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S U M M A R Y
A solution is obtained for the heat-conduction problem of two half-spaces of dissimilar

materials, initially at different temperatures, brought into contact over half of their
common boundary, the remainder of the interface being insulated. The solution is
obtained by taking Laplace transforms in time and one space dimension and utilizing
the Wiener-Hopf technique.

The results describe the local asymptotic fields near the boundary of a more general
shape of contact area between the two bodies, at small values of time. It is therefore
possible to develop a two-term short-time asymptotic expression for the heat exchanged
between the bodies, one term being proportional to the area of the contact region and
the other to its perimeter. This expression is derived in closed form except for an integral
which depends on two dimensionless parameters—the ratios of the material conductivities
and diffusivities.

Numerical values of the integral are presented for a wide range of these parameters.

I. Introduction

IN THIS paper, we shall be concerned with the problem of two conducting
bodies, initially at different uniform temperatures, which are brought into
contact over part of their surfaces at time t = 0. The simplest case is the
one-dimensional problem in which two conducting half-spaces, y > 0, y < 0,
initially at uniform temperatures 0, To respectively, make perfect thermal
contact over their common interface, y = 0, for t > 0. The solution is given by
Carslaw and Jaeger (1, section 2.15 (i)). The temperature field depends on y, t
only and the interface, y = 0, adopts the constant temperature
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304 H. G. GEORGIADIS et al.

where KJt Kj (j = 1, 2) denote the thermal conductivity and thermal diffusivity
respectively of body ; and the suffixes 1, 2 relate to the properties of the upper
body (y > 0) and the lower body {y < 0) respectively.

The one-dimensional problem has no inherent length scale and hence the
solution can be cast in self-similar form, in which the space and time dependence
of the temperature field can be reduced to dependence on the single dimensionless
parameter

Y ( 2 )

It also follows that there is no characteristic time scale for the process and
hence that there is no short- or large-time solution, nor does the process reach
a steady state. The temperature field evolves continuously in time and a
transition region near the interface grows in size with t*, whilst preserving the
same shape.

We also record the heat flux between the bodies, which is

T

We note that the dependence of qy on f~* follows immediately from the
dependence of the temperature on the single parameter Y.

2. Bounded contact area

The situation is very different if the two half-spaces are brought into contact
over a bounded region, A, of the interface y = 0. The contact region will have
some characteristic dimension b, and the form of the solution will now depend
on time, through the dimensionless parameters

In particular, when both Bj«l, the temperature field will approach a
steady-state solution, whereas for Bj » 1, we anticipate a qualitatively different
'short-time' solution. In an earlier paper (2), it was shown that the short-time
temperature field only differs significantly from the one-dimensional solution
in regions whose minimum distance, s, from the boundary of the contact region
satisfies the inequality

< 3 . (5)
)

Thus, for points well removed from the boundaries of A, the interface
temperature and heat flux are given by equations (1), (3) respectively.

In the corresponding steady-state problem, the heat flux into body 1 is equal
and opposite to that out of body 2 throughout the interface y = 0 and is
non-zero only in the bounded region A. We can therefore express the
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TRANSIENT HEAT CONDUCTION BETWEEN TWO MEDIA 305

temperature field in body 1 in terms of this heat flux, q(x, z), in the form

where we have used the result T = q/2nKR for the temperature T in a half-space
at a distance R from a steady-state point source of strength q located at the
surface (1, section 2:4).

By a similar argument, we find that the temperature in body 2 is

TY * x * {{ q(x',z')dx'dz'
T(x, y, z) = To - —— — r , >><0, (7)

2rtA:2 J L ((x - x')2 + y2 + (z - z')2)*
where we note that q(x, z) is defined to flow out of body 2 and we also have
to superpose the uniform temperature To to establish the correct temperature
at infinity in body 2.

