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The dependence of the contact conductance of self-affine rough surfaces on the applied pressure is stud-
ied using the electric-mechanical analogy which relates the contact conductance to the normal stiffness.
According to dimensional analysis arguments, an efficient dimensionless formulation is proposed which
minimizes the number of dimensionless variables governing the phenomenon. Assuming incomplete
similarity in the dimensionless pressure, a power-law dependence between contact conductance and
mean pressure is proposed. This is confirmed by earlier semi-empirical correlations that are recovered
as special cases of the proposed formulation. To compute the exponent b of the power-law, and relate
it to the morphological properties of the surfaces, we numerically test self-affine rough surfaces com-
posed of random midpoint displacement (RMD) patches. Such patches are generated using a modified
RMD algorithm in order to decouple the effect of the long wavelength cut-off from that due to microscale
roughness. Numerical results show that the long wavelength cut-off has an important effect on the con-
tact conductance, whereas the sampling interval and the fractal dimension are less important. The effect
of elastic interaction between asperities has also been quantified and it significantly influences the pre-
dicted power-law exponent b.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

The estimation of electric and thermal contact conductances
across rough boundaries is a problem of paramount importance
in engineering applications. Due to the roughness of contact sur-
faces, the real contact area is only a small percentage of the nom-
inal one, significantly reducing the expected contact conductance.
In the field of electronic packaging, the conductance between de-
vices and dissipators must be increased as much as possible in or-
der to maintain low operating temperatures. This would suggest
the use of large contact areas to enhance dissipation, which is how-
ever a trend opposite to the need of miniaturization.

In this context, a pioneering textbook on the conductance of
surfaces in contact is due to Holm [1]. More recently, in the
1970s, a great attention has been devoted to the experimental
computation of the thermal contact conductance of rough surfaces,
leading to a series of publications by the research group coordi-
nated by Yovanovich [2–8]. In these papers, semi-empirical corre-
lations of power-law type were proposed:

C ¼ kpb
; ð1Þ
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where C is the contact conductance, p is the applied pressure, and
the exponent b was found to be somewhat lower than unity. In this
respect, however, contradictory results appear in the literature.
Some authors reported much lower values of b in the range
0.5–0.6, as recently recalled in [9]. In the framework of microme-
chanical contact theories, Greenwood and Williamson [10] pro-
posed a linear dependence between contact conductance and
pressure in case of an exponential distribution of asperity heights.
With a more detailed description of asperity heights and curvatures
according to the random process theory, Bush and Gibson [11] de-
rived a correlation with an exponent b = 0.89. Very recently, Persson
[12] established a new contact model inspired by diffusion pro-
cesses, suggesting again b = 1, as in the Greenwood and Williamson
theory [10]. On the other hand, previous numerical studies consid-
ering 2D Weierstrass profiles [9] suggested a best-fitting formula
with an exponent b larger than unity and dependent on the fractal
dimension of the rough surface.

In the present study we investigate the relation between con-
tact conductance and applied pressure using dimensional analysis
considerations. By applying Buckingham’s P theorem and incom-
plete similarity concepts, we derive a general relationship between
dimensionless specific conductance and dimensionless pressure.
Using such a relationship, we recover most of the previous semi-
empirical correlations available in the literature. Then, in order to
estimate the power-law exponent b and understand its dependen-
cies, we perform numerical contact simulations on rough surfaces
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Nomenclature

C specific contact conductance (W/(m2K))eC ¼ CqD dimensionless specific contact conductance (�)
d distance between the mean planes of the rough sur-

faces (m)ed ¼ d=
ffiffiffiffiffiffiffi
m0
p

dimensionless mean plane separation (�)
D surface fractal dimension (�)
E composite elastic modulus of bodies 1 and 2 in contact

(Pa)
Ei elastic modulus of material i (Pa)
h ¼ D=eC thickness of the effective resistive layer (m)
k composite thermal conductivity of bodies 1 and 2 in

contact (W/(mK))
L lateral size of the rough surface, sample size (m)
m0 0th spectral moment of the composite rough

surface (m2)
m2 2nd spectral moment of the composite rough

surface (�)
m4 4th spectral moment of the composite rough surface

(1/m2)

p nominal contact pressure (Pa)ep ¼ pD=ðE ffiffiffiffiffiffiffi
m0
p Þ dimensionless pressure (�)

w contact compliance (m)

Greek symbol
a = m0m4/m2

2 bandwidth parameter (�)
b power-law exponent (�)
d sampling interval (m)
D lateral size of a single RMD patch (m)
k scalar multiplier (�)
mi Poisson’s ratio of material i (�)
q composite resistivity of bodies 1 and 2 in contact

(mK/W)
r2

i variance of the ith random number generation of the
RMD method (m2)

