
GENERICITY AND CONTRAGREDIENCE IN THE LOCAL
LANGLANDS CORRESPONDENCE

Tasho Kaletha

Abstract

Adams, Vogan, and D. Prasad have given conjectural formulas for the
behavior of the local Langlands correspondence with respect to taking the
contragredient of a representation. We prove these conjectures for tem-
pered representations of quasi-split real K-groups and quasi-split p-adic
classical groups (in the sense of Arthur). We also prove a formula for the
behavior of the local Langlands correspondence for these groups with re-
spect to changes of the Whittaker data.

1 INTRODUCTION

The local Langlands correspondence is a conjectural relationship between cer-
tain representations of the Weil or Weil-Deligne group of a local field F and
finite sets, or packets, of representations of a locally compact group arising as
the F -points of a connected reductive algebraic group defined over F . In char-
acteristic zero, this correspondence is known for F = R and F = C by work
of Langlands [Lan89] and was later generalized and reinterpreted geometri-
cally by Adams, Barbasch, and Vogan [ABV92]. Furthermore, many cases are
known when F is a finite extension of the field Qp of p-adic numbers. Most
notably, the correspondence over p-adic fields is known when the reductive
group is GLn by work of Harris-Taylor [HT01] and Henniart [He00], and has
very recently been obtained for quasi-split symplectic and orthogonal groups
by Arthur [Ar11]. Other cases include the group U3 by work of Rogawski, Sp4

and GSp4 by work of Gan-Takeda. For general connected reductive groups,
there are constructions of the correspondence for specific classes of parame-
ters, including the classical case of unramified representations, the case of rep-
resentations with Iwahori-fixed vector by work of Kazhdan-Lusztig, unipo-
tent representations by work of Lusztig, and more recently regular depth-zero
supercuspidal representations by DeBacker-Reeder [DR09], very cuspidal rep-
resentations by Reeder [Re08], and epipelagic representations by the author
[Ka12].

The purpose of this paper is to explore how the tempered local Langlands cor-
respondence behaves with respects to two basic operations on the group. The
first operation is that of taking the contragredient of a representation. In a re-
cent paper, Adams and Vogan [AV12] studied this question for the general (not
just tempered) local Langlands correspondence for real groups. They provide
a conjecture on the level of L-packets for any connected reductive group over
a local field F and prove this conjecture when F is the field of real numbers.
One of our main results is the fact that this conjecture holds for the tempered
L-packets of symplectic and special orthogonal p-adic groups constructed by
Arthur. In fact, inspired by the work of Adams and Vogan, we provide a re-
finement of their conjecture to the level of representations, rather than packets,
for the tempered local Langlands correspondence. We prove this refinement
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when G is either a quasi-split connected real reductive group (more generally,
quasi-split real K-group), a quasi-split symplectic or special orthogonal p-adic
group, and in the context of the constructions of [DR09] and [Ka12]. In the real
case, the results of Adams and Vogan are a central ingredient in our argument.
To obtain our results, we exploit the internal structure of real L-packets using
recent results of Shelstad [Sh08]. In the case of quasi-split p-adic symplectic
and special orthogonal groups, we prove a result similar to that of Adams and
Vogan using Arthur’s characterization of the stable characters of L-packets on
quasi-split p-adic classical groups as twisted transfers of characters of GLn.
After that, the argument is the same as for the real case. The constructions of
[DR09] and [Ka12] are inspected directly.

The second basic operation that we explore is that of changing the Whittaker
datum. To explain it, we need some notation. Let F be a local field and G a
connected reductive group defined over F . Let W ′ be the Weil group of F if
F = R or the Weil-Deligne group of F if F is an extension of Qp. Then, if G
is quasi-split, it is expected that there is a bijective correspondence (ϕ, ρ) 7→ π.
The target of this correspondence is the set of equivalence classes of irreducible
admissible tempered representations. The source of this correspondence is the
set of pairs (ϕ, ρ) where ϕ : W ′ → LG is a tempered Langlands parameter,
and ρ is an irreducible representation of the finite group π0(Cent(ϕ, Ĝ)/Z(Ĝ)Γ).
Here Ĝ is the complex (connected) Langlands dual group of G, and LG is the
L-group of G. However, it is known that such a correspondence can in gen-
eral not be unique. In order to hope for a unique correspondence, following
Shahidi [Sha90, §9] one must choose a Whittaker datum forG, which is aG(F )-
conjugacy class of pairs (B,ψ) whereB is a Borel subgroup ofG defined over F
and ψ is a generic character of the F -points of the unipotent radical of B. Then
it is expected that there exists a correspondence (ϕ, ρ) 7→ π as above which has
the property that π has a (B,ψ)-Whittaker functional precisely when ρ = 1. Let
us denote this conjectural correspondence by ιB,ψ. We are interested in how it
varies when one varies the Whittaker datum (B,ψ). We remark that there is a
further normalization of ιB,ψ that must be chosen. As described in [KS12, §4],
it is expected that there will be two normalizations of the local Langlands cor-
respondence for reductive groups, reflecting the two possible normalizations
of the local Artin reciprocity map.

The reason we study these two questions together is that they appear to be
related. Indeed, when one studies how the pair (ϕ, ρ) corresponding to a rep-
resentation π changes when one takes the contragredient of π, one is led to
consider ιB,ψ for different Whittaker data.

We will now go into more detail and describe our expectation for the behavior
of the local Langlands correspondence with respect to taking contragredient
and changing the Whittaker datum. We emphasize that we claim no original-
ity for these conjectures. Our formula in the description of the contragredient
borrows greatly from the paper of Adams and Vogan, as well as from a con-
versation with Robert Kottwitz, who suggested taking the contragredient of
ρ. After the paper was written, we were informed by Dipendra Prasad that
an equation closely related to (1.1) is stated as a conjecture in [GGP12, §9], and
that moreover equation (1.2) is part of a more general framework of conjectures
currently being developed by him under the name “relative local Langlands
correspondence”. We refer the reader to the draft [Pr].

We continue to assume that F is either real or p-adic, and G is a quasi-split
connected reductive group over F . Fix a Whittaker datum (B,ψ). For any
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Langlands parameter ϕ : W ′ → LG, let Sϕ = Cent(ϕ, Ĝ). The basic form of
the expected tempered local Langlands correspondence is a bijection ιB,ψ from
the set of pairs (ϕ, ρ), where ϕ is a tempered Langlands parameter and ρ is an
irreducible representation of π0(Sϕ/Z(Ĝ)Γ) to the set of equivalence classes of
irreducible admissible tempered representations. A refinement of this corre-
spondence is obtained when one allows ρ to be an irreducible representation
of π0(Sϕ) rather then its quotient π0(Sϕ/Z(Ĝ)Γ). The right-hand side is then
the set of equivalence classes of tuples (G′, ξ, u, π), where ξ : G → G′ is an
inner twist, u ∈ Z1(F,G) is an element with the property ξ−1σ(ξ) = Int(u(σ))
for all σ ∈ Γ, and π is an irreducible admissible tempered representation of
G′(F ). The triples (G′, ξ, u) are called pure inner twists of G, and the purpose
of this refined version of the correspondence is to include connected reduc-
tive groups which are not quasi-split. The idea of using pure inner forms is
due to Vogan [Vo93], and one can find a formulation of this refinement of the
correspondence in [Vo93] or [DR09, §3]. A further refinement is obtained by al-
lowing ρ to be an irreducible algebraic representation of the complex algebraic
group S̄ϕ = Sϕ/[Sϕ ∩ Ĝder]

◦. The right-hand side then is the set of equivalence
classes of tuples (G′, ξ, b, π), where ξ : G→ G′ is an inner twist and b is a basic
element of Z1(W,G(L)), where L is the completion of the maximal unramified
extension of F , and where b gives rise to ξ as in [Ko97]. This further refinement
was introduced by Kottwitz in an attempt to include all connected reductive
groups into the correspondence (it is known that not every connected reductive
group is a pure inner form of a quasi-split group). Indeed, when the center of
G is connected, all inner forms of G come from basic elements of Z1(W,G(L)).
Moreover, one can reduce the general case to that of connected center. An ex-
position of this formulation of the correspondence can be found in [Ka11].