It is clear from equations (6), (7) that the steady-state temperature field is
geometrically similar in the two bodies in the sense that

£ i T(x, y. z) + T(x, -y,z)= To, y > 0, (8)

and in particular, on setting y = 0, we find that the interface temperature, which
must be continuous between the two bodies in the region A, is given by

( )

Kl+K2

The corresponding steady-state heat flux at the interface depends on the
extent of the particular contact region A, but it can be shown by asymptotic
arguments that qy will have a square-root singularity at the boundary of A.

Equations (1), (9) show that the contact surface A is an isotherm in both the
short-time and large-time limits, but the interface temperatures in the two limits
differ unless the diffusivities of the two materials are identical. We therefore
anticipate that the interface temperature will initially be uniform and given by
(1), but that a 'boundary layer' will grow from the boundary of the region A
towards the interior, tending to change the interface temperature to the value
(9). This paper is principally concerned with investigating the nature of this
boundary layer by an asymptotic analysis of the transient temperature field in
the immediate vicinity of the boundary. The heat flux in this region is of
particular interest, since it will enable us to develop a two-term asymptotic
solution for the total heat flux between the contacting bodies at small values
of time (2).

3. The asymptotic problem

At very small times, when the thickness of the boundary layer is small in
comparison with the linear dimensions of the contact region and the radius of
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Perfect
thermal
contact

Insulated
boundaries

FIG. 1. Geometry of the problem. Two dissimilar half-spaces in thermal
contact in the region x > 0, y = 0. The interface x < 0, y = 0 is insulated

curvature of its boundary, the local temperature field will be essentially two-
dimensional and can be investigated using the asymptotic method pioneered
by Williams (3) in related problems of linear elasticity.

We take the z-axis in Cartesian coordinates to coincide with the local portion
of the boundary of the contact region, in which case the boundary-layer field
can be determined from the two-dimensional problem shown in Fig. 1, where
the contact area A consists of the half-line x > 0, y = 0.

We note that the bodies and the contact region are semi-infinite and hence
that the problem has no inherent length scale. It follows that the temperature
field must depend only on the parameters X = (x/^/iKjt)), Y - (ylJ{Kjt)) as in
the one-dimensional problem introduced in section 1 above. We shall make
use of this simplification at a later stage in the analysis. A large value of X or
yean be obtained either by making x, y large or by making t small. It therefore
follows that the temperature field at large X, Y corresponds to the short-time
solution of the more general transient contact problem, whereas that at small
X, Y corresponds to the steady-state solution. We can therefore deduce
immediately that the temperature and heat flux at the interface will tend to the
values of equations (1), (3) respectively when X and hence x is large and
positive. Also, as X and x tend to zero, the heat flux will exhibit a square-root
singularity at the interface and the interface temperature will adopt the value
of equation (9). These results are useful in determining the appropriate
asymptotic behaviour of the functions in the following transform solution and
hence in determining appropriate regions of convergence and analyticity.
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TRANSIENT HEAT CONDUCTION BETWEEN TWO MEDIA 307

The governing equations in both media are written as (1)

Kj J~!h

where Tj(x, y, t) are the temperatures in the two bodies and V2 is the
two-dimensional Laplace operator.

The heat flux is related to the temperature through

q,J(x,y,t) = -KJ-^. (11)

It is convenient for our integral transform approach to have zero-temperature
initial conditions and this can be achieved by using the symbol T2 to represent
the difference between the temperature of body 2 and its initial uniform value
To. With this definition, the initial and boundary conditions of the problem
take the form

qyj(x,0,t) = 0, x<0,t>0, (12)

qyl(x,0,t) = qy2(x,0,t), x > 0, t > 0, (13)

Ti(x,0,t)=T2(x,0,t)+T0, x > 0 , r > 0 , (14)

T1(x,y,0)=T2{x,y,0) = 0. (15)

Condition (14) imposes continuity of temperature in the contact region x > 0,
y = 0, whereas (12) states that there is no heat exchange at the interface outside
the contact region.

