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Abstract: The paper describes an analytical tool in MATLAB for determining the nature of
the stress and displacement fields near a fairly general singular point in linear elasticity. The
user is prompted to input the local geometry of the system, the material properties, and the
boundary conditions (and interface conditions in the case of composite bodies or problems
involving contact between two or more bodies). The tool then computes the dominant eigen-
value and provides as output the equations defining the singular stress and displacement fields
and contour plots of these fields. No knowledge of the asymptotic analysis procedure is required
of the user.

The tool is tested against previously published results where available and proves to be robust
and accurate. It is potentially useful for the development of special finite elements for singular
points or for characterizing failure at such points. It can be downloaded from the website
http://www-personal.umich.edu/~jbarber/asymptotics/intro.html
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1 INTRODUCTION in other situations involving theoretically singular
elastic fields, such as a notch [3, 4] or fretting fatigue
at a sharp corner [5, 6].Singular stress fields are generally developed in

elastic bodies at re-entrant corners (sharp notches Knowledge of the nature of the singular field is also
important in numerical (typically finite element)and cracks) and at the end points of discontinuous

interfaces between dissimilar bodies. Some typical solutions of elasticity problems involving singular
points [7]. Conventionally, a highly refined mesh willexamples are shown in Fig. 1. Williams [1] pioneered

the technique of asymptotic analysis in which the be used in such regions in the hope of capturing
the nature of the local field, but this approach islocal stress field is expanded as a series, each term

of which has power-law dependence on r, where (r, h) extremely computer-intensive and even then may fail
to converge with increasing mesh refinement, thusis a system of polar coordinates based on the singular
compromising the entire numerical solution. Thepoint. As the singular point is approached, the field
most efficient way to solve such problems is to definewill be increasingly dominated by the leading term
a special element to model the region immediatelyin this series, i.e. the term for which the power-law
surrounding the singular point [8]. The shape functionexponent is smallest (or has the smallest real part).
used in this element can then be chosen to conformThus, if failure is determined by behaviour in a
with that of the dominant singular term in thesmall region near the singular point, it will be charac-
appropriate asymptotic expansion. Special elementsterized simply by the coefficient of this most singular
for crack tips in homogeneous materials are nowterm [2]. In the case of a crack, this coefficient is the
included in all the major commercial finite elementfamiliar stress intensity factor, which forms the basis
codes and several authors have developed andof linear elastic fracture mechanics (LEFM). Similar
used special elements in other situations involvingarguments have been used to predict local failure
singular points [9–12].
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Fig. 1 Elastic structures involving singular points

discussion to this paper Dundurs [14] demonstrated 2 SOLUTION METHOD
that a more efficient statement of the solution could

First a set of polar coordinates centred on thebe made in terms of the now well-known Dundurs’
singular point is defined before focusing on a regionparameters [see equations (18) and (19) below].
extremely close to the origin, which is equivalent toFurther results for this system were then given by
looking at the singular point through a very strongBogy [15] and Bogy and Wang [16]. The asymptotic
microscope. In this view, all the other geometricfield at the corner of a sharp body indenting an
features of the component appear to be far distantelastic half-plane was investigated by Dundurs and
from the origin and any curved boundaries in theLee [17] for the frictionless case and the correspond-
field of vision will appear straight because their radiiing frictional problem was considered by Gdoutos
of curvature will have been indefinitely magnified.and Theocaris [18] and Comninou [19]. It should be
The local elasticity problem therefore reduces to thatnoted that apart from the results of Williams, which
of one or more semi-infinite wedges with appropriatecan be presented in a convenient graphical form,
boundary conditions at the terminal edges h=a

1
andit is far from easy to use these published results

h=a
2

and at the interface(s) h=b
1

and h=b
2
, …to determine the power-law exponent, since the

(if any) between adjacent wedges. This will beauthors generally use an inverse method to obtain
referred to as the ‘asymptotic problem’.their results.

The general technique of asymptotic analysis at a
2.1 Boundary and interface conditionssingular point is now a well-established branch of

elasticity [20], but the algebraic calculations can The only finite boundaries in the asymptotic problem
be tedious and time consuming and are usually a comprise the two edges h=a

1
and h=a

2
. At an edge

distraction from the main purpose of the investi- h=a, the boundary conditions might take any one
gation for which they are required. For this reason, of the following forms
many investigators simply use conventional elements

