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a b s t r a c t

Dundurs [Properties of elastic bodies in contact. In: de Pater AD, Kalker JJ, editors. The mechanics of the

contact between deformable bodies. Delft: Delft University Press; 1975. p. 54–66] has shown that if the

contact area in a frictionless elastic system under load is equal to or smaller than that before loading

(i.e. the contact is receding), the extent of the contact area is load-independent and the stress field varies

linearly with load. Similar results apply to problems with Coulomb friction as long as the loading is

monotonic, but otherwise non-linearities and variation in the contact area occur. In this paper, we

examine this effect for the simple case of an elastic block pressed against a frictional rigid plane. During

unloading there is continuous variation of both contact and slip/stick boundaries. For the important

case where the loading contains a mean and a periodic component, the system approaches a steady

periodic state relatively slowly and in this final state there is continuous variation of the contact area,

with the minimum (i.e. the maximum amount of separation) occurring at the minimum applied load.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Fig. 1(a) shows two rectangular elastic blocks pressed together
by a normal force. If the block is sufficiently long compared with
its height, separation occurs near the two ends of the nominal
contact area as shown in Fig. 1(b). This result was first predicted
by Filon [1], based on the fact that a single rectangular block
loaded by two equal and opposite forces would experience a
tensile stress near the edges. Later Coker and Filon [2] showed by
photoelastic studies that the contact semi-width is approximately
1.35 times the block thickness. A finite element solution of this
problem has since been given by Kauzlarich and Greenwood [4].
A related problem for an elastic layer pressed against an elastic
substrate was treated by Keer et al. [5].

Problems of this class, in which the contact area GC under load
is included within the contact area G0 in the unloaded state
(GC 2 G0) were described as receding contact problems by Dundurs
and Stippes [6]. They possess the interesting characteristic that
the stress and displacement fields are linearly proportional to
the applied loads, despite the fact that the problem definition
includes the unilateral contact inequalities. In particular, the
extent of the contact area GC is independent of the load—it
immediately jumps to the loaded value as soon as an infinitesimal
load is applied and remains at that value on subsequent increased
loading.
ll rights reserved.
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The proof of this result is very simple [7]. Suppose the stresses
r, displacements u and the contact area GC are known for any
particular load P. In particular, this implies that the normal
tractions tn are compressive throughout GC and that the gap is
positive throughout G0 �GC . Now postulate that the correspond-
ing solution for a load lP is lr; lu;GC , where l is a scalar
multiplier. Clearly this solution satisfies all the governing
equations of the problem and if the normal tractions tn are
compressive, so also will be ltn as long as l40. Similarly, if the
gap derived from u is positive, that derived from lu will also be
positive. Thus, the inequalities are also satisfied and the initial
postulate is confirmed.
1.1. Coulomb friction

The same argument can be applied to problems involving
Coulomb friction as long as the loading is monotonic in time [8].
In this case GC must be subdivided into a slip region GS and a stick
region GC � GS. In GS, we have the additional condition

ss ¼ �
f _utn

j_uj
, (1)

where f is the coefficient of friction and the dot denotes
differentiation with respect to time t. This condition states that
the tangential traction ss (which is a vector in the contact plane in
a three-dimensional problem) must oppose the instantaneous
sliding velocity _u. In the stick region GC � GS, we have

_u ¼ 0; jssjoftn. (2)
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Fig. 1. Two rectangular elastic blocks compressed by a normal force: (a) unloaded

and (b) loaded configuration.
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Suppose that the load is given by lðtÞP and we postulate that the
corresponding displacements and tractions can be written in
the form lðtÞu, lðtÞs, respectively, where u, s and GC , GS are
independent of time. If these expressions are substituted into the
governing equations and inequalities, the factor lðtÞ will cancel in
all except Eq. (1), which reduces to

ss ¼ �
f _lutn

j _ljjuj
. (3)

It follows that the initial postulate is confirmed as long as _l
retains the same sign and hence that the loading is monotonic in
time.
x

2h

4h
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Pi

p0 (t)

Fig. 2. A rectangular elastic block pressed against a rigid plane surface.
1.2. Unloading

If the loading is non-monotonic, the previous results imply
that the extent of the stick, slip and separation regions will
generally differ from those during loading. This behaviour is
illustrated by the solution due to Spence [9] and Turner [10] for
the loading and subsequent unloading of a rigid flat cylindrical
punch indenting an elastic half space. No separation occurs in this
problem, but during loading ( _P40), radially inward slip occurs in
an annular slip zone surrounding a central stick zone whose
radius is independent of the load P, depending only on Poisson’s
ratio for the half space [9]. When the load reaches a maximum
value and starts to decrease, a more complex pattern of stick and
slip zones is developed. Initially, the central stick zone shrinks
with decreasing load and a surrounding annulus of stick is
developed at the edge. Then an outer annulus of reversed slip
develops, eventually spreading inwards across the entire contact
region [10].

