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Three-phonon interactions are identified and analyzed in nonequilibrium molecular dynamics simulations of
the Lennard-Jones face-centered cubic crystal. The small simulation cells studied and the classical nature of the
simulations lead to a different description of the phonon transport than the quantum-particle model. The
selection process is strictly governed by the mode wave vectors. In determining the strength of an allowed
interaction, one must consider the mode polarizations and frequencies—the latter in the context of internal
resonance. The results are consistent with intrinsic scattering rates calculated directly from the Lennard-Jones
potential.
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I. INTRODUCTION

Results of molecular dynamicssMDd simulations of a
face-centered cubicsfccd Lennard-JonessLJd crystal have re-
cently been used to parametrize a Boltzmann transport equa-
tion sBTEd formulation for predicting lattice thermal
conductivity.1 The specific heat, phonon dispersion, and pho-
non relaxation times were specified with no fitting param-
eters. Good agreement is found between the predicted ther-
mal conductivitiessbased on an isotropic assumptiond and
results obtained by applying the Green-Kubo method to the
same system. The finite relaxation times and thermal conduc-
tivities indicate that multiphonon interactions are present in
the MD simulation cell. The frequency and temperature de-
pendencies of these phonon relaxation times, however, were
found to be inconsistent with standard forms used in the
literature based on low frequency asymptotesse.g., 1 /t
~vnTp, wheret is the relaxation time,v is frequency,T is
temperature, andn andp are constants2,3d. In Figs. 1sad and
1sbd, the inverse of the longitudinal and transverse relaxation
times in thef100g direction, scaled for argon, are plotted as a
function of frequency. The behavior cannot fit a function of
the formvn. One or two such terms are required in each of
two distinct regimes. In Fig. 1scd, the exponentp of the
temperature-dependent fits of the data in Figs. 1sad and 1sbd
is shown as a function of the magnitude of the wave vector.
A dimensionless wave vector,k* , is defined ask / s2p /ad,
wherea is the conventional unit cell size, such thatk* will
vary between zero and one in thef100g direction of the Bril-
louin zonesBZd. There is significant variation. Classical pho-
non theory predicts ap value of unity at high temperature.4

Thus questions arise as to the nature of the relaxation time
behavior. Why does the transverse curve in Fig. 1sbd turn
down at high frequencies for low temperatures, but not for
higher temperatures? Why do the longitudinal and transverse
relaxation times become very similarsas a function of fre-
quencyd as the temperature increases? To answer these ques-
tions, the phonon interactions that cause the relaxation pro-
cess must be examined. Identification and analysis of these
interactions is the focus of this work. We begin with an in-
troduction to the MD approach and a description of the sys-
tem we will study. The nature of phonon transport in the MD

system, and how this must be considered in a different man-
ner than the quantum-particle approach, is then discussed.
We then present three simulation methodologies that allow
for the observation of phonon interactions. Nonequilibrium,
unsteady, and steady-state approaches are considered. Evi-
dence of phonon interactions is found, and interpreted in the
context of both lattice dynamics and classical dynamics.

II. PHONON TRANSPORT IN MOLECULAR DYNAMICS
SIMULATIONS

A. Molecular dynamics simulations

In an MD simulation, the position and momentum space
trajectories of a system of classical particles are predicted
using the Newton laws of motion and an appropriate inter-
atomic potential. A benefit of MD simulations is the oppor-
tunity to make atomic-level observations not possible in ex-
periments. One drawback is that quantum effectsse.g.,
electrons and the temperature dependence of phonon mode
populationsd are not considered. At sufficiently high tem-
peratures and for many problems of interest, the classical-
quantum difference is not a serious concern.

There is no simple way to explicitly include quantum ef-
fects in MD simulations. The intent of the simulations is, in
fact, to save computational time by ignoring quantum effects.
That being said, effort has been made to address this issue by
mapping the results of MD simulations onto a quantum sys-
tem using a temperature-scaling procedure. A drawback of
this approach is that it maps the entire MD system onto a
quantum description.5 Quantum effects manifest on a mode-
by-mode basis, making corrections on an integrated level
unsuitable. This approach, when applied to thermal conduc-
tivity prediction, has had mixed results.6–8 Li 5 suggests a
way in which one can link the classical MD system to a
quantum description through the BTE.

The MD simulations discussed here correspond to a 256-
atom fcc LJ crystal. The use of a simple system allows for
fast simulation runs and the elucidation of results difficult to
resolve in more complex materials. No size effects have been
found in thermal conductivities predictions for simulation
cells with 256, 500, and 864 atoms.1 We interpret this result
as an indication that the small simulation cell contains
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enough phonon modes to establish representative phonon
scattering. Results presented with dimensions are scaled for
argon.9 Simulations are run in theNVE sconstant mass, vol-
ume, and energyd andNVT sconstant mass, volume, and tem-
peratured ensembles with a time step of 4.285 fs, and peri-
odic boundary conditions are imposed in all directions. The
simulation cell size is chosen so that the equilibrium system
is at zero pressure. Further details of the simulation proce-
dures are described elsewhere.1,6,10

B. Interaction selection rules

In a dielectric crystal, heat transfer is realized through
atomic vibrations. In lattice dynamics theory,4,9,11,12 a fre-
quency space description is sought through which one can

predict and analyze the motions of the atoms. Instead of
discussing the localized motions of individual atoms, the sys-
tem is described by energy wavessthe normal modesd with a
wave vector, a frequency, and a polarization vectorsed. In a
finite crystal, the allowed modes are finite in number. The
extent of these modes in the frequency space describes the
BZ. The Appendix contains a review of the lattice dynamics
concepts used here.

