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It is a representation, in the form of
equations/computer code, describing physical
processes of our understanding of how the ocean
works.

-Dr. Stephenie Waterman
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Physical processes

a) Ocean movement/dynamics, including horizontal and
vertical advection

b) Exchange of energy between the ocean and external
sources (radiation, precipitation, evaporation,
river-runo�, wind, etc)

c) 3D mixing and dissipation processes
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a) Comparatively less expensive
b) Higher spatial/temporal resolution compared to other

methods:
Satellites provide only surface data, and
In-situ measurments are limited in spatial coverage

c) Ability to forecast (e.g. SST, SSH, and positions of major
fronts and eddies)
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Understanding 3D dynamics on regional and GLOBAL scales.

McKinnon et al., 2017



Ocean models
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Construction of ocean models



The de�nition...
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It is a representation, in the form of equations/computer code,
describing physical processes of our understanding of how the
ocean works.

-Dr. Stephenie Waterman



Governing Equations
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Momentum Conservation:

The Navier-Stokes equations express the conservation of momentum
of a �uid element (ma =

∑
F ):

ρ
Du

Dt
= −∇p + ρg + µ∇2u− 2~Ω× u (1)

where u = (u, v ,w) is the velocity �eld, p pressure, ρ density, µ
viscosity, and ~Ω is Earth's angular velocity.

Conservation of Mass:
The rate of mass in�ow into a control volume must balance the rate
of mass out�ow, leading to the so-called continuity equation:

∂ρ

∂t
+∇ · (ρu) = 0



Governing Equations
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Conservation of enthalpy (heat)

∂(ρθ)

∂t
+∇ · (ρuθ) = 0

Conservation of salt:

∂(ρS)

∂t
+∇ · (ρuS) = 0

Equation of state:
Relates density to temperature, salinity, and pressure ρ = ρ(θ, S p).
Linearized form:

ρ = ρ0[1− α(θ − θ0) + β(S − S0)]

ρ0 = 1028 kg/m2, T0 = 10◦C = 284K ,S0 = 35 psu. Coe�cient of
thermal,α, and saline contraction, β. θ =Temperature, S =Salinity.



Governing Equations
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Solve 7 equations in 7 unknowns:

(u, v , w) - 3 velocity components

θ - Temperature

S - Salinity

ρ - Density

P - Pressure



Numerical solution steps
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The 7 equations in 7 unknowns needs to solved
numerically:

Discretize equations: convert from continuous to
discrete domain

Consider the horizontal grid

Consider the vertical grid

Boundary conditions



Horizontal grid
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Vertical grids
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Vertical grids

Joseph Ansong jkansong@umich.edu 20 / 57



Boundary conditions
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Summary
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Internal tides in a global ocean model
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Courtesy: Max-Planck Institute for ocean modeling
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RESEARCH PROJECTS WITH A CPT
(CLIMATE PROCESS TEAM)
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http://www-pord.ucsd.edu/∼jen/cpt/

�...created to develop, test, and implement
dynamically appropriate parameterizations for
diapycnal mixing due to internal-wave breaking for
use in global climate models.�

- Dr. Jennifer MacKinnon



Motivation: the big picture
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Vertical mixing by breaking internal waves has a strong in�uence on
the strati�cation and general circulation in the ocean.

The general circulation in turn determines the distribution of heat and
vital nutrients and gases around the globe.

General circulation models (GCMs) used for climate research often use
over-simpli�ed parameterizations to capture the impact of small scale
processes like breaking internal waves because of limited resolution.

GCMs do not generally include most of the spatial variability of mixing
patterns.
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Vertical mixing by breaking internal waves has a strong in�uence on
the strati�cation and general circulation in the ocean.

The general circulation in turn determines the distribution of heat and
vital nutrients and gases around the globe.

General circulation models (GCMs) used for climate research often use
over-simpli�ed parameterizations to capture the impact of small scale
processes like breaking internal waves because of limited resolution.

GCMs do not generally include most of the spatial variability of mixing
patterns.

The goal of the CPT is to develop parameterizations of internal wave
driven mixing for global circulation ocean models. The
parameterizations are meant to capture the spatial and temporal
variability in ocean mixing patterns using appropriate physics. The
parameterizations will also allow the mixing rates and patterns to
evolve with a changing climate.



Motivation
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Some important questions for the physical oceanography community:

Where do the low-mode internal waves seen crossing ocean basins
dissipate?

What are the dominant processes?

dissipation over topographic features?
dissipation over continental slopes?
wave-wave interactions?
(e.g. PSI= Parametric Subharmonic Instability)

Is the dissipation primarily in the deep or upper ocean?

The geography of dissipation is very important for the large scale
circulation in the ocean.