We now let ιB,ψ denote any version of the above conjectural correspondence,
normalized so that ιB,ψ(ϕ, ρ) is (B,ψ)-generic precisely when ρ = 1. The set
of Whittaker data for G is a torsor for the abelian group Gad(F )/G(F ). Using
Langlands’ construction of a character onG(F ) for each element ofH1(W,Z(Ĝ)),
one obtains from each element ofGad(F )/G(F ) a character on the finite abelian
group ker(H1(W,Z(Ĝsc)) → H1(W,Z(Ĝ))). This groups accepts a map from
π0(Sϕ/Z(Ĝ)Γ) for every Langlands parameter ϕ. In this way, given a pair of
Whittaker data w and w′, the element of Gad(F )/G(F ) which conjugates w to
w′ provides a character on π0(Sϕ/Z(Ĝ)Γ), hence also on π0(Sϕ) and S̄ϕ. We
denote this character by (w,w′). Then we expect that

ιw′(ϕ, ρ) = ιw(ϕ, ρ⊗ (w,w′)ε), (1.1)

where ε = −1 if ιw and ιw′ are compatible with the classical normalization of
the local Artin reciprocity map, and ε = 1 if ιw and ιw′ are compatible with
Deligne’s normalization.

To describe how we expect ιB,ψ to behave with respect to taking contragre-
dients, we follow [AV12] and consider the Chevalley involution on Ĝ: As is
shown in [AV12], there exists a canonical element of Out(Ĝ) which consists
of all automorphisms of Ĝ that act as inversion on some maximal torus. This
canonical element provides a canonical Ĝ-conjugacy class of L-automorphisms
of LG as follows. Fix a Γ-invariant splitting of Ĝ and let Ĉ ∈ Aut(Ĝ) be the
unique lift of the canonical element of Out(Ĝ) which sends the fixed splitting
of Ĝ to its opposite. Then Ĉ commutes with the action of Γ, and we put LC
to be the automorphism of Ĝ × W given by Ĉ × id. If we change the split-
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ting of Ĝ, there exists [Ko84, Cor. 1.7] an element g ∈ ĜΓ which conjugates it
to the old splitting. This element also conjugates the two versions of Ĉ, and
hence also the two versions of LC. We conclude that that Ĝ-conjugacy class
of LC is indeed canonical. Thus, for any Langlands parameter ϕ : W ′ → LG,
we have a well-defined (up to equivalence) Langlands parameter LC ◦ ϕ. The
automorphism Ĉ restricts to an isomorphism Sϕ → SLC◦ϕ and for each repre-
sentation ρ of S̄ϕ we can consider the representation ρ ◦ Ĉ−1 of S̄LC◦ϕ. When ϕ
is tempered, we expect

ιB,ψ(ϕ, ρ)∨ = ιB,ψ−1(LC ◦ ϕ, ρ∨ ◦ Ĉ−1). (1.2)

For this formula it is not important whether ιB,ψ is normalized with respect
to the classical or Deligne’s normalization of the local Artin map, as long as
ιB,ψ−1 is normalized in the same way.

We will now briefly describe the contents of this paper. In Section 2, we recall
the fundamental results of Arthur and Shelstad on the endoscopic classification
of tempered representations of real and classical p-adic groups. In Section 3 we
will describe more precisely the construction of the character (w,w′) alluded
to in this introduction, and will then prove Equation (1.1). Section 4 is devoted
to the proof of Equation (1.2) for tempered representations of quasi-split real
K-groups and quasi-split symplectic and special orthogonal p-adic groups. Fi-
nally, in Section 5 we consider general p-adic groups and parameters of zero or
minimal positive depth, and prove (1.2) for those cases as well.

The arguments in Sections 3 and 4 are quite general and we expect them to pro-
vide a proof of Equations (1.1) and (1.2) for other p-adic groups besides sym-
plectic and orthogonal, as soon as Arthur’s work has been extended to them.
For example, we expect that the case of unitary groups will follow directly from
our arguments.

Acknowledgements: The author would like to thank Jeff Adams for discussing
with him the paper [AV12], Diana Shelstad for enlightening discussions con-
cerning [KS12] and the normalizations of transfer factors, Robert Kottwitz and
Peter Sarnak for their reading of an earlier draft of this paper, Sandeep Varma
for pointing out an inaccuracy in an earlier draft, and Dipendra Prasad for
pointing out that equations very similar to (1.1) and (1.2) appear as conjectures
in [GGP12] and [Pr].
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2 RESULTS OF ARTHUR AND SHELSTAD

In this section we will recall the results of Arthur and Shelstad on the inver-
sion of endoscopic transfer, which will be an essential ingredient in our proofs.
The formulation in the real case is slightly more complicated due to the fact
that semi-simple simply-connected real groups can have non-trivial Galois-
cohomology, so we will describe the p-adic case first.

Let F be a p-adic field. Arthur’s results apply to groups G which are either
the symplectic group, or the split special odd orthogonal group, or the split or
quasi-split special even orthogonal groups. The case of even orthogonal groups
is slightly more subtle, so let us first assume that G is either symplectic or odd
orthogonal. Fix a Whittaker datum (B,ψ). Let ϕ : W ′ → LG be a tempered
Langlands parameter and put Cϕ = π0(Cent(ϕ, Ĝ)/Z(Ĝ)Γ). Arthur’s recent
results [Ar11, §2] imply that there exists an L-packet Πϕ of representations of
G(F ) and a canonical bijection

ιB,ψ : Irr(Cϕ)→ Πϕ, ρ 7→ πρ,

which sends the trivial representation to a (B,ψ)-generic representation. This
bijection can alse be written as a pairing 〈〉 : Cϕ × Πϕ → C, and this is the lan-
guage adopted by Arthur. A semi-simple element s ∈ Cent(ϕ, Ĝ) gives rise to
an endoscopic datum e = (H,H, s, ξ) for G. We briefly recall the construction:
Ĥ = Ĝ◦s ,H = Ĥ ·ϕ(W ), and ξ is the inclusion map. The groupH is an extension
of W by Ĥ , and hence provides a homomorphism Γ → Out(Ĥ). The group H
is the unique quasi-split group with complex dual Ĥ for which the homomor-
phism Γ→ Out(H) given by the rational structure coincides under the canon-
ical isomorphism Out(H) ∼= Out(Ĥ) with the homomorphism Γ → Out(Ĥ)
given by H. In addition to the datum (H,H, s, ξ), Arthur chooses [Ar11, §1.2]
an L-isomorphism ξH1 : H → LH . By construction ϕ factors through ξ and
we obtain ϕs = ξH1 ◦ ϕ which is a Langlands parameter for H . Associated
to this Langlands parameter is an L-packet on H , whose stable character we
denote by SΘϕs (this is the stable form (2.2.2) in [Ar11]). Let ze denote the pair
(H, ξH1

). This is strictly speaking not a z-pair in the sense of [KS99, §2.2], be-
cause H will in general not have a simply-connected derived group, but this
will not cause any trouble. Let ∆[ψ, e, ze] denote the Whittaker normalization
of the transfer factor. Arthur shows [Ar11, Thm. 2.2.1] that if f ∈ H(G) and
fs ∈ H(H) have ∆[ψ, e, ze]-matching orbital integrals, then

SΘϕs(f
s) =

∑
ρ∈Irr(Cϕ)

〈s, ρ〉Θπρ(f).

The group Cϕ is finite and abelian, and Irr(Cϕ) is the set of characters of Cϕ,
which is also a finite abelian group. Performing Fourier-inversion on these
finite abelian groups one obtains

Θπρ(f) = |Cϕ|−1
∑
s∈Cϕ

〈s, ρ〉SΘϕs(f
s).

This formula is the inversion of endoscopic transfer in the p-adic case, for sym-
plectic or odd orthogonal groups.