B(i): traction-freewith mesh refinement at singular points, often even
without the backup of an appropriate convergence s

hr
(r, a)=0; s

hh
(r, a)=0 (1)

test. In the present paper, an automated procedure B(ii): bonded to a rigid body
is introduced for solving the asymptotic eigenvalue

u
r
(r, a)=0; u

h
(r, a)=0 (2)problem for a fairly general class of singular point,

using the software code MATLABTM. Potential users B(iii): frictionless contact with a rigid body
merely need to specify the geometrical description

s
hr

(r, a)=0; u
h
(r, a)=0 (3)of the singular point and the appropriate material

properties and boundary conditions. The program B(iv): frictional contact with a rigid body
then solves the eigenvalue problem, determining

s
hr

(r, a)± fs
hh
=0; u

h
(r, a)=0 (4)the strength of the dominant singular term and the

form of the stress and displacement fields in the where the sign in the first equation depends on the
assumed direction of slip.dominant region.
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At an interface h=b between the jth and ( j+1)th solutions are therefore sought for the governing
equations of elasticity in which the displacementwedges, equilibrium conditions demand that
fields have the separated-variable form

sj
hr

(r, b)−s(j+1)
hr

(r, b)=0
u=rl f (h) (9)

sj
hh

(r, b)−s(j+1)
hh

(r, b)=0
The most general solution of this kind in the wedge j

(5) is conveniently expressed in terms of the Airy stress
function [20]In addition, depending on the status of the interface,

the additional conditions are as follows w=rl+1 [A
j

cos(l+1)h+B
j

cos(l−1)h
I(i): bonded interface +C

j
sin(l+1)h+D

j
sin(l−1)h] (10)

uj
r
(r, a)−u(j+1)

r
(r, a)=0; uj

h
(r, a)−u(j+1)

h
(r, a)=0 corresponding to the stress and displacement com-

ponents(6)

s
rr
=rl−1 [−A

j
l(l+1) cos(l+1)hI(ii): frictionless contact

−B
j
l(l−3) cos(l−1)hsj

hr
(r, b)=0; uj

h
(r, a)−u(j+1)

h
(r, a)=0 (7)

−C
j
l(l+1) sin(l+1)hI(iii): frictional contact

−D
j
l(l−3) sin(l−1)h] (11)sj

hr
(r, b)± fsj

hh
(r, b)=0; uj

h
(r, a)−u(j+1)

h
(r, a)=0

s
rh
=rl−1 [A

j
l(l+1) sin(l+1)h(8)

+B
j
l(l−1) sin(l−1)hwhere the sign in the first equation depends on

the assumed direction of slip. At the most general −C
j
l(l+1) cos(l+1)h

singular point, there will be n wedges, n−1 inter-
−D
j
l(l−1) cos(l−1)h] (12)faces, and two edges, in which case the appropriate

choice from equations (1) to (8) defines 4n homo- s
hh
=rl−1 [A

j
l(l+1) cos(l+1)h

geneous conditions that must be satisfied by the
+B
j
l(l+1) cos(l−1)hstress fields in the wedges.

By way of illustration, Fig. 2 shows the asymptotic +C
j
l(l+1) sin(l+1)h

problem corresponding to the singular point A in
+D
j
l(l+1) sin(l−1)h] (13)Fig. 1. There are two wedges of dissimilar materials

occupying the regions −p/2<h<0 and 0<h<p 2m
j
u
r
=rl [−A

j
(l+1) cos(l+1)h

respectively. There are two traction-free boundaries
+B
j
(k
j
−l) cos(l−1)h[equation (1)] corresponding to a

1
=−p/2 and

a
2
=p and one bonded interface [equation (6)] b=0. −C

j
(l+1) sin(l+1)h

+D
j
(k
j
−l) sin(l−1)h] (14)2.2 Asymptotic expansion

2m
j
u
h
=rl [A

j
(l+1) sin(l+1)hThe asymptotic problem is self-similar (there is

no inherent length scale) and the boundary and +B
j
(k
j
+l) sin(l−1)h

interface conditions are all homogeneous. Particular
−C
j
(l+1) cos(l+1)h

−D
j
(k
j
+l) cos(l−1)h] (15)

where A
j
, B

j
, C

j
, D

j
are arbitrary constants, m

j
is the

shear modulus, and k
j

is Kolosov’s constant equal to
3−4n

j
in plane strain and (3−n

j
)/(1+n

j
) in plane

stress, with n
j

being Poisson’s ratio.
Substitution of these results into the appropriate

boundary and interface conditions (1) to (8) will
yield 4n homogeneous linear algebraic equations for
the 4n unknowns A

j
, B

j
, C

j
, D

j
. For most values of l,

these equations will have only the trivial solutionFig. 2 Asymptotic problem corresponding to point A
in Fig. 1(c) A

j
=B

j
=C

j
=D

j
=0, but non-trivial solutions are

JSA164 © IMechE 2006 J. Strain Analysis Vol. 41 No. 4



290 Donghee Lee and J R Barber

obtained for a denumerably infinite set of eigen- corresponding singularity, and generate the distri-
bution of stress and displacement. Final results arevalues l

i
at which the algebraic equations are not

linearly independent. These eigenvalues are the provided in both text and graphic format.
Figure 3 shows a schematic of the steps involvedsolutions of the characteristic equation obtained by

setting the determinant of the coefficients of the in the solution. Users specify the geometry of the
singular point through the angles a

