
Homework 6:

Feedback Control of Dynamic Systems

Jerome P. Lynch, Ph.D.
Department of Civil and Environmental Engineering

University of Michigan

October 12, 2018
Due: October 25, 2018

Problem 1: Design of a Segway

The Segway is an amazing tool enabling new modes of mobility in our urban environments. How-
ever, the engineering behind stabilization of the Segway is a relatively straight forward control
problem. The Segway can be viewed as a mass distributed rod that is inverted. The inverted rod is
stabilized through the use of feedback control. First, a rotation sensor is included at the base of the
Segway to measure the rotation of the inverted rod relative to being perfectly erect (θ = 0). The
feedback control system utilizes the measured angle to drive a motor that applies a torque, T , that
aims to keep the Segway erect and stable. Below is a picture of the Segway and an idealized physical
model that encapsulates the pertinent dynamics of the stabilization problem without including the
translational motion of the Segway (this would require multivariable modeling). For this problem,
assume the mass distribution of the rod is m̄ = 1kg/m and the length of the rod is L = 1.5m.
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(a) Assuming no controls (T = 0), create a dynamic system model of the Segway system as
shown above. Linearized the equation by assuming small angles.

(b) Is the system, without control, stable? Show evidence substantiating your answer by
considering the system poles.
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(c) What is the impulse response of the system without controls if the initial position of
the Segway is θ = 0. Here, the impulse load will be considered a discrete load applied
laterally to the top of the Segway rod (akin to a Segway user pushing (or pulling) at the
top of the Segway rod). Plot the response (θ) as a function of time using the analytical
answer.

(d) Now, simulate the response using MATLAB’s built in impulse command. Provide your
MATLAB script with your answer.

(e) Consider feedback control of the Segway to stabilize the system under external distur-
bances. First, consider proportional control:

i. For the proportional control case, plot the root locus of the closed loop system poles
for Kp ranging from 0 (open loop) to 20 in increments of 2.

ii. At what Kp is the system closed-loop stable? Find the precise Kp for which stability
is first achieved as Kp increases from 0.

iii. Using Kp = 20, what is the impulse response analytically?

iv. In addition to providing an analytical answer, please plot θ as a function of time for
t ∈ [0, 10].

v. Comment on the response; in other words, are you satisfied with this answer?

(f) Now apply proportional-derivative control:

i. When Td = 1, perform root locus for Kpd varies from 0 to 20 in increments of 1.

ii. At what Kpd is the system stable? (Note: be precise in finding Kpd)

iii. When Td = 0.1, perform root locus for Kpd varies from 0 to 40 in increments of 1.

iv. At what Kpd is the system stable? (Note: be precise in finding Kpd)

v. When Td = 0.05, perform root locus for Kpd varies from 0 to 40 in increments of 1.

vi. At what Kpd is the system stable? (Note: be precise in finding Kpd)

vii. Simulate the impulse response when Kpd = 20 and Td = 0.05. Plot θ as a function
of time for t ∈ [0, 10].

(g) In the last part of our exercise, we would like to design a PID controller but instead
of performing a root locus, we will seek to design the controller in a fashion to attain
specific system attributes. Towards this end, design a control system based on a PID
controller that provides a closed loop system with a natural frequency of 20 rad/sec and
high damping of 0.5 of critical. Simulate the impulse response and plot θ as a function
of time for t ∈ [0, 10]. On a serperate plot, please plot the applied motor torque, Tmotor,
along with the response of θ for t ∈ [0, 1].

(h) Draw an analog circuit schematic corresponding to the PID controller developed.

(i) From the course website, download ”Dist.mat” for a lateral force disturbance to be
applied to the top of the Segway as a lateral load. Simulate the response of the PID-
controlled Segway to this disturbance applied to the top of the Segway rod. Plot the
applied lateral load, f , Segway angular response, θ, and applied motor torque, Tmotor

all for t ∈ [0, 10]. What is the maximum angle and torque? If the motor has a capacity
of Tmax = 300Nm, can the motor reject this disturbance without saturating?
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