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Effect of Intermittent Contact on 
the Stability of Thermoelastic 
Sliding Contact 
In many sliding systems, the sliding surfaces are not coextensive, so that points on 
one surface experience alternating periods of contact and separation. This intermit
tent process can be expected to influence the sliding speed at which the system is 
susceptible to frictionally-induced thermoelastic instability (TEI). This question is 
explored in the context of a simple system consisting of a rotating thin-walled cylinder 
whose end face slides against a rigid surface. The results show that at low Fourier 
number—i.e., when the frequency of the process is high compared with the thermal 
transient of the system—only the time-averaged frictional heat input is important 
and the critical speed is an inverse linear function of the proportion of time in 
sliding contact. At higher Fourier number, lower critical speeds are obtained, but 
the dependence on Fourier number is relatively weak. 

1 Introduction 
When two bodies slide against each other, the frictional heat 

generated causes a nonuniform temperature field and hence ther
moelastic distortion, which in turn affects the contact pressure 
distribution. If the sliding speed is sufficiently high, this process 
can be unstable, leading to localization of the contact load in a 
small region of the nominal contact area and high local tempera
tures. This phenomenon is known as frictionally-excited ther
moelastic instability or TEI (Barber, 1967; Dow and Burton, 
1972) and is of critical importance in the design of high perfor
mance brakes (Thoms, 1988; Anderson and Knapp, 1989; Ken
nedy and Ling, 1974). 

Burton et al. (1973) determined the critical sliding speed for 
instability in the sliding of two half-planes by examining the 
conditions under which a small sinusoidal perturbation on the 
nominally uniform steady state can grow exponentially in time. 
Their results can be used to obtain a first estimate of the critical 
speed for practical systems such as brakes, but the more com
plex finite geometry of these systems might be expected to have 
a significant effect on the behavior (Lee and Barber, 1993a). 

In particular, if the two sliding surfaces are not coextensive, 
one of them will generally experience intermittent sliding con
tact. For example, in an automotive disk brake, the brake pads 
do not cover the entire disk surface and hence points on the 
braking surfaces of the disk will experience periods of contact 
alternating with periods of separation. 

Barber et al. (1985), in an analysis of thermoelastic instabil
ity in railway brakes, attempted to allow for this effect by aver
aging the heat input over the circumference. Their approxima
tion was based on the argument that the thermal transient for 
the system is generally much longer that the period of one 
revolution, so that changes in thermal distortion during a single 
cycle are small. However, this hypothesis has never been veri
fied by analysis of any intermittent contact system, nor are 
there any data suggesting what will happen if the period of 
intermittent contact is not long enough for the approximation 
to be appropriate. 

Contributed by the Tribology Division of THE AMERICAN SOCIETY OF MECHANI
CAL ENGINEERS and presented at the STLE/ASME Tribology Conference, Or
lando, FL, October 8-11, 1995. Manuscript received by the Tribology Division 
November 24, 1993; revised manuscript received January 20, 1995. Paper No. 
95-Trib-l. Associate Technical Editor: K. Kato. 

The present paper is devoted to the exploration of this ques
tion in the simplest possible system—the contact of a thin-
walled cylinder against a rigid plane. 

2 Statement of the Problem 

We consider a special case of the system investigated by 
Burton et al. (1973) in which the flat end y = 0 of a thin-walled 
cylinder of radius a is pressed against a rigid nonconducting 
plane surface by an axial force, such that the uniform nominal 
contact pressure is p0. The cylinder rotates about its axis such 
that the sliding speed at the interface is V and the resulting 
frictional heat all passes into the conducting cylinder, i.e., 

qy(x, t) -K—(x, 0, t) 
dy 

-fVp(x,t) (1) 

where T(x, y, t) is the temperature in the cylinder, / i s the 
coefficient of friction, x — ad is a coordinate describing the 
circumferential position around the interface, t is time, and K 
is the thermal conductivity of the material. 