4. Integral transform analysis

We introduce a one-sided Laplace transform on time and a two-sided Laplace
transform to suppress the dependence on x. The latter transform is equivalent
to the more common Fourier transform, but results in less cumbersome
algebraic expressions. We write (4)

J(x,y,s)= I f(x,y,t)e-«dt,
J ° * (16)

f(x,y,t) = ±-_ [ J(x,y,s)e"ds,
2TII JB r

r + oo

J * ( p , y , s)= T(x,y,s)exp(-sipx)dx,
J - to

f(x, y, s) = —- J*(p, y, s)exp(s*px) dp,
2ni JBr

(17)

where Br is the Bromwich path within the strip of convergence and (s*p) is the
complex transform parameter.
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308 H. G. GEORGIADIS et al.

We now apply (16),, (17)! successively to the governing equations (10) and
the initial conditions (15), obtaining the ordinary differential equations

9 (P. y> *) - s(- - p2) TUP< y>s) = °.
2 \K )

dy2

which have the following solutions bounded at y-*±oo for medium 1,2
respectively:

(y<O),f
where

7j = sHb] - P
2)\ bj = Kj\ (20)

the functions A(p, s), B(p, s) are unknown and the branches in (20) are chosen
such that the radicals have positive real parts.

We next consider the transformed heat fluxes along the line y = 0, writing

(x, s), x > 0,

where (21)t follows from the boundary condition (12) and m(x, s) is an unknown
function to be determinec1 We note that qyJ(x, 0, t) must tend to the one-
dimensional result (3) at large x and hence we anticipate that m(x, s) tends to
a constant as x-»oo. Equations (21) have the following two-sided Laplace
transform:

q*j(p,0,s) = M + (p,s), (22)

where

f°°+ (p,s)= m(x,s)exp( — sipx)dx,
Jo

m(x, s) = — M + (p,s)exp(sipx)dp.
2 i J

(23)

Clearly M + (p, s) is a half-line transform, whereas p0 is a real quantity, the
bounds of which will be denned later.

In the same manner, we define the transforms Vj(x, s), Vj(p, s) and n(.x, s),
N + (p,s) of the temperatures along y = 0 for x < 0 and x > 0, respectively.
Further, we write V~(p, s) = K,"(p, s) — V^(p, s).

5. The Wiener-Hopf problem

Eliminating A(p, s), B(p,s) and N + (p,s) from the transformed boundary
conditions, we obtain the following functional equation of the Wiener-Hopf
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TRANSIENT HEAT CONDUCTION BETWEEN TWO MEDIA 309

type:
M + (p, s) - L(p, s)T0/sip = -L(p, s)V-(p, s), (24)

where the kernel is Riven by
K ^ (25)

We shall next perform a closed-form factorization of the above kernel. Some
observations in the complex p-plane are in order. We first note that the function
m(x, s) has the behaviour

[constant, x-*+co,
m(x,s)-*< (26)

^0, x->—oo.
This behaviour defines the strip of analyticity of the function M + {p,s) as

well as the strip of convergence of the inverse Laplace transform in (23 )2. Since
we anticipate a square-root singularity in heat flux a s x - > 0 + , y = 0 (see section
3 above), we also have

M + (p, s) —*p, \p\ —> oo. (27)

Secondly, for the functions Vj(x, s), in view of equation (15), there must exist
Cj such that

Vj(x,s) = 0(exp(s+cix), Cj > 0, as x -> oo, (28)

which implies that the functions Vj(p, s) are analytic in Re(p) < Cj and bounded
as \p\—> oo.

