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A system of two meshing gears exhibits a stiffness that varie
the number of teeth in instantaneous contact and the locatio
the corresponding contact points. A classical Newtonian state
of the equations of motion leads to a solution that contradicts
fundamental principle of mechanics that the change in tota
ergy in the system is equal to the work done by the external fo
unless the deformation of the teeth is taken into account in d
ing the direction of the instantaneous tooth interaction force.
paradox is avoided by using a Lagrange’s equations to deriv
equations of motion, thus ensuring conservation of energy.
introduces nonlinear terms that are absent in the classical e
tions of motion. In particular, the step change in stiffness as
ated with the introduction of an additional tooth to contact imp
a step change in strain energy and hence a corresponding
change in kinetic energy and rotational speed. The effect of
additional terms is examined by dynamic simulation, using a
tem of two involute spur gears as an example. It is shown tha
two systems of equations give similar predictions at high r
tional speeds, but they differ considerably at lower speeds
results have implications for gear design, particularly for l
speed gear sets.fDOI: 10.1115/1.1891815g

1 Introduction
The undesirable noise and vibration caused by gears in a

variety of machines has motivated research into uncoverin
fundamental noise sources that include variable mesh stiff
backlash, tooth profile error, misalignment, and surface fric
The negative impact of unwanted noise has driven an ind
trend toward more stringent noise specifications. To address
issues, recent research has sought to develop more refined d
tions of vibratory phenomena so that vibration mitigating des
can be developed. In order to obtain more accurate predic
models are needed that are capable of predicting not onl
global behavior, but also higher frequency details of the resp
The radiated noise from a gear system, for example, will de
critically on the high frequency response.

A primary source of gear noise and vibration is the vary
mesh stiffness. Because the number of gear teeth in contac
cally changes during rotation, the mesh stiffness varies with
rotation of gears, introducing a parametric excitation. The de
rious effects of parametric resonance are well knownf1,2g. While
other vibration sources such as profile errors and contact los
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also extremely important, mesh stiffness variation is unavoid
even in idealized, perfect involute gears and as such serves
point of departure for this study.

In Den Hartog’s bookf3g, the variation of the number of tee
in contact is modeled as a time-varying stiffness functionsa piece
wise constant functiond, a model that is also used in the m
recent work of Kahraman et al.f4g and Padmanabhan et al.f5g,
for example. A constant mesh stiffness model was used in C
parin et al. f6g, Padmanabhan et al.f7g, and Kahraman et a
f8–10g. In a constant stiffness model, vibrations are excited
either an external force, tooth error, or backlash effects. Com
et al. f6g, Padmanabhan et al.f5,7g, and Kahraman et al.f4,8–10g
included backlash, where the stiffness depends on the diffe
between two gears’ rotation angles and nonlinearity oc
through loss of contact in this model. Tooth error is an impo
source of vibration and was studied by Kahraman et al.f4,8,10g
and Mark et al.f11g, for example.

In all these analyses, a classical Newtonian formulation is
to obtain the equations of motion and the stiffness is assum
be a known function of time. In practice, of course, the stiffn
will be a function of the angular rotation of the gear set and
will only be known as a function of time if the mean rotatio
speed can be assumed to besor approximated asd constant. Fur
thermore, for contacting systems with kinematically varying s
ness, a classical Newtonian statement of the equations of m
leads to a solution that contradicts the fundamental princip
mechanics that the change in total energy in the system is eq
the work done by the external forces, unless the elastic defo
tion of the contacting bodies is taken into account in defining
direction of the instantaneous contact forcef12g. This result is a
generalization of Timoshenko’s resolution of his paradox reg
ing the energetics of a vehicle driving over an elastic br
f13–15g.

