Comoorwe— WITH F_fvrrgu( Pﬂééémeo

REPRE.SGWW‘IIOMS OF A Ctlree;oar

Jow D Wrirsizre- Geroon

PWH ot Bom# IMW"OV\QI R&s:.(tlﬂ Stahion Apf"'l 2016



Comoorrue— WITH F_fvrrgu( Pﬂééémeo

Rgpggsgmﬂ‘lj:oms OF A Cm”e(,okr

Jow D Wrirsizre- Geroon

PWH ot Bom# I-y)w.'onq, R&s:.(tlﬂ Stahion Apf"'l 2016

Thanks 4o Danzec Erman and Gregory G. Smrm
Bor e tthbion b packicipede. and  speak. Thalos sl b

MAssTE GHOUSSOUB  md e shafl here o de Banll Cortec



@ Mmfriczg ove” & Cdﬁj“ﬁ’

@ M o\";r; Ces &S Pfc&o,]('o({‘foﬂj
@ —ﬂfw prd—\‘w 9 menh& ioNS
) Compohing with Fintely Prearid Mol

@ DI'V”(Mé;‘o\/\ Z_@m thd_darfd



@ Mmfricas ove” & Cd@“ﬁ’

@ M o\";r iCes Qas Pfcsm (’c\’l’l'o ns
@ ﬂfu‘ Prl';Jr\' n 2 Pfe_sc«/d’a& oN3
@ Com PJHV\ 5 wrkh Fi'"”‘ela p(‘&&/lﬂ MoAukS

@ (DI'V‘Wlé;‘m/\ Zup quadarfd



V-l WlaJtrty VIV RN caj(eéoré C wibh collicients
N meu'{?s!\w;, N'Q R ‘/lus



V-I WlaJtrty VIV RN Caj(ezsoré C wibh collicients
N meu'{?s!\w;, N'Q R ‘/lus

—> rows md  colwmg labeled with GBJ.“'B"@ C



V-I WlaJtrty VIV RN Caj(ezsoré C wibh collicients
N meu'{?s!\w;, N'Q R ‘/lus

—> rows md  colwmg labeled with GBJ.“'B"@ C

—2 (,vr"r\‘(,y) Hm\' afe lviear meJl'V\é‘\‘HoV\S oﬁz_o/. 'MO(‘(&"\(}W\S
K’Y‘DW\ Hw Vow ko\leo[ o H/*L columnn [qL@l.



V-I WlaJtrty VIV RN Caj(ezsoré C wibh collicients
N meu'{?s!\w;, N'Q R ‘/lus

—> rows md  colwmg labeled with GBJ.“'B"@ C

—> UHT\'(/& HM\— are  livear meJl'V\é‘\‘HoV\S O\CC 'Wlor(a|/\(5w\5

K’Y‘DW\ Hw Vow ko\leo[ o H/*L columnn [qL@l.
'_’/orw'c\\\a,) J&Q(M

Mt (ere-om =39 <og) =D B Bl by

1=1 j:l



qu(ﬁu/b over C wJO& o MUI‘*\'(J\"C"\’“M



qu(ﬁu/b over C wJO& o MUH{P\VC"\{}M

M 5)p Wil ) =t



qu(ﬁu/b over C @VIJ03 o Mullrcp\n’co\{b.,,
MiE (e 1) @ MeEl =) =Mt}

exteading He composibon law of T bil.‘uwta.



{/(/{/5 [DOIL o\f a Us\)a.l ’/lomoél,‘/mjs Mﬁ'l’y'f)( el & Po'(jwovw"l{

0\\34,\:0\ and see i€ e can jd’ A dobe o Wi v seme. ik a,)_



(//{/5 [oo(L & a usual f/lowéams Ma+ﬁx aed  a Pol(j"'o""'""{
0\\34,\:0\ and %o# We can j’/{' ddole o Wh'[’n')( oA~ Sowe QJ( g(‘).

x 2 2
o) [f)cz—g“ Dw—z“ xw~31]



{/(/{/5 [DOIL o\f N Us\)a.l ’/lomoél,‘/mjs Ma‘l’rf)( el & Pol(jv.ovw‘ﬂ{
A\SL\OM avd see iE e can j& fdobe a mdix our sowe ok v
EN 2 2
0 [’KZ - 22 aw-aa xw—«(jt]

—5 Tle rows avd colvmms ane |4L>olql bde inJri)'_r,rs



{/(’{/5 [90(L o\f 2N Us\)a.l ’/lomoél,‘/mjs Ma‘l’rf)( el & Pol(jwovw"l{
0\\34,\:0\ and see i€ e can jd’ A dobe o Wi v seme. ik a,)_
X 2 2
o (ke gt muoy]

—5 Tle rows avd colvmms ane |4L;olql bde inJri)'_r,(s

—= oA J—LL/ evtrics anc [{w(,qr wm'ou’n«{w‘am oc Mmom;ﬁ\s



{/(/{/5 [DOIL o\f N Us\)a.l ’/lomoél,‘/mjs Ma‘l’rf)( el & Pol(jv.ovw‘ﬂ{
A\SL\OM avd see iE e can j& fdobe a mdix our sowe ok v
S 2 2
0 [’KZ - 22 aw-aa xw—«(jt]
—5 Tle rows avd colvmms ane |4L>olql bde inJri)'_r,rs

—= oA J—LL/ evtrics anc [{w(,qr wm'o(n«{w‘am oc Wlmom'a\s

So dbebne « cabegort. Py

Ob(Pily) = Z

Homﬂlg (m,n) = ::;"ﬂ:n"ls;ﬁg



{/(/{/5 [DOIL o\f N Us\)a.l ’/lomoal,‘/mjs Ma‘l’rf)( el & Pol(jv.ovw‘ﬂ{
A\SL\OM avd see i€ e can j& fdobe n mdix opr sowe ok v
S 2 2
0 [’KZ - 22 aw-aa xw—«(jt]
—5 Tle rows avd colvmms ane |4L>olql bde inJri)'_r,rs

