TWO APPLICATIONS OF THE NATURAL MAP
JUAN SOUTO

ABSTRACT. Using a method which has been recently introduced
by Besson, Courtois and Gallot we give new simple proofs of Ahlfors’
measure theorem and of Canary’s estimate of the Hausdorff-dimension
of the limit set of a Kleinian group in terms of the volume of the
convex-core.

Let T" be a finitely generated discrete torsion free non-elementary sub-
group of Isom(H"), the isometry-group of n-dimensional hyperbolic
space. The quotient My = H"/T" is an n-dimensional hyperbolic mani-
fold with fundamental group I". The action of Isom(H") on H" extends
to an action by Mobious transformations of S"~!, the boundary at in-
finity of H" and there is a unique minimal I'-invariant subset Ar of
St called limit set of T'. The convex-hull CH(Ar) of the limit set
Ar in H" is also ['-invariant and the quotient CC'(Mr) = CH(Ar)/T,
the convex-core of My, is the smallest convex closed submanifold of
Mt whose inclusion is a homotopy equivalence. In the case that the
convex-core has finite volume then the group I is said to be geometri-
cally finite. Ahlfors [2] proved

Theorem 1 (Ahlfors’ measure theorem). Let I" be a geometrically finite
subgroup of Isom(H™). Either T has finite co-volume or the Lebesgue
measure of its limit set vanishes.

The Ahlfors measure theorem is also valid for all finitely generated
subgroups of Isom(H?*) by the work of Thurston [10], Canary [6], Agol
[1] and Calegary-Gabai [5].

A more subtle invariant of the group I' is the Hausdorff-dimension
dimy(Ar) of the limit set. Again in the case n = 3, the following
theorem due to Canary [7] links the geometry of the manifold Mr with
dlmH<Ap)

Theorem 2 (Canary). There is a constant K > 0 with

[x(Mr)]|

dimp(Ar) 22 = KO0 eanmy)

for every geometrically finite subgroup T' of Isom(H?).
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Bishop and Jones [4] proved that the Hausdorff-dimension of a discrete
subgroup of Isom(H?) is equal to 2 if and only if it has either finite
co-volume or it is not geometrically finite.

The purpose of this note is to give new and simple proofs of these
two theorems using a method which has been recently introduced by
Besson, Courtois and Gallot. Let us sketch this method and the proof
of Theorem 2. Given such a group I' we construct a map f from Mp
to itself, homotopic to the identity and with

dimH (AF)
3

vol(f(CC(Mr))) < vol(CC/(Mr))

On the other hand, the map f is 3-Lipschitz. This implies that there
is K independent of I" with

vol(CC(Mr)) — vol(f(CC(Mr))) < K vol(dCC(Mry))

A little bit of algebra yields Theorem 2.

The possibility of giving new proofs of these two results with this
method arose in a conversation with Pete Storm. I would like to thank
Gerard Besson and Gilles Courtois who pointed out a mistake in the
proof of Lemma 6.

1. THE NATURAL MAP RELOADED

In this section we present a construction due to Besson, Courtois and
Gallot which is the main tool we are going to use.

Let T' be a discrete subgroup of Isom(H"). A conformal density of
dimension § for T is a family {u,|z € H"} of finite measures on S"~! =
OH"™ with the following properties:

(1) Vatte = fiy(z) for all y € T
(2) The measures j, and p, are absolutely continuous to each other

and %’;—:(9) = 9By for every § € S*71.

Here B, (-, #) is the Busemann function centered at  and normalized at
y. We consider the two conformal densities described in the following
examples:

Example 3. Let x be a point in H?. The exponential map determines
a homeomorphism from the unit tangent space T H"™ to the boundary
at infinity S*~t. Denote by v, the push-forward of the Lebesque mea-
sure on TIH3. The measure v, is said to be the visual measure at x.
The family {v,}, is a conformal density for the whole isometry group
Isom(H™) of dimension n — 1.

This example can be modified as follows: Assume that U is a I'-invariant
set of positive Lebesque measure with characteristic function xy. Then
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the family v¥ of measures which are absolutely continuous with respect
avl

di

to v, and with (0) = xu(0) is a conformal density for I' of dimen-

stonn — 1.

Example 4. Let T' be a geometrically finite group. Sullivan [9] proved
that there is a conformal density, called Patterson-Sullivan measure,
for I of dimension dimy(Ar) and supported by the limit set Ar of T.

Let from now on I' be a non-elementary discrete subgroup of Isom(H")
and p, be a conformal density for I' of dimension ¢. Following Besson,
Courtois and Gallot consider for € H" the following function on H?
given by

B = [ em 0 (0)

The function B, is smooth and the convexity of the Busemann function
implies that B, is strictly convex and proper. In particular, B, has a
unique minimum and we may define a map

F:H" — H" F(z)= minimum of B,

The formula for the change of variables shows that B.,(vy) = B.(y)
and hence that the map F'is I'-equivariant. In particular, the map F
induces a map f : Mr — Mp. Both maps F' and f are said to be the
natural maps' induced by the conformal density s, .

