ Re;hc þ Re;c; ð55Þ

and the total power consumed as

Pe ¼ ReJ 2
e þ ð _Se;PÞh þ ð _Se;PÞc ¼ DuJe; ð56Þ

where Du is the total voltage required.

The coefficient of performance is given by

COP ¼ �Qc

Pe
: ð57Þ

The calculations were performed with the thermal and

electrical properties of the thermoelectric materials given

in Table 1.

In Fig. 10, the current and voltage required as a

function of the number of thermoelectric pairs are

shown, for Tl � T1 ¼ 10 K, Qc ¼ �10 mW, Lte ¼ 4 lm,

and dte ¼ 7, 9 and 11 lm (Ak ¼ d2
te). For Du ¼ 3 V, the

micro-cooler will need 30 to 60 thermoelectric pairs, as

indicated by the shaded area. For dte ¼ 7 lm, the device

operating current is lower than 20 mA. Note that the

values of Tl � T1 (10 K), Qc ()10 mW) and Du (3 V) are

requirements of a specific application (cooling of a mi-

cro-chemiresistor vapor sensor), as indicated in Fig. 1.

The height of the columns Lte (4 lm) is a result of pre-

liminary fabrication studies. The minimum dimension of

dte (7 lm) has been chosen due to the limitations on the

minimum feature size (3 lm) obtained in our micro-

fabrication process.



Fig. 10. Variation of required (a) voltage Du, and (b) current

Je, with respect to number of thermoelectric pairs Nte. The

shaded region indicates the range of operating conditions for

Du equal to or smaller than 3 V.

Fig. 11. Variation of (a) power requirement Pe, and (b) coeffi-

cient of performance COP, with respect to number of thermo-

electric pairs Nte. The shaded region indicates the range of

operating conditions for Du equal to or smaller than 3 V.
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The device power requirement and coefficient of

performance, as a function of the number of thermo-

electric pairs, are shown in Fig. 11. For dte ¼ 7 lm, the

minimum power consumed Pe;min is equal to 26 mW,

which corresponds to a maximum coefficient of perfor-

mance COPmax of 0.38. Typical COP values of com-

mercially available thermoelectric modules are between

0.4 and 0.7 (for Lte > 1 mm). For devices with shorter

thermoelectric elements, the performance is expected to

be lower [43], as predicted here. The decrease in the

device performance is due to the increase of both con-

duction heat transfer (from the hot to the cold junction)

and resistance to the flow of electrons (which causes the

undesirable Joule heating) with the increase of Nte. The

selection of the cross-sectional area of the thermoelectric

elements (i.e., d2
te) is a compromise between reducing the

conduction (a small area is desirable) and reducing the

Joule heating (a large area is desirable).

For a given load Qc, as the number of pairs increases,

the current needed to achieve the desirable (T1 � Tl) is
decreased, since each thermoelectric pair receives a

smaller portion of the load. This has a positive effect on

the reduction of the power required [Eq. (56)], which

when combined with the negative effect of the electrical

resistance, results in the minimum power and the max-

imum coefficient of performance observed in Fig. 11.
Having defined the number of pairs as a function of

the voltage [(Nte ¼ 50 pairs is chosen from Fig. 10(a)],

and the side width of the columns for optimum perfor-

mance (dte ¼ 7 lm is chosen from Fig. 11), the effect of

the phonon boundary resistance ðAkRkÞb;pp and the

electron boundary resistance ðAkRkÞb;ee on the reduction

of the vapor sensor temperature is investigated. The

results are shown in Fig. 12(a). The device cooling per-

formance (T1 � Tl) decreases with the increase of

ðAkRkÞb;ee, due to the reduction of the Seebeck coeffi-

cient, as presented in Fig. 8(b) [case (ii)], indicating that

this effect is more pronounced on the performance than

the increase of the thermal resistance shown in Fig. 8(a).

As ðAkRkÞb;ee decreases, (T1 � Tl) becomes less sensitive

to the increase of ðAkRkÞb;pp. The effects of the electron

thermal transport [which dominates when ðAkRkÞb;pp �
ðAkRkÞb;ee] on the boundary and bulk Seebeck coeffi-

cients, need to be further investigated.