U, U1, U2 dimensionless functions (�)
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composed of modified RMD patches. More specifically, the random
midpoint displacement (RMD) generation algorithm is modified in
order to generate surfaces with minimized waviness effects. This
issue is particularly important for the contact conductance, which
is primarily governed by the coarse scale topological features of the
rough surface [13]. Applying the electric-mechanical analogy de-
rived in [13], the specific contact conductance is determined via
the derivative of the pressure vs. separation curve (incremental
contact stiffness). Detailed numerical results will show the effect
of the principal dimensionless numbers on the power-law expo-
nent b. Specific attention will be devoted to the role played by elas-
tic interaction between asperities, an important aspect neglected
in previous investigations.
2. A dimensional analysis approach to the scaling of contact
conductance

The specific contact conductance of rough surfaces, or conduc-
tance per unit area C, can be correlated to the the derivative of
the force-indentation curve, i.e., the incremental stiffness, accord-
ing to the electrical–mechanical analogy established in [13]. In
formulae:

C ¼ � 2
qE

dp
dd

; ð2Þ

where p is the nominal applied pressure and d is the mean plane
separation between the rough surfaces. The parameters E and q
are the composite elastic modulus and resistivity of bodies 1 and
2 in contact:

E ¼ 1� m2
1

E1
þ 1� m2

2

E2

� ��1

; ð3aÞ

q ¼ q1 þ q2: ð3bÞ

where Ei, mi, qi (i = 1,2) are Young’s modulus, Poisson’s ratio and
resistivity respectively of the two contacting bodies. The depen-
dence of the contact conductance due to roughness on the applied
pressure can therefore be investigated by focusing on the incremen-
tal stiffness of the interface. Here, it should be remarked that stea-
dy-state thermal and electric conduction through a given set of
contact spots are mathematically analogous problems. Therefore,
Eq. (2) holds also for thermal conduction, provided that q is re-
placed by 1/k, where k is the composite thermal conductivity of
bodies 1 and 2, see [2]. Radiation and convection through the air
gaps are not considered here, although in some cases these phe-
nomena are important. On the other hand, in electric conduction
problems, these aspects are negligible and other phenomena as
the presence of insulated surface films may be relevant [14].

Practical surfaces often exhibit quasi-fractal properties at the
fine scale, but generally there exists a cut-off to the power spectral
density at small wavenumbers (long wavelengths). If this is not the
case (e.g. if the surface is fractal in the Weierstrass–Mandelbrot
sense), there must nonetheless exist a largest length dimension
representing the finite size of the nominal contact area. Since the
coarser features of the surface profile are known to dominate the
contact conductance [13,15], the length scales defining these two
processes are important parameters in the problem description.
Here we shall characterize the long wavelength cut-off by the
length parameter D and the finite dimensions of the nominal con-
tact area by L. We therefore propose the following functional
dependence for the incremental stiffness per unit area:

dp
dd
¼ dp

dd
ðE; p;m0;m2;m4; d; L;D;DÞ; ð4Þ

where m0, m2 and m4 are the spectral moments of the rough surface
[16], D is the surface fractal dimension, and d is the sampling inter-
val. Notice incidentally that most theoretical studies of contact con-
ductance tacitly assume that the effect of surface roughness can be
decoupled from that of the macroscale conduction problem – in
other words, that the effect of surface roughness is to add a nominal
pressure-dependent additional resistance between the macroscopic
contacting bodies. However, this decoupling of scales is justified
only if D� L.

The number of independent parameters in Eq. (4) can be re-
duced by applying the Buckingham’s P theorem [17]. Most authors
use the RMS roughness

ffiffiffiffiffiffiffi
m0
p

to normalize the length parameters
[9,18], but here we shall show that when the above scale separa-
tion is possible, a greater reduction in the number of parameters
is achieved by normalizing with respect to the long wavelength
cut-off D. We therefore write

D
E

dp
dd
¼ �U

p
E
;a;

ffiffiffiffiffiffiffi
m0
p

D
;
d
D
;

L
D
;D

� �
; ð5Þ
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where the bandwidth parameter a ¼ m0m4=m2
2 has been intro-

duced. This parameter is dependent on the fractal dimension and
on the resolution. For d� D, the following approximation holds
[19,20] (2 < D < 3):

a ffi ðD� 2Þ2

ðD� 1Þð3� DÞ
d
D

� �2ðD�3Þ

: ð6Þ

Therefore, a will be dropped from the dependencies in (5), retaining
only D, D and d in the subsequent analysis. We can also use (2) to
define the dimensionless specific contact conductance eC as

eC � CqD ¼ �2D
E

dp
dd
¼ 2U

p
E
;a;

ffiffiffiffiffiffiffi
m0
p

D
;
d
D
;