1
, a

2
definingalgebraic equations to zero. Depending on the con-

ditions at the singular point, the eigenvalues l
i

may the edges, and the angles b
1
, b

2
, … defining the

interfaces between regions (wedges) of differentbe real or complex.
materials, if any. They also specify the material
properties m

j
, n

j
of the various regions and whether2.3 Eigenfunctions

conditions are plane strain or plane stress. Finally,
For each eigenvalue l

i
there is an associated eigen- for each edge or interface, they select one of the

function that can be found by eliminating the qualitative states itemized in section 2.1.
redundant equation from the set and solving for Using this input, the analytical tool constructs the
4n−1 of the constants in terms of the remaining corresponding system of algebraic equations and
constant. Substitution into equations (10) to (15) hence determines the characteristic equation by
then defines a non-trivial particular solution to the evaluating the determinant of coefficients. It then
asymptotic problem of the form attempts to solve this equation to evaluate the first

few eigenvalues, using MapleTM (which is includedu=K
i
rl
i
f
i
(h) (16)

as a solver within MATLAB). If the characteristic
where K

i
is the one remaining undetermined multi- equation system is too complicated for Maple to

plying constant. A more general solution to the solve, the user is prompted to use Newton’s method
asymptotic problem can then be written in the form to obtain an iterative solution. Since the character-
of the eigenfunction expansion istic equation has many solutions, the result of this

iterative procedure is sensitive to the choice of initial
u= ∑

2

i=1
K
i
rl
i
f
i
(h) (17) guess, so a visual root finder is provided in order that

the user can make a selection of an appropriate initial
Gregory [21] has shown that this expansion is com- guess. This procedure is explained in section 3.3
plete for the problem of the single wedge loaded only below.
on the circular boundary r=a. It must also therefore
be complete for the local field at a traction-free notch
in an arbitrarily shaped body, since the imaginary
boundary r=a in that body must transmit a unique
set of tractions. To the best knowledge of the present
authors, rigorous completeness proofs are not avail-
able for more general singular points, but it seems
likely that this representation has general validity.

If the strain energy in the body is to be bounded,
all the eigenvalues must satisfy the condition
R(l

i
)>0 [20] and if they are ranked in order of

increasing real part, the stress field in the immediate
vicinity of the singular point will be dominated by
the first term K

0
rl

0
f

0
(h). This term will define a

singular field if and only if 0<R(l
0
)<1.

3 ANALYTICAL TOOL

This procedure has been automated using the
software code MATLABTM v.7.1 with the MATLAB GUI
Development Environment (GUIDE) v.2.5 and the
MATLAB Symbolic Toolbox v.3.1. The analytical tool
provides a graphic interface in which users can

Fig. 3 Flowchart for the automated eigenvalue solverdefine their problem, determine the order of the
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Fig. 4 Geometry of the asymptotic problem of Fig. 2

Once the lowest eigenvalue has been determined,
the corresponding eigenfunction is obtained by the
back-substitution procedure of section 2.3. Features
of the corresponding stress or displacement field can
then be displayed as contour plots.

3.1 Data input

Figure 4 shows the graphic interface representing the
appropriate geometry for the asymptotic problem of
Fig. 2. On starting the program, the user is presented
with a blank screen of this form, in which they first
select plane stress or plane strain as appropriate.
Clicking on ‘Add Wedge’ opens an input window for
the first wedge as shown in Fig. 5. For the present
example, −p/2 and 0 would be selected to define
the wedge angles and then input the appropriate Fig. 5 Input window for the first wedge
material properties for material 1. If the box ‘Use
Loading Condition’ is clicked, Kolosov’s constant k

There is no limitation on the number of wedges
will be calculated from n based on the previously

that can be entered into the problem statement
specified loading condition. Alternatively, if this box

using this procedure, but the algebraic complexity of
is not checked, k can be input as an independent

multiwedge problems may place practical limits,
variable.

depending on the available hardware resources such
Clicking on ‘Ok’ returns the user to the geometry

as processor and memory capacity.
window, in which the first wedge will now be
correctly identified. To add the second wedge, again

3.2 Boundary and interface conditions
click on ‘Add Wedge’ and enter the angles 0 and p
and the properties of material 2, which will then Once the geometry of the problem is completely

specified, the next step is to identify the conditionsreturn to the geometry window in the form shown
in Fig. 4. at the boundaries and interfaces by selecting between
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Fig. 6 Geometry of the problem with boundaries and interfaces identified

the choices in section 2.1. The first step is to click on also be input. Notice that f may take either sign
depending on the direction of slip anticipated atthe button ‘Set Boundaries’ in Fig. 4, leading to the

screen of Fig. 6, in which all the boundaries and the singular point. In general, different singular
fields are obtained for different directions of slip.interfaces are identified and sequentially numbered.