Note that the variation in ðAkRkÞb;ee from 10�7 to 10�5

K/(W/m2) in Fig. 12(a), corresponds to a variation in the

potential barrier height Eo from approximately 0:5Eo to

1:5Eo. The shaded area indicates the uncertainty in

ðAkRkÞb;pp as a function of the phonon speed up;te. The
dashed line indicates the operating condition, based

on the values of the electron and phonon boundary



20

10

0

T
   

- 
T

l ,
 K

(a)

15

5

10-8 10-7 10-6 10-5

(AkRk)b,pp,n = (AkRk)b,pp,p , K/(W/m2)

(AkRk)b,ee,n = 3.5 x 10-7  
(AkRk)b,ee,p = 9.3 x 10-7   

Qc = -10 mW
Nte = 50
dte = 7 µm
∆ϕ = 3 V

{

(AkRk)b,ee,n = (AkRk)b,ee,p = 10-7 K/(W/m2)  

(AkRk)b,ee,n = (AkRk)b,ee,p = 10-5  

0.5Eo  
< Eo < 
1.5Eo

1.25up,te 
> up,te >
0.75up,te 

T
   

- 
T

l ,
 K

10

0

(b)

5

Qc = -10 mW
Nte = 50
dte = 7 µm
∆ϕ = 3 V

10-8 10-7 10-6 10-5

(AkRk)c , K/(W/m2)

15

10

5

0

T
   

- 
T

l ,
 K

(c)

10-13 10-12 10-11 10-10 10-9

(AkRe)c , Ω-m2

Qc = -10 mW
Nte = 50
dte = 7 µm
∆ϕ = 3 V

Fig. 12. Variation of the load temperature drop, T1 � Tl, with
respect to (a) phonon boundary resistance ðAkRkÞb;pp, (b) ther-
mal contact resistance ðAkRkÞc, and (c) electrical contact resis-

tance ðAkReÞc. The shaded region indicates the uncertainty in

ðAkRkÞb;pp as a function of the phonon speed of the thermo-

electric element up;te. The dashed lines indicate the operating

condition, based on the values of electron and phonon

boundary resistances estimated in Section 3, and thermal and

electrical contact resistances estimated in Section 6.

Fig. 13. Variation of the load temperature drop, T1 � Tl, with
respect to thermoelectric element length Lte. The dashed line

indicates the value of Lte (4 lm) used in the model for prediction

of the micro-thermoelectric cooler operating condition.
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resistances estimated in Section 3. From the region de-

fined by the shaded area and the curves, a minimum

value for the device cooling performance (T1 � Tl) of

7 K can be predicted.

In Fig. 12(b), the effect of the thermal contact resis-

tance ðAkRkÞc on (T1 � Tl) is presented. The value of
ðAkRkÞc equal to 10�7 K/(W/m2), which was estimated in

Section 6.1, is indicated by the dashed line. An increase

in ðAkRkÞc by one order of magnitude would reduce the

cooling performance to zero. Note that this result is

comparable with the effect of the thermal boundary

resistances shown in Fig. 12(a), for the two cases with

higher electron boundary resistance. In the Fig. 12(c), it

is shown that increasing the electrical contact resistance

ðAkReÞc by one order of magnitude [ðAkReÞc ¼ 2� 10�11

Xm2 was estimated in Section 6.2, and is indicated by

the dashed line] would also reduce the cooling perfor-

mance (T1 � Tl) to zero. Both thermal and electrical

contact resistances can be diminished by improving the

fabrication process and by post-fabrication treatments.

In Fig. 13, the effect of the film thickness Lte on the

device cooling performance is presented. The optimum

values observed are due to the opposite effects of

increasing the electrical (undesirable) and conduction

(desirable) resistances of the thermoelectric elements.

The model predictions are based on Lte ¼ 4 lm (indi-

cated by the dashed line), which has been, so far, a

fabrication limit. For dte ¼ 7 lm, which results in higher

COP and lower power (as shown in Fig. 11), the maxi-

mum cooling performance can be reached when Lte ¼ 10

lm. Based on this result, we will work towards

increasing the thermoelectric film thickness.

In Fig. 14, the temperature distribution in the various

films (Sb2Te3 is the thermoelectric material) that form

the thermoelectric cooler is shown for Je ¼ 11 mA,

which is obtained for Du ¼ 3 V, Qc ¼ �10 mW and

Nte ¼ 50 pairs. The thicknesses of the films are not to

scale. The temperature drop observed at the cold and

hot interfaces (load/connector and connector/thermo-

electric element) is a result of the thermal contact

resistance ðAkRkÞc (estimated in Section 6.1). On the cold

side (amplified region I), ðTl � TcÞ ¼ 0:25 K, and on the

hot side (amplified region II), ðTh � T1Þ ¼ 1:22 K. In the
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thermoelectric element, the distributions of phonon

temperature Tp and electron temperature Te are shown,

and the phonon–electron non-equilibrium near the

boundaries is evident. This non-equilibrium depends on

the phonon and electron boundary resistances, Peltier

cooling/heating and Joule heating, as discussed in Sec-

tion 4.2. At the cold junction (Tp � Te) is 5.98 K, and at

the hot junction (Te � Tp) is 6.86 K. These large tem-

perature differences indicate the importance of the

thermal and electrical transport at the metal/thermo-

electric interfaces when thin thermoelectric films are

considered (here, Lte ¼ 4 lm). The length of the non-

equilibrium region is about 500 nm, which is much

greater than d ¼ 156 nm obtained from Eq. (14). This

indicates that a more accurate estimation of the cooling

length is needed.
8. Summary

In order to predict the performance of micro-

thermoelectric coolers, various aspects of the electron

and phonon transport have been addressed in this

study.