L
D
;D

� �
: ð7Þ

An alternative description of the contact conductance can be ob-
tained by noting that the imperfect contact at the interface is equiv-
alent to the interposition of a fictitious layer of the same material
whose thickness h is given by qh = 1/C. Normalizing this thickness
with respect to D, we then have

h
D
¼ 1eC : ð8Þ

Now consider the effect of holding D, d, L, and D constant and just
rescaling

ffiffiffiffiffiffiffi
m0
p

to k
ffiffiffiffiffiffiffi
m0
p

, where k is a scalar multiplier. The contact
problem is nonlinear, but the underlying elastic field is linear. Sup-
pose that, at a given value of nominal pressure p, the actual pressure
distribution is p(x,y) and the actual contact area is ðx; yÞ 2 A. It fol-
lows that the contact pressure distribution k p(x,y) acting over the
same area A will produce displacements scaled in the same ratio
k with respect to the original ones. These will be exactly what is
needed to establish the contact area A when the roughness is char-
acterized by k

ffiffiffiffiffiffiffi
m0
p

;D; d; L;D. Furthermore, the contact conductance
depends only A and hence we have

U
kp
E
;
k
ffiffiffiffiffiffiffi
m0
p

D
;
d
D
;

L
D
;D

� �
¼ U

p
E
;

ffiffiffiffiffiffiffi
m0
p

D
;
d
D
;

L
D
;D

� �
ð9Þ

for all scalar multipliers k. Now suppose we define a new dimen-
sionless parameter pD=ðE ffiffiffiffiffiffiffi

m0
p Þ and use this to characterize the

nominal pressure p. Eq. (7) will be modified to

eC ¼ U1
pD

E
ffiffiffiffiffiffiffi
m0
p ;

ffiffiffiffiffiffiffi
m0
p

D
;
d
D
;

L
D
;D

� �
ð10Þ

and due to the result in (9) we have

U1
pD

E
ffiffiffiffiffiffiffi
m0
p ;

k
ffiffiffiffiffiffiffi
m0
p

D
;
d
D
;

L
D
;D

� �
¼ U1

pD
E
ffiffiffiffiffiffiffi
m0
p ;

ffiffiffiffiffiffiffi
m0
p

D
;
d
D
;

L
D
;D

� �
ð11Þ

for all k, showing that the new function U1 is independent of the
dimensionless parameter

ffiffiffiffiffiffiffi
m0
p

=D. We can therefore drop it from
the functional dependence, obtaining

eC ¼ U1
pD

E
ffiffiffiffiffiffiffi
m0
p ;

d
D
;

L
D
;D

� �
; ð12Þ

where the number of dimensionless parameters has been reduced
from five to four.

At this point, it is interesting to note that the semi-empirical
power-law correlations of type (1) can be recovered by dimen-
sional analysis in case of incomplete similarity in the dimension-
less number pD=ðE ffiffiffiffiffiffiffi

m0
p Þ. This condition usually applies in

physical systems that are in an intermediate situation between
two limit conditions [21]. For very low pressures, a deviation from
the power-law behavior has been experimentally observed in [3].
This is attributed to the truncation of the asperity height distribu-
tion function of tested samples, which leads to an enhancement of
thermal contact conductance at light contact pressures as com-
pared to that predicted by a power-law equation. For typical values
of the dimensionless truncation dmax=

ffiffiffiffiffiffiffi
m0
p

ranging from 3.5 to 4.5,
a deviation from the power-law scaling was experimentally ob-
served for p/E [ 1 � 10�5. Regarding the upper threshold, this
may correspond to very high pressures, when the asperities merge
with each other and create large contact clusters. This limit situa-
tion is however not reached in most of the cases, since we usually
explore mean plane separations d=

ffiffiffiffiffiffiffi
m0
p

> 0. In Section 6, we shall
perform contact simulations with d=

ffiffiffiffiffiffiffi
m0
p

ranging from dmax=
ffiffiffiffiffiffiffi
m0
p

to zero, exploring at least four orders of magnitude of variation
in the dimensionless contact pressure.

Assuming incomplete similarity in pD=ðE ffiffiffiffiffiffiffi
m0
p Þ, we can postu-

late a power-law dependence on this dimensionless parameter,
giving

eC ¼ pD
E
ffiffiffiffiffiffiffi
m0
p

� �b

U2
d
D
;

L
D
;D

� �
; ð13Þ

where b is the incomplete similarity exponent, which may depend
on the other dimensionless numbers in parenthesis and can only
be obtained from real or numerical experiments. The function U2

is a new dimensionless function of the remaining dimensionless
parameters.