Finally, we should like to factorize the kernel L(p, s) into the product form

L(p,s) = L+(p,s)L-(p,s), (29)

where L+(p, s) and L'(p, s) are functions that are analytic and non-zero to the
right and to the left, respectively, of certain lines in the complex p-plane.
Assuming that a suitable factorization of this form can be obtained, we can
divide both sides of equation (24) by L+(p,s), with the result that

L+(p, s) 'sip

which holds in a certain strip of the p-plane which will be defined later.
We also need to split the following term in the sum:

L~(p, s) — = R + (p, s) + R~(p, s), (31)
sip

where by inspection

sip
} (32)

-°[L-(p,s)-L-(0,s)
sip
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310 H. G. GEORGIADIS et al.

Qearly the crucial step is the factorization of the kernel. Equations (20), (25)
can be combined to give

- p)Hb2 + p)*

W ' ) } * ! ( }

where we define the ratio of conductivities

X = K2/K1. (34)

The numerator in (33) can be split by inspection, whereas for the denominator
we use Noble's treatise (5, p. 15, Theorem C). In order to apply this theorem
we observe that

• (1 + A) as \p\ -* oo. (35)

The kernel (33) can be written as

L(p,s)= l w r, w • r , e x p { - l n | > ( p ) ] ) , (36)

where

v(p) = '—^— — (37)
1 + A

so that v(p) -* 1 as \p\ -* oo.
Then, referring to equation (29), we can write

{p,s) = exp^+ — ln[u(z)J
1+; . (. 2m Jc, 2 -

(p, 5) = (fc2 - pf exp { - - L f In [»(z)] - ^ - j ,
(. 2TTI J C r z - p)

(38)

where the integration contours Ch Cr are shown in Fig. 2. The branch cuts
introduced from ( — b2, 0) to ( — b1,0) and from (bt, 0) to (b2, 0) are appropriate
for the function v(p). We have also assumed here that b2 > 6, and hence that
K, > K2. This involves no loss in generality, since the initial coordinate system
can always be chosen to satisfy these inequalities.

Furthermore, since the integrand in (38) vanishes for |z|->oo, Cauchy's
theorem and Jordan's lemma (6) imply that the original contours can be
replaced by the contours C'h C'r, wrapped around the left and the right branch
cut respectively, as shown in Fig. 2. In order to determine the integrals, we
must take into account that the function ln{u(p)} takes complex-conjugate
values at the upper and lower surfaces of the branch cuts ( — b2, — fci) and
(bi, b2). We also utilize the following property of logarithms:

In {v(p)} = In {[(Re v(p)f + (Im ^p))2]*} + i t an" ' {im i>(p)/Re v(p)}. (39)
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TRANSIENT HEAT CONDUCTION BETWEEN TWO MEDIA 311

Im(p)

—-̂
p-plane

Re(p)

FIG. 2. Integration paths and branch cuts for the Wiener-Hopf kernel
factorization

Thus, noting the form of the function v{p) from equation (37), we write

Re v{p)
(40)

and it is then straightforward to establish the following expressions for the
split-kernel functions:

L (p, s) = (b2 — p)* exp <- tan dz
Z2_b2j J—p

(41)

where the functions L+(p,s) and L'(p,s) are analytic and non-zero in the
half-planes Re (p) > —b, and Re (p) < b^ respectively.

Having now obtained the required factorization in equation (29), and taking
into account (31), (32), we can write the Wiener-Hopf equation in the following
form:

r (P ' s )_Zo L _ ( 0 ( S ) = _ L - ( p > s )

L+(p,s)
1^ [L~(p, s) - L-(0, s)]

(42)
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312 H. G. GEORGIADIS et al.

This equation holds in the strip 0 < Re (p) < inf (c,, b,). It can then be
proved that J(p, s) = 0. To this end, we follow the methodology described by
Noble (5, pp. 36-38), utilizing the known asymptotic behaviour of the functions
in equation (42).

Working on the first member (on the left-hand side) of equation (42), we
recall (27) and further note from (41 )x that L+(p,s)-> p* for \p\ -> oo. Thus,
the first member of (42) tends to zero as |p| -> oo. This is also true for the second
member of (42).