In the steady-state, this problem has a trivial axisymmetric 
solution with uniform contact pressure, but there exists a critical 
speed Vc above which this state is unstable and a sinusoidal 
perturbation in pressure of the form px cos (mx) can grow 
exponentially in time. Burton et al. (1973) (Eq. (24)) show 
that 

2Km 

Vf 
(2) 

where the material constant 77 is defined as Ea for plane stress 
and Ea / (1 — v) for plane strain, E, v, a being Young's modu
lus, Poisson's ratio and the coefficient of thermal expansion, 
respectively. We should note that Burton's analysis assumes 
that the cylinder is sufficiently thin for plane stress conditions 
to apply and also makes the simplifying approximation of ne
glecting the mechanical effect of the tangential contact tractions 
on the normal surface displacement—a simplification that we 
shall also use in the present paper. The magnitude of this effect 
was explored by Lee and Barber (1993b) and found to be 
generally small when one body is a nonconductor. 

Equation (2) shows that long wavelength (small m) perturba
tions become unstable at lower speeds and hence determine 
the stability of the system. For the cylinder of radius a, the 
wavenumber m must be of the form m = ila where i is an 
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integer and hence the first perturbation to become unstable cor
responds to i = 1 and m = \la. 

Now suppose that the frictional heating is intermittent, with 
contact periods of duration tx alternating with separation periods 
of duration t2 • The total period of the process is denoted by ta, 
i.e., 

to — t\ + u (3) 

If V > Vc, a perturbation will grow during tlt but will decay 
again during the following separation period and the stability 
of the system depends on the sequential effect of these two 
processes. In particular, the stability boundary—i.e., the speed 
Vj„, at which the intermittent process becomes unstable—is de
fined by the condition that the growth and decay processes are 
exactly self-canceling, so that a steady-state periodic perturba
tion is possible at the frequency of the process. 

This limiting condition can be defined by the boundaiy condi
tions 

for 0 < t < t2, 

qy(x, t) = 

y(x, ?) = 0 

-K^(x,0,t)=fV-mP(x,t) 
dy 

8Uy 

dx 
(x, 0, 0 = 0 

(4) 

(5) 

(6) 

for t2 < t < t0, where uy(x, 0, t) is the normal surface displace
ment, and the periodic initial condition 

T(x, y, t0) = T(x, y, 0) (7) 

The condition (4) states that no heat loss occurs at the exposed 
interface during the separation period. A more general boundary 
condition permitting radiation to the environment during this 
period could be used here, if desired. Notice that the contact 
problem during t2 < t < t0 is a coupled thermomechanical 
problem requiring both thermal and mechanical conditions, 
whereas the separation period involves the solution of a heat 
conduction problem only. 

2.1 Strategy. Two methods might be envisaged for the 
solution of the boundary-value problem of Eqs. ( 4 ) - ( 7 ) . One 
is to consider contact and separation as separate processes; de
velop the most general solution for each, and then impose conti
nuity of temperature at the transition points t = t2, t = t0 in 
combination with the periodic condition (7). The other is to 
recognize the periodic nature of the whole process and seek a 

solution valid in both regimes as a Fourier series in time, de-
termining the corresponding coefficients from the complete set 
of mixed boundary conditions. 

The probable efficiency of these methods depends on the 
time scale of the thermal transient relative to t0. Barber et al. 
(1985) suggest that the fluctuation in temperature field during 
one cycle will be small if ta is sufficiently small, in which case 
the Fourier series method should converge well. Defining an 
effective Fourier number as 

Fo = km2t0 (8) 

where k is the thermal diffusivity, we conclude that the Fourier 
series is most appropriate when Fo ^ 1. At the other extreme, 
when the period is very long, the temperature excursion during 
each cycle will be large and will probably deviate significantly 
from a sine wave in time, requiring large numbers of Fourier 
terms. 

For practical braking systems, the Fourier number defined by 
Eq. (8) is generally small, so it is appropriate to consider first 
the Fourier series method. An approximation appropriate for 
large Fourier number will then be developed in Section 4. 

