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Introduction
The thermal conductivity of dielectric crystal@here phonons

Role of Phonon Dispersion in
Lattice Thermal Conductivity
Modeling

The role of phonon dispersion in the prediction of the thermal conductivity of germanium
between temperatures of 2 K and 1000 K is investigated using the Holland approach. If no
dispersion is assumed, a large, nonphysical discontinuity is found in the transverse pho-
non relaxation time over the entire temperature range. However, this effect is masked in
the final prediction of the thermal conductivity by the use of fitting parameters. As the
treatment of the dispersion is refined, the magnitude of the discontinuity is reduced. At the
same time, discrepancies between the high temperature predictions and experimental data
become apparent, indicating that the assumed heat transfer mechanisms (i.e., the relax-
ation time models) are not sufficient to account for the expected thermal transport. Mo-
lecular dynamics simulations may be the most suitable tool available for addressing this
issue. [DOI: 10.1115/1.1723469
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2 Thermal Conductivity Model
By solving the BTE and using the Fourier law of conduction,

dominate the thermal transpprhas been theoretically investi-the thermal conductivity of germanium, assuming an isotropic
gated since the works of Deby#] and Peierl§2]. The exact or crystal, and neglecting the contributions of optical phonons, has
even numerical prediction of the thermal conductivity is a formipeen predicted to be of the forf#]

dable task. This is due to the complexity of the Boltzmann trans-

port equation(BTE), which is the basis for most solution tech- 1
niques. Analytical thermal conductivity models have beenk= ~
developed based on the single mode relaxation (&MRT) ap- 6
proximation in the BTE with different degrees of complexity 01 p omt D
[3,4]. In SMRT models, a single relaxation time is associated with +2 J CUTQ'T TTO‘U‘zrdwT+ J CUZL'T TTUw%dwT)
each phonon mode, and describes how that mode would respond 0 Up,T 01 VT

if excited while all others remain at equilibrium. The temperature 1)
and frequency dependencies of the relaxation times are assumed,

and the predictions must be fit to the experimental data. The first term corresponds to longitudin@l) phonons, and the
Callaway[3] developed an SMRT model that can successfullyecond and third terms to transvef3® phonons(two degenerate
prgdlct the low temperature thermal c_ondL_Jct|V|ty _of germaniunpranches Here, ¢, is the quantum-harmonic specific heat per
This approach uses the Debye approximation, which assumes figtmal mode and-is a SMRT. The forms of- are given in[4].
there is no phonon dispersion and that the longitudinal and trangre upper limits of the first and third integrals are the angular
verse polarizations behave identically. Hollaj®j extended the frequencies of the phonon branches at the edge of the first Bril-
work of Callaway by separating the contributions of longitudinabuin zone. For the transverse phonons, the frequends that at
acoustic(LA) and transverse acoustifA) phonons, including the center of the first Brillouin zone. The phonon group velocity,
some phonon dispersion, and using different forms of the relaxg, is defined agw/dx, wherew is the angular frequency andis
ation times. Better high temperature agreement was found for gére wave number. The phonon phase veloaity, is defined as
manium than with the Callaway model. The Holland model has/.
been refined to include further detail on the phonon dispersion and
relaxation time$5-7]. The added complexities lead to more fitted
parameters. One could argue that the resulting better fits with the . .
experimental data are due to this increase in the number of fitted Phonon Dispersion Models
parameters, and not to an improvement of the actual physicalExperimental results for the phonon dispersion of the acoustic
model. modes of germanium in tH&00] direction, at a temperature of 80
This study examines the impact of refining the phonon dispefs are shown in Figs. (&) and 1b) [8]. The horizontal axis is a
sion model beyond the Debye approximation for germanium usifgmnensionless wave number, which is obtained by normalizing the
an SMRT approach. Consideration is given to the distinction b#/ave number against its value at the edge of the first Brillouin
tween the group and phase velocities, their frequency dependéde, i.e..k* =/ k= «/(2m/a). For germanium at a tempera-
cies, and the rigorous treatment of impurity scattering. In the cofitre of 80 K, the value o& s 5.651 A[8]. To allow for the use of

text of the improved dispersion model, some issues with tffed- (1), which assumes isotropic dispersion, this direction is used
Holland relaxation time model are addressed. in the subsequent analysis. The temperature dependence of the

dispersion 9] is not considered. The experimental data at a tem-
Contributed by the Heat Transfer Division for publication in tf@JBNAL OF perature of 80 K are used for all calculations. To assess the im-

HEAT TRANSFER Manuscript received by the Heat Transfer Division June 13, 2001?0”3“09 of accu_rately modeling the dispersion, five different
revision received January 9, 2004. Associate Editor: G. Chen. models are examined.
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(a) where the label can bel or T (this notation holds for the rest of
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Fig. 1 Germanium phonon dispersion in the [100] direction.