Phonon transport and interactions have traditionally been
described in the context of a quantum-particle model. The
existence of a particle implies localization. A phonon mode
in a crystal is, in fact, completely nonlocalized. But, one can
imagine that in a large systemswhere the resolution of the
BZ is fined, a wave packet can be created by superimposing
phonon modes of similar wavelengths. Such a wave packet,
or phonon particle, can then move around the system. These
phonon particles are assumed to propagate ballistically in
between collisions with other phonons, impurities, and
boundaries. Under these conditions, the phonon particles
make up a phonon gas.

Interphonon interactions are the only form of scattering
present in the MD system studied here. To model such inter-
actions theoretically, one must consider third-order and
higher sanharmonicd terms in the expansion of the lattice
potential energy about its minimum. The third-order term,
related to three-phonon interactions, is the basis for standard
analysis techniques. The mathematics at this level are in-
volved, and the level of complexity increases significantly
for fourth-order and higher terms. These higher-order effects,
however, are generally thought insignificant.4

In the three-phonon interaction formulation there are two
types of allowed events. In a type I interaction, one phonon
decays into two others. In a type II interaction, two phonons
combine to form a third. To satisfy conservation of energy,
phonon processes in which three phonons are either created
or destroyed are not permitted. Two sets of selection rules
exist for the allowed interactions.

First, from the translational invariance of the lattice po-
tential energy, the wave vectors of the phonon modes in
question must satisfy4

k1 = k2 + k3 + G stype Id, s1d

k1 + k2 = k3 + G stype IId, s2d

whereG is either equal to zerofcorresponding to a normal
sNd processg or a reciprocal-lattice vectorfcorresponding to
an UmklappsUd processg. This criterion is valid in both the
classical and quantum descriptions of the phonon system.
These wave-vector selection rules are only dependent on the
crystal structure, and are independent of temperature. By
multiplying through by", the Planck constant divided by 2p,
one obtains terms with the units of momentum, so that this
criterion is often referred to as the conservation of crystalsor
phonond momentum. This is not real momentum, however,
as no phonon modessother than that at the center of the BZd
can carry physical momentum. Note that selection rules for
the classical system cannot contain".

The second selection rule, only applicable to the quantum
system, is based on conservation of energy. The second

FIG. 1. Frequency dependence of thef100g relaxation times
predicted from MD for the LJ argon fcc crystal insad the longitu-
dinal polarization andsbd the transverse polarizationsRef. 1d. scd
Temperature dependence of the data insad and sbd.
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quantization in the formulation of the lattice dynamics theory
results in the energy of the phonon modes being discretized
into packets of size"v. For the type I and II interactions,
conservation of energy leads to4

"v1 = "v2 + "v3 stype Id, s3d

"v1 + "v2 = "v3 stype IId. s4d

In such calculations, one must use the true anharmonic mode
frequencies.6 The second quantization cannot be made in the
MD system. Energy is still conserved in theNVE ensemble,
but not as described by Eqs.s3d and s4d. In the quantum-
particle description, one assumes that the interactions occur
instantaneouslysi.e., they are discrete eventsd. In the MD
system the energy in a given mode is a continuous function
of time, and discrete energy exchange events will not occur.
One must instead think of a continuous flow of energy be-
tween the modes in the frequency space. Considered from
another angle, the MD system is a nonlinear, many-body
dynamics problem solved using the Newton laws of motion.

The selection rules only indicate what three-phonon inter-
actions are possiblessee Sec. IVd. The rate at which an in-
teraction takes place is related to the intrinsic scattering rate
and to the degree of departure of the mode populations from
the equilibrium distribution. The intrinsic scattering rate is
considered in Sec. V.

C. Phonon gas and normal modes

To describe a phonon system as a phonon gas in which the
particles interact weaklysi.e., kineticallyd, a number of cri-
teria must be satisfied regarding the length scales in the sys-
tem ssee Fig. 2d. To treat a phonon as a particle, a wave
packet must be formed, whose size,l, is much greater than
the wavelength,l, of the mode of interest. For the wave
packets to have distinct interactions with each other, the dis-
tance they travel between collisionssthe average value of
this distance is the mean free path,Ld must be much greater
than the size of the wave packets. And, if interphonon inter-

actions are to dominate the phonon scatteringsi.e., diffuse
transportd, the size of the system,L, must be much greater
than the mean free path.

In the 256-atom LJ fcc crystal studied here, four points
apart from the origin can be resolved in thef100g direction of
the BZ. To form a wave packet, modes in the vicinity of the
mode of interest are superimposed. This is clearly impossible
in the MD system. Considered from a different viewpoint,
the system is too small to form such a packet, as the side-
length and all the available wavelengths are of a similar size.
Very large MD system sizes are required to form a wave
packet.13–15

Having established that a wave packet cannot be formed
in an MD simulation cell with a few hundred atoms, the
possibility of treating the system as a collection of phonon
particles is eliminated. The phonon modes must thus be
treated as they are defined in the lattice dynamics theory:
completely nonlocalized. The energy within a given phonon
mode, while corresponding to a point in frequency space,
cannot be spatially resolved in real space.

If a phonon mode cannot be spatially resolved, the con-
cept of the mean free path becomes questionable. It is better
to think of the energy in a given mode in the context of a
relaxation time. From the phonon particle perspective, the
relaxation time is the average time between collisions. In the
nonlocalized description, the relaxation time is an indication
of the time scale over which the energy in a mode stays
correlated with itself. That is, the time over which a certain
percentage of the energy in a mode is the energy that was
there initially, and not energy scattered into the mode as its
original energy is scattered out to other modes.