3 Fourier Series Solution 
The temperature field in the cylinder must satisfy the transient 

heat conduction equation 

d2T 

dx2 ' 

d2T 

dy2 ' 

IdT 

k dt 
(9) 

We restrict attention to perturbations which vary with x ac
cording to cos {mx), recognizing (i) that a more general pertur
bation can be described by superposition of such terms and (ii) 
that the stability of the whole system will be determined by the 
first such term to go unstable—probably that with the largest 
permissible wavelength, which corresponds torn = 1 la. 

We seek the solution to the problem of Eqs. ( 4 ) - ( 7 ) in the 
Fourier series form 

T{x, y, t) = 111 I 

where j 
that 

, W « P ( S ) cos (mx) (10) 

1. Substituting this expression into (9), we find 

F,(y) = A, exp (\,y) + B, exp ( - \ ,y ) (11) 

Nomenclature 

a = radius of cylinder 
A,, B,, C,, Z), = arbitrary constants 

at, b, = see Eq. (15) 
af, b* = seeEq. (24) 

b — exponential growth rate 
during contact period 

E = Young's modulus 
/ = coefficient of friction 

Fo = Fourier number (di-
mensionless period, 
km2f0) 

H = dimensionless material 
property, r\klK 

j = / Z l 
m = wavenumber of spatial 

perturbation 
K = thermal conductivity 

k = thermal diffusivity 
p = contact pressure 

Py, Qo, Rij, Stj = see Eqs. (25 ) - (28 ) 
q = heat flux 

R\ = dimensionless contact 
period, tjto 

R2 = dimensionless separa
tion period, t2/t0 

/-,• ='see Eq. (14) 
T = temperature 

Tm = amplitude of tempera
ture perturbation 

t = time 
t0 = period of process (11 + 

h) 
tx = contact period 

t2 = separation period 
M = displacement 
V = sliding velocity 
Vc = critical sliding velocity for instabil

ity (continuous process) 
Vini = critical speed for the intermittent 

process 
Va = Vc/km 

V* = Vint/km 
a = coefficient of thermal expansion 
77 = Ea (plane stress) or Ea/(1 - v) 

(plane strain) 
\ = see Eq. (31) 

\,- = see Eq. (12) 
0, = seeEq . (14) 
v = Poisson's ratio 
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where 

X? mr + 
2-KJi \ 

kt0 / 
(12) 

and A,-, B, are complex coefficients to be determined from the 
boundary conditions. 

We adopt the convention that \ denotes the root of (12) 
with positive real part, and write it in the form 

X; = a,- + jbj = rt e.xp(j9j) 

where 

r,- = m. ^m tan" 
2717 

Fo" 

fl; = r, cos (#,); n sin (0,-) 

(13) 

(14) 

(15) 

where the Fourier number Fo is defined in Eq. (8). 
The condition that temperature should be bounded as y -> °° 

then requires that A, be zero, permitting the temperature field 
(10) to be written 

T(x, y, t) = III I B, exp(- (a , + jb,)y) 

exp' cos (mx) (16) 

The remaining coefficients fi, must be chosen to satisfy the 
boundaiy conditions ( 4 - 6 ) . Before this can be done, we must 
solve a thermoelasticity problem to determine the contact pres
sure distribution p(x) required to satisfy the mechanical contact 
condition (6). We show in the Appendix that the contact pres
sure p(x) associated with an instantaneous temperature field 
T„,(y) cos (mx) is defined through the equation 

p(x) = rjm cos (mx) I e '"sT„,(s)ds [ (17) 

Substituting this result into (5), using (16) for T(x, y, t) 
and canceling the cos (mx) multiplier, we can write the thermal 
boundary conditions (4, 5) in the form 

w = 0 

Bi(di + jbj) exp 
2njit 

to 

o o < t < t2 

. /=o 

r\Bjm 

(a, + jbj + m) -(?) 
h<t<t0 (18) 

The constants B, are generally complex and are conveniently 
written in terms of real and imaginary parts as 

B, = C, + jD, (19) 

Substituting this expression into (18), and expanding to sepa
rate out the real parts, we obtain 

Ka0Ca + f l 
; = i 

(Qa, - DM cos (—\ - (C,b, + D,a,) sin (—\ 

0 0 < t < u 

fVmtrjm 
(a0 + m) 