Some global ocean model projects: A summary
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Use a high resolution global ocean model,
HYCOM (www.hycom.org), to study
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Use a high resolution global ocean model,
HYCOM (www.hycom.org), to study
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A wave-wave interaction mechanism (PSI)
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Ansong et. al. (2018)

Where are the internal tides dissipating?

Ansong et. al. (2015)



Parametric Subharmonic Instability (PSI) in HYCOM
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What's the fate of mode 1 (large scale) internal waves that radiate away?

Black Box
Mode 1 waves Dissipation

break on topographic features, break on continental shelves, wave-wave
interactions, ...
[Johnston et al (2003), Legg (2013), Kelly et al (2013), ...]

PSI (Parametric Subharmonic Instability) is a culprit

ω0 = ω1 + ω2, ω1, ω2 ≈ ω0/2
(ω1, ω2)→ small vertical scales =⇒ Mixing

McComas & Bretherton (1977), Hibiya et al.(1998, 2002), MacKinnon & Winters (2005), MacKinnon et
al. (2011, 2012), Furuichi et al.(2005), Alford(2008), Hazewinkel & Winters (2011), Simmons(2008), Sun
(2010), Sun & Pinkel (2013), ...



Previous idealized simulations on PSI
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PSI e�cient around critical latitudes where
e.g. M2/2 = f = 2Ω sinφ, φ = sin−1(M2/4Ω) =⇒ φ ≈ 28.8◦

McKinnon & Winters, 2011



Previous Global Simulations on PSI
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e.g. M2/2 = f = 2Ω sinφ, φ = sin−1(M2/4Ω) =⇒ φ ≈ 28.8◦

Simmons (2008) simulations observed PSI in a 1/8◦ global model
with 16 layers:
(1) Only M2 tides (2) No wind forcing (3) Horizontally-uniform
strati�cation

Low-passed signals and found
PSI around Critical Latitudes



Present Study

HYCOM simulations (Ansong et al. 2018)

The 8 major diurnal/semi-diurnal constituents

Wind forcing

Horizontally-varying strati�cation

Compute energy transfer rates from internal tide to sub-harmonic
(`daughter') waves

Employ bispectral analysis to detect presence of daughter waves
( Kim & Powers 1979; Elgar & Guza 1988)
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Theory: PSI energy transfer

In theory the wave vectors and frequencies, (k1, ω1), (k2, ω2), (k3, ω3), of
the waves in a PSI triad interaction satisfy the resonant conditions

ω1 + ω2 = ω3, k1 + k2 = k3, (2)

with ω1 ≈ ω2 = ω3/2. The variables in equation (2) with subscripts 1 and
2 refer to the daughter waves of PSI and the third wave is the parent wave.
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Theory: PSI energy transfer

Consider the momentum equations for the inviscid Boussinesq system

∂u

∂t
+ u · ∇u = OT, (3)

where OT refers to other terms not considered in our analysis, and let

u = u1 + u2 + u3. (4)

The velocities may be expressed in terms of Fourier coe�cients; for
example, u1 = û1e

i(k1·x−ω1t) + c.c ., where c .c . refers to the complex
conjugate. E.g., for u1:

∂u1
∂t

+ (u1 + u2 + u3) · ∇(u1 + u2 + u3) = 0.
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Theory: PSI energy transfer

∂u1
∂t

+ (u1 + u2 + u3) · ∇(u1 + u2 + u3) = 0. (5)

Multiply equation (5) by u∗
1
(the complex conjugate of u1). By averaging

over large time and space scales, the oscillatory terms vanish resulting in

∂E1

∂t
+ u∗1 · (u1 + u2 + u3) · ∇(u1 + u2 + u3) = 0, (6)

where E1 = 1

2
||u1||2 = 1

2
(u∗

1
u1 + v∗

1
v1), and where we omit theˆsymbol in

the above expression and subsequent equations.
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Theory: PSI energy transfer

The terms u∗
1
· (u2 · ∇u3) and u∗

1
· (u3 · ∇u2) control the rate of energy

transfer since they drive u1 resonantly if the waves satisfy the resonant
conditions. Thus, equation (6) reduces to the energy equation for u1:

∂E1

∂t
= [−u∗1 · (u2 · ∇u3)− u∗1 · (u3 · ∇u2)] + c.c . (7)

The equation governing energy transfers to u2 can be derived in a similar
manner. Previous studies (e.g. MacKinnon & Winters, 2005, Young et. al.
2008) suggest that, near the critical latitude, the term

T = −u∗1 · (u2 · ∇u3)

is the primary driver of PSI rather than the term −u∗
1
· (u3 · ∇u2).
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Theory: PSI energy transfer