—= oM J—LL/ evtrics anc [{w(,qr wm'o(n«{w‘am oc Mmoqu\s

So dbebne « cabegor. Py

Ob(Puly) = Z

Homﬂlg (m,n) = ::;"ﬂ:n"ls;ﬁg

Cownposfjﬂ'ovl is Lry’vwl 59 vwljrfpln‘r&o‘ov;



@ Mmfricas ove” & Caf@ora/

@ M 0\'{3‘"665 s Pfa@,](‘q’(‘l'ov\j
@ ﬂfw Prd—\‘w 9 Prm/d’a& 1oNS
@ Com Pu’\ﬁ " 5 wrkh Fin ll@% pf‘id&/lﬂ MOAUE—\S

@ (DI'V”(Mé;‘o\/\ Z_up quadarfd



(__.UPA 'k«l,q, o (00L< o\{' 'S (Ujval) Ma+r|‘x o\/@rR

M 1 Me M (22)



(__.UPA 'k«l,q, o (oo’A o\{' 'S (Ujval) Maer‘x oV@rR

M- | 1 Me M (22)

3
Tl/\is qu'l‘n')c PW"’S an Q' Wwol\)((, Q
Co{vlml'\ quv\ 04‘ M



(__.UPA J(«I,LL, o ool of o (Ué\/*l) mat iy o\;@rR

M- | 1 Me M (22)

3
Tl/\is qu'l‘n')c PW"’S an Q' Wwol\)((, yz
Co{vlml'\ quv\ 04‘ M

Whidn can also be tren

MaJcR(’S x i>
M : mm{:r{<9~>‘ 1_)




\50 lb‘l“j Wl«[Lc 17N cﬁbgwlal{a-/l.



\50 lb‘l“j Wl«[Lc 17N Lﬁbgwlal{o-/l.

. . e @
chM o medrxc Me Matg (€ ) ad an ohjuk e



\50 lb‘l“j Wl«[Lc 17N Lﬁbgwlal{o-/l.

Giwm o Ww\er'x M e Majts (”‘@—53@) and an OLJ& cel
defwe
Vy (o) = et (e —=<)
M M. M“E(‘E]@ an)



(,z:t‘_) {'Va O\JJV J—L*o iﬁ:('\l"\f*km on 'H«l— m#rfx

M- [')C%—aa 9w—zl xw-pa] S Ma&?? (O —>9\‘99¢99.>



(,(:l" w
J kra oot e ﬂ.@(—\n«f‘ko on e o
_ ﬂ |
M- ( xt -y ) —
9 xw ~yz S P
Mai 7 (O >;Les;\@g_>

\SO P'i(_LL Some ¢ & Z



(,(:l" w
J kra oot e ﬂ.@(—\n«f‘ko on e o
_ ﬂ |
M- ( xt -y ) —
9 xw ~yz S P
Mai 7 (O >;Les;\@g_>

50 P'i(_LL Some ¢ & Z

V) - Mo —¢)

M- Vut (R0203—¢)




(,z:t‘_) {'Va out J—L*o iﬁ:('\l"\f*km on 'H«L m#rfx
M- t ')C’z‘--—aéL g -2* xW —Da] S Mafpé(? (O —>9\$9\@1>

50 P'i(_LL Some ¢ & Z

\/M<c> ~ MO\HO >c)

M- Mot (Beaeae)

R~ % monomals of J.n_Ju c}

polawml‘q| cam‘z)fm"foﬁ ol He colowms of M




(,z:t‘_) {'Va out J—L*o 42-2:('\!"\1'4{0#\ on 'H\L m#rfx
M- [ ')C’z‘--—aéL g -2* xW —Da] S Ma&?? (O —>9\$2\®9_>

50 P'i(_LL Some ¢ & Z

\/M<¢> ~ MaHo >c)

= M ‘ qut (9\99\@1%6)

@- % movnowu&ls of J-LJ&L Q}

polawml‘q| cam‘z)fm"foﬁ ol He colowms of M

1‘/\ okl wafAJ, VM(L) s He olf’/m, c ?mL of Heo f)rq.lu( - modde.
Prt-wrfd\ by M




5%.'”5 wer e, e s Vy = @)

15 wre {'Lav\ a L)unc”\ o(\ 'Z'VMUJU(IM_):



5%.'”5 wer e, e s Vy = @)

15 wre {'Lav\ a L)unc”\ o(\ 'Z'VMUJU(IM_):

s a Jqu wodole e . Pa‘av’”"‘"""t( ‘Nv(lj RE'X/ pl %/""3.



\//Vl - @ Vmé‘)
c & Z/ we  Sec
5\)V‘4Wl|‘v15 over

- BJU(U_> )
{'L a L)unc”\ ol 'Z M
15 Wore. av

l 9 Iy . R ’)(_/ \6/ / %/ w s ,
A j a a‘awu ( V\‘véj

f “AOA(J(L, QN J’Lb P nmrq

\‘ llS

7
\«*’ i m(r&a‘;jLQ Qaf a chzJOra C
Bot whd i



\//Vl - @ Vmé‘)
c & Z/ we  Sec
5\)V‘4Wl|‘v15 over

- BJU(U_> )
{'L a L)unc”\ ol 'Z M
15 Wore. av

l 9 Iy . R ’)(_/ \6/ / %/ w s ,
A j a a‘awu ( V\‘véj

f “AOA(J(L, QN J’Lb P nmrq

\‘ llS

7
\«*’ i m(r&a‘;jLQ Qaf a chzJOra C
Bot whd i

I ') [2N ‘g\/\I\C}}\' MO K
[ L“\l‘) MSa



/41/\0( ;WM, MG Mq{%(}(@—)y@> jivu rise “l'n A
W & - wodile

\/M C/ E— MoiR

V‘\'&

WLu% a V"Wfr.)lAlISM S:C— — s ;M,(u% o liea v Wi
Vo (e) —— Vi, (¢)

EB Pos«lwu\+([>[fo\‘[ﬁ'an wi}\/\ H,.L H—Ha, vuq-Lm'x [5} ’



/41/\0( I.VMLZAA, MG Mq{%(}(@—)y@> jivu rise "l'D A
W & - wodile

\/M C/ E— MmﬂR

V‘\'&

WLu% a Worr;lm'gw. S:C — s .'.,1,(0@,5 o liea v wap
V() ——> V(o)
EB Pos4wu\+\'p[fo\‘fﬁ'ot/\ with He e wabrix [§J ’
We 5“9 VM s a ﬁiﬂn'ola preserted ., - wodole
wik  presiatabion ek M.