So far, equation (42) defines J(p, s) only in the strip 0 < Re (p) < inf (cj, bt),
but the first part is analytic in Re (p) > 0 and the second in Re (p) < inf (cJy bx).
Therefore, by analytic continuation, we can define J(p,s) over the whole
p-plane. Then, by taking into account the above-mentioned asymptotic behaviour
at infinity and by the extended Liouville theorem, we conclude that J(p, s) = 0.

It then follows from (42) that

M + (p,s)=^L-(0,s)L+(p,s). (43)
sip

The temperature field inside the two bodies (y # 0) can now be obtained
using equation (19) and performing a double Laplace-transform inversion,
following the method of the next section. However, we restrict attention here
to the heat flux at the interface, qyJ(x, 0, t), which is the quantity of the most
physical interest. We also recall in passing that the temperature is bounded at
the origin, being given by equation (19), but that the heat flux has a square-root
singularity (see section 2 above).

6. Laplace-transform inversion

From equations (21) to (23), we note that

'" M + (p,s)cxp(s*px)dp, (44)
-loo

where the integration path is shown in Fig. 3. We shall try the double Laplace
transform at the same time by following the Cagniard-de Hoop method, which
was developed for elastodynamic problems (7). The central idea in the next
step is to convert the integral in (44) to a form which permits inversion of the
one-sided Laplace transform on time by inspection.

Equations (43), (44) give

- , _ , 7QL-(0,S) f L(p^)exp(sV) . (A,.
qyj(x,0,s) = — — — dp, (45)

2ms Jpo-ioo pL (p,s)
where we have replaced L+(p, s) by L(p, s)/L~(p, s), since the former function is
not analytic in the left half-plane, where we intend to deform the integration
path. Then, the only singularities of the integrand in equation (45) in the
half-plane Re (p) < inf (c}, bi) are a pole at p = 0 and the branch points of
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TRANSIENT HEAT CONDUCTION BETWEEN TWO MEDIA 313

Re(p)

Po

FIG. 3. Strip of convergence and auxiliary paths for Laplace-transform
inversion

L(p, s) at p = — bx, — b2 (recall that L~(p, s) is analytic in that half-plane).
We now deform the integration path so that the integral in (45) takes the

form of a Laplace transform. By invoking Cauchy's theorem, we have that, the
integral along a path consisting of the vertical line from (p0 — ioo) to (p0 + ioo),
the branch-cut line and the two remote arcs of infinite radius, is equal to the
residue of the integrand at the pole. The contribution from the remote arcs is
clearly zero and hence equation (45) becomes

where

2nis

L(p, s)exp(s*px)

(46)

f coL(p,s)exp(s ipx)
7 i dp' / | o = Tr7 A '

and Res is the residue of the integrand at p = 0, given by

fL(p,s)exp(sV)lRes
pL (p,s)

(48)

An immediate observation at this point is that as p approaches the negative
real axis, we have

p^-t*/x, x,t>0,

a fact which we shall utilize later.

(49)
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314 H. G. GEORGIADIS et al.

In order to calculate the branch-line integral in (47), we shall exploit the fact
that the function L(p, s) takes complex-conjugate values at the top and bottom
of the cut ( - c o , — bx). In view of this, equation (46) can be written in the form

*> K2(p
2-b\f exp(sV)

qyJ(x, 0, s) =
ToL-(0,s)

us *
-b

[1 + k{(p2 - bl)/(p2 - 6?)}*] PL-(p,s,

K2l{b2-p2){p2-b2)-± exp(s*px)

dp

p, s)
dp

T0K2blb2 (50)

= <iT + 4T'- ( 5 1 )
The second term in these equations is independent of p and hence corresponds

to a term in the untransformed heat flux which is independent of the space
coordinate x. In fact, we shall show below that it represents the one-
dimensional heat flux of equation (3) above. The first term clearly depends
upon both space and time and represents the perturbation in the one-
dimensional heat flux due to the mixed boundary conditions of the problem.