Two papers have studied perturbations of the mean rotatio
from a constant value. Blankenship et al.f16g investigated th
dynamic response of mechanical oscillators for modulation
bands. They considered stiffness as a function of the disp
ment, rather than as an explicit function of time. Their mo
included a linear perturbation of the mean rotation rate by
difference angle and they did not use or develop the couple
namical equations for the mean rotation and the deflection. H
ever, their results in part motivate the current study as they f
that the effect of an angle modulation on the response is dram
even for a small angular perturbation. While Vinayak et al.f17g
started their analysis with a consideration of the mesh stif
dependence on the mean rotation anglesarising from the varia
tions of mean rotation velocity with respect to timed, their com-
putations are based on an explicit dependence of the mesh
ness on time, i.e., the mean rotation angle is a product of con
mean angular velocity with time, uncoupled from the differenc
rotation angles. Hence, the coupled evolution equations for
rotation and relative deflection angles were not derived in eith
these studies.

In this paper, we use a Lagrange’s equations to derive co
tent, energy-conserving equations of motion for a pair of mes
involute spur gears, for which the meshing stiffness is a fun
of rotational angle. These equations will be shown to differ f
the usual Newtonian equations by the inclusion of certain no
ear terms. Simulation results will then be used to assess th
nificance of these terms and hence the conditions under whic
simpler Newtonian equations provide a reasonable approxim

2 Problem Formulation

2.1 Equations of Motion. The gear system is modeled as
inertia-spring system with two degrees of freedom, negle
damping at outsetsFig. 1d. In Fig. 1, N1,N2 are the numbers
teeth on each gear andu1,u2 are the rotation angles of each ge
T0 is a constant applied torque. An input torque on a driving
n

is T0N1 and a balanced output torque on the driven gear isT0N2,
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although the equations of motion can be derived with arbi
input and output torques. The generalized coordinatesq1=N1u1,
q2=N2u2 are introduced and the following definitions are mad

f =
q1 − q2

2
=

N1u1 − N2u2

2
,

u =
q1 + q2

2
=

N1u1 + N2u2

2
,

q1 = u + f, q2 = u − f,

wheref is the relative deflection angle between two interac
gears andu is the mean rotation angle of two gears. The de
mation of the gear teeth is given byf while u represents th
rotational motion for which the gears are designed.

With the definitions above, kinetic energy,T, and potentia
sstraind energy,V, of the system can be written

T =
1

2

I1

N1
2q̇1

2 +
1

2

I2

N2
2q̇2

2 =
I1

2

su̇ + ḟd2

N1
2 +

I2

2

su̇ − ḟd2

N2
2 ,

V =
1

2
ktsr1u1 − r2u2d2 = 2ktS r1

N1
D2SN1u1 − N2u2

2
D2

=
k

4
sq1 − q2d2 = kf2,

Q1 = T0, Q2 = − T0, k = 2ktS r1

N1
D2

, s1d

where kt is translational mesh stiffness between gearssN/mmd,
Q1,Q2 are generalized forces,r1 andr2 are the pitch circle radii o
each gear, andI1,I2 are the moments of inertia of each gear.
effective torsional stiffness has been defined for conveniencek
swith units of N/mmd. Using Lagrange’s equationf18g and afte
some algebra, the equations of motion can be written in term
the relative deflection angle,f, and the mean rotation angle,u, as

f̈ + M2ksudf +
M1

2

dk

du
f2 = M2T0, s2d

ü + M1ksudf +
M2

2

dk

du
f2 = M1T0, s3d

where

M1 =
1

2
SN1

2

I1
−

N2
2

I2
D, M2 =

1

2
SN1

2

I1
+

N2
2

I2
D .

Equationss2d and s3d define the energy-conserving equations
motion for the gear system of Fig. 1. A more complete gear
tem, including shafts and bearings, etc., could also be analyz
the same procedure. However, the principal focus of this stu
the gear tooth interaction and additional system parameter
therefore not introduced here in the interest of simplicity.

Notice that nonlinear terms enter into the equations of mo
s2d and s3d even though the deflections are assumed to be s
These terms arise through the explicit dependence of mesh
nessk on the mean rotation angleu. It is tempting to neglect th
terms in Eqs.s2d ands3d involving f2 on the grounds thatf!1.
However, for spur gears there will be rapid changes of stiffne
the points where the number of teeth in contact changes, le
to instantaneously large values of the multiplierdk/du sFig. 2d.