If G is an even orthogonal group, the following subtle complication occurs:
Arthur [Ar11, Thm. 8.4.1] associates to a given tempered Langlands parameter
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ϕ not one, but two L-packets Πϕ,1 and Πϕ,2. Each of them comes with a canon-
ical bijection ιB,ψ,i : Irr(Cϕ) → Πϕ,i. There exists a group ÕutN (G) of order 2
(independent of ϕ), and for each ρ ∈ Irr(Cϕ) the two representations ιB,ψ,1(ρ)
and ιB,ψ,2(ρ) are an orbit under the action of this group. For each ϕ, there is
the following dichotomy: Either Πϕ,1 = Πϕ,2, and ÕutN (G) acts trivially on
this L-packet; or Πϕ,1 ∩ Πϕ,2 = ∅, and the generator of ÕutN (G) sends Πϕ,1 to
Πϕ,2. In this situation, we will take ιB,ψ(ρ) to mean the pair of representations
{ιB,ψ,1(ρ), ιB,ψ,2(ρ)}. Following Arthur, we will use the notation H̃(G) to de-
note denote the subalgebra of ÕutN (G)-fixed functions inH(G) if G is a p-adic
even orthogonal group. For all other simple groups G, we set H̃(G) equal to
H(G). IfG is a product of simple factorsGi, then H̃(G) is determined by H̃(Gi).
All constructions, as well as the two character identities displayed above, con-
tinue to hold, but only for functions f ∈ H̃(G). Notice that on f ∈ H̃(G), the
characters of the two representations ιB,ψ,1(ρ) and ιB,ψ,2(ρ) evaluate equally,
and moreover fs ∈ H̃(H), so the above character relations do indeed make
sense.

We will now describe the analogous formulas in the real case, which are results
of Shelstad [Sh08]. Let G be a quasi-split connected reductive group defined
over F = R and fix a Whittaker datum (B,ψ). Let ϕ : W → LG be a tempered
Langlands parameter, and Cϕ as above. One complicating factor in the real
case is that, while there is a canonical map

Πϕ → Irr(Cϕ),

it is not bijective, but only injective. It was observed by Adams and Vogan that,
in order to obtain a bijective map, one must replace Πϕ by the disjoint union of
multipleL-packets. All theseL-packets correspond toϕ, but belong to different
inner forms of G. The correct inner forms to take are the ones parameterized
by H1(F,Gsc). The disjoint union of these inner forms is sometimes called the
K-group associated to G. For an exposition on K-groups we refer the reader
to [Ar99, §2] and [Sh08]. Writing Πϕ for the disjoint union of L-packets over
all inner forms in the K-group, one now has again a bijection [Sh08, §11]

Πϕ → Irr(Cϕ),

whose inverse we will denote by ιB,ψ, and we denote by 〈〉 again the pairing
between Cϕ and Πϕ given by this bijection. Note that in [Sh08], Shelstad uses
a variant of Cϕ involving the simply-connected cover of Ĝ. Since we are only
considering quasi-split K-groups (i.e. those which contain a quasi-split form),
this variant will not be necessary and the group Cϕ will be enough.

From a semi-simple element s ∈ Cent(ϕ, Ĝ) we obtain an endoscopic datum
e by the same procedure as just described. A second complicating factor is
that, contrary to p-adic case discussed above, there will in general be no L-
isomorphism H → LH . Instead, one chooses a z-extension H1 of H . Then
there exists an L-embedding ξH1

: H → LH1. We let ze denote the datum
(H1, ξH1

), and ϕs = ξH1
◦ ϕ. This is now a tempered Langlands parameter for

H1. Then Shelstad shows [Sh08, §11] that for any two functions f ∈ H(KG(F ))
and fs ∈ H(H1(F )) whose orbital integrals are ∆[λ, e, ze]-matching, one has
the formulas

SΘϕs(f
s) =

∑
ρ∈Irr(Cϕ)

〈s, ρ〉Θπρ(f),

and
Θπρ(f) = |Cϕ|−1

∑
s∈Cϕ

〈s, ρ〉SΘϕs(f
s).
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In the following sections, we will not use the notation KG for a K-group and
the bold-face symbols for objects associated with it. Rather, we will treat it like
a regular group and denote it by G, in order to simplify the statements of the
results.

3 CHANGE OF WHITTAKER DATA

Let G be a quasi-split connected reductive group defined over a real or p-adic
field F . Given a finite abelian group A, we will write AD for its group of char-
acters.

Lemma 3.1. There exists a canonical injection (bijection, if F is p-adic)

Gad(F )/G(F )→ ker(H1(W, Ẑsc)→ H1(W, Ẑ))D.

Proof. We will writeG(F )D̃ for the set of continuous characters onG(F ) which
are trivial on the image of Gsc(F ). Recall that Langlands has constructed sur-
jective homomorphismsH1(W, Ẑ)→ G(F )D̃ andH1(W, Ẑsc)→ Gad(F )D̃. If F
is p-adic, they are also bijective and the statement follows right away, because
the finite abelian group Gad(F )/G(F ) is Pontryagin dual to

ker(Gad(F )D̃ → G(F )D̃) (3.1)

If F is real, the kernel of H1(W, Ẑsc) → Gad(F )D̃ maps onto the kernel of
H1(W, Ẑ) → G(F )D̃ (this is obvious from the reinterpretation of these homo-
morphisms given in [Ka12, §3.5]). This implies that the kernel of

H1(W, Ẑsc)→ H1(W, Ẑ)

surjects onto (3.1).

Let w,w′ be two Whittaker data forG. We denote by (w,w′) the unique element
ofGad(F )/G(F ) which conjugates w to w′. We view this element as a character
on the finite abelian group

ker(H1(W, Ẑsc)→ H1(W, Ẑ)) (3.2)

via the above lemma. Given a Langlands parameter ϕ : W ′ → LG, we consider
the composition

H0(W,ϕ, Ĝ)→ H0(W,ϕ, Ĝad)→ H1(W, Ẑsc),

whereH0(W,ϕ,−) denotes the set of invariants ofW with respect to the action
given by ϕ. This map is continuous, hence it kills the connected component
of the algebraic group H0(W,ϕ, Ĝ). Furthermore, it kills H0(W, Ẑ). Thus we
obtain a map

π0(Sϕ/Z(Ĝ)Γ)→ ker(H1(W, Ẑsc)→ H1(W, Ẑ)).

In this way, (w,w′) gives rise to a character on π0(Sϕ/Z(Ĝ)Γ), which we again
denote by (w,w′).
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Now let s ∈ Sϕ. Consider the endoscopic datum e = (H,H, s, ξ) given by
Ĥ = Ĝ◦s , H = Ĥ · ϕ(W ), and ξ the natural inclusion. Let ze be any z-pair
for e. We denote by ∆[w, e, ze] the Langlands-Shelstad transfer factor [LS87],
normalized with respect to w (whose definition we will briefly recall in the
following proof).

Lemma 3.2.
∆[w′, e, ze] = 〈(w,w′), s〉 ·∆[w, e, ze].

Proof. Write w = (B,ψ). Let spl = (T,B, {Xα}) be a splitting of G containing
the Borel subgroup B given by w and ψF : F → C× be a character with the
property that spl and ψF give rise to ψ as in [KS99, §5.3]. Then ∆[w, e, ze] is
defined as the product

ε(VG,H , ψF ) ·∆[spl, e, ze],

where ∆[spl, e, ze] is the normalization of the transfer factor relative to the split-
ting spl as constructed in [LS87, §3.7] (where it is denoted by ∆0), and ε(VG,H , ψF )
is the epsilon factor (with Langlands’ normalization, see e.g. [Tat79, (3.6)]) of
the degree-zero virtual Γ representation

VG,H = X∗(T )⊗ C−X∗(TH)⊗ C

where TH is any quasi-split maximal torus of H .

Let g ∈ Gad(F ) be an element with Ad(g)w = w′. Put spl′ = Ad(g)spl. Then
spl′ and ψF give rise to the Whittaker datum w′, and consequently we have

∆[w′, e, ze] = ε(VG,H , ψF ) ·∆[spl′, e, ze]

Let z = g−1σ(g) ∈ H1(F,Z(Gsc)). Choose any maximal torus S of G coming
from H . According to [LS87, §2.3], we have

∆[spl′, e, ze] = 〈z, s〉∆[spl, e, ze],

where we have mapped z under H1(F,Z(Gsc)) → H1(F, Ssc) and s under
Z(Ĥ)Γ → ŜΓ → [Ŝad]Γ and paired them using Tate-Nakayama duality. The
number 〈z, s〉 can also be obtained by mapping s under

H0(W,Z(Ĥ))→ H0(W,ϕ, Ĝ)→ H0(W,ϕ, Ĝad)→ H1(W,Z(Ĝsc))

and pairing it directly with z, using the duality between

H1(F,Z(Gsc)) = H1(F, Ssc → Sad) and H1(W,Z(Ĝsc)) = H1(W,Ssc → Sad).