The phonon boundary resistances estimated by the

DMM theory, using the measured and Debye density of

states, are similar, and have the same order of magni-

tude as the experimental values reported in the literature

(for interfaces between diamond and several metals).

For Bi2Te3/Cu and Sb2Te3/Cu interfaces, the phonon

boundary resistances are found to be 9.2 · 10�8 and

8.0· 10�8 K/(W/m2), respectively. The electron bound-
ary resistance is estimated as a function of the thickness

and height of the electronic potential barrier, which is

associated with the difference in the band structures of

the two materials at the junction. Assuming electron

tunneling and using the Wiedemann–Franz law at the

boundaries, the electron boundary resistance is found to

be 3.5· 10�7 and 9.3· 10�7 K/(W/m2) at the n- and

p-type semiconducor/metal interfaces, respectively. The

cooling lengths of 66 nm (Bi2Te3) and 156 nm (Sb2Te3)

are estimated using the available electron/hole mobility,

phonon speed, and electron/hole concentration. The

thermal and electrical contact resistances, estimated

using the available experimental results in the literature,

are 10�7 K/(W/m2) and 2· 10�11 Xm2, respectively.

The electron and phonon temperature distributions

are obtained as a function of the predicted cooling

lengths (d), electron and phonon boundary resistances,

Peltier heating/cooling, and Joule heating. The distance

from the junctions (hot or cold) over which electrons

and phonons reach equilibrium are found to be larger

than d. This is due to the Joule heating, not considered

in the derivation of Eq. (14), and indicates that a more

accurate model for predicting the cooling length is re-

quired. Also, from the temperature distribution shown

in Fig. 14, a difference between the phonon and electron

temperatures as high as 6.8 K is observed (and could be

larger with an increase in current). The phonon–electron

non-equilibrium at the metal/thermoelectric interface is

evident, and indicates the importance of the thermal

transport in the electron subsystem.

Since the predicted values of d are more than one

order of magnitude smaller than the thermoelectric



2434 L.W. da Silva, M. Kaviany / International Journal of Heat and Mass Transfer 47 (2004) 2417–2435
element thickness, the electron–phonon non-equilibrium

does not significantly influence the thermal resistance

and the Seebeck coefficient of the thermoelectric ele-

ments, as shown in Fig. 8. Although the phonon and

electron boundary resistances reduce the conduction

heat transfer along the columns, they also reduce the

Peltier heating/cooling through the reduction of the

Seebeck coefficient. The combined effect is the reduction

of the device cooling capacity when the electron

boundary resistance is larger than 10�7 K/(W/m2) (which

includes the values estimated in Section 3.2), as shown in

Fig. 12(a). As the electron boundary resistance de-

creases, the thermal transport becomes dominated by

the electron subsystem at the interface, causing the in-

crease of the cooling performance. Based on these re-

sults, we believe that a further investigation of the

electron boundary resistance and boundary Seebeck

coefficient is needed. In addition, the direct heat transfer

between electron and phonon subsystems across the

boundary (which was assumed negligible, for simplicity,

in Section 3.3), should be further investigated.

Although the discontinuities of temperature at the

interfaces caused by the thermal contact resistances are

small (compared to the electron–phonon non-equilib-

rium), as shown in Fig. 14 in the enlarged regions I and II,

this resistance is an important factor affecting the device

performance, as verified in Fig. 12(b). The electrical

contact resistance is equally important. Both contact

resistances are affected by the fabrication process (as

discussed in Section 6), which can generate a greater

uncertainty than that related to the prediction of the

electron and phonon boundary resistances. Thus, we

consider the thermal and electrical contact resistances the

most critical parameters affecting the device performance.

The length of the thermoelectric element Lte (4 lm) has

so far been limited by the film deposition method used.

From Fig. 13, it is found that the aspect ratio Lte=dte of
the columns should be around 1.5 in order for the micro-

cooler to provide optimal cooling. As dte is constrained
by the fabrication process to be equal to or larger than 7

lm, the film thickness should then be increased.

From the device optimization, it is predicted (for Du
equal to 3 V) that a micro-thermoelectric cooler with

number of pairs Nte of 50, Lte of 4 lm, and dte of 7 lm,

should deliver a load Qc of 10 mW with temperature of

11 K below the ambient. This device will require a power

Pe of 34 mW, an electrical current Je of 11 mA, and will

have a coefficient of performance COP of 0.3.
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