2.1.1 Relation to Classical Gear Models. The classical gea
dynamics equations can be viewed as approximations to
energy-conserving equationss2d and s3d based on the neglect
nonlinear effects. We next show which terms must be neglect
obtain the gear equations most commonly used in the litera

One assumption that must be made is that the stiffnessksud is a
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relatively smooth function ofu. Then we might reasonably dr
the f2 terms, based on the heuristic argument that they are
to be negligible. This leads to the equations

f̈ + M2ksudf = M2T0, s4d

ü + M1ksudf = M1T0. s5d
These are the equations that would be obtained by applying
ton’s laws to the system, assuming that the line of action o
tooth interaction force remains at all times on the common tan
to the gear base circlesswhich, of course, is not true under def
mationd. This assumption is strictly correct only if the gears
rigid. When tooth deformation is taken into account, the lin
action deviates from the ideal line and it is shown inf12g that
neglect of this effect in any contact problem with variable stiffn
causes the resulting Newtonian equations of motion to violat
energy principle. We shall therefore refer to Eqs.s4d ands5d as the
rigid kinematic Newtonian equations. They remain nonlinear a
long asksud is considered as a function ofu.

A further approximation that is commonly made is to ass
that the stiffnessk is a function not ofu, but of timet. Strictly, this

would only be justified if the mean rotational speedu̇=V0 were
constant, givingksud=ksV0td, but this clearly contradictss5d, in
which the second term is generally nonzero and varies wt.
However, we note that in the more general caseu will differ from
V0t only by a small quantity of orderf and hence the err
involved in replacingksud by ksV0td will be small, once again a
long ask is a smooth function ofu. If we can make this approx
mation, Eq.s4d reduces to

f̈ + M2ksV0tdf = M2T0 s6d

and is uncoupled from the equation foru. Equations6d, with all of
these approximations, is used in most of the literature on
vibrationsse.g.,f1–9gd and we shall refer to it as theclassical gea
equation.

2.2 Discontinuities in Stiffness.The preceding discussi
suggests that the classical gear equations6d is a reasonable a
proximation of Eqs.s2d ands3d as long as the derivativedk/du is
never large in some sensese.g.,dk/du is never orders of magn

Fig. 1 Dynamic model for two different gears: T0 is the con-
stant applied torque, N1,N2 are number of teeth of gears 1 and
2, respectively; u1 is the rotation angle of gear 1 and u2 is a
rotation angle of gear 2; k„u… is the meshing stiffness

Fig. 2 Limiting process occurring during the change in the

number of teeth in contact

APRIL 2005, Vol. 127 / 209
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tude larger thankd. However, for two meshing spur gears, ther
a discontinuity in stiffness at the point where the number of t
in contact changes, implying a locally infinite value ofdk/du.

To explore the behavior at such a discontinuity more rigoro
we first consider the piecewise-linear step of Fig. 4, in which
stiffness changes fromk0−Dk/2 to k0+Dk/2 over the rangeu0
−e /2,u,u0+e /2—i.e.,

ksud = k0 +
Dksu − u0d

e
; u0 − e/2 , u , u0 + e/2. s7d

Integrating Eq.s3d with respect tou over this interval, we ob
tain

E
−e/2

e/2

ü du + M1E
−e/2

e/2

ksudf du +
M2Dk

2e
E

−e/2

e/2

f2 du

= M1T0E
−e/2

e/2

du. s8d

If we now proceed to the limite→0, the second and fourth term
in this equation tend to zero, and the first term can be integ
by parts, giving

su̇+d2 − su̇−d2 + M2Dkf2 = 0, s9d

whereu̇+, u̇− are the values ofu before and after the discontinui
respectively.

Thus, the nonlinear equationss2d and s3d imply that there wil

be a discontinuity in rotational speedu̇2 across a jump in stiffnes
proportional to the instantaneous value off2 and the magnitude o
the stiffness change. The gear set will slow down ifDk is positive
swhen the number of teeth in contact increasesd and speed up
Dk is negativeswhen the number of teeth in contact decreased.

