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Proof Problems

Problem 8.1. Prove the following:

(1) Let V and W be vector spaces. Let {v1, . . . , vp} be a basis of V and let
{w1, . . . , wp} be an arbitrary set of vectors. Show that there is a unique linear
transformation such that T (vi) = wi for all i.

(2) Let V and W be vector spaces. Let {v1, . . . , vp} be a basis of V and {w1, . . . , wp}
be a basis of W . Show that a linear transformation T : V → W such that
T (vi) = wi for all i is an isomorphism.

(3) Let T be an isomorphism between vector spaces V and W . Show that {v1, . . . , vp}
is a basis if and only if {T (v1), . . . , T (vp)} is a basis.

Problem 8.2.

(1) Let A be an n-by-n matrix. Show that

Nul(A) ⊆ Nul(A2) ⊆ Nul(A3) ⊆ · · ·
(2) Let A be an n-by-n matrix. Show that

Col(A) ⊇ Col(A2) ⊇ Col(A3) ⊇ · · ·
(3) Let A be a m-by-n matrix and let B be a n-by-p matrix. Show that

rank(AB) ≤ rank(A), rank(AB) ≤ rank(B).

Problem 8.3 Let U, V,W be vector spaces and T : U → V and S : V → W are
isomorphisms. Show that S ◦ T is also an isomorphism.

Problem 8.4 Prove the following:

(1) Let U and W be subspaces of a vector space V . Show that U + V , which is
defined as the set {u + v|u ∈ U, v ∈ V } is also a vector space.

(2) Show that dim(U) +dim(V ) = dim(U ∩V ) +dim(U +V ). (Hint : Start from
a basis of U ∩ V )
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