Experimental data [8] and five models used in this study for (@ atthe edge of the Brillouin zone, as seen in Figh)1
LA phonons and (b) TA phonons.

3.5 Present Study. We introduce a new model for the dis-
persion, referred to hereafter as the Brillouin zone boundary con-

3.1 Debye Model. From experimental data at low frequen-dition (BZBC) model. A qL_Jadratic wave number dependence for
phonons and a cubic wave number dependence for TA

cies, the phonon frequency is proportional to its wave numble ; - e . .
such thatp q ¥ 1S prop phonons are used. This model is a modification of the Tiwari

model, in that the boundary conditions given by E@s.and(8),
©="0qgk, (2) andwi(kmi)=wni, are applied. The resulting dispersion relations

where the subscript O refers to the low frequency limit, ike0, are

anduv g is the low frequency limit of the phonon group velocity. L=V og L Kmk* + (@mL—Vog L Km) 2

The Debye dispersion model uses E2). for all frequencies, and 9)
dqes not distinguish betwgen the LA andZTA phonons. Note that in 01=00g TKmK* + (30m1— 200 TKm) K*2
this casev,=vg, so that in Eq.(1), vg/vy, becomes 1. The 3
specification ol o4 is somewhat arbitrary. One possibility i3] +(Vog,TKm ™ 20mT) K*°.
1 1/ 1 2 3.6 Comparison of Dispersion Models. A comparison of
— = §( + , (3) the five dispersion models, along with the experimental data for
Uog Uog,L Uog,T

germanium(8], is shown in Figs. @) and ib). For the both the
wherevgg andvgg  are obtained from the experimental datalongitudinal and transverse polarizations, both the Tiwari and
Using that of Nilsson and Nelif8], we get 5142 m/s and 3391 BZBC models match the experimental data reasonably well over
m/s forvgg andvgg t, respectively, which give ayy value of most of the first Brillouin zone. The agreement is not as good for
3825 m/s. the transverse polarization abox€ values of 0.7 due to the pla-
.. teau behavior, which is difficult to fit with a low order polynomial.
3.2 Holland Model. HoIIa_1nd[4] separate_d the COntrIbUtlonSThe other dispersion curves are unsatisfactory. Of the Tiwari and
of LA and TA phonons, and included a partial effect of phonoEZBC models, the BZBC curve gives the best agreement with the

d;}sperspntﬁy S}O"tte';‘gdet%(:h E)hranchh into tWIO l'.rt';i"’;r segmen;st. TB&perimental data. We note than none of these dispersion relations
change In the slopand thus the phonon VeIlocitias assumed 1o\ e consistent with the experimental phonon density of states

" .
occur at ak™ value of 0.5. As taken from the experimental data o ue to the isotropic assumption. Additionally, the integral of the

Nilsson and Nelirj8], the phonon velocitiesog | , Vog 1, Vosg,L » volumetric density of states will not go to the expected value of

?hndvo-ggvT grte6f>1542 ;nls’tsst%l m/s, 415t2 kr)n/ts,ea)éld ?78 m/fsbvéheé?\, wheren is the volumetric density of unit cells. In order for
€ subscript U.5 refers 1o the segment betweBvalues of U.o - yhic ¢ occur, one would need to set the dispersion with this result

anq 1. Note that the .Chang? in slope implies thais not equal to in. mind. For these calculations, we are more concerned with
vy, in the second region. This effect was neglected by Holland, bl"htatching the experimental dispersion data

is included in the current study. While the Tiwari and BZBC dispersion curves show some simi-
3.3 Sine Function Model. In the sine function model, the larities, significant differences become apparent when the quantity
phonon dispersion relation for each polarization is approximatéigey affect in the thermal conductivity expressiog/v?, is con-