@ Mmfricas Ve & Co\‘f%ﬁora/

@ Mo&r.‘c@s X Pv’ae,,,(‘q’('u'ov\j
@ /megrprl';}r\'wg Pfe_scm{’c\*-bﬂs

@ Come\ﬁ‘vxé with F\'wfjre% Preaid Mojokes

@ DfV”Mél‘o/\ Z_bm thd_darfd



50()()@% e haw  a (‘\\'V\\‘lfc JMPI/» v

a"wl on m\A MOJ"’ wWe |'|0\V‘{/ A ,546\(/[’L O'C I‘V\Al‘s“‘\'ﬂdu\ch\g{"\d
%st (or a fi\e, 0\0 scmA, yaw Cho\'a.>



50()()@% e haw  a (‘\\'V\\‘lfc JMPI/» v

a"wl on m\A MOJ"’ wWe |'|0\V‘{/ A ,546\(/[’L O'C I‘V\Al‘s“‘\'ﬂdu\ch\g{"\d
%st (or a fi\e, 0\0 scmA, yaw Cho\'a.>

T\/\erAu(.L an do{u\\io\lw% VC'«HM ol Conp\'()urodw’om op + 'LU"‘S
DQI‘O‘%\M L:g_ Moves DQ *L“ Qz(‘m





















b

As o shorthond Lo \ /
A00d

weite,  x* yt’ 2 Lot

A VMaV\OWl\‘A[ Illl QL{,\L Polawﬂm,},\l q{’]'L&k\ @[?C/v/%,b\)]



Then  He relabons e exprased e d

9\: Z Q:
a X z g(«) vi’- = Xl



Then  He relabons e exprased e d

9\: Z Q:
3 X z g(«) L(j% = Xl

ov, USFU o watry

[%z'ga gw =2 2 - g2



TI/‘U/’ H/\L FC,A‘HOV\S

We  exprasgd  yed

A _
3 =Xz 29‘ = gw 2 -
ov, Jsim ‘ L(j e
J a tMerrx
[%Z '92 W — 22
-z
3 -42]

' J l/\‘B wiql 1 ll Q L



1 =25+ 248

(1 -+)*



1 =2t% 4 248
(1 -+)*

+ 2 0+ 134t

= .



1 -2t% . 248
(L-+)*

2

O T

2
Foo  oxmpl 1047 ngqps theve ae 10 eqivlece

classes at POSI‘Hde ﬂgr 9 4.0[4W5

o€+ 13T



1T =3¢+ 243
(1 -+)*

Lo+v 4e 92

2

2
Foo  oxmpl 1047 ngqps theve ae 10 eqivlece

do\SSe,& at POS“'\"UM 'cz?r 7) 4—0[4e/v|5 (Tlm, ave. .’>

O+ + \3164'L .,



IV\ ‘H«ij fvul'uffc;\LAﬁ‘mll \/Ml"o\la((/s Adre-

(05—’\"\"‘0'\5 and &(raw‘l‘s 3(% He numbey 0
iV‘AfS‘hV\jUB‘M\L(p Yolens ot eqc_l,, ‘0(& ol



IV\ ‘H«ij fvul'uffc;\LAﬁ‘mll \/Ml"o\la((/s Adre-
(05—’\"\"‘0'\5 and &(raw‘l‘s 3(% He pywbey o0

iV‘AfS‘hV\jUB‘M\L(p toleems ot eqc_l,, ‘0(& ol

! Unor W wvx&lﬁw«—{\‘am ng POMJB oM ‘{‘Lg/ space
r‘)"ro‘w“(}riﬁ"‘a %’7 \/ﬂ”ﬁubs ! )'( jw like .



IV\ ‘H«ij fvul'uffc;\LAﬁ‘mll \/Ml"o\la((/s Adre-
(05—’\"\"‘0'\5 and &(raw‘l‘s 3(% He pywbey o0

iV‘AfS‘hV\jUB‘M\L(p toleems ot eqc_l,, ‘0(& ol

! Unor W wvx&lﬁw«—{\‘am ng POMJB oM ‘{‘Lg/ space
r‘)"ro‘w“(}riﬁ"‘a %’7 \/ﬂ”ﬁubs ! )'( jw like .

(l/\)ou,p\ o le J;\w. H swLuA& 4:(:7-»-%3 whene Mé7,>



Nm C?‘W"\P(L,.'

\/\0\/\) Ww\g wﬂ\gs are ‘H/‘L/L "‘o GO\O( iy JM{)I’) So

‘”Aq{' mo\ja\w/\‘{’ \Ibr‘l-\'cq}_g receane AB*MUL @Iorg?



Nm C?‘W"\P(L,.'