An important case of frictional loading and unloading is that in
which a contact is subjected to a combination of mean and
oscillating load. Under these conditions, the long term behaviour
might involve shakedown [11] (no slip after an initial transient),
cyclic slip (where there is completely reversed microslip in some
regions) or ratchetting, where the stress cycle repeats itself, but
where a rigid-body displacement accumulates during each
loading cycle [12]. Cyclic slip is of concern in practical applications
because the microslip, which typically occurs in a region adjacent
to the edge of the contact area, can lead to failure due to fretting
fatigue [13].

In the present paper, we shall use a numerical method to
examine the response of a receding contact problem to a
combination of mean and oscillating loads. We shall verify that
the slip and separation zones remain unchanged throughout the
first loading phase, but thereafter all the zone boundaries vary
during both loading and unloading periods. Eventually a steady
periodic state is achieved.
2. Problem description

We consider the two-dimensional problem illustrated in Fig. 2,
in which a rectangular elastic body of height h and width 4h is
pressed against a rigid plane surface by a uniform time-varying
pressure p0ðtÞ exerted over a central strip of width 2h on the upper
surface. This example shares many of the features of the receding
contact problems discussed by previous authors. However, in
contrast to Filon’s problem of Fig. 1, the contact interface is not a
plane of symmetry, implying that we should expect coupling
between normal and tangential effects. Coulomb friction bound-
ary conditions are assumed at the interface between the block and
the plane, with friction coefficient f . We assume that the loading
is sufficiently slow for the quasi-static analysis to be appropriate,
in which case time t appears only as an evolutionary parameter
describing the sequence of the loading.

The deformation of the block is analysed by the finite element
method and in particular the contact surface is defined by a set of
N nodes, i ¼ 1;N. The normal and tangential nodal reaction forces
acting on the block will be denoted by Pi, Qi, respectively, with the
convention that Pi is positive when compressive and Qi is positive
in the positive x-direction, as shown in Fig. 2. The corresponding
vertical and horizontal nodal displacements are denoted by wi, vi,
respectively.

At any time t, node i must be in one of the four states:
(1)
 Stick: The node is in contact and there is no relative motion, so

wi ¼ 0; _vi ¼ 0. (4)

For this state to hold, the normal reaction must be
compressive and the tangential reaction must satisfy the
Coulomb friction inequality, giving

Pi40; �fPipQipfPi. (5)
(2)
 Separation: The node is not in contact, so the reaction forces
are both zero, giving

Pi ¼ Qi ¼ 0. (6)

For this to hold, the gap between the block and the plane
surface must be non-negative, which requires

wiX0. (7)
(3)
 Forward slip: The node is in contact and slipping to the
right, so

wi ¼ 0; _vi40. (8)

The normal contact reaction must be compressive and the
Coulomb friction law implies that Qi opposes the motion,
giving

Pi40; Qi ¼ �fPi. (9)
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(4)
 Backward slip: The node is in contact and slipping to the left, so

wi ¼ 0; _vio0; Pi40 and Qi ¼ fPi. (10)
2.1. Solution procedure

Following [11], we can write the vector of nodal reaction forces
in the form

r ¼ r� þ Ku, (11)

where

r ¼
Q

P

( )
; K ¼

K tt K tn

Knt Knn

" #
; u ¼

v

w

( )
; r� ¼

Q�

P�

( )
(12)
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Fig. 3. Solution
and P�i ðtÞ, Q�i ðtÞ are the time-varying nodal reaction forces that
would be generated by the given external load p0ðtÞ if all the nodes
were restrained from moving. These forces can be found by a finite
element solution of the problem of Fig. 2 under the boundary
conditions u ¼ 0.

The stiffness matrix K can be found from the finite element
discretization of Fig. 2 using a standard condensation procedure. It
is symmetric and hence Knn, K tt are also symmetric. The
normal–tangential coupling matrices Knt , K tn are generally not
symmetric, but they obey the relation

K tn ¼ KT
nt . (13)

The solution of the transient loading problem under any
transient loading p0ðtÞ can then be stated and solved in terms
RT
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Fig. 4. Normalized contact traction distributions during the initial loading.