III. DESCRIPTION OF THE FIRST BRILLOUIN ZONE

While we focus here on the 256-atom LJ fcc system, the
calculations and analysis described are applicable to any size
of simulation cell, crystal structure, or interatomic potential.
A point in the BZ will be denoted byskx

* ,ky
* ,kz

*d, and a
normal mode will be denoted by both the point in the BZ and
its polarization asfskx

* ,ky
* ,kz

*d ,sex,ey,ezdg.
Including the boundaries, there are 341 distinct points in

the BZ. For each point there are three modesspolarizationsd.
Points on the surface of the BZ separated by a reciprocal
lattice vectorfhere, appropriate rotations ofs2, 0, 0d and s1,
1, 1dg are degenerate for calculation purposes. Two hundred
and fifty six points are left after accounting for the degenera-
cies, which correspond to the 768 normal modes. This is
expected for a system with 256 atoms, each of which has
three positional degrees of freedom. The degenerate points
are still of interest, however, as they can lead to different
phonon scattering processesfi.e., the distinction between an
N process and aU process; see Eqs.s1d and s2dg.

In the calculation of the energy of a normal modefsee
Eqs.sA3d, sA4d, andsA6dg, there are terms of the form

Uo
i

mi
1/2exps− ik · r i,odek

*sk,nd ·uiU2
s5d

and its derivative. Here,mi is the mass of atomi , r i,o is its
equilibrium position,ui is its displacement from equilibrium,

FIG. 2. Length scales in the phonon gas. For the phonon particle
and phonon gas concepts to be valid,l! l !L!L.
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n describes the polarization of the normal mode, and * de-
notes the complex conjugate. These expressions are invariant
to a switch fromk to −k. One can exploit this symmetry to
reduce the number of computations required in the ensuing
analysis.

In cases where mode interactions are not explicitly
modeled,1 the data associated with a set of points related by
a rotation operationfe.g.,s1, 0, 0d, s0, 1, 0d, ands0, 0, 1dg can
be averaged. This is unsuitable for the simulations discussed
here, other than for generating a general image of the BZ.
Considering this criterion, and that described in the previous
paragraph, 18 distinct points are left in the first octant of the
BZ; they are listed in Table I. The origin is excluded, as this
modeswhich corresponds to rigid motion of the systemd does
not contribute to conduction heat transfer.

IV. NORMAL MODE INTERACTIONS

How does the energy in a normal mode cascade through
the available frequency space? This question underlies pho-
non dynamics. Its answer is needed to understand phonon
thermal transport at all length scales.

The ensuing analysis and discussion will focus on inter-
actions involving three normal modes. To begin, we analyze
an initially perturbed system as it relaxes to equilibrium.
Then, we consider a continuously excited system, and end by
investigating an equilibrium system. For consistency, most
analysis is done with the modefs0.5, 0, 0d, s1, 0, 0dg at a
temperature of 50 K.

A. Pulsed mode excitation: Unsteady system

Consider a system with the atoms at their equilibrium
positions. One normal mode,fk ,eg, is then excited by per-
turbing the atomic positions according to16,17

r ist = 0d = r i,o + aesk,ndsinsk · r i,od, s6d

wherer i is the position of atomi , t is time, anda is a scalar
to be specified. As discussed in Sec. III, this perturbation will
equally excite the modef−k ,eg. The system is then released
and allowed to come to equilibrium in theNVE ensemble.
This is similar to pulling the mass in a mass-spring system
away from equilibrium and releasing it. If the initial veloci-
ties are set to zero, the system will oscillate in the excited
mode indefinitely; it is in a metastable equilibrium state. To
induce relaxation, but not bias it, an extremely small, random
velocity is given to each of the particlessequivalent to a

temperature on the order of 10−18 Kd. This small perturbation
is sufficient to break the system out of the metastable equi-
librium state within about 104 time steps. No significant
qualitative differences are found when starting from different
initial conditions. Using finite velocities as an initial condi-
tion is undesirable. Doing so leads to the activation of nu-
merous modes due to the forced motion of the atoms.

During the relaxation from the initial condition to equilib-
rium, the frequency space energy is monitored on a mode-
by-mode basis. Three distinct temporal phases are observed.
Initially, all the energy stays in the excited mode and oscil-
lates between kinetic energy and potential energy. Eventu-
ally, the small initial velocities grow, and cause the initially
excited mode to decay. When this happens, only a few modes
are activated. In time, more and more modes are activated,
and the system eventually reaches equilibrium. It is in the
short time after the initially excited mode starts to decay that
one can extract useful data.

This approach is similar to one used to investigate phonon
transport across material interfaces.13,14 In that work, a wave
packet is created in a silicon simulation cell thousands of
atoms long and allowed to propagate spatially. Atoms outside
of the wave packet are initially taken to be at rest. This
approach was later used to look at phonon mode decay in
silicon.15 The main difference between those simulations and
the ones discussed here is the spatial localization achieved in
their large simulation cells, compared to the nonlocalized
behavior we study.

A typical result for the modefs0.5, 0, 0d, s1, 0, 0dg is
shown in Fig. 3sad. The normal mode energies are scaled by
the expectation value of the total energy of the associated
classical-harmonic system, 3sN−1dkBT. The value of a
s0.082d is chosen so that the equilibrium temperature is 20 K.
Because of the harmonic nature of the normal mode calcula-
tions, the phonon space energy is not conserved except for
very small values ofa. Plotted in Fig. 3sad are the energies
of the initially excited mode and two of the modes that show
a significant activation after the decay begins. The wave vec-
tors of these two modes,s0.5, 0, 0.25d and s0, 0, −0.25d,
together with that of the initially excited mode,fs0.5, 0, 0dg,
satisfy Eq.s1d with G=0, indicating that the decay corre-
sponds to a type IN process. Additional interactions of this
type related to appropriate rotations ofs0.5, 0, 0.25d and s0,
0, −0.25d are also observed. The instantaneous temperature
of the system is shown in the inset of Fig. 3sad. In the initial
regime, before the decay has occurred, the temperature fluc-
tuates between 0 K and 40 K. The system alternates between
states with either all potential energy or all kinetic energy.
Once the decay begins, the fluctuations decrease.