Using [Ka12, §3.5], one sees that this is the same as the number 〈(w,w′), s〉.

Theorem 3.3. Let G be a quasi-split real K-group, or a quasi-split symplectic or
special orthogonal p-adic group. For any tempered Langlands parameter ϕ : W ′ →
LG and every ρ ∈ Irr(Cϕ), we have

ιw′(ϕ, ρ) = ιw(ϕ, ρ⊗ (w,w′)−1).

Proof. Fix a semi-simple s ∈ Sϕ. As described in Section 2, the pair (ϕ, s) gives
rise to an endoscopic datum e, and after a choice of a z-pair ze = (H1, ξH1

)
for e, it further gives rise to a Langlands parameter ϕs for H1. If the functions
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f ∈ H̃(G) and fs ∈ H̃(H1(F )) have ∆[w, e, ze]-matching orbital integrals, then
by Lemma 3.2 the functions f and 〈(w,w′), s〉 · fs have ∆[w′, e, ze]-matching
orbital integrals. Thus we have∑

ρ

〈s, ρ〉Θιw′ (ϕ,ρ)
(f) = 〈(w,w′), s〉SΘϕs(f

s)

= 〈(w,w′), s〉
∑
ρ

〈s, ρ〉Θιw(ϕ,ρ)(f)

=
∑
ρ

〈s, ρ⊗ (w,w′)〉Θιw(ϕ,ρ)(f)

=
∑
ρ

〈s, ρ〉Θιw(ϕ,ρ⊗(w,w′)−1)(f),

where the sums run over ρ ∈ Irr(Cϕ). Since this is true for all s, Fourier-
inversion gives the result.

4 TEMPERED REPRESENTATIONS AND THEIR CONTRAGREDIENT

In this section, we will prove formula (1.2) for quasi-split real K-groups and
quasi-split p-adic symplectic and special orthogonal groups. The bulk of the
work lies in an analysis of some properties of transfer factors, which is what
we turn to now.

Let F be any local field of characteristic zero and G a quasi-split connected
reductive group over F . We fix an F -splitting spl = (T,B, {Xα}) of G. We
write Ĝ for the complex dual of G and fix a splitting ŝpl = (T̂ , B̂, {Xα̂}). We as-
sume that the action of Γ on Ĝ preserves ŝpl, and that there is an isomorphism
X∗(T ) ∼= X∗(T̂ ) which identifies the B-positive cone with the B̂-positive cone.
Let Ĉ be the Chevalley involution on Ĝ which sends ŝpl to the opposite split-
ting [AV12, §2]. The automorphism Ĉ commutes with the action of Γ and thus
LC = Ĉ × idW is an L-automorphism of LG.

Given a torus S defined over F , we will denote by −1 the homomorphism
S → S which sends s ∈ S to s−1. It is of course defined over F . Its dual
LS → LS is given by (s, w) 7→ (s−1, w) and will also be denoted by −1. Given
a maximal torus S ⊂ G and a set of χ-data X = {χα|α ∈ R(S,G)} for R(S,G)
[LS87, §2.5], we denote by −X the set {χ−1

α |α ∈ R(S,G)}. This is also a set of
χ-data.

Lemma 4.1. Let S ⊂ G be a maximal torus defined over F , and let X be χ-data for
R(S,G). Let LξX : LS → LG be the canonical Ĝ-conjugacy class of embeddings
associated to X . Then we have the diagram

LG
LC // LG

LS

LξX

OO

−1 // LS

Lξ−X

OO

Proof. To choose a representative ξX within its Ĝ-conjugacy class, we follow
the constructions in [LS87, §2.6]. We choose a Borel subgroup defined over F

9



and containing S. This provides an admissible isomorphism ξ̂ : Ŝ → T̂ . For
w ∈W , let σS(w) ∈ Ω(T̂ , Ĝ) be defined by

ξ̂(ws) = σS(w)w ξ̂(s).

Then a representative of LξX is given by

LξX(s, w) = [ξ̂(s)rB̂,X(w)n(σS(w)), w]

Using the fact that Ĉ acts by inversion on T̂ and [AV12, Lemma 5.8], we see

LC ◦ LξX(s, w) = [ξ̂(s)−1rB̂,X(w)−1n(σS(w)−1)−1, w]

One sees that rB̂,X(w)−1 = rB̂,−X(w). Moreover, by Lemma 5.4 of loc. cit we
have

n(σS(w)−1)−1 = [t · σS(w)t−1]n(σS(w)),

where t ∈ T̂ is any lift of ρ∨(−1) ∈ T̂ad, ρ∨ being half the sum of the positive
coroots. We can choose t ∈ T̂Γ by choosing a root i of −1 and putting t =∏
α∈R(T̂ ,B̂) α

∨(i). Then we see

LC ◦ LξX(s, w) = Ad(t) ◦ Lξ−X ◦ (−1)(s, w).

Consider a collection c = (cα)α∈R(T,G) of elements of F
×

which is invariant
under Ω(T,G) o Γ. Then (T,B, {cαXα}) is another F -splitting of G, which
we will denote by c · spl. Given any maximal torus S ⊂ G and any Borel
subgroup BS containing S and defined over F , the admissible isomorphism
T → S which sends B to BS transports c to a collection (cα)α∈R(S,G) which is
invariant under Ω(S,G) o Γ. Moreover, this collection is independent of the
choice of BS (and also of B). If A = (aα)α∈R(S,G) is a set of a-data for R(S,G)
[LS87, §2.2], then c ·A = (cαaα)α∈R(S,G) is also a set of a-data.

Lemma 4.2. With the above notation, we have

λ(S,A, c · spl) = λ(S, c ·A, spl),

where λ denotes the splitting invariant constructed in [LS87, §2.3].

Proof. We begin by recalling the construction of the splitting invariant. For a
simple root α ∈ R(T,G), let ηspl

α : SL2 → G be the homomorphism determined
by the splitting spl. We put

nspl(sα) = ηspl
α

(
0 1
−1 0

)
.

For any w ∈ Ω(T,G) choose a reduced expression w = sα1 · · · sαn and set

nspl(w) = nspl(sα1) · · ·nspl(sαn).

This product is independent of the choice of reduced expression.

We choose a Borel subgroup BS ⊂ G defined over F and containing S, and an
element h ∈ G(F ) such that Ad(h)(T,B) = (S,BS). Then, for σ ∈ Γ and s ∈ S,
we have

Ad(h−1)[σs] = wS(σ)σAd(h−1)[s]
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for some wS(σ) ∈ Ω(T,G). Then λ(S,A, spl) ∈ H1(F, S) is the element whose
image under Ad(h−1) is represented by the cocycle

σ 7→
∏

α∈R(T,G)
α>0

wS(σ)α<0

α∨(aAd(h)α) · nspl(wS(σ)) · σ(h−1)h, (4.1)

We now examine the relationship between nspl and nc·spl. Recall the standard
triple

E =

[
0 1
0 0

]
H =

[
1 0
0 −1

]
F =

[
0 0
1 0

]
in Lie(SL2). The differential dηspl sends (E,H,F ) to (Xα, Hα, X−α), where
Hα = dα∨(1) and X−α ∈ g−α is determined by [Xα, X−α] = Hα. On the other
hand, the differential dηcspl sends (E,H,F ) to (cα ·Xα, Hα, c

−1
α X−α). Thus

ηc·spl = ηspl ◦Ad

[√
cα 0

0
√
cα
−1

]
for an arbitrary choice of a square root of cα. It follows that

nc·spl(sα) = α∨(cα) · nspl(sα).

Using induction and [Bou02, Ch.6, §1, no. 6, Cor 2], we conclude that

nc·spl(w) =
∏

α∈R(T,G)
α>0

wS(σ)α<0

α∨(cα) · nspl(w).

The statement follows by comparing the formula (4.1) for λ(S,A, c · spl) and
λ(S, c ·A, spl).

Let θ be an automorphism which preserves spl, and let a ∈ H1(W,Z(Ĝ)). The
class a corresponds to a character ω : G(F ) → C×. Let θ̂ be the automorphism
dual to θ, which preserves ŝpl. Note that θ̂ commutes with the action of Γ. We
will write Lθ for θ × idW .