\/\0\/\) Ww\g wﬂ\gs are ‘H/‘L/L '|-p GO\O( iy JM{)I’) So
ek adjocont erticon receive diskind colors 7
\/\jd\/ N w(or\'ha (s J'uf-l- a cerkin soct o(—‘ ﬁvm}\'ov\

Zo © . i ~ Colovs
o o 444 C 2

44"'



So {&- OCLOYY ‘lv TX +b Jrv Zi = (ateqor of xciwﬂ—a
J
3 sets wél" guV\c‘HoV\s



So {&- OCLOVY ‘lv X er +e é = Cateaor of Linite
a sd'ijé'" ‘FUWC+(OV\5

We  wrike acbbd Lot Ponclion

[ crmple



So {&- OCLOVY ‘lv X er +e é = Cateaor of Linite
a soJerwéL {juV\d‘\'oV\S

We  wrike acbbd Lot Ponclion
ATE
L S8 fnesd
— d

Lw m"«p(‘/ Hene 16 a wmer\'x M

N “ “4 4 +
5 [00\‘6&0\ abocd abeed abcdd o&on\]



as %caam,/ bem e Srackion



a5 bebee, Torm e fackion
Mgy (051 — 1)

Fin
qum\ abbed abad abedd awa} M aJ(@ ([ugo[ﬂem@c«w(ﬂ/ﬂn}>




a5 %cﬂm,/ l;vrvv\ J-,»L ’g\(ﬂ\f/‘!‘\‘a"’\
Mitg (63 — 09)

Fin
Eaxm\ abbed abad abedd awa}- M aJ(@ (['-r)@[«]o[q)@l_’«)@(ta/"fw]>

Q- %Jr\wtjn’ms [5) —’[“3’3

@' {?UWLJ('\'DV\-‘ ‘L\M‘f gd—n’ Parwjn ove & Yo Pve wa'iesE




So has & basis  indixed 193
Vali A Vl'colormos of (_/i



5o Hhiy b 4 basis  indixed by

Vali A Vl‘Color\'V\(»)s of (o_/i

wd M grs « presotaion for
a Fin~mdle \/'Vl with de rmporfr}

V, 0) = @éwl.‘a f-cdocing of (‘/‘1/‘)



\/\)‘M& I/\w\)\A 'H/\L p/%om‘*a‘l\bm mak X

(ombcA au; cA WLLCA aLLAa( D\L)(,Aa\ alOLJe/ - Eco{éaj|

MA@M?



\/\)‘M& b\)o\)\o\ 'H/\L pr&Som%«'l\bw merr.'y

(aalscA au; cA A«LccA al;LAa( D\L)(,(ia\ AlOLal& - bcdéd\j|



CHVLC' U(‘l«é‘\bl/\i {\
3 n Mm} Juﬂ.‘mémlaq\%, fawh m C



CHV\—C':BUV'«‘}‘\'O‘/‘S a{\ n A‘J%’W(J Jl%.‘ngmlaq\%, f‘,M'h m C

63 o resolt of Arwollo\, wWe hae o r/M’Han
' (Pet"(0); €)
- A { ol

(wij TR, Wi, WyARr Wik A Wi *“kﬂ“"g)




CHV\—C':BUV'«‘}‘\'O‘/‘S o{\ n A‘J%’W(J Jlﬂ.‘n&ml«q\%{ f‘,M'h m C

63 o resolt of Arwollo\, wWe hae o r/M’Han
' (Pet"(0); €)
- A { ol

(wij TR, Wi, WyARr Wik A Wi *“kﬂ“"g)

w\/\ly/‘b ’ilj/k V‘aV\JL, ovef VH,Q, Q\\/II‘JZ, ge;( (V'J



I_V\ (Mf‘**\'cd[qf/
(Pl (€)=
(i 00>

<wﬂﬂ\®wbc , W&@WM ——V’éw\® \A)C.A

/ wﬂh@w<4+w‘4®w‘b )

®
wo\l) wl:c + W&,Q@o\)c« oW, @ L")ab >



R&MU\/\'V\J ‘H/\L cru\u/ e have A W\"‘r\‘/ﬁm
(\/) =

3 4 4 3
4 \/ oabe obed —bacd abed+ cdaby abbe + beca + cand ]



RWU\I\‘V\ 'H/\l/ cruf% Le_ Ww‘{/ o W\"‘r\'y
) ! Fin
3 4 4 3
U(‘ \/ O\D\b(/ o\bco{ — L;D\LA aLLA—i‘ QA‘,\\O o\‘obc + l:cu\ + couxb ]

So b

H( pea"(e) =\, L)

e Ny s Mo Fawble presated by



4 4 IS
M - L[- [ O\L)C()k + LJO\C/A o\\QcA + Llc,AaL
aotd ¢ bede + cdea + deab + 4—450]



4 4 IS
M - L[- [ o&)ao\ + L)O\C,A o\\QcA + Llc,AaL
aotd ¢ bede + cdea + deab + Z—aloa]

H (U, (R), @) =V, [



4 4 IS
M - L[- [ o&wok + L)O\C/A o\\ocA + Llc,AaL
aotd ¢ bede + cdea + deab + Z—a’oa]

H (M, (R); @) = V, ]

pHVEL ETINGOF ANDRE HEMRIG}MES

%a w Aheom of
CYOEL KAVJMI’;‘zgr& EKIL RAzNS



Ow’- wmore exam?ﬂ for Fin



OV‘L mone, meL ‘\Q?V‘ ’:ITVI.

(/ML X" = 50\052;{' oQ Nxnxn hwa”"‘“[f’m (o\ijk>

(,\Af ou¥ \oa, \H/L f)ol7wvniq\_g



OV‘L mone, meL ‘\Q?V‘ ’:ITVI.

(/ML X" = 50\052;{' oQ Nxnxn hwa”"‘“[f’m (o\ijk>

(,\Af ou¥ \oa, \H/L f)ol7wvniq\_g

2 Y 2 g 2 2 2 2
Ayi *ay;  + Oy cap t Agitan; + 0\1J'j TG

-2 ( M- i A gy ¥ At Aty ce ey S N g

J

FOOy M A g Ay ey g Ta Ay ey “J“.i'“'“)

+ Lf( LRV TRV ST T TR “ul)



OV‘L mone, meL ‘\Q?V‘ ’:ITVI.