One does not always find the well-defined behavior seen
in Fig. 3sad. Sometimes multiple modes are excited in the
initial, predecay regime. This occurs for the modefs0.25, 0,
0d, s1, 0, 0dg, as shown in Fig. 3sbd. While not present att
=0, the modesfs0.5, 0, 0d, s1, 0, 0dg and fs0.75, 0, 0d, s1, 0,
0dg become active before the decay occurs. This is evident
from both the time-history of the mode energies, which show
a regular, periodic behavior, and the system temperature,
shown in the inset of Fig. 3sbd. When the decay begins, the
modes corresponding to the decay offs0.5, 0, 0d, s1, 0, 0dg
are observed, as shown in Fig. 3sbd. Thus, it will be difficult

TABLE I. Symmetry reduced points in the 256-atom LJ fcc
crystal MD simulation cell. The chosen points are in the first octant,
and are listed in order of increasing wave vector magnitude.

s0.25, 0, 0d, s0.25, 0.25, 0d, s0.25, 0.25, 0.25d,
s0.5, 0, 0d, s0.5, 0.25, 0d, s0.5, 0.25, 0.25d,
s0.5, 0.5, 0d, s0.75, 0, 0d, s0.5, 0.5, 0.25d,
s0.75, 0.5, 0d, s0.75, 0.5, 0.25d, s1, 0, 0d,

s1, 0.25, 0d, s0.75, 0.75, 0d, s1, 0.5, 0d
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to extract useful information from the modes activated dur-
ing the decay, as their origins may be unclear. This phenom-
enon occurs because the MD system is anharmonic. The at-
oms exert nonlinear forces on each other in three
dimensions, and so do not follow sinusoidal trajectories.
When certain modes are initially excited, other modes are
also excited in the resulting motion of the atoms, without a
decay to equilibrium.

The most significant drawback of this approach, and that
which spatially localizes the phonon mode,13–15 is
temperature-related. The amount of energy in the system is a
function of the size of the initial perturbation, controlled by
the parametera. By assuming an equipartition of energy, the
temperature of the final, equilibrium system can be approxi-
mated from the initial condition. To reach higher tempera-
tures, one must apply larger perturbations. For larger pertur-
bations, the system will become more anharmonic before the
decay. In this regime, the suitability of the normal mode
energy calculation will be questionable. Also, as seen in the
insets of Figs. 3sad and 3sbd, the temperature is not well-
defined before equilibrium is reached. A possible solution is
to perform such simulations in theNVT ensemble. The nec-
essary modifications to the equations of motion, however,
will result in the activation of undesirable modes, and a
masking of the dynamics of interest.

Another issue with this procedure is that it will produce
only type I interactions. To observe type II interactions, two
modes would need to be initially excited, which would be-
come an extensive numerical task. And, based on the possi-
bility of exciting more than one mode from a given initial
condition, it might be difficult to extract useful data. Never-
theless, these simulations are helpful since they have sup-
plied a direct indication that three-mode interactions are tak-
ing place in the MD system.

B. Continuous mode excitation: Steady, nonequilibrium system

1. Concept

From an analysis standpoint, the simulations described in
Sec. IV A are challenging because the temperature is poorly-
defined, and extracting useful, quantitative information is
difficult. As an alternative to initially exciting a mode and
observing its decay, energy can be continuously added to a
mode and allowed to dissipate. The steady nature of such an
approach allows one to perform time averaging. The setup is
somewhat analogous to a real system excited by a continuous
monochromatic source of external radiationse.g., photonsd.

To add energy to a normal mode,fk ,eg, the positions and
momenta of all atoms are adjusted at every time step accord-
ing to

r istdnew= r istdold + aesk,ndsinfk · r i,o − vsk,ndtg, s7d

pist − Dt/2dnew= pist − Dt/2dold − avsk,ndesk,nd

3cosfk · r i,o − vsk,ndst − Dt/2dg, s8d

in addition to the standard integration of the equations of
motion. A given mode shape is superimposed onto the posi-
tion and momentum space trajectories of the atoms. Though
similar to the excitation prescribed by Eq.s6d, this perturba-
tion is time-dependent, and the momenta are also affected.
The positions and momenta are offset by a half time-step as
the Verlet leapfrog algorithm is used to integrate the equa-
tions of motion. Simulations were also performed where the
force si.e., the accelerationd on each atom was perturbed.
Results similar to those here were found. The values of the
perturbation parametera to be studied are less than 10−4, two
orders of magnitude smaller than those used in the unsteady
excitations of Sec. IV A. As a result, large anharmonic ef-
fects are not expected.

To allow the energy added to the system to dissipate, the
simulations are run in theNVT ensemble. Although undesir-
able for the unsteady simulations described in Sec. IV A, we
do not believe it is a critical factor here as the system is
steady. The presented data correspond to the average of five
sets of 23105 time steps of MD simulation differentiated by
random initial momenta. This time interval is preceded by
105 time steps of equilibration.

2. Results

The first step in the analysis consists of calculating the
average energy,Ek, in each of the 3sN−1d modes, then scal-
ing it by the value it takes on in the unperturbedNVE sys-

FIG. 3. Relaxation of the MD system when one mode is initially
excited and all others are unperturbed. The plots correspond to ini-
tial excitations of the modessad fs0.5, 0, 0d, s1, 0, 0dg sa=0.082d
andsbd fs0.25, 0, 0d, s1, 0, 0dg sa=0.16d. In both parts of the figure,
the instantaneous system temperature is shown in the inset plot.
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tem. This quantity, denoted hence bye*f;Eksad /Eksa=0dg,
indicates the extent of a given mode’s enhancement or di-
minishment as a result of the perturbation. Results for the
mode fs0.5, 0, 0d, s1, 0, 0dg at a temperature of 50 K are

shown in Figs. 4, 5sad, and 5sbd. The horizontal axis in these
figures is organized by an enumeration of the points in the
BZ based on the magnitude of the wave vector, and goes
from 0 to 255. At each unit, three pointssi.e., modesd are
plotted sone for each of the polarizationsd. In Fig. 4, the
results for all points are shown. In Figs. 5sad and 5sbd,
smaller portions of the overall picture are shown with a re-
duced vertical scale. The data correspond to ana value of
5310−5.