+ 1 

(C,(fl/ + m) + Dtbi) cos I 1 + (Cjbj - A(fl; + m)) sin I I 

(a,- + my + b. 
u<t < to 

(20) 

If the Fourier series is truncated at some finite value N, there 
will be 2N + 1 unknown coefficients—C0 and C,, Dt, i = 1, 
N. A corresponding set of 27V + 1 equations can be obtained 
by taking advantage of the orthogonality properties of the Fou
rier series. We apply the operators 

£ ( • ) * £ Y ) c o s ( ^ ; £ ° ( . ) s i n ( ^ ) r f r 

to both sides of Eq. (20), where j takes the integer values 1, 
TV. All the terms in the series on the left-hand side degenerate 
to zero except that for ;' = j and, after casting the results in 
terms of dimensionless variables, we obtain 

y * v* 
Co — ~~ R]CQ — 

Vb /o 

1 

i-miao? + I ) 2 + bf2) 

X [(a* + 1) sin (2niR2) + b*(l - cos (2iriR2))]Ci 

C0= + E 
1 

•[b? sin (2iriR2) 
,-im«a? + l ) 2 + bf2) 

- (a? + 1)(1 - cos (2niR2))]Dl 

afCj - b*Dj 

V* ( 1 \ 
= - — — sin (2irjR2)C0 

Vo \ T T / / 

(21) 

V* 
+ — 

N 

+ 1 

1 

,=,(fl* + 1 ) 2 + b*2 

1 

[(a* + 1)PV + bTQu]C, 

(a* + \)2 + bf2 
•[bTPv-(.af + i)Qu]D, (22) 

-bfCj - af-Dj 
V* / 1 

Vo \7T/' 
(1 - cos (2njR2))C0 
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Vo 

1 

(«* + \Y + bf 
{{af + DRy+bfSyjQ 

N 

+ 1 
1 

{af + l)2 + bt 
[bTRu-(aT + 1)SU]D, (23) 

where 

y * = 
km 

Va = 
km . fH 

H 
r\k 

K 

Ri = 

a-, 
a, 

U 

bt = ^ (24) 
m 

and the dimensionless constants Pih <2//> R>h a n c ' ^o a r e defined 
as 

-1 
[{i + ; ) s i n ( 2 7 r ( i - ; ) / ? 2 ) 

P„ =< + (i - j ) sin (2TT(( + j)tf2)]for i * ; (25) 

- 1 

2-irj 

fi<H 

[-4-KJR, + sill (4irjR2)] for ? = j 

-2i + (i -j)cos (2ir(i +j)R2) 
^{i2-]1) 

- 1 

2TT/ 

+ {i + j) cos (2TT(; - y)fl2)] for / * ; (26) 

7 [1 — cos {4irjR2)] for ;' = j 

R„ =< 

<j2 - i2) 
[-2] + (; - j) cos (2TT(! + j)R2) 

- 1 
27T/' 

+ (j + ;') cos (27r(i - j)R2)] for i * j (27) 

7 [1 - cos {4%jR2)] for i = j 

<i2-j2) 
[-{i+j) sin. {2ix{i-j)R2) 

2nj 

+ (i - j) sin (27r(i + y)/?2)] for i * j (28) 

[-47r/i?, - sin ( 4 T T ^ 2 ) ] for j = ; 

3.1 Results. Equations (21) - (23) constitute a set of 2N 
+ 1 homogeneous linear equations for the 2N + 1 unknowns 
C0 ,Cj,Di,i= 1,N which of course have only a trivial solution 
except for certain eigenvalues of the multiplier V */V0. The only 
independent dimensionless parameters in this set of equations 
are the proportion of time in contact /?i and the Fourier number 
Fo, which enters through the definitions of a,, bt in Eqs. (15). 
The stability boundary is determined by the lowest eigenvalue 
of the system of equations. 