The term s~* appearing in equation (50) can be written in two alternative
forms in order to facilitate the inversion of qyj(x, 0, s). We have

(52a)

(52b)"I." (nt) *exp( — st)dt.

Substitution of (52b) into the second term of equation (50) enables the
inversion to be performed by inspection, with the result that

(nt)-i (53)

which agrees with the one-dimensional result (3) as expected.
For the first term in (50), we use the form (52a) and enforce (49), obtaining

qTix,0,s)=T^ f°°

where

f°° fc

exp(-s*t)dt
Jo Jo

Fix,

o,
* 2

O2

K

[iu2

Mu2

-b

- b

-b
2 2^

2x 2 )

+ k2(b\x2

* + Mu2 -
H
b\

u2)

u2)]

x2)

x2)*"

exp OP)

exp OP)

x*u(b2x + u)*

F(x,u)exp(-siu)du, (54)

0 < u < b{x,

blx < u < b2x,

x, b2x < u < oo,
(55)
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TRANSIENT HEAT CONDUCTION BETWEEN TWO MEDIA 315

and

U f» f //,?-Z2\±1 dl
(56)nx Jfcl - b\) J z(r + u/x)

We can interchange the order of integration in (54) obtaining

q%n(x, 0, s) = - 5 - ^ <H F(x, u ) d u i e x p ( - s ^ ) ^ - (57)
71 Jo (Jo J

We now establish an operational rule for the case where s is replaced by s*
in the usual Laplace transform, since this is required to invert equation (57).
From tables of Laplace transforms (for example, (8)), we have the result

where u > 0. Multiplying both sides of (58) by the function h(u) and integrating
from zero to infinity, we obtain

f°° f°°f 1 f°° 1
h(u)exp(-us*)du= \ _ uh(u) e"u2/4' du\e~* dt, (59)

Jo Jo Ufa' )* Jo J
which is a general result. We now write

h{x,£)= F(x,u)du (60)
Jo

which in combination with equation (59) permits us to rewrite (57) in the form

(61)^ i ruh(x,u)e-'2'*'du\e-*dt.
£ ) Jo J

^;(x,0,s) r i ^ T
71 Jo (.2(JI£

The one-sided Laplace transform can now be inverted by inspection with the
result

qffix, 0, 0 = 1^- \ uh(x, u) e'ul<M du (62)
2{nt)i Jo2{nt)i Jo

T hi

2(7tt)* Jo

f00 C"
tuT"2'41 F(x, w) dw du.

Jo Jo
(63)

Finally, interchanging the order of integration in (63), performing the inner
integral and using the result F(x, u) = 0 for 0 < u < bxx, we get

IT = 7 ? | ^ F(x,w)e--1/** dw. (64)

 at R
adcliffe Science L

ibrary, B
odleian L

ibrary on M
ay 15, 2012

http://qjm
am

.oxfordjournals.org/
D

ow
nloaded from

 

http://qjmam.oxfordjournals.org/


316 H. G. GEORGIADIS et al.

7. Heat exchange between the bodies in contact

We can now assemble the complete expression for the heat flux between the
bodies at the interface y = 0, x > 0, using equations (51), (53), (64), with the
result that

,0,t)-M^(»0-* + ̂  T F(x,w
(bl + Xb2) {n3t)* JblI

)e->'«dw. (65)

where the function F(x, w) is defined by equations (55).
It is convenient at this stage to present the results in a dimensionless

formulation, thus exposing the dependence of the solution on the parameter

X = x/(4ic1t)* = M/(2f*). (66)

We define the dimensionless integration variables

t = w/(biX), p = z/b, (67)

and the ratios of material properties

H = b2/bl = (KJK^, X = K2IKX. (68)

Substituting these expressions into equation (65), we obtain

qyJ(Xt 0, i) = T°K*bibz

+ „ _ . , , ;M(T2-l)V-r2)exp(T) e-^2

where

- ^ — . (70)

Notice that the integral in equation (69) depends only on X and the material
properties. The dependence on t is restricted to an explicit multiplier off"* on
each term.