Proposition 5 (Besson-Courtois-Gallot). The map F is smooth, ho-
p
motopic to identity and, for allp =1,...,n, holds |Jac,F| < (1%5) )

Before going further, recall that Jac,F' is the p-Jacobian of F' which is
formally defined on the Grassmannian of p-dimensional planes of H".
The proof of Proposition 5 has not yet appeared in the literature, that
is why we give a proof for the case p = n in section 3. The general case
is proved similarly.

We conclude this section with the following simple lemma.

Lemma 6. Let H be an open half-space with closure H. Denote by
Oso H the closed half sphere which bounds H at infinity and by OH the
totally geodesic hyperplane which bounds H in H?.
(1) Assume that ji,(0sH) = 0 for some, hence for all, x € H",
then the image of F does not intersect H.
(2) Let U be a proper I'-invariant subset of@ of positive Lebesgue
measure and let VY be the conformal density constructed in Ez-
ample 3. If 0,,H C U, then F(H) C H.

'Remark that this map is not the original natural map used by Besson, Courtois
and Gallot in [3].
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Proof. Assume that we are in the first case and let y be a point in
H and z € H*. We have to show that y is not the minimum of the
function B,. Let N, be the unit tangent vector at y pointing perpen-
dicularly to the hyperplane 0H. For every 6 in the support of s, we
have dB,(+,0)(N,) < 0; it follows that

dB.(N,) = / P @dB,(-,0)(N,)du.(0) < 0.
supp(fie)

We have proved that dB, does not vanish at y and, therefore, F'(z) # y.

We consider now the second case. Let z be a point in H and y ¢ H

and let P C H be the unique hyperplane which contains z and which

is perpendicular to the geodesic starting at y with direction N,. As

above we want to show that dB3,(V,) does not vanish. We compute

(1) dB,(N,) = [ P00 B0/, ),

B / PN dB, (-, 0)(N,)dp, + / P WOdB, (-, 0)(N,)dp.
UnoU U\ocU
where o is the isometric reflection at the hyperplane P. The set U\ ocU
is contained in H, hence, by the same argument as in the first case we
deduce that

(2) / P 8O AB,(-,0)(N,)du, < 0.
U\oU

On the other hand, [, ., e%*®9dB,(-,0)(Ny)dp, is the differential of

the convex function y +— fU ol B9 dy,. This function is o-invariant

since o(x) = x and therefore its value at y and o(y) coincide. We
deduce from the convexity that

(3) / BB, (-, 0)(N,)dp, <0
UnoU

The equations (2) and (3) together yield the claim. O

2. THE PROOFS

We show first the Ahlfors” measure theorem. Let I' be a geometrically
finite subgroup of Isom(H") and assume that Mp = H"/I" has infinite
volume. In particular, the complement € of the limit set Ar of I' in
S"~! is not empty. Seeking for a contradiction assume that the set
fails to have full measure. Consider the conformal density v£! for I' of
dimension n — 1 constructed in Example 3 and let f : Mr — Mr be
the natural map induced by v
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Lemma 7. f is proper and has degree one.

Proof. If My is convex-cocompact then we can compactify My by Mp =
(H" U (OsH™ \ Ar))/I" and Lemma 6 implies that the map f can be
extended continuously to a map f : My — My which is the identity on
My \ Mr. This implies that f is proper and has degree one.

In general My is not a compactification of My for there may be cusps.
[t remains to show the for any sequence (z;) in H" which converges to
a point 8 € S*~! whose stabilizer I'y in I" is not trivial and consists of
parabolic elements we have F(z;) — 6. To begin with, assume that
the points z; remain at a bounded distance of the convex-hull CH (Ar).
Then there is v € I'y with d(x;,vx;) — 0; since F' is Lipschitz and I'-
equivariant we obtain d(F(z;),vF(z;)) — 0 which implies F(z;) — 6.
It remains to consider the case that the points x; are further and further
away from the convex-hull. We may choose a nested sequence of half-
spaces H; D Hy; D ... which are disjoint of the convex-hull, with
x; € H; for all i and such that for any sequence (y;) with y; € H; we
have y; — 6. We may apply Lemma 6 to the half-space H; for i and
obtain F(z;) € H;. The result follows. O

Lemma 6 (2) and Lemma 7 imply that f maps CC(Mr) onto a neigh-
borhood of itself; in particular vol(CC(Mr)) < vol(f(CC(Mr))). Propo-
sition 5 yields the desired contradiction; this concludes the proof of the
Ahlfors measure theorem.