by that of a linear monatomic chain gE0] sidered. This is shown in Figs(& and 2Zb). The deviation is
. most significant for the TA phonons near the edge of Brillouin
0= .sin(m) (4) zone, and will result in an over prediction of the high frequency
oo 2 ) contribution to the thermal conductivity by the Tiwari model. This
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Fig. 3 Effect of refining the treatment of the dispersion on the
Fig.2 vg4/ v2 for the five dispersion models plotted as a func- prediction of the thermal conductivity of germanium. (a) Based
tion of normaﬁzed wave number for (&) LA phonons and (b) TA  on the original Holland fitting parameters, and (b) predictions
phonons. refit to the experimental data.

devito 5 pecase the sprwopriate boundary condiion St 1), the veloites are calculated wit the 878G dispersion
Tiwari model. model. In (i)—(iii) the impurity scattering is calculated withy,
=v,=vyq for each polarization.

3.7 Impurity Scattering. The value of the thermal conduc- In Fig. 3a), the relaxation time model and fitting parameters
tivity is sensitive to impurities, which include the isotopic contenoriginally obtained by Holland are used. In FigbB the curves
of an otherwise pure cryst@ll1]. The impurity relaxation time, have been refit to the experimental data. From Fig),3it is
7, is given by[12,13 evident that the fitting parameters are not universal, and strongly
dependent on the dispersion model. Thus, to use the values ob-
tained by Holland, one must also use that dispersion model. How-
ever, as shown in Fig.(B), by refitting the relaxation time param-
eters, excellent agreement with the experimental data can be
whereV, is the average volume of a unit cefl, is the fractional obtained in all cases, except when the impurity scattering is ri-
concentration of specigsM is the average atomic mass, ad  gourously modeled. In this case, the predicted thermal conductiv-
is the atomic mass of speciesAt low frequency, where~v, ity becomes lower than the experimental data, especially at high
~Uqq, the relaxation time displays an “-dependencé.e., Ray- temperatures. Under the Holland dispersion, the plateau in the TA
leigh scattering Due to phonon dispersion, such an assumptiaispersion curve is not properly addressed, and the TA phonons
will not be valid at higher frequencies, and will lead to an ovemake a significant contribution to the thermal conductivity at high

1 VoSifi[1—(M;/M)]?
o 0<i |[ ( 2| )] w4‘ (10)
ul 47'rvgvp

estimation of the thermal conductivity. temperatures. Here, with the proper modeling of the TA phonons,
o o this contribution is reduced and as such, the role of TA phonons
4 Thermal Conductivity Prediction should be reassessed. The effect is not seen at low temperatures,

where it is the lower frequency phonons that dominate the thermal

4.1 Role of Dispersion. The accuracy of the thermal Con't(r)?nsport.

ductivity model described in section 2 depends on the nature
the phonon dispersion and relaxation time models. To isolate the4.2 Role of Relaxation Time Model. The use of a rigorous
effects of dispersion, the relaxation time model used in the subseedel for the phonon dispersion has led to an apparent failure of
quent calculations is fixed to that of Hollafdl]. the Holland SMRT approach at high temperatures. The explana-
In Figs. 3a) and 3b), the effect of including the difference tion for this must lie in the forms of the relaxation times used.
between the phonon group and phase velocities on the predictidthile exact expressions for the relaxation times can be developed
of the thermal conductivity of germanium is shown. The exper[414], their evaluation is extremely difficult due to the required
mental data are taken from Hollafd]. The predicted values in knowledge of the phonon dispersion and three-phonon interac-
Fig. 3 correspond téi) the Holland model, that is, no distinctiontions. Approximate expressions are generally based on low fre-
betweenvy and v, and a linear two region treatmer(ij) no quency asymptotgs,4], and yet are often applied over the entire
distinction betweeny andv,, but using the frequency depen-temperature and frequency ranges.
dence of the group velocityjii ) different and frequency depen- Even with the observed disagreement, the importance of mod-
dentvy andv,, and(iv) same agiii ), plus rigorous treatment of eling the dispersion can still be shown. The Holland relaxation
the impurity scattering by distinguishing betweepandv,. In  times are plotted in Fig.(4) at a temperatures of 80 K for the four
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) ) ) ) Fig. 5 Contributions of LA and TA phonon branches to the
Fig. 4 (a) Three phonon relaxation times for refit data from thermal conductivity based on  (a) Holland dispersion model,
Fig. 3(b) at T=80K. (b) Cumulative frequency dependence of and (b) BZBC dispersion model.

