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ABSTRACT

A solution is obtained for the relationship between load, displacement and inner contact radius for an
axisymmetric, spherically concave, rigid punch, indenting an elastic half-space. Analytic approximations are
developed for the limiting cases in which the ratio of the inner and outer radii of the annular contact
region is respectively small and close to unity. These approximations overlap well at intermediate values.
The same method is applied to the conically concave punch and to a punch with a central hole.

ABCTPAKT

lonyuyeHo pemeswe IS B33aUMOOTHONEHHS MeXIy B3aTrpy3skoii,
CMEImEeHNEeM U BHyTpeHﬁnm DABUYCOM KOHTaKTa I
8KCHCUMMETPUYHOTO CHEPHUYHO BOTHYTOTO XECTKOTO MIPOOOHHKA,
BOABAMBAWIEIOCH Ha YOPYTOM IHOIYIDOCTDPAHCTBE.

AHaNUTUYECKN e HPUONUKEHUS DPA3BUBAWTCA ONA NPEICNIBHHNX
cnyuaeB, KOTUHa OTHOMEHUEe BHYTPEHHUX U BHENHUX PanuyCOB
KOZNBUEBOTO pailoHa KOHTAKTA WAM Mano Uiy Onus3Ko K enQuHuLe.
9Ty HOPUCANREENA XOPOWO COBIANANT NPU NPOMEXYTOUHHX SHAUSHUAX.

9roT MeTOon NDUMEHSETCH K KOHMYECKOMY BOTHYTOMY uUpoSoiiuury

U K NpoGOoiHUKY ¢ HeHTPaJALHHM OTEBEDPCTUEM.

1. Introduction
This paper is concerned with the indentation of a semi-infinite elastic solid by an
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axisymmetric rigid punch, the face of which is slightly concave (see fig. 1). When the
indenting load P is small, the contact area will be a thin annulus, the outer circum-
ference of which coincides with the edge of the punch. The inner circumference will
shrink with increasing load and there will be a critical load above which the entire
punch face makes contact with the half-space. The contact problem for high loads can
therefore be treated by classical methods (e.g.,, [1]) and we can obtain an expression
for the critical value of load by applying the condition that contact stress must be
everywhere compressive.
lP

Figure 1. Indentation of the semi-infinite solid by a spherically concave punch.

There remains the more interesting case in which the load is less than this value
and the contact region is annular.

Problems involving annular contact regions have attracted considerable attention in
recent years and several solutions have been given for the case in which the punch
face is flat, all of which can be readily extended to more complex punch profiles. Most
of these solutions are based on a perturbation of that for a complete circular punch
and are therefore developed in terms of an expansion - in powers of the ratio of inner.
to outer radius. One of the most elegant solutions of this kind is that due to
Collins [2] and more detail of this type of solution is given by Jain and Kanwal [3].

An alternative method, appropriate to the case where this ratio approaches unity,
is to perturb the corresponding two-dimensional indentation problem. In this method,
first used by Grinberg and Kuritsyn [4], the “small parameter” is the ratio between
the thickness of the annulus and its mean diameter. The pressure distribution and
punch profile are represented by series, the coefficients of which are connected by a
series of simultaneous equations or an integral equation. A more recent numerical
solution by Shibuya, Koizumi and Nakahara [5] also uses this method of representation,
though without specifying that the thickness of the annulus should be small.

The problem of the concave punch differs from annular contact problems so far
treated in that the inner radius of the annulus is not known a priori, but has to be
found as part of the solution. It can be determined from the condition that contact
stress is bounded at the inner edge of the contact region, though sometimes it proves
convenient to use an equivalent variational statement.

We restrict our attention to the determination of the relationship between load,
contact radius and normal displacement, since these are the quantities of greatest
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physical interest and once they are known the solution can be completed by existing
methods.
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Figure 2. The ratio of contact radii, ¢, and the non-dimensional displacement, d/u, as functions of non-
dimensional load, P(1—v)/ubu, for the spherically concave punch. Curves (a, b) are derived from equations
(12, 25) respectively.

The cases in which the ratio of radii is respectively small and close to unity are
treated in sections 2 and 3 and the results are presented in fig. 2. It is found that a
fairly modest degree of approximation gives a satisfactory overlap of these solutions at
intermediate values. In sections 4, 5, corresponding results are presented for two other
punch profiles.