Numerical results were obtained for a range of conditions 
and are shown as functions of R{ for various Fo in Fig. 1. 
Convergence of the solution was ensured by increasing the 
truncation limit N until no further change occurred in the 4th 
significant digit of the first eigenvalue. As predicted in Section 
2 above, the algorithm is very convergent for small Fo, requiring 
only 3 terms in each series for Fo < 0.1. At sufficiently small 
Fo, the first constant term C0 is sufficient for convergence and 
the relationship between V * and R^ takes the limiting form 

V * = — (29) 

corresponding to the straight line labeled Fo = 0 in Fig. 1. This 

Fig. 1 Effect of the dimensionless contact period /?, on the critical speed 
V lor various Fourier numbers. The straight line for Fo = 0 corresponds 
to Eq. (29). 

is precisely the relationship obtained from the approximation 
of Barber et al. (1985). In other words, the critical speed is the 
same as that for a system in continuous contact with the heat 
input rate replaced by the average rate during the intermittent 
process. More detailed numerical studies show that for Fourier 
numbers in the range 0 < Fo < 0.1, the critical speed never 
differs from that predicted by Eq. (29) by more than 1 percent. 
All results in this range lie in the small region between the 
curves for Fo = 0 and Fo = 0.1 in Fig. 1. 

This suggests the more general conclusion that the use of 
the average heat input to estimate critical sliding speeds in 
intermittent processes can be expected to give good results for 
Fourier numbers lower than 0.1. 

The number of terms required for convergence of the Fourier 
series algorithm increases rapidly with Fo and numerical consid
erations essentially restrict the usable range to Fo < 10. This 
range is likely to include most practical tribological applica
tions, but for completeness, it is of interest to explore the solu
tion of the problem in the limit of large Fo. This is done in the 
next section. 

4 Limiting Solution for Large Fourier Number 

When the Fo > 1, the time scale of the intermittent process 
is much longer than the thermal transient of the system and it 
is more efficient to analyse the contact and separation periods 
separately and apply matching conditions at the transitions. 

As a preliminary to this analysis, we note that the temperature 
field 

T{x, y, t) = R{A exp{bt - \y)} cos (mx) 

satisfies the heat conduction Eq. (9) provided 

\ = mf- + 

(30) 

(31) 

4.1 The Contact Period. The contact pressure distribu
tion corresponding to the temperature field (30) can be found 
from Eq. (A 14) of the Appendix as 
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p(x, t) = ,;R 
mrjA 

m + X 
exp(bt) > cos (mx) (32) 

and it follows that the boundary condition (5) will be satisfied 
for all A:, t if b is real and 

6R 
/Vim mi] 

K m + X 
A\ = 0 (33) 

We note from Eq. (31) that X is pure imaginary if b < —km2. 
In this case, the argument of A can always be chosen to satisfy 
(33), but the resulting temperature field decays with time. How
ever, if b > —km2, X. is real and Eq. (33) is satisfied only for 
a particular value of X. corresponding to 

b* = 
km 

V* 
1 

"Vn' 
+ 1 (34) 

where V0 is the dimensionless critical speed for continuous 
contact, given by (24). 

Unstable growth can only occur when (34) defines a positive 
value of b * and, after an initial transient period, the temperature 
field will come to be dominated by the eigenfunction associated 
with this unstable mode. Furthermore, if Fo > 1, the initial 
period will be a small fraction of the cycle, since ex hypothesi, 
the thermal transient is rapid in comparison with the period of 
the process. Thus, in this limit, Eqs. (30), (32), (34) define a 
good approximation to the evolution of the temperature field 
and the contact pressure. 

4.2 The Separation Period. The temperature field (30) 
can also be made to satisfy the separation boundary condition 
(4), by choosing A to be an arbitrary real constant and re
stricting b to the range b < —km2. A more general temperature 
field satisfying this condition can therefore be written as the 
transform 

T(x, y, t) = cos {rnxY'K L A(b) exp(bt - X(b)y)db (35) 

which can be recast as a Fourier transform by the change of 
variable 

b = -k(C + m2) (36) 

implying that X = j(,, from Eq. (31). The temperature field 
(35) can then be written 