The data can be classified into three distinct groups. First,
the excited mode, which shows up as two points,fs0.5, 0, 0d,
s1, 0, 0dg andfs−0.5, 0, 0d, s1, 0, 0dg, due to the symmetry of
the BZ. It is clearly excited beyond its normal level. Most of
the modes fall into ane* range of 0.85 to 0.95. These modes
are unaffected by the perturbation. The values ofe* are not
unity sas they would be fora=0d, because the total system
energy is not significantly different from its value in the
equilibrium system.6 The energy has been redistributed with
some modes having very large values. The remaining modes
have e* values less than that of the excited mode, but are
distinct from the nonexcited modes. These, the modes of
greatest interest, will be referred to as the “activated modes.”
In Figs. 4, 5sad, and 5sbd, some of these are grouped together
based on the symmetry of their wave vectors and polariza-
tions. There are two outlined areas for each of the letters A

FIG. 4. Scaled energies for a continuous excitation of the mode
fs0.5, 0, 0d, s1, 0, 0dg at a temperature of 50 K. The value of the
perturbation parametera is 5310−5. Groups of points that are
circled and labeled correspond to a part of a three-mode interaction.
These are listed in Tables II and III. See also Figs. 5sad and 5sbd.

FIG. 5. The modes in Fig. 4 shown with a reduced vertical scale and an expanded horizontal scale:sad modes 0–120 andsbd modes
120–255.
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and C–O, representing pairs of modes that, together with the
excited mode, form a three-mode interaction. For B, the
identified mode interacts with itself. Representative pairings
si.e., not including all possible combinations based on per-
mutationsd are listed in Tables II and III. Note that interaction
A is the same as that observed for the unsteady simulations
discussed in Sec. IV A, and shown in Fig. 3sad.

Some of the observed type I interactions have a small, but
nonzero, value of the quantitysv1−v2−v3d /v1. This is an
indication of the presence of internal resonance, a concept
that can be used to describe mode interactions in a nonlinear
dynamical system.18 In general, interactions that satisfy

a1v1 + a2v2 + a3v3 + ¯ + anvn < 0,

a1,a2,a3,…,an = ¯ − 2,− 1,1,2,…, s9d

are possible. One seeks linear combinations of the system
frequencies and their harmonicssthrough an values with a
magnitude greater than unityd that sum to zero. Because Eq.
s9d is not an equality, internal resonance is not a selection
rule, but a guideline to suggest what processes can occur.
Also, note that the internal resonance concept is not related
to conservation of energyfsee Eqs.s3d and s4dg. The linear
combination of the frequenciessbased on thean valuesd need

TABLE II. Three-mode interactions extracted from Figs. 4, 5sad, and 5sbd. Mode 1 is fs0.5, 0, 0d, s1, 0, 0dg and v1
* =15.90. All

interactions listed havedv* ,0.1, and are listed as if they were type I.

Mode 2 Mode 3 Type/process v2
* v3

* a1,a2,a3/O dv*

A fs0.5, 0, 0.25d, fs0, 0, −0.25d, I 9.78 5.83 1, −1,−1 0.018

s−0.54, 0, 0.84dg s1, 0, 0dg N 3

B fs0.25, 0, 0d, fs0.25, 0, 0d, I 8.06 8.06 1, −1,−1 0.013

s1, 0, 0dg s1, 0, 0dg N 3

C fs0.5, 0.25, 0.25d, fs0, −0.25,−0.25d, I 10.72 4.96 1, −1,−1 0.013

s0, −0.71, 0.71dg s0, 0.71, −0.71dg N 3

D fs0.5, 0.25, 0.25d, fs0, −0.25,−0.25d, I/II 10.65 4.96 1, −1,−1 0.018

s−0.72, 0.49, 0.49dg s0, 0.71, −0.71dg N 3

E fs0.25, 0, 0.25d, fs0.25, 0, −0.25d, I 8.46 8.46 1, −1,−1 0.064

s0, 1, 0dg s0, 1, 0dg N 3

F fs−0.5, 0, 0.5d, fs1, 0, −0.5d, I/II 16.21 15.55 2, −1,−1 0.022

s0, 1, 0dg s0, 0, 1dg N/U 4

G fs−0.25, 0, −0.25d, fs0.75, 0, 0.25d, I/II 4.96 21.08 1, 1, −1 0.014

s−0.71, 0, 0.71dg s0.95, 0, 0.30dg N 3

H fs−0.25, 0, 0d, fs0.75, 0, 0d, I/II 5.84 21.33 1, 1, −1 0.025

s0, 0, 1dg s1, 0, 0dg N 3

I fs0, −0.25,−0.25d, fs0.5, 0.25, 0.25d, I 4.96 20.20 1, 1, −1 0.041

s0, 0.71, −0.71dg s0.69, 0.51, 0.51dg N 3

J fs−0.25,−0.25,−0.25d, fs0.75, 0.25, 0.25d, I/II 7.11 21.46 1, 1, −1 0.098

s−0.82, 0.41, 0.41dg s0.81, 0.41, 0.41dg N 3

K fs−0.5,−0.25,−0.25d, fs1, 0.25, 0.25d, I/II 10.65 21.13 2, −1,−1 0.018

s−0.72,−0.49,−0.49dg s1, 0, 0dg N/U 4

TABLE III. Three-mode interactions extracted from Figs. 4, 5sad, and 5sbd. Mode 1 is fs0.5, 0, 0d, s1, 0, 0dg and v1
* =15.90. All

interactions listed havedv* .0.1, and are listed as if they were type I.