2. Ratio of contact radii small

In this section, we shall adapt the solution due to Collins [2] to the case in which
the inner radius of the contact region is unknown. In order to find this radius, we
make use of a variational formulation of the contact condition discussed in a previous
paper [6]. We define the function P(A) as the total load on the punch required to
produce the prescribed displacement profile over the region A without regard to the
sign of the “contact” stress. It can then be shown that the maximum value of P(A)
occurs when A is chosen in such a way that (i) there are no regions of tensile contact
stress within 4; (ii) outside A, the displacement is everywhere greater than or equal
to the prescribed value (ie., there is clearance between the punch and the half-space).
These are precisely the conditions which determine the extent of the contact area in
a practical indentation problem.

We can therefore find the inner contact radius (a) for the concave punch by finding
P for arbitrary a and applying the condition ¢P/da=0. This method requires that an
analytic expression be found for P, but it does not require a complete solution for
the contact stress distribution.

We denote the inner and outer radii of the contact region by g, b respectively and
write c=a/b. The prescribed normal displacement u(r) under the punch is decomposed
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into two components: fo(r) which is bounded at the origin and f;(r) which tends to
zero at infinity.

With this notation, Collins [2] shows that the total load on the punch can be
expressed in the form

P(1—v) b * J <b
= -z )1
i JO go(t)dr + L g,(t)de g(t) log 7 )dt (1)
where p, v are respectively the modulus of rigidity and Poisson’s ratio for the material,

ofo(w)dw
iy <22 lte

0 = 5, e G T, P et o
(b<t<oo) (3)

(0<t<b) 2)

and g(¢) is the solution of the Fredholm equation

o0+ 351, 0 [2ee () - a3

-2 J; oy L f’ (zgo(s>§;d =i g;@js)- (0<i<a)  (4)

Aniterative solution to equation (4) can be obtained if ¢ (= a/b) is small, and substitution
into equation (1) gives an analytic approximation for P as a function of c.
For the spherically concave punch of fig. 1, the prescribed displacement is

u(r) =(d—uz)+uy(r/b)* (5)
= fo(r)
fi(r)=0,

where d is the displacement from the position of zero load and u, is a constant
representing the concavity of the punch.

It is convenient to treat the two terms of this expression separately and superpose
the results.

The first term corresponds to a constant normal displacement under the punch of
(d—u,) and has already been treated by Collins [2] and Jain and Kanwal [3] who
give the result

4ub(d— uz){ 4 85 16c®  92¢7  448¢° 9}

PlO="0=0 1 "3 " 150 " o aiserse +O) 6)

For the second term, we substitute f,(r)=u,(r/b)? into equations (2, 3) to obtain

4u,t?
go(t) = 7z22 ; g,(t)=0, (7)

in which case the right hand side of equation (4) is

8u, J 2 ey d Jb s*ds N 8t2u2{1 b—t g}
n2b? o(t ?) do), (s*—o?)? doo = 2 bh? 510g<b~—|:>+ ) ()
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An approximate solution to equation (4) can now be obtained by the usual iterative
method and is

g(t) 8t 8 323t 8 64c3t 328317

W, b 7B 9% T 3765 T55°h T 1524h3

8¢’ 128¢3 13

~ o557t sy T 0(c®) (0<t<a). 9)

Finally, substituting into equation (1) we obtain

P(e) = 8ubu, {1 4¢3 8¢5 16¢®  4¢7 328

R L 9
3(1—v) + n?  5#? 9n*  5p2  225q% + 0l )} (10)

We now superpose the results of equations (6, 10) to obtain

dub 4¢¢ 8¢ 16¢® 92¢7 4488
£ {(d‘“z) [1 e ‘ :

P(e) = T 3g2 1572 27 31572 675

i 4 0(c9)}

2u, [ 4¢® 8¢5 16¢%  4¢7 328 }
el - - " 9
+ 3 > 5n? 9n*  5p% 22574 +0(c )1 ’ (11)

for the total load on the punch shown in fig. 1.
To find the unknown ratio ¢, we apply the condition that this load must be maximum
ie., 0P(c)/6c=0 and hence

2¢2 8¢ Tt 64c¢’

1= _ e b 6

3 "o T 15 g T O)

Uy 1+ 2¢2 8% 23c4  896c°
EE AR T

: (12)
+ 0(c®)

The relation between P and ¢ can be found by substituting for d from equation (12)
into equation (11).