It is interesting to note that Eq. (13) is consistent with most of
the semi-empirical correlations published in the literature for the
thermal contact conductance of rough surfaces. Such correlations
suggested power-law dependencies between the contact conduc-
tance and the applied pressure as in Eq. (1), with coefficients of
proportionality depending on various statistical parameters. In
the following, they are rewritten by modifying the original nota-
tion to make it consistent with the present formulation. In doing
so, all the statistical parameters are reduced to the moments of
the power spectral density and their combination a by using the
equations in [20] given by random process theory. This enables
us to compare the various correlations directly. Then, the moments
m0, m2, m4 and a are expressed in terms of the long wavelength
cut-off D, the sampling interval d, and the fractal dimension D,
using again the relationships in [20]. This last approximation holds
for self-affine rough surfaces with power spectral density of
power-law type (fractal surfaces) and for d� D.

Mikic [22] proposed a power-law correlation between conduc-
tance and pressure. Using an asperity model similar to that of
Greenwood and Williamson [10], he finally fitted experimental re-
sults obtaining:

eC ¼ 2:18
ffiffiffiffiffiffiffi
m0
p

D

� ��0:06

m0:03
2

pD
E
ffiffiffiffiffiffiffi
m0
p

� �0:94

ffi 2:43
3� D
D� 2

� �0:03 d
D

� �0:06ð2�DÞ pD
E
ffiffiffiffiffiffiffi
m0
p

� �0:94

: ð14Þ

Comparing (14) with (13), we note that they are of the same form
with b = 0.94. Notice in particular the independence of the dimen-
sionless ratio

ffiffiffiffiffiffiffi
m0
p

=D. The Mikic model was subsequently reconsid-
ered by the Yovanovich’s group in a series of papers, proposing
some variants. For instance, Blahey et al. [23] established the fol-
lowing correlation:

eC ¼ 3:86
ffiffiffiffiffiffiffi
m0
p

D

� ��0:07

m2
ffiffiffi
a
p� �0:035 pD

E
ffiffiffiffiffiffiffi
m0
p

� �0:93

ffi 4:39
ðD� 1Þ�0:035ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD� 1Þð3� DÞ

p d
D

� ��0:035ðD�1Þ pD
E
ffiffiffiffiffiffiffi
m0
p

� �0:93

; ð15Þ

which is also exactly of the form (13). Subsequently, Sridhar and
Yovanovich [4] re-examined the Greenwood and Williamson theory
[10] and proposed a correlation valid for p/E > 1 � 105 and for
5 < a < 100, where a slight dependence on the bandwidth parameter
a suggested:

eC ¼ kSY
p
E

� �0:922a1=205:54

; ð16Þ
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where kSY is a coefficient dependent on a (see [4] for more details).
Such a dependence of the exponent b on a is also plausible accord-
ing to the previous dimensional analysis arguments, since b may
depend on the dimensionless numbers in Eq. (5).

Removing the assumption of a constant (average) radius of cur-
vature for the asperities, Bush and Gibson [11] derived a correla-
tion similar to the previous ones, but with a significantly lower
exponent of p/E:

eC ¼ 1:38
ffiffiffiffiffiffiffi
m0
p

D

� ��0:11

ðm2
ffiffiffi
a
p
Þ1=2m�0:44

2
pD

E
ffiffiffiffiffiffiffi
m0
p

� �0:89

ffi 1:69
ðD� 2Þ0:49

ðD� 1Þ0:25ð3� DÞ0:19

d
D

� �0:78ðD�2Þ�1 pD
E
ffiffiffiffiffiffiffi
m0
p

� �0:89

; ð17Þ

which again is of the form of Eq. (13), this time with b = 0.89. Notice
that this model shows a significantly stronger dependence on the
parameter d/D.

Eq. (13) can be recast as an ordinary differential equation with
separable variables, in order to determine the relationship between
pressure and separation. We obtain

d~p
~pb
¼ �U2

2
d~d; ð18Þ

where we define the dimensionless variables

~p ¼ pD
E
ffiffiffiffiffiffiffi
m0
p ~d ¼ dffiffiffiffiffiffiffi

m0
p :

If b – 1, this equation has the solution

~p1�b

1� b
¼ U2

2
ð~d0 � ~dÞ; ð19Þ

where ~d0 is a constant of integration. This is a power-law relation-
ship between the applied pressure and the normal compliance asso-
ciated with the asperities, wa ¼ ~d0 � ~d. Notice however that
although the value ~d ¼ ~d0 corresponds to ~p ¼ 0, we cannot identify
the constant ~d0 with the highest point in the surface, since the
power law behavior depends upon incomplete similarity which
breaks down at very low pressures. Indeed, the highest point of
the surface ~dmax depends on extreme-value statistics of the surface
and is likely to exhibit significant variance, making it unreliable as a
parameter in a contact model.

For the special case b = 1, the ODE (18) has the exponential
solution:

~p ¼ K exp �U2
~d

2

 !
; ð20Þ

where the dimensionless multiplying constant K is related to the
constant of integration and hence is undeterminate. A similar
expression is of course obtained from the Greenwood and William-
son theory [10] when an exponential distribution of asperity
heights is considered, leading to an expression of the form

~p ¼ KGW expð�~dÞ; ð21Þ

where the multiplying constant KGW depends on the number of
asperities per unit area and the summit radii. This agrees with the
form (20) with U2 = 2.