(/ML X" = 50\052;{' oQ Nxnxn hwa”"‘“[f’m (o\ijk>

(,\Af ou¥ \oa, \H/L f)ol7wvniq\_g

2 2

s 2 i g N
A4 * ajii + A4,)j TNt + “—i‘i'@j'\‘,

N 2
TR N

—2 ( U ooyt agi ey Y Ot Aty ey oAy PN g
b i3> g5y
hjfxrmrhufj

1) el

FOOy M A g Ay ey g T A eyt e '“J'“)

+ Lf( LRV TRV ST T TR “ul)



. Tolvear bows 4 degoncinte. o
! rextrcted 4o omg PaiC ok Zome et '



w 4\42/ [/\)L%I/\
7 Trlnear  fews Hot n(ﬁ({cwém& -
al ("
XV\ - rg,g',*r:c;l—al +7) 0“43’ ()

e s
T o o
[Mli’)\‘* ML VQJ( ﬁl;:j(\u/

\ /].
' (:bf Vayvous
@or&l\/\ﬂ'{/ (‘mé



w 4\42/ [/\)L%I/\
7 Trlnear  fews Hot n(ﬁ({cwém& -
al ("
XV\ - rg,g',*r:c;l—al +7) 0“43’ ()

e s
T o o
[Mli’)\‘* ML VQJ( ﬁl;:j(\u/

\ /].
' (:bf Vayvous
@or&l\/\ﬂ'{/ (‘mé

o 1
PY&M‘\’A’\D\A W|A+r\)< .



(L'l\) 4’( "HM/ C°\+ or QL[ = C{M;‘{‘c_ Sg,‘{’) wfl—l,\
2 (3 ? relations



(4 4’(2 He Co\{’(ﬂar? QL[ = Ci\ai‘{z oty
relations

\/\)\M\% W‘\l & prAMJ(a\ on loole {I\L(L(?

with



&;l') 4’(3 "H/L/ C’\{—CJU"? QL[ = C{\/‘;—{-ﬁ SC{') wit,
relations

\/\)\/WC\’ l,\)ll\l A PV’MIMF{?\ 611 \ODL‘ M(L?
<765 ’ XT\>

<%5uT.%TUU. FArowt Fues ?CWS.X'S"T>

w\M/v\L 5//[-/ (A raw(jc oe” 5\)1')5(;(:5 5€ [n}



LJ'M(# 0'\|()mﬂl WMJFH%?LF 7

i



1
LJ'MJr o\lomnl M«Jfrf%*”: .

i

Harﬂ o 543 Uhat dhis WMenys,

We  bhane Variables dtsced 52/ Watngzs 7



@ Mmfriczg ove” & Cdﬁj“ﬁ’

@ M o\";r ices s Pfa@,, (’a’{‘fo ns
@ —ﬂfw prd—\‘w 9 Prmnh&nbns
@ Covv] Pu’\‘fwg W\”’\ Ffmizla pWH MOAUE\S

@ DfV”Mé;‘ox/\ Z_@m qutzoarfd



HOW will e wmpuﬁ, with {)M“\o\/l Wla'{'rl'%?



HOW will e wmpuﬁ with {)M“\o\/l Wla'{'rl'%?
f/\ o cdassical xﬁ‘{m(j , there are e,sw%ég fuow 57[7(¢,$

COLJV'/‘ 4 Q"'J‘JC’WL“"‘" and Gr'o’ bve Pases



HOW will e wmpuﬁ with {)M“\o\/l Wla'{'rl'%?
f/\ o cdassical xﬁ‘{m(j , there are e,sw%ég fuow 57[7(¢,$

COLJM 4 Q"'J}JC’WL“"V’ and Gr'o’ Q) Ve~ 60\%5
works Bor:



HU"‘) Wi” We wmpuﬁ w.‘w PW/F}?«-kow Wla'{'r[%?
fl-/] A L{ASYIZq( xﬁ‘{m(j , H\uc, art e,sw%é,g +w(9 5%7(05

COLJV'/‘ 4 Q"'J‘Jc’#b‘" and Gr'o’ bve Pases

\,\)orlAS Dot Finike ~dimensions)

p\lgpkrm



HOW will e wmpu& with {>/U;wl'|z4\‘o\/l wotvices |
f/\ o dusnizal xﬁ‘{m(j . thee ane e,s:m%;,g oo 5717(05
Colowm Redyeton and Grsborec Bases

worls fort Finrke ~dimeasiona) Plnomial  algedrs
p\lgpkrm 7 (j



\/M&iﬁ (et A ':»c a fpiwijr{, A\WIMSI'aM/ a/joéra\
oV  a Q\JA



\/M&iﬁ (et A Le a fpiwijr{, A\WIMSI'aM/ a/joéra\
over a Liedd. Thee b some colechon of simPLb modoles

6' / S’L / - - ’ ‘Sk



M‘iﬁ et A b o Puike Amension| a///oém
our o Ridd  Thee b some collshon of sivple- modules
S S, - - .Sy
H~,9 hane injechne hollg
., I, .. To

/



\/M&iﬁ (et A Le a fpiwijr{, A\WIMSI'aM/ a/joéra\
over a Liedd. Thee b some coleehon of simPLb modoles

6' / S’L / - ’ ‘Sk
HN? have inja}\w holls
I‘ / I-’L ) - / Il‘

TL(/)( anre v‘&aqfo)ovl'h“’\'()\/l) oc /4/ ‘MJ So %( on

aéA
51‘& 3

;o Lia ae wmadnes ower de Dud,



\/M&iﬁ (et A Le a fpiwijr{, A\WIMSI'aM/ a/joéra\
over a Liedd. Thee b some coleehon of simPLb modoles

6' / S’L / - ’ ‘Sk
ng hawe inja}\w holls
I\ ) I-’l ) _——— y I[‘

Thoe are reprexatations of /4/ and 5o for any ach
51‘0‘ / I.;& e madnces ower de Bd,

5uw)oy. re l/\ﬂl/‘b a Pﬂ%m‘br}j'ow Mq‘HQ( M = /:\:'I' :':: i‘i’}
Pled uith clewents of A