We veri�ed that, indeed, the term −u∗
1
· (u3 · ∇u2) is negligible everywhere

in the model. So compute energy transfers from term T , which may be
written in expanded form as

T = −u∗1
(
u2
∂u3
∂x

+ v2
∂u3
∂y

)
− v∗1

(
u2
∂v3
∂x

+ v2
∂v3
∂y

)
. (8)

We have ignored the partial derivatives with respect to z because, close to
the critical latitudes where the PSI daughter waves have enhanced energy,
the waves have vanishing vertical velocities and displacements (MacKinnon
et. al. 2013), resulting in the relatively simpler expression in equation (8).
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Methods of analysis

To compute the energy transfer terms, we �rst employ bandpass
�ltering to obtain the horizontal velocities of the semidiurnal tide.

The vertical wavenumber resonant condition in (2):

m1 + m2 = m3

implies that the daughter waves in a PSI triad interaction with smaller
vertical scales than the tide (e.g. m1 > m3) have oppositely signed
vertical wavenumbers.

Thus, to obtain the subharmonic signals at each grid point, we �rst
bandpass for velocities with half the frequency of the tide, and then
use rotary analysis to separate the signals into up- and downward
waves.
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Methods of analysis

We integrate over the tidal and subharmonic frequency bands to determine
the amount of spectral energy in each band. We will employ the
subharmonic energy ratio (SER; Chou et al. 2014) criterion, based on the
power spectral density (PSD), given by

SER =
PSD at subharmonic band

PSD at tidal band
, (9)

to quantify the fraction of energy in the subharmonic motions.
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Results: Model Validation
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[Left panels] Barotropic to baroclinic energy conversion (in mW/m2)
for (b) HYCOM25S [Right panels] Baroclinic energy balance analysis
for corresponding resolutions on the left panel, with barotropic to
baroclinic conversion (C ), low-mode dissipation (Dl), topographic
wave drag dissipation (Dwl), dissipation due to botton friction (Dbl),
and residual term (Rl).



Results: Example calculation for subharmonics
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[(a)-(c)] Time series of northward velocity (in m/s) from
HYCOM12S near location MP3 (29.1◦N, 196.5◦E) around Hawaii
showing the bandpassed signals at the (a) subharmonic near-inertial
frequency band (NIW). The component of the subharmonic signal
rotating (b) clockwise (CW), and (c) counter-clockwise (CCW). (d)
The power spectral density (PSD) of the signals in (b) and (c); and
(e) the PSD at location (20.5◦N, 196.5◦E). The green and magenta
dashed lines indicate the frequencies of the semidiurnal tidal
constituents and their subharmonics respectively, and the blue
dashed line show the local inertial frequency.
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Results: Evidence for PSI
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(a) Snapshot of semidiurnal tidal signal of meridional baroclinic
velocity from HYCOM12S close to location MP3 around Hawaii
(longitude = 196.5◦). (b) Same as (a) but after bandpassing around
the subharmonic frequency band. Observe the high vertical
wavenumber structure in the upper ocean around the CL. (c) A
vertical pro�le through the M2 critical latitude (∼ 28.8◦) from (b),
showing the vertical scale of the subharmonic signal. (d) A horizontal
slice of (b) through 1000m depth, showing the horizontal scale of
the subharmonic signal in the critical latitude band (25− 30◦N).



Results: Evidence for PSI: Animation
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Results: Evidence for PSI
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(a) Snapshot of the subharmonic baroclinic kinetic energy density
(u2 + v2) from the vertical section in previous Figure, computed
from HYCOM12S. (b) Temporal variation of vertically-averaged
subharmonic kinetic energy density from the vertical section in (a).
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Global distribution of
power spectral density
(PSD)
and vertically-integrated
power spectral density
(PSD) from HYCOM12S
for the (a) semidiurnal
band, (b) subharmonic
band, (c) subharmonic
energy ratio (SER). Note
that the maximum SER
in (c) is about 400.
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Vertical distribution of PSI
signals (bicoherence) [Left
panels] (a) Variation in depth and
latitude of zonally-averaged
bicoherence for HYCOM12S. (b)
Vertically-averaged bicoherence
values in (a), showing a drop-o�
in intensity of bicoherence away
from the critical latitude. The
dashed vertical lines indicate the
position of the M2 critical
latitude. [c − d ] Same as in (a)
but with zonally-averaged SER
> 0.1 and SER > 0.5 respectively.
[Right panels] Same as the left
panels but for HYCOM25S.
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Results: Energy transfers

Joseph Ansong jkansong@umich.edu 47 / 57

Vertically-integrated global distribution of energy transfer rates (in
W/kg) between low-mode tides and subharmonic signals for (a)
HYCOM12S, (b) HYCOM25S.