the thermal conductivity for refit data from Fig. 3 (b) at T
=80 K. The thermal conductivity is plotted as a percentage of
the total value for each case. The curves show three distinct
regions. The transition between the first and second regions

takes place at ,, where the form of the TA relaxation time silicon (which has the same crystal structure as germayusing
changes. The transition between the second and third regions Monte Carlo simulations. However, their calculations were based
occurs at w7, after which there is no contribution from TA on the original Holland relaxation times for silicon, which may
phonons [see Eq. (1)]. have contributed to this conclusion. Asen-Palmer ef@l.have

concluded that while the heat flow in germanium above the maxi-

mum is primarily due to TA phonons, the LA Umklapp processes
cases shown in Fig.(B). The most striking feature of these resultgannot be ignoredas they are in the Holland formulatipdu and
is the large discontinuity in the TA relaxation time whefi is Goodson[18] have suggested that LA phonons are the dominant
equal to 0.5, where the functional form is assumed to chésge heat carriers in silicon near room temperature. Sood and[Rby
Eg.(1)). As the temperature increases, the size of the discontinugcertained that LA phonons dominate heat transport in germa-
increases. For example, at a temperature of 900 K, the discortitm at high temperatures.
nuity covers four orders of magnitude. The size of the discontinu- In Fig. 5(b), the relative contributions of LA and TA phonons to
ity decreases as the treatment of the dispersion is refined. THig thermal conductivity predicted by the BZBC dispersion model
suggests that the observed behavior is more realistic. Such discwith refit relaxation time parametgrare shown. Compared to
tinuities are also found in other relaxation time mod@g). In  the results of Fig. &), the role of TA phonons is quite different
theory, one would expect the relaxation time curves to be continwhen the dispersion and impurity scattering are rigorously mod-
ous, and this has been found in molecular dynamics simulationsedéd. We find a thermal conductivity of 5.2 W/m-K at a tempera-
the Lennard-Jones face-centered cubic cnjsta). ture of 1,000 K, while the experimental value is 17 W/m-K. The

The effect of the fitting parameters in the relaxation time modéigh frequency TA phonons cannot contribute much to the thermal

can also be demonstrated by plotting the cumulative frequenegnductivity of germanium because of their low group velocity,
dependence of the thermal conductivity. This is shown for thehich appears directly in the thermal conductivity expression, and
same four cases as Fig(a} in Fig. 4b). Note that the thermal also results in a high impurity scattering rate. We note that the
conductivity is normalized against the total value for each casexpected electronic contribution to the thermal conductivity of
As the treatment of the dispersion is refined, the thermal cond@grmanium at a temperature of 1,000 K is 4 W/njdQ], which is
tivity curves become smoother. not sufficient to explain the predicted discrepancy.

4.3 Transverse and Longitudinal Phonon Contributions
The relative contributions of LA and TA phonons to the total he\qén s
flow at high temperatures have not been fully resolved. As sho ummary
in Fig. 5(a), the Holland model predicts that the TA phonons are While the Holland approach to phonon thermal conductivity
the dominant heat carriers at high temperatures, even though theydeling has been used for more than forty years, some of its
have lower group velocities than LA phonons. This result wagshysical features are masked by the necessary use of fitting pa-
supported by Hamilton and Parrdft6] using calculations based rameters. Previous work has thus only shown the qualitative va-
on a variational method, which does not involve the SMRT apidity of the SMRT approach. Using molecular dynamics simula-
proximation. Mazumder and Majumddrl7] ascertained that tions, it has recently been shown that the SMRT approach is also
above 100 K, TA phonons are the primary carriers of energy guantitatively valid for Lennard-Jones crystals, through careful
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calculation of the relaxation times, and inclusion of the effects dkeferences
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analytical approach described here is valid, but must include ac- ~ Elektrizitat Teubner, Berlin.
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. . o . . _ Peierls, R., eds., World Scientific, Singapore, pp. 15—48.
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