Let Ĝ1 be the connected component of the group Ĝθ̂, let T̂ 1 = T̂ ∩ Ĝ1 and
B̂1 = B̂ ∩ Ĝ1. Then Ĝ1 is a reductive group and (T̂ 1, B̂1) is a Borel pair for it.
The set ∆(T̂ 1, B̂1) of B̂1-simple roots for T̂ 1 is the set of restrictions to T̂ 1 of the
set ∆(T̂ , B̂) of B̂-simple roots for T̂ . Moreover, the fibers of the restriction map

res : ∆(T̂ , B̂)→ ∆(T̂ 1, B̂1)

are precisely the Γ-orbits in ∆(T̂ , B̂). We will write αres for the image of α
under res.

We can extend the pair (T̂ 1, B̂1) to a Γ-splitting ŝpl
1

= (T̂ 1, B̂1, {Xαres}) of Ĝ1

by setting for each αres ∈ ∆(T̂ 1, B̂1)

Xαres
=

∑
β∈∆(T̂ ,B̂)
βres=αres

Xβ .
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Since θ̂ commutes with Γ, the group Ĝ1 and the splitting just constructed is
preserved by Γ. Thus, Ĝ1 oW is the L-group of a connected reductive group
G1. Moreover, since θ̂ also commutes with Ĉ, the automorphism Ĉ preserves
the group Ĝ1 and acts by inversion on its maximal torus T̂ 1. Thus, Ĉ is a
Chevalley involution for Ĝ1. However, it is not true that Ĉ sends the splitting

ŝpl
1

to its opposite. Rather, it sends ŝpl
1

to the splitting of Ĝ1 constructed from
the opposite of ŝpl by the same procedure as above. That this splitting differs

from the opposite of ŝpl
1

is due to the fact that for αres ∈ R(T̂ 1, Ĝ1), the coroot
Hαres

is not always the sum of Hβ for all β in the Γ-orbit corresponding to αres.
In fact, we have

Hαres = cαres ·
∑

β∈∆(T̂ ,B̂)
βres=αres

Hβ

where cα = 1 if αres is of type R1, and cα = 2 if αres is of type R2. Nevertheless,

since both the splitting opposite to ŝpl
1

and the splitting Ĉ(ŝpl
1
) are fixed by Γ,

there exists an element of [Ĝ1]Γ that conjugates the one to the other. In other
words, LC is Ĝ1-conjugate to the Chevalley involution on LG1 determined by

the splitting ŝpl
1
.

Given an endoscopic datum e = (H, s,H, ξ) for (G, θ, a), we write LC(e) for the
quadruple (H, Ĉ(s−1),H, LC ◦ Lθ ◦ ξ). Given a z-pair ze = (H1, ξH1

) for e, put
LCH(ze) = (H1,

LCH ◦ ξH1
), where LCH is the Chevalley involution on LH1.

Fact 4.3. The quadruple LC(e) is an endoscopic datum for (G, θ−1,a), and LCH(ze)
is a z-pair for it. If e′ is an endoscopic datum for (G, θ, a) equivalent to e, then LC(e′)
is equivalent to LC(e).

Proof. Straightforward.

Let (B,ψ) be a θ-stable Whittaker datum for G. Then, associated to (G, θ, a),
(B,ψ), e, and ze, we have the Whittaker normalization of the transfer factor for
G and H1. In fact, as explained in [KS12, §5.5], there are two different such
normalizations – one adapted to the classical local Langlands correspondence
for tori [KS12, (5.5.2)], and one adapted to the renormalized correspondence
[KS12, (5.5.1)]. To be consistent with the notation chosen in [KS12], we will call
these transfer factors ∆′[ψ, e, ze] (for the classical local Langlands correspon-
dence), and ∆D[ψ, e, ze] (for the renormalized correspondence). On the other
hand, associated to (G, θ−1, a), (B,ψ−1), LC(e), and LCH(ze), we also have the
Whittaker normalization of the transfer factor, again in the two versions. We
will call these ∆′[ψ−1, LC(e), LCH(ze)] and ∆D[ψ−1, LC(e), LCH(ze)]. In the
case θ = 1 and a = 1 (i.e. ordinary endoscopy), one also has the normalizations
∆ and ∆′D [KS12, §5.1]. The normalization ∆ is the one compatible with [LS87].

Proposition 4.4. Let (B,ψ) be a θ-stable Whittaker datum for G. Let γ1 ∈ H1(F ) be
a strongly G-regular semi-simple element, and let δ ∈ G(F ) be a strongly-θ-regular
θ-semi-simple element. We have

∆′[ψ, e, ze](γ1, δ) = ∆′[ψ−1, LC(e), LCH(ze)](γ
−1
1 , θ−1(δ−1)).

The same equality holds with ∆D in place of ∆′. Moreover, in the setting of ordinary
endoscopy, the equality also holds for ∆ and ∆′D.
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Proof. Let us fist discuss the different versions of the transfer factor. In ordinary
endoscopy, one obtains ∆ from ∆′ by replacing s with s−1. Thus it is clear that
the above equality will hold for the one if and only if it holds for the other. The
same is true for ∆D and ∆′D. Returning to twisted endoscopy, the difference
between ∆′ and ∆D is more subtle, and the statement for the one does not
formally follow from the statement for the other. However, the proof for both
cases is the same, and we will give it for the case of ∆D.

One sees easily that γ is a θ-norm of δ precisely when γ−1 is a θ−1-norm of
θ−1(δ−1). We assume that this is the case. Let SH1 ⊂ H1 be the centralizer of
γ1, let SH ⊂ H be the image of SH1 . The torus SH is the centralizer of the image
γ ∈ H(F ) of γ1. We choose a θ-admissible maximal torus S ⊂ G, an admissible
isomorphism ϕ : SH → Sθ, an element δ∗ ∈ S(F ) whose image in Sθ equals
ϕ(γ), and an element g ∈ Gsc(F ) with δ∗ = gδθ(g−1). Then

θ−1(δ∗−1) = g · θ−1(δ−1) · θ−1(g−1).

To analyze the transfer factor, we choose θ-invariant a-data A for R(S,G) and
χ-data X for Rres(S,G). Moreover, we fix an additive character ψF : F → C×
and assume that the splitting spl = (T,B,Xα) and the character ψF give rise to
the fixed Whittaker datum (B,ψ).

Up to equivalence of endoscopic data we may assume s ∈ T̂ . Then Ĉ(s−1) = s,
so that the difference between e and LC(e) is only in the embedding H → LG,
which changes from ξ to LC ◦ Lθ ◦ ξ.

Then we have [KS12, (5.5.1)]

∆D[ψ, e, ze] = ε(VG,H , ψF ) ·∆new
I [spl, A] ·∆−1

II [A,X] ·∆III [e, ze, X] ·∆IV . (4.2)

The factor ε(VG,H , ψF ) is the epsilon factor (with Langlands’ normalization, see
e.g. [Tat79, (3.6)]) for the virtual Γ-representation

VG,H = X∗(T )θ ⊗ C−X∗(TH)⊗ C,

where TH is any quasi-split maximal torus of H . It does not depend on any
further data.

The factors ∆I through ∆IV depend on most of the objects chosen so far. We
have indicated in brackets the more important objects on which they depend,
as it will be necessary to keep track of them. These are not all the dependencies.
For example, all factors ∆i depend on the datum e, but except for ∆III , this
dependence is only through the datum s, which we have arranged to be equal
for e and LC(e), and so we have not included e in the notation for these factors.

We now examine the factors ∆I through ∆IV , with the factor ∆III requiring
the bulk of the work. For the factor ∆IV , we have

∆IV (γ−1
1 , θ−1(δ−1)) = ∆IV (γ1, δ) (4.3)

because multiplication by −1 on R(S,G) preserves the θ-orbits as well as their
type (R1,R2, or R3).