8. The total heat flux

As explained in section 2 above, the short-time heat flux between two bodies
which make contact over an arbitrary region of the plane y = 0 only differs
from the one-dimensional result (3) at points which are close to the boundary
of the contact region. The thickness of this boundary layer grows with t*, and
hence will be small in comparison with the characteristic lengths of the contact
region (in particular the minimum radius of curvature of the boundary) at small
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TRANSIENT HEAT CONDUCTION BETWEEN TWO MEDIA 317

values of t. The temperature field will then be locally two-dimensional and the
additional heat flux adjacent to the boundary will therefore be given by the
term q*]n in the preceding analysis—that is, by the second term in equation
(69), where x is now to be interpreted as the distance from a given point in the
contact region to the nearest point on the boundary.

We can now integrate the heat flux over the contact area to obtain an
expression for the total heat flux as a function of time. The first term in equation
(69), corresponding to the one-dimensional solution of equation (3), is uniform
throughout the contact region and hence contributes a term proportional to
the total contact area A. The second term is significant only in the boundary
layer, which is thin in comparison with the radius of curvature of the boundary.
Each element dS of the perimeter S of the contact region therefore makes a
contribution to the total heat flux proportional to the integral of the perturbation
term.f

The total heat flux is thus given by

= _T,X A M
(bt + kb2){nt? *S K

where

°° (*, 0, t) dx. (72)
Jo

Substituting for q^n from the second term in equation (69), interchanging the
order of integration and performing the inner integral, we obtain

Qs = T0K2f(X,n), (73)

where

^ ^2-l)V-t2)expQF) ^

and hence equation (71) can be written as

JoKfib>A+ToK2f(l,,)S. (75)

In the special case where the materials have equal diffusivities, /i = 1 and

t This statement requires some qualification if the boundary of the contact region has corner
points, at which the temperature field will be locally three-dimensional This question is discussed
in more detail in section 9 below.
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equation (74) reduces to

( T - l ) *
dx =

2(1 + A)

see for example (9, 2.225.2). We therefore get

_
T0K2blb2A T0K2S

+
(ft, + ?Jb2)(ntf 2(1 + A)'

(76)

(77)

which agrees with the result of (2) when A = 1 and hence K2 = Kx. This
agreement provides a useful check on the preceding analysis and also incidentally
constitutes an analytical proof that the constant C in (2, equation (31)) is indeed
7t/4, a result which was only surmised on the basis of numerical integration in
that paper. (Note that in (2, equation (31)), To denotes the temperature of the
interfarial plane, y = 0, which will be To/2 for similar materials with the present
notation.)

9. The effect of corner points

If the contact region A has corner points, the temperature field will be locally
three-dimensional and hence the local heat flux will not be accurately represented
by equation (65) at points whose distance from the corner is within the range
defined by (5). Furthermore, even if (65) were taken to be a good approximation
to the local heat flux, (71) would be incorrect for its integral, since as shown
in Fig. 4, we need to exclude a triangular region of the boundary layer associated
with each edge from the domain of integration for the perturbation term q^jn.

The error due to the domain of integration can be written as

= 2 <?£rlx tan a

J
(78)

where 2a is the external angle at the corner.

FIG. 4. Geometry of the boundary layer at a corner. The shaded area is the
domain of integration in equation (84).
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Substituting for q%n from (64), this result can be written in the form

AQj = —-—-—g(k,fi,a), (79)

where g(k, \i, a) is a dimensionless function.
We can probe the three-dimensional nature of the local temperature field by

considering the heat-conduction problem of two half-spaces, with the same
initial conditions as in section 3, where the contact region is the semi-infinite
sector 0 < 0 <a, r > 0, y = 0 in polar coordinates centred on the corner in the
plane of the interface.