Numbers refer to the four states defined in Section 2.
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of the variables defined in Eq. (12), making use of the state
Eqs. (4)–(10).

The problem is solved at a series of time increments tj in which
case the stick condition _vi ¼ 0 (4) translates to the condition

viðtjþ1Þ ¼ viðtjÞ (14)

and the frictional inequalities _vi40 (8) and _vio0 (10) translate to

viðtjþ1Þ4viðtjÞ and viðtjþ1ÞoviðtjÞ (15)

respectively. Thus, if the state of the system is completely known
at time tj, Eqs. (4)–(10) provide a set of conditions sufficient to
determine the state at time tjþ1.

2.2. Solution algorithm

The numerical solution is obtained by a Gauss–Seidel proce-
dure whereby the displacements at each node are updated one by
one, assuming that those at other nodes remain unchanged. At
each time step, the algorithm cycles through the entire set
of contact nodes several times until the governing equations at all
nodes are satisfied to within a set tolerance. A block diagram of
the algorithm is given in Fig. 3.

For the update procedure, the state (stick, forward slip,
backward slip or separation) at the node in question is assumed
to be that for the previous iteration. The corresponding equations
are then solved and the appropriate inequalities are checked. If
the inequalities are not satisfied, the state assumption is changed
and the node is solved again.

We should remark at this point that the system ‘memory’ is
entirely contained in the instantaneously locked-in displacements
in the stick regions and this memory is acquired at times when
any node makes the transition from slip or separation to stick.
Such a transition may actually be indicated at a time between tj

and tjþ1 and hence the accuracy of the stored displacements
depends on the time step (or more strictly the loading increment)
being small enough for this to have a negligible effect on the
solution. When the transition occurs from separation to stick,
a better approximation is achieved by first identifying the
position of the node predicted under the zero traction assumption.
If there is to be a transition to contact, this will involve a negative
gap. By assuming a linear trajectory from the previous position
of the node, we can estimate the point of first contact and
use this for the tangential nodal displacement at the newly
stuck node.

The iteration at each time step is terminated when the changes
Dvi;Dwi in the displacements vi, wi at all slipping and separated
nodes during the last iteration are less than a given proportion of
the corresponding displacement. In other words, when EoE0,
where

E ¼max
vi ;wi

Dvi

vi
;
Dwi

wi

� �
. (16)

Convergence of the finite element description was tested by
refining the mesh until the incremental changes in contact
tractions and slip and stick zones were not detectable in
appropriate plots of the results. It was found that a mesh with
25,600 elements and 321 contact nodes gave acceptable accuracy
by this criterion.
3. Results

Results were obtained for the case where the external
load p0ðtÞ initially increases with time to a maximum value pmax

0 ,
after which it is monotonically reduced to zero. The coefficient
of friction was taken to be f ¼ 0:35 and Poisson’s ratio
n ¼ 0:3.

During the initial loading phase, separation occurs at the edges
of the block and the contact area comprises a central stick zone
flanked by regions of forward and backward slip. The extent of
these zones remains constant throughout the loading phase and
the normal and shear tractions retain the same form and increase
proportionally with the load, as predicted in Section 1.1. Fig. 4
shows the distributions of normal traction pðxÞ and shear traction
qðxÞ, normalized by the instantaneous value of p0ðtÞ.
3.1. Unloading

When the load starts to decrease from its maximum value,
the immediate effect is for a stick zone to be developed at
the edges of the contact, but two interior slip regions remain.
Fig. 5 shows the evolution of the stick, slip and separation
regions during the unloading process. As in Turner’s indentation
problem [10], regions of slip are developed at the edge
of the contact area opposite in sign to the slip that occurred
during loading, whilst the interior slip regions extend inwards
at the expense of the central stick region. Notice that the
five central zones (stick/forward slip/stick/backward slip/stick)
all tend to zero near the end of the unloading process. This
is necessary since if we track the state at a point that is
stuck during loading and that experiences forward slip during
unloading, it must eventually also experience a period of
backward slip, since at complete unloading the total slip
displacement must revert to zero. A new feature in this problem
is that the total contact area itself decreases monotonically
relative to the fully loaded state (the two separation regions
extend). This continues until the instant of complete unloading
when the gap at all points in the separation zone goes to
zero. Notice also that the inner boundaries of the two outer
stick zones (1) in Fig. 5 move inwards during unloading, implying
that the stick zone is ‘advancing’ and hence that the instantaneous
state depends on the complete history of unloading and not
merely on the instantaneous load [14]. Fig. 6 shows the normal-
ized traction distributions at p0ðtÞ ¼ pmax