TMO/I —H/\(/ MuHié}hLHZ, DF Jhe Sl'Wl‘o[L, 5;
as A &amrwsﬂx'm Lctor e oF \/M = (okec (M)
vag be c@w'fvjrd{ a5 Heo  coranke of  He M%Lt Wioﬁlrix



TMO/I —H/\(/ M\}Hl’@hu\% D‘F Jhe Sl'WlfJCL, 5;
as A &amrwsﬂx'm Lctor e oF \/M = (okec (M)
WMQ be c@vwﬁavjrd{ a5 Heo  coranke of  He M%Lﬂ Wioﬂlrix

I\' A IiD\'B
11 g1 \‘I‘) O3

1

Ii A




TMO/I —H/\(/ M\}Hl’@hu\% D‘F Jhe Sl'WlfJCL, 5;
as A &amrwsﬂx'm Lctor e oF \/M = (okec (M)
WMQ be c@vwﬁavjrd{ a5 Heo  coranke of  He M%Lﬂ Wioﬂlrix

I\' A IiD\'B
11 g1 \‘I‘) O3

1

Ii A

\/J\AIIC\’I is 'S
usvsl th’-r-‘)( kS

‘HAL 5“""A pl'elA.




Morg/ Ai{l{l\wu't anlr{azj ove  a (Fol']wwnﬂ qbcém



Morg/ Ai{:‘{l\wu't VWmlr{a,s ove  a (Fol']wvwn'ql qbcém

— So'M in /H/wyy 01"'0’ i (X‘qd"ﬁﬁk clag G"Dg"\’ﬂ‘ L"*‘TC"S



Morg/ Ai{:‘{l\wu't VWmlr{a,s ove  a (Fol']wvwn'ql qbcém

- S°|M in Jr!/wv;') ampf n P(\otd‘f% clag Gmngf‘ Lmﬁej
—— Enler a Wlﬁ’l'r‘ix wh MMqu’qags/ QVL s Hilbeek ey,



Morg/ Ai{:‘{l\wH't Mmlr{a,s ove  a (Fol']wvwn'ql qbcém

- S°|M in Jr!/wvy ampf n P(\otd‘f% clag Gmngf‘ Lmﬁej
—— Enler a Wlﬁ’l'r‘ix wh MMqu’qags/ QVL s Hilbeek ey,

MO,S‘L A\I—GF\‘CUH/-‘ WW]T(C&S ovex” j@(/lM[ (antcjoric,&



MOI‘e/ Ai{:‘{l\u)H". Vldmlm'a’,s over  a (fol‘]"ww'ql abcém

— So'M n /H/wg and i ()/‘ozc}fcg ‘ly Gralver bases
—_— EVI-‘—W Q qu‘l'r.'x M‘\b MMqulQSQ\/ 9,} f*s H\\Eof‘l’ Sen'c,y,
M(Déjf A‘rQ‘F\'CJJﬂ Wujrr\‘%s ove jm[ (q-,lcjo.».'q,

Steven Sam and

7 Corrent best wesolts are Jue b

Anorew Snowpens



MOI‘e/ Ai{:‘{l\u)H". Vldmlm'a’,s over  a (fol‘]"ww'ql abcém

— So'M in /H/wg and i ()/‘ozc}fcg ‘ly Groshner bases
—— Enler a Wlﬁ’l'r‘ix wh MMqu’qBQ»/ QVL s Hilbeek ey,

(l/)ofyL A\I—GF\‘CUH/-‘ WM‘]’rfC&S ovex” j@(/lM[ (mtcjoric,g’

Steven Sam and

? Currtm+ bf/ML ﬁ%u“h are sz“b ‘['b Avorew Snewpen
— Nd Mf[wwwﬂ/ chg ho slow to rum in ?w:h'a.f,’



MOI‘e/ Ai{:‘{l\u)H". Vldmlm'a’,s over  a (fol‘]"ww'ql abcém

— So'M in /H/wg and i ()/‘ozc}fcg ‘ly Groshner bases
—— Enler a Wlﬁ’l'r‘ix wh MMqu’qBQ»/ QVL s Hilbeek ey,

(l/)ofyL A\I—GF\‘CUH/-‘ WM‘]’rfC&S ovex” j@(/lM[ (mtcjoric,g’

Steven Sam and

? Currtm+ best ﬁ%u“h are sz“b ‘['b Avorew Snewpen
— Nd Mf[wwwﬂ/ chg ho slow to rum in ?w:h'a.f,’
?j_— SLO\)\A be V‘kwwabla qulr/ 6{()&(.\'6."} e use

Yewnt rests of  Tuomas CHuren and

3;.2 DAN EL(_FN BERG



ROUJ\/\% Spwl‘:‘g/ We @)c{)ce/“' Wlﬂr"ri% o o
ca—\'(ﬂarg to 35& More &rag,wu— as  the K'“u”

A\W\M S0V (NCreases



ROUJ\/\% Spwl‘:‘g/ We @)c{)ce/“' WM"’ri% o o
ca—\'(ﬂarg to 35& More (ﬂf@gw\/“— as  the K'“u”

JK\W\M 40N (NCremses ¢

C\‘m'Jra dimumsiong| abdms: dim = 0O



ROUJ\/\% Spwl‘:‘g/ We @)c{)ce/“' WM"’ri% o o
ca—\'(ﬂarg to 35& More (ﬂf@gw\/“— as  the K'“u”

JK\W\M 40N (NCremses ¢

CMH% cll'wlmsfwlq\ A.Lljb'L"ftS ! dim = O
FI- : NW' = 1



ROUJ\/\% s[mldg, We expet matrices onc o
c&ﬁorg Yo gt More i,k as 4l Kol
Awension  increnses :

bitbe dimoniots] alhens: Lim =0

T w1

ol nomial  algebr " . ,
3 k var‘?'q%% - 0\”4/] —k



Se led) qu,f it ey and 51[%(}

Keoll diwension Zers



Se led) qu,f it ey and 51[%(}

Keoll Aiwension Zerp

A C/H'tjofg é l/ms ab’u/la/'sfom 2D

oy~

) Q\\C/\ﬁl H/ («P (,\)e,rét {\Ml‘{"&b j%/‘éﬂL@bQ
T~ wodule \/ has o Linide D Wrorbiom

OV, = Vi & -~ cy-y
So A c 9/ | y "
+lA7L each s Ce 45 Ve 7uoﬁa/|+ \/l/\/q’—f rs stIPQ.