Persson’s recent theory [12] also suggests an exponential rela-
tion between p and d:

p ¼ cE expð�d=d0Þ; ð22Þ

where the coefficient c depends on the fractal dimension and on the
length scales d and D, but was determined from a best fit. The con-
stant d0 was found to be of the order of magnitude of

ffiffiffiffiffiffiffi
m0
p

, implying
U2 of order 2 in Eq. (20).
Finally, we remark that, in case of exponential relations be-
tween ~p and ~d, a straightforward application of Eq. (13) leads to
a linear dependence between eC and p/E.

3. Computation of the contact compliance related to the
asperities

If a finite flat rigid indenter were pressed into a perfectly flat
half-space, there would be some elastic compliance and hence also
a thermal resistance. Micromechanical contact theories, such as
the model by Greenwood and Williamson [10] and Ciavarella
et al. [24] attempt to describe the additional compliance or resis-
tance associated with the surface roughness. When techniques
based on the boundary element method [25] or the finite element
method [26] are employed to solve a discrete version of the normal
contact problem, the measured compliance is the sum of these two
effects and it is necessary to subtract the compliance associated
with the equivalent flat contact problem to extract the effect of
the surface roughness.

If the nominal contact area comprises a square of dimensions
L � L, the mean specific conductance is [14]

C ¼ 1
0:868qL

; ð23Þ

implying that a mean nominal pressure p will cause a displacement

w0 ¼
0:868Lp

E
: ð24Þ

The number 0.868 in Eq. (23) is a best-fitting coefficient estabished
in [27] to fit the numerical results obtained with the boundary ele-
ment method. If the motion of the rigid indenter is described by a
normal displacement w, measured from the point of first contact
dmax, we would normally expect to write d = dmax �w, but in view
of this discussion, the value appropriate to asperity deformation
alone is

d ¼ dmax �wþw0: ð25Þ

In other words, only the difference w � w0 between the actual dis-
placement and that which would occur with an equivalent flat sur-
face should be used in computing the incremental stiffness
associated with the surface roughness.

4. Numerical generation of self-affine rough surfaces with
minimized waviness effects

When nonconforming contact takes place, as, e.g., when a rough
sphere is pressed against a flat plane [28], the asperity compliance
modifies the mean pressure on the macroscale and tends to reduce
the difference between the singular pressure at the edges and the
lower pressure in the middle. For very rough surfaces, the mean
pressure would be approximately uniform. As investigated in
[6,29], the macroscopic surface curvature has an important effect
on the overall contact conductance and only the microscale con-
ductance defined by the effective layer thickness h of Eq. (8) is
independent of the surface profile. Therefore, decoupling the con-
tribution due to microscale roughness from the overall contact
conductance is particularly important, since this quantity is the
only one that is not model-specific. If the roughness contribution
is properly identified, then it is possible to translate the results into
something that appears as an additional (mean) pressure depen-
dent resistance at the interface. This result can then be used in
other applications with more complex geometries involving
waviness.

In order to decouple the contact resistance due to surface
roughness from that due to the macroscopic geometry, we need
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the longest wavelength D associated with the roughness to be
significantly smaller than the length dimension of the nominal
contact area, which in the present instance requires that L� D.
To this aim, in this section we propose a modified method for
the generation of fractal rough surfaces with minimized long
wavenlength content.

Among the various methods to generate rough surfaces with self-
affine properties, we select the Random Midpoint Displacement
(RMD) algorithm [30]. A random number generation, whose vari-
ance changes with scale, adds the requested details to the grid points
of a progressively refined mesh. Few input parameters are necessary
to generate these complex geometries [31]: the fractal dimension D,
the initial variance of the random number extraction r2

0, and the no-
dal spacing, d. At the preliminary step, the heights of the four lattice
corners are set equal to four random numbers (extracted from a
Gaussian variable with zero mean and unit variance, see points la-
beled j, s, o and p in Fig. 1). The height of the central node l is then
computed as the average of the heights of the four corners, plus a va-
lue extracted from a Gaussian random variable with reduced vari-
ance r2

1 ¼ r2
0ð1=

ffiffiffi
2
p
Þ3�D. The heights of the intermediate nodes r, i,

k and q along the boundaries are determined as the interpolated
height of the three neighboring nodes (for instance p, l and o for
the node r), plus a value extracted from a Gaussian distribution with
the new rescaled variance r2

2 ¼ r2
1ð1=

ffiffiffi
2
p
Þ3�D. The recursive proce-

dure is now repeated to each subcell with further divisions. Note
that the heights of previous generation steps are no longer modified.
As a result, the surfaces are such that the height field corresponding
to the generation index k embeds all the height-fields of the previous
generation indices (k � 1,k � 2, . . . ,1).