Mode 2 Mode 3 Type/process v2
* v3

* a1,a2,a3/O dv*

L fs−0.5, 0, 0.25d, fs1, 0, −0.25d, I 17.58 22.18 1, 1, −1 0.711

s0.84, 0, −0.54dg s1, 0, 0dg N/U 3

M fs−0.5,−0.25,−0.25d, fs1, 0.25, 0.25d, I 10.65 18.40 1, 1, −1 0.512

s−0.72, 0.49, 0.49dg s0, 0.71, 0.71dg N/U 3

N fs0.25, −0.25, 0d, fs0.25, 0.25, 0d, I 12.58 12.58 1, −1,−1 0.583

s0.71, −0.71, 0dg s0.71, 0.71, 0dg N 3

O fs−0.5, 0, 0d, fs1, 0, 0d, I/II 11.26 23.40 1, −1,−1 0.528

s0, 0, 1dg s1, 0, 0dg N/U 3
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not match that for the wave vectors. For the purposes of this
investigation, the analysis is restricted to the case ofn=3
si.e., three-mode interactionsd. The frequency residual,dv* ,
is defined as

dv* = Ua1v1 + a2v2 + a3v3

v1
U , s10d

and the order of the interaction,O, is defined as

O = o
n

uanu. s11d

For each set of three modes listed in Tables II and III, the
minimum value of the frequency residual is obtained by con-
sidering processes withO values of three or foursi.e., one of
thean values can be equal to twod. Interactions withdv* less
than 0.1 are listed in Table II, and those with values greater
than 0.1 are listed in Table III.

Simply based on the groupings A–O, and not by thee*

values, one cannot make a distinction between type I and
type II interactions. For every type I interaction

k1 = k2 + k3 + G,

there is a type II interaction

k1 + s− k2d = k3 + G.

As the modesk2 and −k2 are not distinguishable in the simu-
lations, neither are these two processes. The frequency re-
sidual will also be the same, as the coefficients in Eq.s9d can
take on negative values.

The distinction between a type I and a type II interaction
can be resolved in some cases by considering thee* values.
For example, with interaction A, both modes 2 and 3 have an
e* value greater than unity, indicating they are both activated
in a type I interaction. For those interactions where only one
of the modes is clearly activatedse.g., Fd, both type I and
type II interactions are noted in Tables II and III. The appar-
ent nonexcitation of a mode may be a result of it taking part
in both type I and type II interactions, effects of which could
have a cancelling effect one* .

For any interaction that involves a point on the surface of
the BZse.g., Fd, the distinction betweenN andU processes is
ambiguous. For example, if in the interaction

k1 = k2 + k3,

mode 3 is on the surface, then there exists a degenerate mode
4 given by

k4 = k3 + G,

such that

k1 = k2 + k4 + G

is satisfied. As modes 3 and 4 are degenerate, these two
processes are not distinguishable. These cases are indicated
in Tables II and III.

For the interactions listed in Table II, the value ofdv* is
small s,0.1d, and the internal resonance argument seems
reasonable. For interactions L through O, the frequency re-
sidual is large, casting doubt on whether or not these inter-

actions are happening. There are a number of possible expla-
nations for the appearance of largee* values for the
associated modes. A higher-order descriptionsboth in terms
of O and the number of modes consideredd may be neces-
sary. The observed activation may also result from the decay
of activated modes, and not the excited modesi.e., a second-
ary effectd. Finally, as seen in the unsteady, pulsed excitation
in Sec. IV A, some modes may be immediately excited by
the continuous excitation, and not as a result of the excited
mode’s decay.

The frequency residual is a good gauge of whether or not
an interaction will occur. But, it is not sufficient. For ex-
ample, the value ofdv* for interaction A, but with a polar-
ization of s0, 1, 0d for mode 3, is the same as that listed in
Table II. Yet, this mode is not activated. As given, the polar-
ization vectors all lie in the same plane. If the polarization of
mode 3 is changed tos0, 1, 0d, the polarizations are no longer
planar. It appears that interactions are selected in which the
atoms vibrate in a direction near to that of the original mode.
A similar effect is found with the wave vectors. By combin-
ing the frequency, polarization, and wave vector criteria, one
can get a better idea of what modes are activated by a given
excitation. To this end, an objective functiong* is defined as

g* = dv* +
2 − ue1 ·e2u − ue2 ·e3u

2
+

2 −
uk1 · k2u
uk1uuk2u

−
uk1 · k3u
uk1uuk3u

2
.

s12d

A small value ofg* seems to be a sufficient, but not neces-
sary, condition for the observation of an interaction. To this
point, we have not identified definitive criteria that can pre-
dict what modes will be activated, and to what extent. Ide-
ally, one would be able to make such a prediction without
running a simulation, based simply on the frequency space
characteristics of the material.

Similar simulations were run for all other modes and po-
larizations in thef100g direction. In some cases, the nature of
the results is similar to that forfs0.5, 0, 0d, s1, 0, 0dg, but in
others, little interesting behavior is foundsi.e., it is difficult
to distinguish between the activated modes and the unaf-
fected modesd. This likely indicates that there are certain
decay paths that dominate for some modes, while for others
the effects are spread more evenly amongst the hundreds of
possible interactions.