T(x, y, t) = 2k cos (mx)^ j A ( 0 £ 
Jo 

X e x p ( - £ ( £ 2 + m2)t-j£,y)d£ 

= 2k cos (mx) I 5 ( 0 cos (£y) 
Jo 

exp(-&(£2 + m2)t)di (37) 

where we define 5 ( 0 = *4(0£-

4.3 Continuity Conditions. The temperature field at the 
beginning of the separation period must equal that at the end 
of the contact period. In other words, 

T2(x, y, 0) = Ti(x, y, h) (38) 

where Tt is given by (30) and T2 by (37). Substituting these 
expressions and canceling the cos (mx) term, we obtain 

f 5 ( 0 cos (&)d£ = ~ e x p ( ^ - \y) (39) 
Jo 2k 

Solving for 5 ( 0 . we have 

5 ( 0 
A 

-irk (X2 + C ) 
exp(bt{) (40) 

At the other transition—from separation to contact—we 
would ideally like to enforce a similar condition, but this would 
involve the generation of an exact description of the short tran
sient period before the unstable eigenfunction comes to domi
nate the field. Instead, we approximate this continuity condition 
by demanding that the contact pressure be continuous, i.e., 

Pi(x,'0) = p2(x, h) (41) 

In view of the integral relation (A14) between contact pressure 
and temperature, this can be seen as a weak form of the corre
sponding temperature continuity condition. 

The contact pressure at the beginning of the contact period, 
Pi(x, 0) , can be obtained by setting t = 0 in Eq. (32). The 
corresponding value at the end of the separation period, p2(x, 
t2) can be obtained by setting t — t2 in Eq. (38) and substituting 
the resulting temperature distribution into (A14). After per
forming the integration with respect to y, we obtain 

p2(x, t2) = 2 km2r/ cos (mx) 

I X 5 ( 0 
exp(-fc(£2 + m2)t2) 

e + m2 dt; (42) 

We then substitute for 5 ( 0 from (40) and perform the integra
tion with respect to £, with the result 

p2(x, t2) = 
r\m2kA 

cos (mx) exp (btl — km2t2) 

1 H exp(m2kti) erfc (mykt2) 
km 

exp ((m2k + b)t2) erfc (V(m2& + b)t2) (43) 

4.4 Characteristic Equation. Finally, we obtain the 
characteristic equation for the critical value of V * by substitut
ing Eqs. (42), (43) into (41) and canceling the common multi
plier A cos (mx). In the dimensionless variables of Section 3, 
the resulting equation takes the form 

exp ((b*Rl - R2)Fo) 

X [Vl + b* exp(i?2Fo) erfc (V#2Fo) -

exp((l + b*)R2Fo) erfc (Vfl2FoVl + b*)] 

b* 

1 + Vl + b* 

where R2 = (1 - R^ = t2/t0. 
At very large Fo, Eq. (44) reduces to the form 

Vl + b* 

(44) 

1 

1 + Vl + b* VTT/^FO 

exp((b*Ri - #2)Fo) (45) 

The right-hand side of this equation is dominated by the expo
nential term, which is very small ifb*Rx < R2 and very large 
if b*Rt > R2. It follows that the limiting solution as Fo -» «> 
is b* = R}/R2, which, using (34), implies 

V0 ~ 2R, 
(46) 

For large but finite Fourier numbers, Eq. (44) can be solved 
numerically for b'*, after which V* can be recovered from Eq. 
(34). We note that the slope of the function is very large near 
the solution point, which can create numerical difficulties if a 
slope-based iterative technique is used. 
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Vn 

1.1 

1.0 

0.9 

0.8 • 

0.7 

0.6 
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ft =0.1 

. / / F° = ]0 

• 

=Jjz*^Zt = *? 

->oo 

0.0 0.2 0.4 0.6 0.8 1.0 

Ri 

Fig. 2 Ratio between the actual critical speed V* and that predicted by 
the approximate relation (29). Solid lines were obtained from the large 
Fourier number solution of Section 4 and dotted lines from the Fourier 
series solution of Section 3. 