Results: Globally integrated energy

Joseph Ansong jkansong@umich.edu 48 / 57

HYCOM 1/12◦ (lower resolution)

The globally integrated positive and negative energy transfers are
+0.197TW and −0.196TW , resulting in a net amount of
∼ 0.001TW .
This amount is about 0.5% of the 0.40TW residual energy transfer
needed to close the HYCOM12S baroclinic energy budget.

HYCOM 1/25◦ (higher resolution)

The globally integrated amount of energy transfer is much larger,
with values of +0.48TW and −0.44TW , giving a net amount of
0.04TW . This amount is about 10% of the residual energy transfer.

Thus, increasing the horizontal model resolution increases the
amount of energy transfer by about an order of magnitude.



Conclusions
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We used energy transfer calculations and power spectral density
analysis, as well as bispectral analysis, to provide evidence for the
occurrence of PSI (parametric subharmonic instability) in HYCOM
and to map out its geographic distribution.

In contrast to Simmons (2008), who focused on M2-only
simulations, here we employed two simulations forced by three
semidiurnal (N2,M2, S2) and one simulation forced by three diurnal
(Q1,O1,K1) tidal constituents.

All simulations also included atmospheric forcing, thereby ensuring a
vigorous mesoscale eddy �eld.



Conclusions
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Energy transfer computations show that the largest energy transfers
are near the critical latitudes (∼ ±28.9◦), with most large transfers
con�ned to the upper ocean.

However, we �nd that the energy transfers are almost equally
partitioned between positive transfers (from low-mode tides to
subharmonic signals) and negative/reverse transfers, in contrast to
previous idealized simulations (MacKinnon and Winters, 2005).

The net global amount of energy transfer is ≤ 10%. The rate of
energy transfer is sensitive to the model resolution, with the �ner
resolution facilitating greater wave-wave interactions and larger
energy transfer rates.



Conclusions: Suggestions for future projects
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Previous studies suggest that energy transfers to the daughter waves
of PSI might be faster between the subharmonics and higher-mode
internal tides (e.g., mode 3) than between the subharmonics and the
low mode-1 waves (MacKinnon et al. 2013). The HYCOM model
presented here well resolves the mode-1 and mode-2 waves but barely
resolves modes 3 and higher. This might be a possible reason for our
low estimate of the net global energy �ux to the subharmonics.

Thus, a suggestion (Oliver Sun, personal communication) for a
future study is to separate out the higher-mode tides and to use
them to compute bicoherences and energy transfer rates.

Another future endeavor is to use harmonic analysis to separate out
individual tidal constituents, in contrast to bandpassed signals, to
investigate PSI.
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Bispectrum Method

x(t) = zero-mean signal
X = complex Fourier transform of x(t)

Bispectrum (Kim & Powers, 1979)

B(ω1, ω2) = E [X (ω1)X (ω2)X
∗(ω1 + ω2)]

Implications: B(ω1, ω2) = 0 unless

ω1, ω2 and ω3 = ω1 + ω2 are present

phase coherence is present in waves
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Bicoherence: normalized bispectrum

A quantitative measure is bicoherence:

b2(k , l) =
|B(ω1, ω2)|2

E [|Xω1Xω2 |2]E [|Xω1+ω2 |2]

with 0 ≤ b(ω1, ω2) ≤ 1.

Signi�cance levels: of b (Elgar & Guza, 1988)

95% ≡
√
6/ndof ; 99% ≡

√
9/ndof

where ndof = number of degrees of freedom

(Carter & Gregg 2006, Sun & Pinkel 2010, MacKinnon et al. 2011)
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Bicoherence: normalized bispectrum

In practical applications, the bicoherence is estimated as

b̃ =
B̃

Ẽ [|X (ω1)Xω2 |]Ẽ [|X (ω3)|]
(10)

where

B̃ =

∣∣∣∣ 1M
M∑
i

X (ω1)(i)X (ω2)(i)X (ω3)∗(i)
∣∣∣∣,

Ẽ [|X (ω1)X (ω2)|] =

[
1

M

M∑
i

∣∣X (ω1)(i)X (ω2)(i)
∣∣2]1/2

Ẽ [|X (ω3)|] =

[
1

M

M∑
i

∣∣X (ω3)(i)
∣∣2]1/2.
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Bicoherence: normalized bispectrum

Here, M is the set of data records each of length, say, N. We divided our
time series into 50% overlapping windows, each of length N = 256 hours,
and applied a Hamming window to each record as in previous studies
(Nikias and Petropulu 1993; Kim and Powers 1979)
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Bicoherence: Illustrative example
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