Additional technical details regarding the nonequilibrium
simulations, including a discussion of the effects of changing
the size of the perturbation, the frequency of excitation, the
thermostat time constant, and the temperature, are presented
elsewhere.6 The results at temperatures of 20 K and 80 K for
fs0.5, 0, 0d, s1, 0, 0dg are in qualitative agreement with those
at a temperature of 50 K presented here. At an equivalent
perturbation levelsgiving an excited modee* of around tend,
similar modes are activated, albeit at different levels. Due to
the sensitive nature of the system response, quantitative com-
parisons are challenging to make. These differences are
likely responsible for the temperature dependence of the re-
laxation timesfsee Figs. 1sad and 1sbdg.
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V. INTRINSIC SCATTERING RATE

The simulations discussed in Sec. IV deal with systems
away from equilibrium. Three-mode interactions were ob-
served, and some insight gained into why certain interactions
occur, while others do not. The thermal conductivities pre-
dicted by the GK and BTE methods, however, are based on
data from equilibrium simulations. As the value of the per-
turbation parametera from the simulations of Sec. IV B goes
to zero, it becomes difficult to resolve specific interactions.6

And yet, it is the isolation of these effects at equilibrium that
is crucial for understanding behaviors such as the relaxation-
time curves shown in Fig. 1. A framework is sought that is as
specific as possible, with minimal integration over time,
space, modes, etc., as is done in the Green-Kubo and BTE
approaches. Correlations that take multiple modes into ac-
count will likely be necessaryfi.e., quantities based on one
modessuch ase*d are not enoughg. In this section, calcula-
tions for the LJ system near equilibrium are presented.

In the scattering term in the BTE, the strength of a given
interaction is a function of two effects: the intrinsic scatter-
ing rate,b, and the deviation of the mode populations from
equilibrium. The intrinsic scattering rate for a three-mode
interaction is given by19

bn1,n2,n3
sk1,k2,k3d

=
p"

4r3V2v1v2v3
Uo

i,j ,k
o

a,b,g
U ]3F

]ui,a ] uj ,b ] uk,g
U

0

3ea
k1,n1eb

k2,n2eg
k3,n3expfisk1 · r o,i + k2 · r o,j + k3 · r o,kdgU2

,

s13d

wherer is the mass density. The first triple sum is over the
atoms in the system. The second triple sum is over thex, y,
andz directions. This expression is valid in both the classical
and quantum systems for deviations not far from equilib-
rium. The third order derivative is also seen in Eq.sA1d.20

The intrinsic scattering rate is a function of the system prop-
erties, and is not related to the dynamics of a particular situ-
ation. Its value indicates the probability that an interaction
will take place, and is readily calculated.

In Fig. 6, the intrinsic scattering rate is plotted as a func-
tion of the objective functiong* fsee Eq.s12dg for all inter-
actions involvingfs0.5, 0, 0d, s1, 0, 0dg as mode 1 at a tem-
perature of 50 K in the 256-atom LJ fcc crystal. Anharmonic
mode frequencies are used in the calculations.6 While one
could make some distinction between type I and type II in-
teractions in the unsteady simulations of Sec. IV B by con-
sidering thee* values, this is not possible here. As such, only
the type II interactions are shown in the plot.

Of the 2286 interactions plotted in Fig. 6, 8.2% have ab
value of more than 7.9231011 1/s, while 73.7% of the val-
ues are less than 1.5831011 1/s. The scattering rates are of
the same order as the inverse relaxation times plotted in Figs.
1sad and 1sbd. The data points corresponding to interactions
A–O listed in Tables II and III are indicated in the plot for
those cases whereb.1.5831011 1/s. The only interactions
that meet this criterion are from Table II. These interactions

also have small values of the frequency residual, making
them more likely to occur in the context of internal reso-
nance. The presence of these modes is a sign that some be-
havior observed away from equilibrium is also present near
equilibrium. Modes not seen previously are also present. Dif-
ferent weightings of the three terms in the objective function
were investigated, but no combination suggests a strong cor-
relation betweenb and g* . Similar results have been found
for the other modes and polarizations in thef100g direction.

VI. SUMMARY

As discussed in Sec. II, the nature of phonon transport in
an MD system with a few hundred or thousand atoms is
different from that in a particle-based description. This does
not mean, however, that large differences should be expected
between predictions from a quantum model and from MD
simulations. Treating a system as a phonon gas is merely one
approach convenient for both formulation and interpretation.
This model, however, is limited, because it cannot take in-
terference effects into account, or consider small systems.
The energy exchange between modes does not need to be
considered as such, however. The nonlocalized description is
actually a more general way of approaching the problem,
which could also be applied to the quantum system. When
addressing the issue of phonon transport in the MD system,
one should seek a way to interpret the results of MD simu-
lations and those from a quantum-particle model within a
consistent framework, and not necessarily as one in the con-
text of the other.

The exchange of energy between normal modes underlies
all discussion of phonon thermal transport behavior. Without
a fundamental knowledge of the nature of the transport, it
may not be possible to understand how a complex crystal
structure localizes energy, or to design a material with a
specified thermal conductivity, or to interpret the shapes of
relaxation-time curves. To date, work in molecular simula-
tion and thermal transport seems to have skirted this issue

FIG. 6. The intrinsic scattering rate for interactions involving
fs0.5, 0, 0d, s1, 0, 0dg as mode 1 at a temperature of 50 K. The data
are plotted against the objective functiong* , defined in Eq.s12d,
which contains information related to the mode frequencies, polar-
izations, and wave vectors. The interactions from Tables II and III
that have ab value greater than 1.5831011 1/s are identified.
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entirely.6 While phonons are often mentioned, little effort has
been taken to observe them, or to investigate how energy
flows in a frequency space whose discretization cannot be
ignored.