4.5 Results. The results of the large Fourier number solu
tion are shown as solid lines in Fig. 2. In order to give better 
discrimination of the relatively small differences between the 
curves for different values of Fo, this figure presents the ratio 
V*Ri/.V0 between the actual V* and the approximation of Eq. 
(29). On this plot, the approximate solution of Eq. (29) would 
appear as the horizontal line V*RxIVa = 1-

Several curves from the Fourier series solution are also in
cluded in this figure for comparison and these are shown dotted. 
Acceptable agreement is obtained between the two solutions 
for Fo = 10, suggesting that the approximation inherent in the 
large Fourier number solution is reasonable for Fo > 10. 

5 Conclusions 

The entire range of Fourier numbers is covered by one or 
other of the two methods treated in Sections 3 and 4 and the 
results obtained show that Fourier number has a relatively mod
est effect on the critical speed for instability during intermittent 
contact. All the results lie between the low and high Fourier 
number limits defined by Eqs. (29), (46), respectively, and 
these two limiting predictions never differ by more than a factor 
of 2 for a given value of Ri. 

For most engineering applications, the Fourier number is 
relatively low and Eq. (29) will give a good estimate for the 
critical speed. Use of this relation is equivalent to making the 
approximation introduced by Barber et al. (1985), according 
to which the intermittent process is reduced to one of continuous 
contact, with a heat input equal to the average over the contact 
and separation cycle. This approximation overestimates the crit
ical speed and hence is not conservative, but the error is always 
less than 1 percent for Fo < 0.1. 
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A P P E N D I X 
In this Appendix, we shall develop a general expression for 

the contact pressure distribution when the temperature has the 
form 

T(x, y) = T„,(y) cos (mx) (Al) 

A particular solution of the thermoelastic equations can be con
structed in the form 

2(iu = V</> (A2) 

(Westergaard, 1964), where the scalar potential function (j) 
satisfies the equation 

and 

V2</> = r)T 

rj = Ea for plane stress 

Ea 

(1 -v) 
for plane strain 

(A3) 

(A4) 

(A5) 

In view of the form of the temperature distribution (Al ) , it 
is appropriate to consider functions 4> of the form 

4>{x,y) =f(y) cos (mx) (A6) 

in which case, the governing Eq. (A3) reduces to the ordinary 
differential equation 

7 
dy2 m2f = vT,„(y) (A7) 

The left-hand side of this equation can be factorized into two 
linear operators. Appropriate integrating factors then permit the 
equation to be written 

dy 
e-2m> — (.em>f)\ = VTm(y) (A8) 

the solution of which can be written 

f(y) = e-
Jo Jo 

)T(s)dsdz + Ae'"" + Be-'"y (A9) 

where A, B are arbitrary constants of integration. 
The integral term in (A9) can be simplified by changing the 

order of integration and performing the inner integral, with the 
result 

f 
Jo 

f(y) = ̂ T I e-"°T{s)dS 
2m Jo 

P -"<y py 
e'"sT(s)ds + Ae'm + Be~my (A10) 

2m JO 

The stress components associated with the solution of Eqs. 
(A2) , (A3)a re 
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d2<t> d24> d24> , . „ , 
. a- = - ^ ; a* = d^-' "» = - & ( A 1 1 ) 

It follows that both the boundary conditions 
uy(x, 0) = 0; axy(x, 0) = 0 (A12) 

can be satisfied by requiring/' (0) = 0. In addition, we require 
that the tractions and hence/(y) be bounded as y -».0. Using 
these two conditions to determine the constants A, B, we obtain 

f(y) e ' 
2m r e~msT{s)ds 

-my py -my /•» 

e""T(s)ds e-""T{s)ds (A13) 
2ra Jo 1m Jo 

Finally, substituting (A3) into (A6),(A2),(All),we obtain 
the complete stress and displacement fields in the body and in 
particular we find that the contact pressure 

r p(x) = ~ayy{x, 0) = rjm cos (mi) e ",sTm(s)ds (A14) 

which is the required result. 

Reference for Appendix 
Westergaard, H. M., 1964, Theory of Elasticity and Plasticity, Dover, New 

York, Section 64. 
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