These results are plotted in fig. 2 as curve (a). The inner radius of the contact
area falls with increasing load as expected and reaches zero at the critical value

3(1=)° (13)
when the displacement
d=3u,. (14)

For higher values of load, the whole face of the punch will make contact with the
half-space and the contact stress distribution can be written down by superposing the
solutions for a flat punch and a parabolic punch; ie.,

e = iy (L dpus) (L =r b2 a1 =), (15)
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corresponding to a total load

P = {7 -4y, (16)

Equation (15) will define regions of tensile stress near r=0 unless d>3u,, agreeing
with equation (14). The limiting value of load can also be found by substituting into
equation (16) and the result agrees with that obtained from the annular solution as
equation (13). The high load solution (equation (16)) is shown as the continuation in
P>32ubu,/3(1—v) in fig. 1.

3. Ratio of contact radii near unity
We now consider the case in which ¢ approaches unity, making use of the method of

Grinberg and Kuritsyn [4].
We define the quantitics

R=1%(a+b); h=4%(b—a);
Cosa=(r—R)/h; (17)

a=h/R=<1___c>,
I+c¢

where ¢ is small and o takes values between —x, + = in the contact region.
The prescribed displacement profile is expanded as a series of the form

u(e, o) = us + &¢{U} Cos a} +¢&* vs U% Cos 2
7)== ! -+ U3 Cos 2u
+¢* {U3 Cos a+ U3 Cos 30} +... (18)

and it is assumed that the appropriate contact stress distribution can be represented
in the form

~ 2z, 2)
(%) = (1 Z)Ra(1+¢ Cos o) Sin # "

where (e, ) can be expanded as

0
v(e, o) = Y Ver.
n=0

The ¥, are functions of « which also depend on ¢, but only logarithmically.
The coefficients V¥, can then be found up to any desired degree of accuracy by
an iterative solution of the appropriate integral equation with ¢ as parameter.
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Grinberg and Kuritsyn give the first four coefficients as

Vo = U§/4nL;
(U3+4U1) Cos a

V= :

87
V, = %{[2U8+8U%—5U8/L+16U‘2)/L+4U8/L2]

T
+[U§+24U1 +64U35—-3U8/2L] Cos 20} ; 1)

Vs = 3112—7_[{[—4L(U8+4U1)+9U8+20U%+64Ug

+192U3%+256U3—6UJ/L] Cos o
+[4UL —3US+320U2+ 768 U3 + 6US/L] Cos 3a} ,
where L=log(16/e).

Substituting for r, b into the equation (5) of the profile of the spherically concave
punch, we obtain

2uye Cos o | uye?(1+Cos 2u)

u(o) = {‘H”Z <(1_+18)—2_ 1>} * (1+¢)? * 2(14¢> 22

corresponding to equation (18) with non-zero coefficients

U= 2{d+u2 <(1—+18)7—1>};

Ul =2u,/(1+¢)*;
US=u,/(1+¢)*; (23)
U =u,/2(1+¢)*.

We can now substitute into equations (19-21) to obtain an expression for the contact
stress (which is omitted here in the interests of brevity).

The unknown ratio ¢ can be found from the condition that this expression is bounded
at a=mx and hence, from equation (19),

v(e, m)=0. (24)

This condition leads to the result

{l _ St 516 3¢* | &* 5¢°L 3 55¢3 N }
L 27716 "rtar” 32 e

(25)

. z{l e 367 132 @2 oL 3e }
R S S Ty y T -2 T VN

whilst the total load, obtained by integrating the contact stress over the contact area, is

dnlubu, (&* & d 5 1 & 5 4 ﬂ}
P= (1—v)(1+e)3{4L o [ o[ ml- )l

(26)
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These results are shown as curve (b) in fig. 2. A good overlap is obtained between
curves (a, b), thus providing some measure of the degree of approximation involved
as well as a useful check on the calculations.

The relationships between load and displacement obtained from the two methods
agree so closely that they are shown on fig. 2 as a single curve, continuous with
equation (16) at ¢=0.

4. The conical punch

As a second example of the method, we shall consider the punch shown in fig. 3(a),
the face of which has a slight conical depression.

Figure 3. Indentation of the semi-infinite solid by (a) a concaily concave punch; (b) an inverse power punch.

The prescribed displacement is

u(r)=(d—uy)+u,(r/b) (27)
=fol(r);
fi(r)=0.