The factor ∆new
I [e, spl, A] does not depend directly on γ1 and δ, but rather only

on the choices of S and ϕ. These choices also serve γ−1
1 and θ−1(δ−1), and we

see
∆new
I [spl, A](γ−1

1 , θ−1(δ−1)) = ∆new
I [spl, A](γ1, δ). (4.4)
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We turn to ∆II [A,X]. Let −A denote the a-data obtained from A by replacing
each aα by −aα. Let −X denote the χ-data obtained from X by replacing each
χα by χ−1

α . Then one checks that

∆II [A,X](γ−1
1 , θ−1(δ−1)) = ∆II [−A,−X](γ1, δ). (4.5)

Before we can examine ∆III [e, ze, X], we need to recall its construction, follow-
ing [KS99, §4.4, §5.3]. We define an F -torus S1 as the fiber product

S1

��

// S

��
SH1

// SH
ϕ // Sθ

The element δ1 = (γ1, δ) belongs to S1. The automorphism id × θ of SH1 × S
induces an automorphism θ1 of S1. This automorphism restricts trivially to the
kernel of S1 → S, and hence 1 − θ1 induces a homomorphism S → S1, which
we can compose with Ssc → S to obtain a homomorphism Ssc → S1, which we
still denote by 1− θ1.

The element (σ(g)g−1, δ1) belongs to H1(F, Ssc
1−θ1−→ S1) and is called inv(γ1, δ).

In [KS99, A.3], Kottwitz and Shelstad construct a pairing 〈〉KS between the

abelian groups H1(F, Ssc
1−θ1−→ S1) and H1(W, Ŝ1

1−θ̂1−→ Ŝad). Using this pair-
ing, they define

∆III [e, ze, X](γ1, δ) = 〈inv(γ1, δ), A0[e, ze, X]〉KS

where A0[e, ze, X] is an element of H1(F, Ŝ1
1−θ̂1−→ Ŝad) constructed as follows:

The χ-data X provides an Ĥ-conjugacy class of embeddings LSH → LH and
a Ĝ1-conjugacy class of embeddings LSθ → LG1, where Ĝ1 is the connected
stabilizer of θ̂. Composing with the canonical embeddings LH → LH1 and
LG1 → LG, we obtain embeddings ξ1 : LSθ → LG and ξSH : LSH → LH1.
There is a unique embedding ξ1

1 : LS → LG extending ξ1, and there is a unique
embedding ξ1

SH
: LSH1

→ LH1 extending ξSH .

Define U = {x ∈ H|Ad(ξ(x))|T̂ 1 = Ad(ξ1(1 × x̄))|T̂ 1}. One can show that
ξ(U) ⊂ ξ1

1(LS) and ξH1
(U) ⊂ ξ1

SH
(LSH1

). Then we can define, for any w ∈ W ,
an element aS [X](w) ∈ Ŝ1, by choosing a lift u(w) ∈ U and letting aS [X](w) =

(s−1
1 , s) ∈ ŜH1

× Ŝ � Ŝ1, where s1 ∈ ŜH1
and s ∈ Ŝ are the unique elements

satisfying

ξ1
1(s× w) = ξ(u(w)) and ξ1

SH (s1 × w) = ξH1
(u(w)). (4.6)

We can further define sS = [ξ1
1 ]−1(s) ∈ Ŝ and also view it as an element of Ŝad.

Then
A0[e, ze, X] = (aS [X]−1, sS) ∈ H1(W, Ŝ1 → Ŝad).

We are now ready to examine ∆III [e, ze, X]. We have

inv(γ−1
1 , θ−1(δ−1)) = (σ(g)g−1, θ−1

1 (δ−1
1 )). (4.7)
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This is an element of H1(F, Ssc
1−θ−1

1−→ S1). We have

∆III [
LC(e), LCH(ez), X](γ−1

1 , θ−1(δ−1))

= 〈inv(γ−1
1 , θ−1(δ−1)), A0[LC(e), LCH(ez), X]〉KS.

Here A0[LC(e), LCH(ez), X] is the element of H1(W, Ŝ1
1−θ̂−1

1−→ Ŝad), constructed
as above, but with respect to the endoscopic datum LC(e) and the z-pair LCH(ze),
rather than e and ze. ThusA0[LC(e), LCH(ez), X] = (ãS [X]−1, sS), with ãS [X](w) =
(s̃−1

1 , s̃), and

ξ1
1 [X](s̃× w) = Lθ ◦ LC ◦ ξ(u(w)) and ξ1

SH [X](s̃1 × w) = LCH ◦ ξH1
(u(w)).

Using Equation (4.6) we see

ξ1
1 [X](s̃×w) = Lθ◦LC◦ξ1

1 [X](s×w) and ξ1
SH [X](s̃1×w) = LCH◦ξ1

SH [X](s1×w).

According to Lemma 4.1 this is equivalent to

ξ1
1 [X](s̃×w) = Lθ◦ξ1

1 [−X](s−1×w) and ξ1
SH [X](s̃1×w) = ξ1

SH [−X](s−1
1 ×w).

We conclude that
ãS [X](w) = θ̂1(aS [−X](w)−1). (4.8)

The isomorphism of complexes

Ssc

1−θ−1
1

��

// Ssc

1−θ1
��

S1

θ1◦( )−1

// S1

induces an isomorphism H1(F, Ssc
1−θ−1

1−→ S1) → H1(F, Ssc
1−θ1−→ S1) which,

according to Equation (4.7), sends inv(γ−1
1 , θ−1(δ−1)) to inv(γ1, δ). The dual

isomorphism of complexes

Ŝ1

1−θ̂−1
1

��

Ŝ1

1−θ̂1
��

θ1◦( )−1

oo

Ŝad Ŝad
oo

induces an isomorphism H1(W, Ŝ1
1−θ̂−1

1−→ Ŝad) → H1(W, Ŝ1
1−θ̂1−→ Ŝad) which,

according to Equation (4.8), sends A0[e, ze,−X] to A0[LC(e), LCH(ze), X]. We
conclude

∆III [
LC(e), LCH(ze), X](γ−1

1 , θ−1(δ−1)) = ∆III [e, ze,−X](γ1, δ). (4.9)
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Combining equations (4.2), (4.3), (4.4), (4.5), (4.9), we obtain

∆D[ψ, LC(e), LCH(ze)](γ
−1
1 , θ−1(δ−1))

= ε(VG,H , ψF )

· ∆new
I [spl, A](γ−1

1 , θ−1(δ−1))

· ∆−1
II [A,X](γ−1

1 , θ−1(δ−1))

· ∆III [
LC(e), LCH(ze), X](γ−1

1 , θ−1(δ−1))

· ∆IV (γ−1
1 , θ−1(δ−1))

= ε(VG,H , ψF )

· ∆new
I [spl, A](γ1, δ)

· ∆−1
II [−A,−X](γ1, δ)

· ∆III [e, ze,−X](γ1, δ)

· ∆IV (γ1, δ)

Since−X and−A are valid choices of χ-data and a-data, according to Equation
(4.2) the second product is almost equal to ∆ψ[ψ, e, ze]. The only difference is
that the a-data occurring in ∆I is A, while the one occurring in ∆II is −A. Let
−spl be the splitting (T,B, {−Xα}). The splitting −spl and the character ψ−1

F

give rise to the fixed Whittaker datum (B,ψ), just like the splitting spl and the
character ψF did. Then we have

ε(VG,H , ψF )·∆I [spl, A] = ε(VG,H , ψ
−1
F )·∆I [−spl, A] = ε(VG,H , ψ

−1
F )·∆I [spl,−A],

with the first equality following from the argument of [KS99, §5.3], and the
second from Lemma 4.2. Noting that spl and ψ−1

F give rise to the Whittaker
datum (B,ψ−1), we obtain

∆D[ψ, LC(e), LCH(ze)](γ
−1
1 , θ−1(δ−1)) = ∆D[ψ−1, e, ze](γ1, δ).

Corollary 4.5. Let f ∈ H(G) and fH1 ∈ H(H1) be functions such that the (θ−1, ω)-
twisted orbital integrals of f match the stable orbital integrals of fH1 with respect to
∆[ψ−1, LC(e), LCH(ze)]. Then the (θ, ω)-twisted orbital integrals of f ◦θ−1◦imatch
the stable orbital integrals of fH1 ◦ i with respect to ∆̃[ψ, e, ze]. Here ∆̃ stands for any
of the two (resp. four) Whittaker normalizations of the transfer factor for twisted (resp.
standard) endoscopy, and i is the map on G(F ) or H1(F ) sending every element to its
inverse.
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Proof.