0 =3 during the unloading
process.
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3.2. Oscillatory loading

We next consider the case where the load is first increased to
the maximum value pmax

0 , after which it oscillates in the range
pmax

0 4p0ðtÞ4pmax
0 =3. Other values for the minimum load were also

examined and found to give qualitatively similar results. The first
loading and unloading cycle is of course similar to that presented
in Section 3.1 and the traction distribution when the load is first
reduced to pmax

0 =3 is given by Fig. 6 as before. However, during the
reloading phase, the tractions and the extent of the stick, slip
and separation zones follow a new scenario and the cycle
continues to evolve over subsequent cycles. This contrasts with
previous studies of frictional systems subject to oscillatory
loading, where the steady cyclic state is generally reached after
only a few cycles [3].

Figs. 7(a, b) show the evolution of the slip, stick and separation
regions during the unloading and reloading phases, respectively,
after nine cycles of loading. The extent of the separation zone
varies during the cycle and points near the edge of the contact
area experience cyclic slip. Notice in particular that during
unloading, the three stick regions (1) are separated by small
regions of slip, indicated by arrows in Fig. 7(a). These regions
remain stuck during reloading and this is a clear indication that
the steady state has not yet been reached, since the magnitude of
the accumulated slip displacement vi in these regions continues to
−1 0 1
0.33

0.67

1

2 24 1

x/2h

p 0
 / 

p 0m
ax

3

ring the ninth cycle of (a) unloading and (b) reloading.

10−4

10−3

10−2

10−1

1

N

Δv
i

202 3 51 10

Fig. 8. Incremental slip Dvi per cycle at a representative node as a function of cycle

number N.



ARTICLE IN PRESS

−1 0 1
0.33

0.67

1

2 2

3

1 1 1

x/2h

p 0
 /p

0m
ax

m
ax

−1 0 1
0.33

0.67

1

2 24

x/2h

p 0
 /p

0

1 3

4

Fig. 9. Evolution of the stick, slip and separation regions during (a) unloading and (b) reloading in the steady cyclic state. The dashed line in (a) indicates points which reach

the limiting friction condition but which do not actually slip.

1 2 3 4 5 6 7 8 9 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

cycle

en
er

gy
 d

is
si

pa
tio

n

Fig. 10. Evolution of the energy dissipated in friction per loading cycle as a

proportion of that during the first cycle.

Y.J. Ahn, J.R. Barber / International Journal of Mechanical Sciences 50 (2008) 1519–15251524
increase monotonically with each cycle. However, the increment
Dvi in slip displacement per cycle decreases with the number
of cycles elapsed N. Results for a representative node are shown
in Fig. 8 and show that Dvi�N�3:1. Eventually Dvi falls within
the tolerance of the numerical algorithm, but if this trend were
assumed to continue indefinitely (given arbitrarily high levels of
numerical precision), the increments Dvi would have a finite sum
representing a steady state that is approached monotonically and
asymptotically.

The evolution of slip, stick and separation regions during
unloading and reloading in the final steady state is shown in
Figs. 9(a, b). The dashed line in Fig. 9(b) denotes a range of points
that achieve the limiting friction condition jQ j ¼ fP at some point
during the cycle, but at which no slip actually occurs. This
phenomenon was also noted by Dini and Hills [15].

The extent of the cyclic slip zones in the steady state is smaller
than in the earlier phases of loading, showing that some degree of
shakedown has occurred. This effect is quantified in Fig. 10 where
we present the evolution of the normalized energy dissipation per
cycle, which is a parameter that is expected to correlate with
fretting damage. The energy dissipation per cycle decreases
monotonically with each cycle and it seems likely that this would
be true for all frictional systems, though the present authors are
unaware of a proof of this result. The steady-state energy
dissipation is approximately 56% of that during the first loading
cycle.
4. Conclusions

Dundurs’ results for receding contact problems can be
extended to problems involving Coulomb friction, but only as
long as the loading is monotonic. During unloading, changes occur
in the extent of both separation and slip zones. We have
illustrated this behaviour for the case of an elastic block pressed
against a frictional rigid plane. In particular, we find that if the
load is periodic in time, the system approaches a steady periodic
state relatively slowly and in this final state there is continuous
variation of the contact area, with the minimum (i.e. the
maximum amount of separation) occurring at the minimum
applied load. The system exhibits some degree of shakedown in
the sense that the energy dissipation decreases monotonically
towards a steady-state limit with each successive cycle.
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