Substituting into equations (1-4) of section 2 and making use of equation (6)
for the first (constant) term we obtain

4ub 4¢3 8¢5 16¢° '92c7 4488
Ple) = (lfv) {(d_”l) (1 T332 Isn? 27n* 31572 675mt ¢ 0(69)>
Ty 8¢ 52¢%  32¢5 326c7 496" 5
4 <[1 9% " 75n%  81m®  735x2 T 01255%  9(¢)

8¢c* log ¢ ¢ 4c® 3¢t 9268 6
T [1 TS o T a5 s T Ol )D} (28)

+
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as an approximation for small values of c.
The condition dP(c)/dc=0 gives

16¢®  5¢*  14792¢3 2¢% 16¢%  2c* 1472c5>
2 _ 1 2 - _
a_, n)° T 8176 T 1012527 © Ogc< R TR S ET e
u, 4 2¢? 8c3 23c4 896¢°
1+ =
T3 ot as Y

(29)
to determine the unknown ratio c.
To find an approximate solution for values of ¢ near unity, we express equation
(27) as a function of « in the form

=l )+ e

making use of equation (17). Thus, the non-zero coefficients in equation (18) are

o ey
iea(a- ),
Ul=uy/(1+¢).

Substituting into equations (18-20) and integrating over the contact area, we obtain

, (30)

(31)

dniubu, {82 d 1 &2 5 4 }
P=007e213 * [(1+8)u1 - 8} [ZL Y <2 - E+E>] ' (32)
The continuity condition at o == gives
1 3¢ ¢ 13 4 &’
d {E_ 27 16<19 Lt L2> 67(9_6L)}
u, - g & 13 4 & ’ (33)
1 Sy 3+ )——=(3-2L
(1+8){L 2t 16<3 2L+LZ> 6 )}

These relations between P, ¢, d are shown graphically in fig. 4, curve (a) being
the approximation for small values of ¢ (equations (28, 29) and curve (b) that for
values near unity (equations (32, 33)). As before, a good overlap is obtained between
the two methods at intermediate values.
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Figure 4. The ratio of contact radii, ¢, and the non-dimensional displacement, d/u,, as functions of non-
dimensional load, P(1 —v)/ubu,, for the conically concave punch. Curves (a, b) are derived from equations
(29, 33) respectively.
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There is no critical load in the case of the concave conical punch; the ratio ¢
continues to fall with increasing load, but never reaches zero. This is because any
solution with finite total load involving complete contact over the punch face would
have an unacceptable tensile contact stress singularity at the origin. When the load
is high, we have approximately

(-2 ) - enfd 222

5. The inverse power punch

Finally we consider the punch shown in fig. 3(b) for which the prescribed displacement
is
u(ry=(d+u_,)—u_,(b/ry*. (35)

This problem is one in which f,(r) (equation (3)) is non-zero and it is also of interest
insofar as it models the punch with a smooth curvature into a small central hole.
For brevity, we shall restrict our attention to the solution for small values of c.

The first (constant) term is treated as in the previous two examples. For the
second term, the functions f(1), go(t) are zero,

f1(t) = —u_y(b/)? (36)
and
()= = "= tog (- 1)), &

from equation (3).

Substitution into equations (4, 1) respectively gives an expression for total load
associated with the second term which, when the contribution from the first term is
added in, gives

4¢3 8¢ 16c®  92¢7  448cE 5
P(c)= (1—- ){(‘”“ 2)< T3 T e 27t 31552 6T5nt 0(c )}+

u_z¥<_2+é_ 8c? +§+ 28¢? N 32¢8 +£
2 3 2777 10 112577 2437* 0 21

8¢ 64¢>  32¢°
+logc [2 + 9—+ 75,2 877754D} . (38)

The continuity condition 0P(c)/dc=0 gives

R 2 L e gc” _o¢
¢ _ @) 3T s e st 7 e 5 o
s 4¢3 2c  8c®  23¢*  896¢° J

(425 £5¢7 | 076c”
T3 tort 45 tase

et 22¢5 32¢8 5 4¢3 10gc<1+802 803>I

(39)

=
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Figure 5. The ratio of contact radii, ¢, and the non-dimensional displacement, d/u_, as functions of non-
dimensional load, P(1—v)/ubu_, for the inverse power punch.

These results are shown graphically in fig. 5. As we should expect, ¢ approaches zero
asymptotically at large loads, under which conditions the approximate result

= (aGty) - (s o

can be used.
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