SO(γ1, f
H1 ◦ i)

= SO(γ−1
1 , fH1)

=
∑

δ∈G(F )/θ−1−∼

∆̃[ψ−1, LC(e), LCH(ze)](γ
−1
1 , δ)Oθ

−1,ω(δ, f)

=
∑

δ∈G(F )/θ−1−∼

∆̃[ψ−1, LC(e), LCH(ze)](γ
−1
1 , δ)Oθ,ω(θ(δ−1), f ◦ θ−1 ◦ i)

=
∑

δ′∈G(F )/θ−∼

∆̃[ψ, e, ze](γ
−1
1 , δ′)Oθ,ω(δ′, f ◦ θ−1 ◦ i)

The last line follows from Proposition 4.4, with the substitution δ′ = θ(δ−1).

Fact 4.6. Let π be an irreducible admissible tempered θ-stable representation of G(F ),
and let A : π ∼= π ◦ θ be the unique isomorphism which preserves a (B,ψ)-Whittaker
functional. Then the dual map A∨ : (π ◦ θ)∨ → π∨ preserves a (B,ψ−1)-Whittaker
functional.

Proof. Let V be the vector space on which π acts. Since π is tempered, it is
unitary. Let 〈·, ·〉 be a π-invariant non-degenerate Hermitian form on V . Then

V → V ∨, w 7→ 〈·, w〉

is a π-π∨-equivariant isomorphism, and it identifies A with its 〈·, ·〉-adjoint A∗.
But A∗ = A−1. Indeed, (v, w) 7→ 〈Av,Aw〉 is another π-invariant scalar prod-
uct, hence there exists a scalar c ∈ C× with 〈Av,Aw〉 = c〈v, w〉. On the one
hand, since both sides are Hermitian, this scalar must belong to R>0. On the
other hand, since A has finite order, c must be a root of unity. Thus c = 1,
which shows A∗ = A−1. Let σ denote complex conjugation. If λ : V → C is a
(B,ψ)-Whittaker functional preserved by A, then σ ◦ λ : V → C is a (B,ψ−1)-
Whittaker functional preserved by A∨ = A∗ = A−1.

Corollary 4.7. If π̃ is the unique extension of π to a representation of G(F ) o 〈θ〉 so
that π̃(θ) is the isomorphism π → π ◦ θ which fixes a (B,ψ)-Whittaker functional,
then π̃∨ is the unique extension of π∨ to a representation of G(F ) o 〈θ〉 so that π̃∨(θ)
is the isomorphism π∨ → π∨ ◦ θ which fixes a (B,ψ−1)-Whittaker functional.

The next statement is a weaker version of [AV12, Thm. 7.1(a)]. That theorem
states that for any Langlands parameter ϕ : W ′ → LG for a real connected
reductive group G with corresponding L-packet Πϕ, the set {π∨|π ∈ Πϕ} is
also an L-packet, and its parameter is LC ◦ ϕ. Assume that ϕ is tempered, and
denote by SΘϕ the stable character of the L-packet Πϕ. Then an immediate
corollary of the result of Adams and Vogan is that SΘϕ ◦ i = SΘLC◦ϕ. We
will now prove this equality for quasi-split symplectic and special orthogonal
p-adic groups. After that, we will use it to derive Formula (1.2). With this
formula at hand, we will then derive the precise p-adic analog of [AV12, Thm.
7.1(a)] as a corollary.

Theorem 4.8. Let H be a quasi-split symplectic or special orthogonal group and ϕ :
W ′ → LH a tempered Langlands parameter. Write SΘϕ for the stable character of the
L-packet attached to ϕ. Then we have an equality of linear forms on H̃(H)

SΘϕ ◦ i = SΘLCH◦ϕ.

17



Proof. We recall very briefly the characterizing property of SΘϕ, following
Arthur [Ar11, §1,§2]. The group H can be extended to an endoscopic datum
e = (H,H, s, ξ) for the triple (G, θ, 1), where G = GLn for a suitable n de-
pending on H and θ is an outer automorphism of G preserving the standard
splitting. Then ξ ◦ ϕ is a Langlands parameter for G. Let π be the represen-
tation of G(F ) assigned to ϕ by the local Langlands correspondence [HT01],
[He00]. We have π ∼= π ◦ θ. Choose an additive character ψF : F → C×, and let
spl be the standard splitting of G. Then we obtain a Whittaker datum (B,ψ).
There is a unique isomorphism A : π → π ◦ θ which preserves one (hence all)
(B,ψ)-Whittaker functionals. Then we have the distribution

f 7→ TΘψ
ξ◦ϕ(f) = tr

(
v 7→

∫
G(F )

f(g)π(g)Avdg

)
.

By construction, SΘϕ is the unique stable distribution on H̃(H) with the prop-
erty that

SΘϕ(fH) = TΘψ
ξ◦ϕ(f)

for all f ∈ H̃(G) and fH ∈ H̃(H) such that the (θ, ω)-twisted orbital integrals
of f match the stable orbital integrals of fH with respect to ∆′[ψ, e, ze]. Here
ze stands for the pair (H, ξH1), where ξH1 is a suitably chosen isomorphism
H → LH [Ar11, §1].

Now consider the transfer factor ∆′[ψ−1, LC(e), LCH(ze)]. We have chosen
both Ĉ and ĈH to preserve the standard diagonal torus and act as inversion
on it. Moreover the endoscopic element s belongs to that torus. The using
LC(e), LCH(ze) has the same effect as using (H,H, s, LC◦Lθ◦ξ◦LCH−1

) and the
z-pair ze. We have Lθ◦ξ = Int(s−1)ξ, so replacing Lθ◦ξ by ξ changes the above
datum to an equivalent one. In the same way, we have LC◦ξ◦LCH−1

= Int(t)◦ξ
for some t ∈ T̂ . All in all, up to equivalence, we see that replacing e and ze
by LC(e) and LCH(ze) has no effect, and we have obtained the transfer factor
∆′[ψ−1, e, ze], which we from now on abbreviate to ∆′[ψ−1].

We have SΘLCH◦ϕ(fH) = TΘξ◦LCH◦ϕ(f). As we just argued, ξ ◦ LCH is Ĝ-
conjugate to LC ◦ ξ. Thus, the Galois-representation ξ ◦ LCH ◦ ϕ is the contra-
gredient to the Galois-representation ξ ◦ ϕ. As the local Langlands correspon-
dence for GLn respects the operation of taking the contragredient, Corollary
4.7 implies

TΘψ
ξ◦LCH◦ϕ(f) = TΘψ−1

ξ◦ϕ (f ◦ θ−1 ◦ i).

By construction of SΘξ◦ϕ, we have

TΘψ−1

ξ◦ϕ (f ◦ θ−1 ◦ i) = SΘξ◦ϕ(′fH)

whenever ′fH is an element of H̃(H) whose stable orbital integrals match the
(θ, 1)-orbital integrals of f ◦ θ−1 ◦ i with respect to ∆′[ψ−1]. By Corollary 4.5,
fH ◦ i is such a function, and we see that the distribution f 7→ SΘξ◦ϕ(fH ◦ i)
satisfies the property that characterizes SΘLCH◦ϕ, hence must be equal to the
latter.

Theorem 4.9. LetG be a quasi-split connected reductive realK-group or a quasi-split
symplectic or special orthogonal p-adic group, and let (B,ψ) be a Whittaker datum. Let
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ϕ : W ′ → LG be a tempered Langlands parameter, and ρ an irreducible representation
of Cϕ. Then

ιB,ψ(ϕ, ρ)∨ = ιB,ψ−1(LC ◦ ϕ, [ρ ◦ Ĉ−1]∨).

Proof. Put π = ιB,ψ(ϕ, ρ). For each semi-simple s ∈ Sϕ, let es = (H,H, s, ξ)
be the corresponding endoscopic datum (see Section 2), and choose a z-pair
zs = (H1, ξH1

). We have the Whittaker normalization ∆[ψ, es, zs] of the transfer
factor compatible with [LS87] (see the discussion before Proposition 4.4).

By construction, ϕ factors through the ξ. Put ϕs = ϕ ◦ ξH1 . For any function
f ∈ H̃(G) let fs,ψ ∈ H̃(H1) denote the transfer of f with respect to the transfer
factor ∆[ψ, es, zs]. Whileϕs and fs,ψ depend on the choice of zs, the distribution

f 7→ SΘϕs(f
s,ψ)

does not. As discussed in Section 2, we have the inversion of endoscopic trans-
fer

Θπ(f) =
∑
s∈Cϕ

tr ρ(s)SΘϕs(f
s,ψ).