It is easy to see the energetic cause of this discontinui
rotational speed. If the stiffness increases for a given valuef,
the elastic strain energy in the gear set increases discontinu
and there is nowhere for this energy to come from other than
corresponding reduction in the kinetic energy of rotation. Equ
it is clear that both the classical gear equations6d and the rigid
kinematic Newtonian equationss4d and s5d, which do not predic
such an effect, will lead to spurious discontinuities in the t
energy of the system at each discontinuity in stiffness.

Once the change in rotational speed

Du̇ ; u̇+ − u̇− s10d

has been obtained from Eq.s9d, the corresponding change inḟ
can be found by integrating Eq.s3d across the discontinuity as

Dḟ = SM1

M2
DDu̇. s11d

2.3 Piecewise Constant Stiffness.For meshing involute spu
gears, the contact stiffness functionksud can reasonably be a
proximated by a piecewise constant function alternating bet
two different constant valuesk1,k2 depending on the number
teeth in instantaneous contact, as is commonly assumed in
analysisf19g. Furthermore, it is customary in gear analysis
neglect the contact stiffnesssHertzian-like local deformationd and
in the sequel we have done so. For gear sets like those stud
this paper, these assumptions are substantiated by our an
snot shown in this paperd of the contact problem, following th
methods put forth byf20g.

During periods of constant stiffness, Eqs.s2d ands3d simplify to
the linear equations

¨
f + M2kif = M2T0, s12d
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ü + M1kif = M1T0, i = 1,2, s13d
which are easily solved analytically. In this case, a piecewise
lytic solution algorithm can be devised involving the steps

1. Solve Eqs.s12d and s13d for i =1 with given initial condi

tions foru ,f , u̇ ,ḟ. This will define the values of these qua
tities as functions of timet.

2. Determine the end of the period withi =1 by solving the
nonlinear equationustd=u12, where u12 is the rotationa
angle at which the stiffness changes discontinuously frok1
to k2.

3. Use the “jump” equationss9d and s11d with Dk=k2−k1 to

determine the values ofu̇ ,ḟ immediately after the discon
nuity. The anglesu ,f are assumed continuous across
discontinuity.

4. Solve Eqs.s12d and s13d for i =2 with the initial condition

for u ,f , u̇ ,ḟ from step 3.
5. Determine the end of the period withi =2 by solving the

nonlinear equationustd=u21, where u21 is the rotationa
angle at which the stiffness changes discontinuously frok2
to k1.

6. Use the “jump” equationss9d ands11d with Dk=−sk2−k1d to

determine the values ofu̇ ,ḟ immediately after the discon
nuity, thus defining the initial conditions for a repeat of
whole procedure.

3 Results and Discussion
The algorithm of Sec. 2.3 was applied to the gear set defin

the parameters given in Table 1. The radii of the pitch circle
r1=76.2 mm for the smaller gear andr2=304.8 mm for the larg
gear. The moment of inertia for the smaller gear isI1
=2.89 kg mm2 while that of the larger gear isI2=740.2 kg mm2.
All results in this paper pertain to this gear set. Using stan

Table 1 Gear tooth geometry „20° full-depth involute gears …

No. of teeth of gear 24sdriving geard, 96 sdriven geard
Pressure angle 20°

Material of gears steelscarbon and low alloyd
Module 6.25smmd

Contact ratiostheoreticald 1.75

Fig. 3 Total energy „Utotal … comparison between the energy
conserving formulation „with the jump … and the rigid kinematic
Newtonian equations „without the jump … using balanced

torques

Transactions of the ASME
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analysisse.g., f20gd, the piecewise constant torsional stiffnes
were estimated ask1=1.43 kNm with one tooth in contact a
k2=2.78 kNm with two teeth in contact. The corresponding an
lar periods in each state areu12=1.73 rad andu21=4.56 rad, re
spectively.