Surfaces generated with the classical RMD algorithm have spec-
tra with wavelengths that go all the way to the size of the tested
specimen, and the results are quite sensitive to the detailed way
they are constructed. Hence, they will generally exhibit an unde-
sired random waviness whose effects will have a significant influ-
ence on the estimate of the contact conductance. This waviness is
primarily due to the first step of the surface generation, where the
heights of the four lattice corners are set equal to four random
numbers. Further refinements of the height field just add more de-
tails on the initial geometry and therefore the power spectrum of
the surface is no longer modified in the low frequency range.

In order to reduce such undesirable waviness effects of the sin-
gle RMD patch, the four corner heights generated during the first
step of the above RMD algorithm are set equal to zero. However,
this modification is not exhaustive for the complete removal of
waviness, which can still be induced by the generation of the sub-
sequent heights. Thus, instead of generating a set of RMD samples
differing from each other through the initial seed of the random
number generator and testing each surface individually, we gener-
ate a single rough surface composed of n � n RMD patches. This
permits us to have the longest wavelength associated with the
Fig. 1. Three success
roughness significantly smaller than the lateral size of the nominal
contact area. Each patch has a lateral size D, and the nominal sur-
face size will be L. Therefore, for this generation method, the
dimensionless number L/D is equal to n. The contact response of
a patch of RMD surfaces should be, in some sense, equivalent to
averaging over n � n different realizations of the smaller contact
patches. However, clustering and contact spot distributions across
patches might even dominate over the local asperity effects and
can be relevant.

Hence, the RMD generation algorithm is repeated n � n times
with different random seeds as input and the final surface is ob-
tained by collecting all the individual RMD patches in a n � n grid.
The height fields of the RMD patches are characterized by different
average values which may be another source of waviness. For
example, for a surface with D = 2.3, d = 1/64 and n = 8, the differ-
ence between the average plane of each RMD patch, z, and the glo-
bal average plane, z⁄, divided by the global r.m.s. roughness,

ffiffiffiffiffiffiffi
m0
p

,
varies approximately from +2 to �2. This variability is particularly
significant. To remove it, the height fields of each RMD patch are
rescaled in order to match the average plane of the RMD patch
which has the tallest asperity. In this way, when contact between
the rough surface and a smooth plane is simulated, each asperity
comes into contact in correspondence to the same separation from
the mean plane as if the contact patches were tested separately
from each other.

5. Algorithm for the solution of the nonlinear contact problem

The normal contact problem of rough surfaces generated with
the modified RMD method described in the previous section is
numerically solved using a discrete version of the Greenwood
and Williamson contact theory, as firstly proposed by Ciavarella
et al. [32]. Considering the contact between a rough surface and
a smooth rigid plane, the solution procedure for each mean plane
separation d(j) consists in the following steps:

(1) Asperities are identified from a 3D numerical scan as local
summits, and their radii Ri are measured.

(2) The initial contact domain is defined as in the original
Greenwood and Williamson theory [10] by the set of asper-
ities overlapping the smooth rigid plane, i.e., having zi P d(j).
This initial compliance of a generic asperity in contact, say
wi = zi � d(j), is used to compute the contact radius ai, its con-
tact area Ai, and its load Pi according to the Hertzian
equations:
ive RM
ai ¼
ffiffiffiffiffiffiffiffiffi
Riwi

p
; ð26aÞ

Ai ¼ pa2
i ; ð26bÞ

Pi ¼
4
3

E
Ri

a3
i : ð26cÞ
D steps.
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The total contact area and total pressure without asperity
interaction are then computed by summing all the asperity
contributions.
(3) An iterative procedure is then applied to consider elastic
interactions between asperities. In the generic jth step, for
a given distribution of contact dimensions aðjÞi , the correction
to the displacements wðjÞi due to the other asperities is the
following [33]:
DwðjÞi ¼
XN

k¼1;k–i

1
pRk

2a2
k � r2

ik

� �
arcsin

ak

rik
þ ak

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

ik � a2
k

q	 

;

ð27Þ

where the sum is extended to all the N asperities in contact
and rik is the distance between the asperities i and k. The
compliances of the asperities are then updated as

wðjþ1Þ
i ¼ wðjÞi � DwðjÞi . The contact condition zi P di is double-

checked. If satisfied, then the contact radius is updated as

aðjþ1Þ
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Riw

ðjþ1Þ
i

q
, otherwise ajþ1

i ¼ 0. The procedure is re-

peated until the maximum relative error in the computed
asperity displacements is less than the tolerance of

1 � 10�12. This relative error is defined as max jDwðjÞi j=wðjÞi

� �
.