The default option is to identify radial lines shared If an interface is highlighted at this stage, the
corresponding data input window offers the choicesby two wedges as interfaces. The user can override

this assumption by checking the box ‘Avoid Contact’ I(i) to I(iii) in section 2.1.
for the appropriate edge in the wedge input window
of Fig. 5. The user next highlights one of the 3.3 Solving process
boundaries using the mouse and clicks on ‘Edit

To start the solution of the eigenvalue problem,Selected’. This opens a data input window, which in
the user clicks on ‘Tools�Run’ in the toolbar ofthe case of a boundary offers the choice of the
Fig. 6. During the solution, a message window isboundary conditions B(i) to B(iv) in section 2.1, as
shown on the screen to inform the user of theshown in Fig. 7. If ‘Frictional Contact with a Rigid
progress of the solution. Once the characteristicBody’ is selected, the coefficient of friction f must
equation has been constructed, the tool will attempt
to solve it using Maple. However, sometimes this is
unsuccessful and an iterative numerical solution is
necessary, using Newton’s method. The success of
this method depends on the choice of initial guess.
To increase reliability, the user is prompted to select
an appropriate initial value by the root-finding
screen shown in Fig. 8.

Figure 8 shows the loci of the equations R{C(l)}=0
(solid lines) and I{C(l)}=0 (dashed lines), where
C(l)=0 is the characteristic equation. The loci
are plotted in the complex plane for l, so that real
eigenvalues (if any) appear on the real axis. Both
these equations must be satisfied, so permissible

Fig. 7 Data input window for boundary 1 from Fig. 6 eigenvalues correspond to the intersection of a
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Fig. 8 Visual root finder

pair of solid and dashed lines. To select a point near with the results for (a) the single wedge solution
of Williams [1], (b) the bonded dissimilar wedgeto the required intersection, the user clicks on the

‘Set Point(s)’ button in Fig. 8 and then moves problem of Bogy [15], and (c) the frictional contact
problem of Gdoutos and Theocaris [18]. In each case,the mouse to click on the appropriate intersection.

The coordinates of the point selected are displayed the lowest eigenvalues obtained agreed exactly with
those given by the original authors (including thein the box at the bottom right of the screen. More

than one point may be selected if desired, in which imaginary part of the eigenvalue in cases where
this is complex). For example, the tool was used tocase all the resulting eigenvalues will be returned.

Once the initial value has been identified, the user determine the eigenvalues for the system of Fig. 2.
Following Bogy [15], the results are presented inclicks on the right mouse button and then on ‘Exit’,

which closes this screen and returns to the solving Fig. 9 as a contour plot of the real and imaginary
parts of the dominant eigenvalue as functions ofprocess.
Dundurs’ parameters.

3.4 Presentation of results

Once the solution process is complete, the tool returns
a ‘Results’ screen from which the user can select 5 CONCLUSIONS
to display the governing equations, the equations
derived from the boundary and interface conditions, An analytical tool has been developed within MATLAB

for solving the asymptotic problem for a fairlythe characteristic equation, and the eigenvalue(s).
Selection of the options in the ‘Results of Back general class of singular points in linear elasticity.

The tool does not require any specialist knowledgeSubstitution’ frame provides a text description of the
equations defining the eigenfunction field for stress of asymptotic analysis and it provides as output

the power of the dominant singular term (the eigen-or displacement components associated with the
eigenvalue with the smallest real part and a contour function) and the form of the resulting stress and

displacement fields. The tool has been tested againstplot of the same fields.
previously published asymptotic solutions and in
all cases it gives reliable and accurate results. It
should also be remarked that most of these previous4 VALIDATION
solutions resort to an inverse method for deter-
mining the eigenvalues. In other words, they specifyTo demonstrate the usefulness of the tool and to

evaluate its robustness, it was tested by comparison the eigenvalue and solve for the corresponding
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Fig. 9 Contour plot of eigenvalues for the problem of Fig. 2
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a
i
, b

i
angular position of the boundaryAPPENDIX
and interface

k Kolosov’s constantNotation
l eigenvalue

f friction coefficient m shear modulus
K

i
undetermined multiplying constant s

rr
, s

rh
, s
hh

stress components near the singular
r, h polar coordinates based on the point

w Airy stress functionsingular point
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