Thus, we need to show that

Θπ∨(f) =
∑

s∈CLC◦ϕ

tr (ρ∨(Ĉ−1(s)))SΘ[LC◦ϕ]s(f
s,ψ−1

).

We can of course reindex the sum as∑
s∈Cϕ

tr ρ(s)SΘ[LC◦ϕ]s′
(fs

′,ψ−1

),

with s′ = Ĉ(s−1). The theorem will be proved once we show

SΘϕs([f ◦ i]s,ψ) = SΘ[LC◦ϕ]s′
(fs

′,ψ−1

).

The endoscopic datum corresponding to LC ◦ ϕ and s′ is precisely LC(e). We
are free to choose any z-pair for it, and we choose LCH(ze). Then [LC ◦ ϕ]s′ =
LCH ◦ ϕs. The function fs

′,ψ−1 ∈ H̃(H1) is the transfer of f with respect to the
data LC(e), LCH(ze), and the Whittaker datum (B,ψ−1). By Corollary 4.5, the
function fs

′,ψ−1 ◦ i is the transfer of f ◦ i with respect to e,ze, and the Whittaker
datum (B,ψ). In other words,

[f ◦ i]s,ψ = fs
′,ψ−1

◦ i.

The theorem now follows from Theorem 4.8.

We alert the reader that, as was explained in Section 2, the symbol ιB,ψ(ϕ, ρ)
refers to an individual representation of G(F ) in all cases of Theorem 4.9,
except possibly when G is an even orthogonal p-adic group, in which case
Arthur’s classification may assign to the pair (ϕ, ρ) a pair of representations,
rather than an individual representation. In that case, the theorem asserts that
if (π1, π2) is the pair of representations associated with (ϕ, ρ), then (π∨1 , π

∨
2 ) is

the pair of representations associated with ιB,ψ−1(LC ◦ ϕ, [ρ ◦ Ĉ−1]∨).

The following result is the p-adic analog of [AV12, Thm. 7.1(a)].
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Corollary 4.10. Let G be a quasi-split symplectic or special orthogonal p-adic group,
and let ϕ : W ′ → LG be a tempered Langlands parameter. If Π is an L-packet assigned
to ϕ, then

Π∨ = {π∨|π ∈ Π}

is an L-packet assigned to LC ◦ ϕ.

This corollary to Theorem 4.9 is the p-adic analog of [AV12, Thm. 1.3].

Proof. WhenG is either a symplectic or an odd orthogonal group, the statement
follows immediately from Theorem 4.9. However, if G is an even orthogonal
group, Π is one of two L-packets Π1, Π2 assigned to ϕ, and a priori we only
know that the set Π∨ belongs to the union of the two L-packets Π′1,Π

′
2 assigned

to LC ◦ϕ. We claim that in fact it equals one of these two L-packets. Indeed, let
SΘ be the stable character of Π. This is now a stable linear form on H(G), not
just on H̃(G). The linear form SΘ◦i is still stable. If SΘ′1 and SΘ′2 are the stable
characters of Π′1 and Π′2 respectively, then the restrictions of SΘ′1 and SΘ′2 to
H̃(G) are equal, and moreover according to Theorem 4.8 these restrictions are
also equal to the restriction of SΘ ◦ i to H̃(G). From [Ar11, Cor. 8.4.5] we
conclude that

SΘ ◦ i = λSΘ′1 + µSΘ′2

for some λ, µ ∈ C with λ + µ = 1. However, each of the three distributions
SΘ ◦ i, SΘ′1, SΘ′2 is itself a sum of characters of tempered representations. The
linear independence of these characters then forces one of the numbers λ, µ to
be equal to 1, and the other to 0.

5 p-ADIC L-PACKETS OF ZERO OR MINIMAL POSITIVE DEPTH

In this section we are going to show that the constructions of depth-zero su-
percuspidal L-packets of [DR09] and of epipelagic L-packets of [Ka12] satisfy
Equation (1.2).

Fix a Langlands parameter ϕ : W → LG which is either TRSELP or epipelagic.
We may fix a Γ-invariant splitting (T̂ , B̂, {Xα̂}) of Ĝ and arrange that T̂ is the
unique torus normalized by ϕ. We also choose a representative for Ĉ which
sends the chosen splitting to its opposite and form LC = Ĉ × idW . In both
constructions the first step is to form the Γ-module Ŝ with underlying abelian
group T̂ and Γ-action given by the composition Γ → Ω(T̂ , Ĝ) o Γ of ϕ and
the natural projection N(T̂ , Ĝ) → Ω(T̂ , Ĝ). Since LC commutes with every
element of Ω(T̂ , Ĝ) o Γ, the Γ-module Ŝ for LC ◦ ϕ is the same as the one for
ϕ. The next step is to obtain from ϕ a character χ : S(F ) → C× by factoring ϕ
through an L-embedding LjX : LS → LG. For the depth-zero case, this is the
reinterpretation given in [Ka11], and theL-embedding LS → LG is obtained by
choosing arbitrary unramified χ-data X for R(Ŝ, Ĝ). Thus, this L-embedding
is the same for ϕ and LC ◦ϕ. Writing ϕS : W → LS for the factored parameter,
so that ϕ = LjX ◦ ϕS , we see from Lemma 4.1 that

LC ◦ ϕ = Lj−X ◦ (−1) ◦ ϕS .

Since −X is another set of unramified χ-data, and it is shown in [Ka11, §3.4]
that ϕS is independent of the choice of X , we see that [LC ◦ ϕ]S = (−1) ◦ ϕS .
In other words, the character of S(F ) constructed from LC ◦ ϕ is χ−1

S .
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We claim that the same is true for epipelagic Langlands parameters. That case
is a bit more subtle because LjX depends on ϕ more strongly – the χ-data X
is chosen based on the restriction of ϕ to wild inertia. What we need to show
is that if X is chosen for ϕ, then the choice for LC ◦ ϕ is −X . This however
follows right away from the fact that the restriction of LC ◦ ϕ to wild inertia
equals the composition of (−1) with the restriction of ϕ to wild inertia.

The third step in the construction of these two kinds of L-packets relies on a
procedure (different in the two cases) which associates to an admissible em-
bedding j of S into an inner form G′ of G a representation π(χS , j) of G′(F ).
We won’t recall this procedure – for our current purposes it will be enough to
treat it as a black box. Now let (B,ψ) be a Whittaker datum forG. In the depth-
zero case, we choose a hyperspecial vertex in the apartment of some maximal
torus contained in B so that ψ reduces to a generic character of Bu(kF ). It is
shown in both cases that there exists an admissible embedding j0 : S → G so
that the representation π(χS , j0) of G(F ) is (B,ψ)-generic. Moreover, one has
Sϕ = [Ŝ]Γ, so that Irr(Sϕ) = X∗(ŜΓ) = X∗(S)Γ = B(S), where B(S) is the
set of isomorphism classes of isocrystals with S-structure [Ko97]. Using j0 one
obtains a map Irr(Sϕ) = B(S) → B(G)bas. Each ρ ∈ Irr(Sϕ) provides in this
way an extended pure inner twist (Gbρ , bρ, ξρ). The composition jρ = ξρ ◦ j0 is
an admissible embedding S → Gbρ defined over F and provides by the black
box construction alluded to above a representation π(χS , jρ) of Gbρ(F ). Thus
we have

ιB,ψ : Irr(Sϕ)→ Πϕ, ρ 7→ π(χS , jρ).

It is known that for any j the contragredient of π(χS , j) is given by π(χ−1
S , j).

In particular, the contragredient of π(χS , j0) is given by π(χ−1
S , j0). The latter

representation is (B,ψ−1)-generic. Hence, the version of j0 associated to LC ◦ϕ
and the Whittaker datum (B,ψ−1) is equal to j0. We have SLC◦ϕ = [ŜΓ], and
reviewing the above procedure one sees that the map ιB,ψ−1 corresponding to
LC◦ϕ assigns to each ρ ∈ X∗(ŜΓ) the representation π(χ−1

S , jρ) which is indeed
the contragredient of π(χS , jρ).
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