(4) The total real contact area Ar and the total pressure with
asperity interaction effects are finally computed by sum-
ming the individual asperity contributions. Then, we move
to the next value of the mean plane separation and we
repeat from the step (2).

Convergence of the numerical algorithm is quite fast, as illus-
trated in Fig. 2 for a generic mean plane separation. In the first four
iterations, a quadratic convergence is achieved, since the error pro-
gresses as 1 � 100, 1 � 10�2, 1 � 10�4, 1 � 10�8. This implies that
the number of accurate digits doubles from one iteration to the
next. Afterwards, a superlinear convergence is preserved, until
the achievement of the prescribed tolerance of 1 � 10�12.

6. Parametric analysis

The relationships between normal contact stiffness and pres-
sure and between pressure and compliance of self-affine rough
surfaces are here investigated in reference to the self-affine sur-
faces composed of modified RMD patches. The normal contact
problem is solved numerically according to the algorithm proposed
in Section 5. In contrast to the semi-analytical solutions provided
by micromechanical contact theories, the numerical approach used
here permits us to analyze an actual representative surface topol-
ogy (distribution of asperity heights and asperity curvatures)
without making simplifying assumptions. Most importantly, it
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Fig. 2. Convergence of the numerical method.
takes into account elastic interactions between asperities, a feature
not considered in the studies that led to the correlations reported
in Section 2.

Parametric analyses are performed by varying the dimension-
less numbers L/D, d/D, and D. Starting with L/D, we select
D = 2.3, d/D = 1/64, and we generate surfaces with n � L/D = 2, 4,
and 8. Each tested surface is composed of n � n surface patches
having the same lateral size D. The dimensionless pressure vs. sep-
aration response of the rough surfaces is depicted in Fig. 3, with or
without asperity interactions. The response of a single (n = 1) stan-
dard RMD patch is also superimposed with open circles for com-
parison. Neglecting asperity interaction (Fig. 3(a)), the curves
tend to converge to the same pressure level, for very low separa-
tions. On the other hand, when asperity interaction is included,
the various cases show quite distinct behavior. As a general trend,
the higher the lateral size, the lower the asymptotic pressure. No-
tice that on this log-linear scale, a straight line would correspond
to an exponential relation between pressure and separation, as
suggested by the original Greenwood and Williamson contact the-
ory with an exponential distribution of asperity heights, or in the
recent Persson’s theory. As it can be seen, the deviation from line-
arity is quite evident, especially when elastic interactions between
asperities are taken into account.

The dimensionless specific conductance, computed via the
derivative of the pressure-separation curves in Fig. 3, is plotted
as a function of the dimensionless pressure in Fig. 4. The differen-
tiation is carried out according to the forward finite difference
scheme. The low regularity of the dimensionless pressure vs. sep-
aration curve for ~d � 3 in case of L/D = 8 is due to the presence
of a small number of asperities in contact, which makes the results
statistically not representative of the surface behavior. Reducing
the separation ð~d < 3Þ, more asperities come in contact and the
curve becomes smoother.

Without interaction effects (Fig. 4(a)), the relation between
dimensionless contact stiffness and applied pressure is well
approximated by a power-law with exponent b = 0.82. This expo-
nent is more or less independent of L/D. However, the results for
a single standard RMD patch (empty dots, green in the online ver-
sion) that does not possess the scale separation of the modified
patches, would lead to a lower slope equal to 0.74. When elastic
interactions are considered (Fig. 4(b)), two regimes can be ob-
served. For low contact pressures, ~p K 1� 10�1, the contact stiff-
ness is a power-law function of the pressure with an exponent
b � 0.72 which is almost independent of L/D. At higher pressures,
the slope reduces, with b � 0.46. By increasing the ratio L/D, the
gap between the curves tends to diminish, indicating a conver-
gence as theoretically expected. In the theoretical limit of
L/D ?1, the effect of the finite dimensions of the nominal contact
area on the microscale resistance due to roughness should vanish.

Note that the maximum dimensionless pressure attained for the
simulations in case of asperity interactions is significantly lower
than that observed when elastic interactions are neglected. We re-
mark here that all the simulations are performed up to a minimum
dimensionless separation equal to edmin ¼ 0, which physically means
that 50% of the asperities have been brought into contact. This sep-
aration is usually considered low enough to obtain a high pressure
regime. The rough surface with D = 2.3, L/D = 2 and d/D = 1/64 has
also been tested up to ~dmin ¼ �2, which corresponds to 98% of
asperities in contact. The computing time drastically increases and
the dimensionless pressure taking into account the elastic interac-
tions changes from 0.9 to 2.5, which is in any case less than the max-
imum pressure of ~p � 10 attained without interactions for ~dmin ¼ 0.
The transitional value of ~p � 1� 10�1 for the pressure delimiting
the two power-law regimes was fully confirmed.