A small amount of viscous damping was introduced into
piecewise linear computations. For simplicity, we have tak
form of the damping force that is proportional toḟ. The damping
force term that is then included on the left-hand side of Eq.s2d is
csr1/N1d2M2ḟ. A dimensionless viscous damping factor in
range 0.05,z,0.1 is typical for interacting gearsf21–23g and is
used in this study, where we define

z =
c

2
Î 1

k0M2
, k0 =

k1 + k2

2
s14d

Fig. 4 Power spectral density of the temporal re
from the equations with the jump, „b… and „e
equations „without the jump …, and „c… and „f…
power spectral densities for an initial angular ve
600 RPM, „N1V1 /vd =0.1…. „d…–„f… are power spe
driving gear corresponding to 4500 RPM „N1V
andc is the damping coefficient.

Journal of Vibration and Acoustics
s

-

e
a

3.1 Energy Considerations.We define the total energyU as

U = T + V − W, s15d

whereT is the kinetic energy of the rotating shafts,V is the elasti
strain energy in the springksud, andW is the work done by th
external torques. In the absence of damping,U should remai
constant, while with damping it can only decrease with timet.

Figure 3 shows the total energyU as a function oft for the gea
set of Fig. 3 forz=0.1 and an initial condition in which the dri
ing 24-tooth gear rotates at 300 rpm. The solid curve repre
the predictions of Eqs.s2d ands3d implemented through the alg
rithm of Sec. 2.3, while the dotted curve was obtained using
s4d ands5d, for which no jump inu is obtained at the discontinu
ties in stiffness. Not surprisingly, the results from the energeti
correct equations exhibit a monotonically decreasing total en

2

onse: Predictions in „a… and „d… are made
re made from the rigid kinematic Newtonian
e made from the classical model. „a…–„c… are
ity of the driving gear corresponding to
l density for an initial angular velocity of the
d =0.75…
sp
… a
ar
loc
ctra
due to viscous dissipation, but when thef terms in these equa-
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mesh-
tions are neglected, physically unrealistic upward jumps in
energy occur when the number of teeth in contact increases,
ing to a paradoxical situation where viscous damping is pre
but there is no overall reduction in total energy from cycle
cycle.

3.2 Dynamic Response.The most critical question is “T
what extent do the approximations inherent in the classical
equation affect the noise and vibration performance of the
set?” Figure 4 shows the power spectral densitysPSDd of the
temporal response off at two different rotational speeds, with
damping factor ofz=0.05. In each case, results are prese
based onsid the exact energy-conserving equationss2d ands3d, sii d
the rigid kinematic Newtonian equationss4d ands5d, andsiii d the
classical gear equations6d. The frequencyv is normalized by th
damped natural frequency of the system

vd = ÎM2k0s1 − z2d s16d

at the mean tooth stiffnessk0.
When the driving gear rotates at 4500 rpm, all three se

equations define essentially the same response, hence jus
the use of the simpler classical equations6d for vibration analysis
However, with the driving gear rotating at 600 rpm, the e
results differ markedly from the predictions of both Eqs.s4d and
s5d and Eq.s6d. In particular, the exact equations predict a p
response atv<3.2vd which is completely absent from the a
proximate results. The amplitude of this high frequency nois
nearly 400 times larger than that predicted by the classical
equation.

Even at 600 rpm, Figs. 4sbd and 4scd are almost identical, show
ing that the errors in the classical theory are largely due to
neglectf2 terms in s2d and s3d and, in particular, the resultin
jumps predicted bys9d and s11d.

4 Conclusions
Using a Lagrange’s equation to formulate the gear intera

problem, we have demonstrated that nonlinear terms must b
cluded in the equations of motion if the resulting predictions
to satisfy the fundamental mechanics principle that the work
by the external forces be equal to the change in total energy
system. We show that the classical gear equations predict
tifical net increase in energy during one cycle of rotation. Th
nonlinear terms become significant at points where the tooth
tact stiffness changes rapidly, in particular when the numb
teeth in contact changes between two meshing spur gears.

Dynamic simulation results show that the importance of t
effects depends on the rotational speed of the system. At
rotational speeds, the frequency response is indistinguishable
that predicted by the classical equations, but at slower sp
significant differences are observed. In particular, the e
212 / Vol. 127, APRIL 2005
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energy-conserving equations predict a peak in high frequency
vibration that is not present in the frequency response of th
proximate analysis.
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