' 7 ero
dimension
NS
=

Ceelol I
o &Mg



50 ﬁn s WMorg Lowqwjfﬂ“a”m”g aW{/oadus

47) a QMH‘& ﬂiv'/lu/}jaﬂ/\] 4((//100\ ‘ﬂ\m
A pv[7novnm’ o\“ch)fl\ ov FT,



50 Fin s WMorg Lowqwjfﬂ“a”m”a aW{/oadus

47) a QMH‘& Aivv‘u/]jaﬂ/\] 4((/1100\ +L\0|V]
A pv[7nomim’ o\"ch)fl\ ov FT,

I hane Covnf\nta& )LL\L s.‘mp}w ad e m}'m(im
l’lvl\S. The Soame. sobshkdion trick wocks  ou
Presprtaion marcices / En |



@ Mmfriczg ove” & Cdﬁj“ﬁ’

@ M o\";r; Ces &S Pfc&o,]('o({‘foﬂj
@ —ﬂfw prd—\‘w 9 menh& ioNS
) Compohing with Fintely Prearid Mol

@ DI'V”(Mé;‘o\/\ Z_@m thd_darfd



va\) *’o +¢|| EJ; o C&A’gﬂa? s Aimension 2en



HUU\) ‘\'b +¢|l f’(: o cq‘lzja? is Aimension Zero
(,LJE x, <3, c ¢ é



HUU\) ‘\'b +¢|l f’(: o cq‘lzja? is Aimension Zero
et %, g, c €O For each morphigm
P sw) S X —7Xx
H’W{ fa&or; 4”/11“0\(})'/‘ 2 y



How fo td iF o canijarg s Aimension ze
(et x, g, ¢ ¢ C . For eads worphiswr 52—
Hork Lochors JAWUL Yy dekive o Hom(e,x) = Homie, x)
wmatrix Q)



HUU\) 4\'0 +0|| E—(: o M‘J’%g? i< dimension Zerp
(ﬂ/{ x, ‘3/ c € é : F;" eacl Vlflarphl‘svm SIX—Xx
HM" fa&ors 4’,/"“0\(})'/‘ 2 / M\'th N Hovm (C} ’)C) x Howj(c,’)()

Mahrix Qs with (JC/ 35 —aﬁ’v?/ gi e F
&) 0+wa{$¢,



HUU\) 4\'0 +0|| E—(: o Cq‘l’%g? i< dimension Zerp
(ﬂ:{ x, ‘3/ c € é : F;" eacl Vlflarph‘svm SIX—Xx
HM" fa&ors 4’,/"“0\(})'/‘ 2 / M\'th N Hovm (C/ ’)C) x Howj(c,’)()

v O gy (4T
O 0+wa§_5¢,

Deby Wete 7€y 08 He iduaby mabei
s in the Span of H,% Wq+f\'a5 Qs'



Cfuc'lﬂll \Cénc& ALOJ{'



Crucn'oll 'pél(_‘& aboot % ¢ & (i

)

I“‘ K V‘CQ({)Q’\/C/ avm( +qu$7'4\'\/{/ .



)

Crucn'oll 'pél(_‘& aboot % ¢ & (i

I“‘ K V‘CQ({)Q’\/C/ avm( +qu$7'4\'\/{/ .

4y a pre,oroluf ‘



Crucn'oll 'pél(_‘& aboot % ¢ & (i

)

I+ K V‘CQ(&Q’\/C/ avm( +qu$7'4\'\/{/ .
iy a preordlen

@eﬂy, /" l/voma[ojkd moo(u{w be A CoﬂLCjargz C

-

s a  fwm 04“1'01/1



Cfua'q) 'pél(_‘&' aboot % ¢ & (i

)

I“‘ K V‘CQ(&C{\/C/ amp( +Vqt4$f’l\'\/{/ .

s o preocder

-

@&01’) /" l/lon/m[oji(ﬂ Woa(u{w be A C«&jarg é

s a  fwm c4‘1'oV1

P i o 0§ kg



)

Cfua'q) 'pél(_‘&' aboot % ¢ & (i

I“‘ K V‘CQ(&C{\/C/ amp( +Vqt4$f’l\'\/{/ .

s o preocder

-

@&01’) /" l/lon/m[oji(ﬂ Woa(u{w be A C«&jarg é

s a  fwm c4‘1'oV1

L 10bjeds of — %pmhlc subsehs of
po oo ik o 7
%o Jr)/m"’ ‘prN all c,x e,



Cfua'q) 'pél(_‘&' aboot % ¢ & (i

)

I“‘ K V‘CQ(&C{\/C/ amp( +qusf”l\'\/{/ .

1y a phe,oralz/r‘
% A l/lon/m[oj;,(vL| WOdU{UJ Lr A C‘&Cjamdfl é
s a J;MC'HOV]
: 0\0‘&:{‘5 of CN %pinhlc subsehs of
/M i J g olo)aa[s of ég

so that Aol ow el e ot yeu(e)
sk Hat X €Y



LA |
< /HZ) it on Fin.



LA |
< fha it on Fin.

Ol 037 < (2]

)



u/’{\é ’hxa it om

Fin.