We have attempted to develop an understanding of how
energy is transferred in the phonon space of the MD system.
In the unsteady simulations of Sec. IV A, the decay of one
normal mode into two others was directly observed. In the
steady, nonequilibrium simulations of Sec. IV B, the multiple
decay paths of a continuously excited mode were determined
by looking at data averaged over a long simulation. The con-
cept of internal resonance matched the behavior of the MD
system well. The difficulty in distinguishing between type I
and type II interactions, andN andU processes, was identi-
fied. In Sec. V, the intrinsic scattering rate was calculated
from the interatomic potential, and some consistent results
were found when compared to the interactions observed in
Sec. IV. While the existence of three-mode interactions in the
MD simulations has been clearly established, there is still
much to be understood. In particular, the resolution of im-
portant behavior in the equilibrium system is a challenge.
One would like to be able to predict what interactions will
dominate in a material for a given set of conditions. While
some guidelines were suggestedse.g., the objective function
g*d, deeper investigation is required. One may need to de-
velop three-mode correlation functions to see the desired be-
havior and obtain dynamical information.
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APPENDIX: PHONON SPACE ANALYSIS

One of the foundations of phonon analysis is the har-
monic approximationsi.e., that the phonon modes are
equivalent to independent harmonic oscillatorsd. Even when
anharmonicities are taken into account, it is usually as a per-
turbation to the harmonic solution of the lattice dynamics
problem. In these cases, phonon-phonon interactions are
modeled as instantaneous events, preceded and followed by
the independent propagation of phonons through the system
si.e., the phonons behave harmonically except when they are
interactingd.

At zero temperature in a classical solid, all the atoms are
at rest in their equilibrium positions. The potential energy of
the system, which is only a function of the atomic positions,
can only take on one valuesi.e., the phase space consists of
a single pointd. As the temperature of the system is raised,
the atoms move, and the extent of the associated phase space
increases. Suppose that the equilibrium potential energy of a
system withN atoms is given byF0. If each atomi is moved
by an amountui, the resulting energy of the system,F, can
be found by expanding around the equilibrium energy with a
Taylor series as

F = F0 + o
i

o
a
U ]F

]ui,a
U

0
ui,a +

1

2o
i,j

o
a,b
U ]2F

]ui,a ] uj ,b
U

0
ui,auj ,b

+
1

6o
i,j ,k

o
a,b,g

U ]3F

]ui,a ] uj ,b ] uk,g
U

0
ui,auj ,buk,g + ¯ . sA1d

Here, thei , j , andk sums are over the atoms in the system,
and thea , b, andg sums are over thex, y, andz directions.
The first derivative of the potential energy with respect to
each of the atomic positions is the negative of the net force
acting on that atom. Evaluated at equilibrium, this term is
zero. The first non-negligible term in the expansion is thus
the second order term. The harmonic approximation is made
by truncating the Taylor series after this term.

The harmonic approximation is valid for small displace-
ments sui,a! rnn, the equilibrium atomic separationd about
the zero-temperature minimum. Raising the temperature will
cause deviations for two reasons. First, as the temperature
increases, the displacements of the atoms will increase be-
yond what might be considered small. Second, the lattice
constant will change, so that the equilibrium separation does
not correspond to the well minimum. In the LJ argon system,
the ratioui,a / rnn reaches a value of 0.05 near a temperature
of 20 K.6 In order to deal with phonons and normal modes,
however, the harmonic approximation is necessary. It is im-
portant to remember that this assumption underlies much of
the presented analysis.

One of the challenges in working with Eq.sA1d under the
harmonic approximation is the coupling of the atomic coor-
dinates in the second-order derivatives. A transformation ex-
ists on the 3N real space coordinatessthree for each of theN
atomsd to a set of 3N new coordinatesSk sthe normal modesd
such that12

F − F0 =
1

2o
i,j

o
a,b
U ]2F

]ui,a ] uj ,b
U

0
ui,auj ,b =

1

2o
k
U ]F2

]Sk
2 U

0

Sk
*Sk,

sA2d

where

Sksk,nd = N−1/2o
i

mi
1/2exps− ik · r i,odek

*sk,nd ·ui . sA3d

The normal modes are equivalent to harmonic oscillators,
each of which has an associated wave vector, frequency, and
polarization. They are completely nonlocalized spatially. The
wave vectors can be determined from the crystal structure,
and indicate the size and resolution of the associated BZ. The
frequencies and polarizations are obtained from lattice dy-
namics calculations.

Starting from Eq.sA2d, and noting that the second deriva-
tive terms can be considered as the spring constants,Kk, of
the harmonic oscillators, the energy of one normal mode can
be expressed as

Fk =
1

2
U ]F2

]Sk
2 U

0

Sk
*Sk =

1

2

Kk

mk
Sk

*Sk =
1

2
vk

2Sk
*Sk, sA4d

as the mass, frequency, and spring constant are related
throughvk=sKk/mkd1/2. The average potential energy will be

A. J. H. McGAUGHEY AND M. KAVIANY PHYSICAL REVIEW B 71, 184305s2005d

184305-10



kFkl =
1

2
vk

2kSk
*Skl. sA5d

This is the expectation value of the potential energy of one
degree of freedom. The expectation value for one degree of
freedom in a classical-harmonic system iskBT/2.

The total kinetic energysKEd in the real and phonon
spaces is given by

KE = o
i

1

2

upiu2

mi
= o

k

1

2
Ṡk

*Ṡk. sA6d

As the kinetic energy of a particle in a classical system is
proportional to the square of the magnitude of its momentum

sand no higher order termsd, this expression for the kinetic
energy is valid in anharmonic systems. The classical-
harmonic expectation value of the mode kinetic energy is
kBT/2.

In a classical-harmonic system there is an equipartition of
energy between all degrees of freedom, so that the average
kinetic energy of a mode will be equal to its average poten-
tial energy. Thus,

kEklharm= vk
2kSk

*Skl = kBT. sA7d

The instantaneous energy in a given mode predicted by Eqs.
sA4d and sA6d is readily calculated in the MD simulations.
As discussed elsewhere, it is the quasi-harmonic mode fre-
quencies that should be used in these calculations.6
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