For this problem, we anticipate that a two-dimensional boundary layer will
be found adjacent to the boundary lines 6 = 0, a, but that three-dimensional
effects will be significant roughly in the region 0 < r < s, where s is the thickness
of the two-dimensional boundary layer.

The problem is self-similar and hence the temperature field must depend only
on the dimensionless coordinates X = b1x/N/(4t), etc.—that is, T = T(X, Y, Z).
The local heat flux at the surface can then be written as

: ^ , y = 0", (80)
8y

, u1K2dT(X,Y,Z)

F(X, Z\ (82)

where F is a function of the dimensionless coordinates X, Z only.
We next subtract out the heat flux predicted from the two-dimensional

analysis (equation (69)), leaving a quantity q*x = qyX — q^ which decays to
zero as r -> co. Dimensional arguments show that q* can also be written in the
form

i). (83)

Finally, we integrate this heat flux over the sector 0 < 6 > < a , r > 0 to
determine the correction to the total heat exchange associated with the corner
point, with the result that

= q*{x,0,z,t)dxdz (84)
J A

= -btK2y/(4t) \ F*(X,Z)dX dZ, (85)
J A
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where A now denotes the sector 0 < 9 < a, r > 0. This expression is of the form

AQ2 = -biK2t
ihV,n,«), (86)

where h(A, \i, a) is a dimensionless function depending on the material properties
and the angle of the corner only.

The correction for the corner is AQ = AQ2 — AQX and we can therefore
deduce from dimensional considerations alone that the correction will consist
of a single term proportional to t*, which is of higher order in t than the two
terms of equation (71). Beck et al. (10) give corrections for both corner points
and curvature of the edge of the heated region in their solution of the related
unmixed boundary-value problem for the mean temperature of a region
subjected to uniform heating.

10. Numerical results

To apply equation (75) to contact problems involving more general material
combinations, we need to evaluate the function f(k, /i) from equation (74). The

2 'Or

1-5

1-0

0-5

0 0

= io

oo 0-2 0-4 0-6

1/(1 + A)

0-8 1 0

FIG. 5. The function f(X, /i) determining the coefficient of the second term in
the asymptotic expression for the short-time heat flux between dissimilar bodies

(see equation (75))
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*—-1 O O O O O O •— •— •— — rs rs rN <N n n rn rn fN

_ . 00 ̂  ^ ^ *<O C^ ^~ ^O ^O *O ^ " *<O k̂f ^ " f l ON VO V"! r** ON
^ ^ —" *o 00 ^ ^ */^ ON ro 00 ^ f ™̂ ON ON ^ ^ ^p ^h oo oo r*"i r**

<—J o o o - — - — * - fN oi n n f^\ *$• -*t v~\ iri vb̂ b r̂  r-
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authors have been unable to find a closed-form expression for this integral in
the general case, but it presents no particular challenge to numerical evaluation.
Also, since the function depends on only two parameters, fairly comprehensive
results can be obtained.

We recollect that the materials are labelled so as to ensure that \i > 1, whereas
there is no restriction on the conductivity ratio A, except that it be positive.
For the presentation of the numerical results, it is convenient to condense the
infinite range on A, by plotting f(X, /i) as a function of 1/(1 + X) for various
values of pi, as shown in Fig. 5. Corresponding numerical results are given in
Table 1.

11. Conclusions

The above solution describes the nature of the temperature and heat-flux
fields in the immediate vicinity of the boundary of a recently established contact
region between two conducting bodies at different initial temperatures. It also
permits the development of a short-time asymptotic expression for the heat flux
between two such bodies. This expression (equation (75)) depends only upon
the area and perimeter of the contact region and hence can be applied to a
region of any shape.
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