We prove now Theorem 2. Let I' be a geometrically finite subgroup of
Isom(H?) and let Mr be the associated hyperbolic manifold. Without
loss of generality we may assume that the convex-core CC'(Mr) has not
vanishing volume. It is due to Thurston [8] that the boundary of the
convex-core is, with its induced metric, a complete hyperbolic surface
of finite type with x(0CC(Mr)) = 2x(Mr). In particular, 0CC(Mr)
has volume equal to 47|x(Mr)|.

Let 0 be the Hausdorff-dimension of the limit set Ar, u, the Patterson-
Sullivan measures for the group I' (Example 4) and let f : Mp — Mrp
and F' : H® — H? the natural maps corresponding to the conformal
density .. To begin with remark that the same argument as in Lemma
7 implies that the restriction f|co(uy of f to the convex-core of My is
a proper map. It follows from Proposition 5 that

vol(F(CC(Mp))) < (17”) vol(CO(My)) < 12

vol(CO(Mr)).

On the other hand we have
(4)  vol(CC(Mr)) < vol(f(CC(Mr))) + vol(g(0CC(Mr) x [0,1]))
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where g({z} x [0,1]) is the geodesic segment, in the correct homo-
topy class, which joins x and f(x). For every unit tangent vector
v € THOCC(My) let J,(t) € TypMr be the component of dg|e+(v)
which is orthogonal to dg|(x7t)%. Jacobi-fields in constants curvature
spaces are given by explicit formulas; a computations yields that
max{|[J,(0)[], [|-/o(1)|}
sinh(d,)

where d is the length of the geodesic segment g({z} x [0,1]). The map
f is 3-Lipschitz by Proposition 5 hence max{||J,(0), ||J,(1)]|} < 3.
The transformation formula implies now that vol(g(0CC(Mr) x [0,1]))
is bounded from above by

dy : . _ 2
/ / (2 . 3smh(t) —|— sinh(d, t)) dtde
acc(Mr) Jo sinh(d,)

b= { /Od (sinh(t)s—il;l ii(r;};(d . t))2 dt}

we obtain from equation (4)

I|J.(t)| <2 (sinh(d,t) + sinh(d,(1 —t)))

Setting

Vol(CC(Mp)) — 144mk vol (v (M) < 22 vol(CC(My).

A little bit of algebra yields the desired result. This concludes the proof
of Canary’s estimate.

3. PROOF OF PROPOSITION 5
As promised above we show now
Proposition 5 (Besson-Courtois-Gallot). The map F' is smooth and
forallp=1,...,n holds |Jac,F| < (%)p.

We restrict ourselves to give a proof for p = n but the general case can
be easily proved in the same way.

Proof. Recall that F'(z) = y iff d(B,)|, = 0. In particular we obtain
the implicit definining equation d(B;)|p) = 0 for F. If x; is a curve
in H™ then we obtain for all ¢

0= d(Bs,)|r@) = / B FEONAB, (-, 0)| () dftz, (0)

where we integrate over S"!. We can differentiate this equality, taking
care of the fact that dB,(-,0) = dB,(+,0) for all 0o,z € H? and we obtain
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that

) 0= [1(§BaF).0) ) aB- Ol
+ VaridB,(+, 2) — 0dBy(+, 0) | pydBo(-, 0) (2)]e T @D qyy ()

Ba(F(x),0)

For simplicity we consider the measure v, = e pe. If we plug

the formulas
Bx(F(x),G) = BO<F(J:)78> - BO((L’,G)
vdBo('v 0) =9 - dBo('? 9) ® dBo('7 0)

in equation (5) we obtain

0= /g(de', ) — (14 8)dBy(-, 0) | pydBo(- 0) ().
and hence, normalizing v, to a probability measure, we have proved
that
dF = (14 ) / VBy(-,0) ey © dBy(-, 0)udlvsy.

Now the Cauchy-Schwarz inequality implies that for all v € T, H" we
have

(6) [dFu| < (14 8)(H,dFu, dFu)? (H u,u)?
where H, and H}, are the endomorphism of Tp(,)H?* and T,H? given by

Hx = /VBO<',9>’F($) ® dBO('ae)‘F(a;)de7

Hg/c - /vBo('v 6)‘1 ® dBO('a 9)|Zdyx

Inequality (6) and an elemental lemma of linear algebra [3, Lemma 2.4]
imply that

|[Jac, F'| < (14 6)"(det Hx)%(det H:’C)%.
Since both H, and H/ are symmetric positive definite endomorphisms

with trace Tr H,,, Tr H, < 1 we obtain that det H,,det H, < n~". We
obtain the desired inequality

1 n
|Jaan|§( +6) :

n
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