Claw - 037 & (4]

Prat < s

I 0 o I o o | 0 0
I 0 o tlo 1 of = |1 o o
0 0 | o 1 o o 1



u;{\é %Y‘\a H’ on Fn

C(mwl: C>] cé (4]

hloo I 0 o I o o |
Pt 1=l )

TV\ QALJF, [9} 5o macmon Lo



u;{‘é ’h‘\a H’ on Fin

C(mmj (2] < (4]

)

Pt Bi=L 3 E )]
,\/V\ Q(XC}/ [g} l‘j o MAx W ,be [‘%
and SO we WM‘a \'o\\,«, //\(D:]) = ZD]Z



w /‘l c&r‘?ﬁmﬁ s dmeasion zevo oves



W S
ﬂ /‘l M‘?ij(?fg Zi s divension zevo oves F it and
0’4[8 W



w /‘l C&f" (Nﬁ Zi s diwmension zer oves T it and
0”‘[3 £ te Hom—oks of . are fuik



w /‘l M‘?ﬁmﬁ Zi s divension zevo oves F it and

m[é £ He Hom —seks of C are ikt aud
€. oadub Lluma’ezfm' moduly  over F



w /‘l M‘?ﬁmﬁ Zi s divension zevo oves F it and

m[é £ He Hom —seks of C are ikt aud
€. oadub Lluma’ezfm' moduly  over F

50 fo e i e b dime siovs Zers, (Ljau (0(49 aromd
v\]”r\/' ‘H/L \arivg sz'_ar‘p{m % Uﬂ-}-,‘) 80U (')FV’A
elowedts that  fowm 4 jo{t’ljr opper bond.



w /‘l M‘?ﬁmﬁ Zi s divension zevo oves F it and

m[é £ He Hom —seks of C are ikt aud
€. oadub Lluma’ezfm' moduly  over F

So to e € E i diveason ger, you (o(ag aromd
v\]”r\/' ‘H/L \arivg sz'_ar‘p{m % Uﬂ-}-,‘) 80U (')FV’A
eleweits that  foom 4 jomt vpper bownd. Abte w/kgj{%

some o{ah\/ (ljad wwjeang/ olvwf prVe/ Some 3&01”,,] rv[e,

’HMJ’ wer les '(lur any. cel



w /‘l M‘?ﬁmﬁ Zi s divension zevo oves F it and

m[é £ He Hom —seks of C are ikt aud
€. oadub Lluma’ezfm' moduly  over F

So o drd i€ E i dwensios Eerg, Yoo (0149 aromd.
with e varing preorders % ot You Lind

elepeits that  foewmr 4 J‘o{nJr oppec bomd. Afbes w/kg;/)'ng
some  data You conjectore_ and prove. some gesen| rule

’HMLJ’ wer s 'Q-uf qn} ce? at which pm’an yo have, M



wl03) = {03, e}

Setwes 0S5 o L\owlal(?éiﬁ") V"“’”U‘b T('\O\f‘ HV\



Other Coﬂlc:jorie/ﬁ of  dimomsn zero



Other Coﬂlc:jorie/ﬂ of  dimomsn zero

monotone. Funckions
A\ behasn Hetaly-orlscd

novempty baite sets



Other c#ejor.a of  dimomsn zero

A s
s (09 = (e



Other c#ejor.a of  dimomsn zero

A b’:f:i:"";‘gf:;ﬁ; //1 ( [L}) = {[krlj} AL[BQECHT DDLD
novempty baite sets Danrer Kan



Other c#ejor.a of  dimomsn zero

A Qo:ﬁw;d;mjﬁd //1 ( [L}) = {[tm]} AL[BKECHT DDLD
novenpty Ftte. sets Danrer Kan
Kﬁ\ Fintte seds wwith

Y‘dd‘rans



Other ColWLéjorie/ﬁ of  dimomsn zero

A bf:}o:i:ron;‘d;mjﬁd //1 ( [L}) = {[tm]} AL[BRECHT DDLD
novenpty Ftte. sets Danrer Kan
Kﬁ\ Fintte seds wwith

relebins /'t(f@) - f [Qﬂ



Other ColWLéjorie/ﬁ of  dimomsn zero

A bf:}o:i:ron;‘d;mjﬁd //1 ( [L}) = {[tm]} AL[BRECHT DDLD
novenpty Ftte. sets Danrer Kan
Kﬁ\ Fintte seds wwith

relabions /’t ( ["‘3) - { [9}}1 ANDREIA) GITLIN



Other ColWLéjorie/ﬁ of  dimomsn zero

A b’:}o:i:ron; f,mf:::lj " ( (W) = &[0 AL[BRECHT DDLD
novenpty hénh: sebs //1 ) { } Davrer Kanv
Finte sets with

Re| relefios //t([@) B { [«fﬁ Anveers Grizy

V ‘\:‘)\ Q'\V\&c A\'m,mfoﬂal
28 13 Verkor spw/,i



Other Coﬂléjorie/ﬁ of  dimomsn zero

A b’:}o:i:ron; f,mf:;ﬁ " ( (W) = &[0 AL[SKECHT DDLD
novenpty hénh: sebs //1 ) i } Davrer Kanv
Finte sets with

Re| relefios //t([@) B Z [«fﬁ Anveers Grizy

\/ NN Q'\V\&c A\'m,mfona'
o

J[W kot spaas /€ /4( M) = {[ﬂl

x



Other Coﬂléjorie/ﬁ of  dimomsn zero

A bf:}o:i:ron;‘d;mjﬁd //1 ( [L}) = {[tm]} AL[BRECHT DDLD
novenpty Ftte. sets Danrer Kan
Kﬁ\ Fintte seds wwith

relabions /’t ( ["‘3) - Z [9}}1 ANDKEIA) GITLIN

Ny Lwke dimeasional _ Nrcrowns Kou
\/m‘ﬂ e M) = {0 L Ko



OHer  dimension zero  catauories

wil g ven shiea ot presartion.



Oter  dimension zero cajrtjar{c,&

will 3% N sjratu of (fwasmﬁ%-m,
Ceymwjr\'né H|“9MJr Seqt itk beome s

a\gom‘l\wf( a5 soon s e kum Hhe

5':W\@[z/> and Heie MJ&wLi\M/ hol\s



T\lmw'« \I/O\)],



