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1. Localization and Homotopy categories

Problem 1.1. Let D be a category with two uniquely isomorphic objects, and let V
denote some category of vector spaces. Compute the left and right Kan extensions
along a non-constant functor K : 2 −→ D.

Remark 1.2. Sometimes we have some morphisms which we think of as invertible
even though they aren’t. In these situations, we may formally adjoin inverse arrows.
There are now two ways to force functors to respect these new arrows: left and right
Kan extensions.

Problem 1.3. Using the above philosophy, show that the global sections functor
is a Kan extension.

Problem 1.4. Show that limits and colimits do not respect homotopy equivalences
in Top. What should be done?

2. Ends and Coends

Definition 2.1. Let H : Cop × C −→ V be a functor to some category of vec-
tor spaces. The coend of H, written with an integral sign, is defined to be the
coequalizer ⊔

a∈[2,C]

H(a1, a0) ⇒
⊔
c∈C

H(c, c) −→
∫ C

H

of the two maps induced by the non-trivial arrow 0→ 1.

Problem 2.2. Let F,G : C −→ V be functors. Find some familiar object naturally
isomorphic to the end ∫

C
V(Fc,Gc).

Problem 2.3. Consider the functor ∆ → Top which sends the ordinal n to the
standard n-simplex ∆n. Interpret the coend∫ n

Xn ×∆n.

3. A formula for Kan extensions

Theorem 3.1. Let V be a category of vector spaces, and let K : C → D be a
functor. Given F : C → V, thought of as a diagram of shape C, we may compute
its left Kan extension along K according to the formula

LanK(d) =

∫ c∈C
D(Kc, d) · Fc,

where
∫

denotes a coend and the − · − denotes a copower: X · V =
⊔

X V.
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