Considering now the parameter d/D, we select D = 2.3 and
L/D = 2. The RMD surfaces are generated with three different
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resolutions, such that d/D is 1/32, 1/64, and 1/128. The higher is d/
D, the coarser is the surface. To give an idea of the computational
complexity of the problem, the surface with the finest resolution
presents nearly 20000 asperities in contact. As we know from the
bounds theorem [13], the effect of shorter wavelengths is bounded
and it reduces as we reduce the short wavelength cut-off d. Any
dependence on this parameter has no physical significance, unless
there is still such a dependence when we get down to length scales
comparable with atomic dimensions, where fractality (and indeed
continuum theory) must break down. The dimensionless specific
contact conductance for these surfaces is plotted as a function of
the dimensionless pressure in Fig. 5. Without interaction effects
(Fig. 5(a)), the relation between dimensionless contact stiffness
p
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and applied pressure is again well approximated by a power-law
with exponent b = 0.81. This exponent is independent of d/D, as ex-
pected. When elastic interactions are considered (Fig. 5(b)), two re-
gimes can be observed. For low contact pressures, ~p K 1� 10�1, the
contact stiffness is a power-law function of the pressure, with an
exponent b � 0.73. Afterwards, the exponent is diminished and it
is approximately equal to b � 0.46. Also in this case, no significant
difference can be noticed in the three cases, confirming that the
contact conductance due to roughness is mainly governed by the
long wavelength cut-off.

Finally, we examine the effect of the fractal dimension, consid-
ering L/D = 2, d/D = 1/64, D = 2.3, 2.5 and 2.7. The pressure vs.
compliance response of the rough surfaces is depicted in Fig. 6,
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with or without asperity interaction effects. When asperity interac-
tions are considered, the responses become very similar to each
other, in the whole range of separations.

The dimensionless specific contact conductance vs. pressure is
shown in Fig. 7. Without interaction effects (Fig. 7(a)), the exponent
b of the power-law approximation is 0.82, almost independently of
D. When elastic interactions are considered (Fig. 7(b)), again two
different regimes can be noticed, depending on the pressure level.
For ~p K 1� 10�1; b � 0:71, whereas for ~p J 1� 10�1 we find
b � 0.48.
7. Conclusions

In this paper, the dependence of the contact conductance of
self-affine rough surfaces on the applied pressure has been inves-
tigated using the electric-mechanical analogy which relates the
contact conductance to the normal stiffness. According to preli-
minary dimensional analysis arguments, an efficient dimensionless
formulation has been proposed, reducing the number of dimen-
sionless variables to four. They correspond to the dimensionless
pressure, the dimensionless sampling interval, the dimensionless
surface size, and the surface fractal dimension. Moreover, a
power-law dependence on the dimensionless pressure has been
postulated, based on considerations of incomplete similarity.

Using this formulation, it has been shown that most of the earlier
semi-empirical correlations of power-law type can be recovered as
special cases. Moreover, its integration permits us to determine the
pressure vs. separation relation, which can be of either power-law
or exponential type. The latter is obtained when b = 1, as in the
Greenwood and Williamson theory with an exponential distribu-
tion of asperity heights and in the recent Persson’s theory.

To compute the exponent b of the power-law, and relate it to
the morphological properties of the surfaces, we then performed
a series of numerical tests on self-affine rough surfaces generated
by the random midpoint displacement (RMD) method. Rough sur-
faces were obtained as a collection of modified RMD patches, in an
attempt to minimize long wavelength effects and isolate the
response due to roughness. The results show significant depen-
dence on the ratio L/D between the nominal contact dimension L
and the long wavelength cut-off D, but the results appear to con-
verge as L/D is increased. By contrast, the power-law exponent b
is relatively insensitive to L/D.

The short wavelength cutoff d was found to have very little
influence on the conductance, as theoretically predicted by the
bounds theorem [13].

Finally, the effect of the fractal dimension has been investi-
gated. As a general trend, when asperity interactions are neglected,
we find b � 0.82 ± 0.01. This value is not too different from b = 0.89
analytically predicted by Bush and Gibson [11], who considered
distributions of asperity heights and curvatures according to the
random process theory. In our present computations, no assump-
tions on the distributions of asperities and curvatures are made,
since the actual geometries of the rough surfaces are considered
in the numerical simulations. When asperity interactions are in-
cluded, the power-law exponent diminishes significantly relative
to that computed in absence of elastic interactions. More specifi-
cally, we find two different regimes, depending on the pressure le-
vel. For low dimensionless contact pressures ð~p K 1� 10�1Þ, which
corresponds approximately to p/E [ 1 � 10�3 for all the tested
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surfaces, we have b � 0.72 ± 0.01. For higher pressure levels ð~p J
1� 10�1Þ, the exponent is further reduced, having b � 0.47 ± 0.01.
These results may contribute to the understanding of the large
scatter of results reported in the literature.
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