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Summ~ry--A method is developed for representing the tangential displacements and 
tractions at the surface of the semi-infinite solid in terms of potential functions. In this 
form, a mathematical analogy is revealed between corresponding mixed boundary value 
problems involving tangential and normal surface displacements respectively. This 
analogy enables a general solution to be obtained to the problem in which the surface 
tangential displacements are specified axisymmetrie functions inside the circle a i> r>~ 0 
and the tangential surface traction is zero outside this circle. The method can also be 
used for certain non-axisymmetric problems, but it fails if the indentation analogue has 
a stress singularity at the boundary of the stressed are~. 
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cylindrical polar co-ordinates 
rectangular Cartesian co-ordinates 
radius of a circular area on the ~urface of the semi-infinite solid 
Young's modulus 
surface dilatation 
concentrated force acting at the surface 
stress components in double suffix notation 
components of surface displacement 
- (~21~x~) + (021~y~) 

Poisson's ratio 
stress functions 
displacement functions 
= ~+iv 
surface rotation 

I. I N T R O D U C T I O N  

THE PROBLEMS to  be considered in this paper  are the  tangent ia l  analogues 
of  the ax isymmetr ic  indenta t ion  problem associated with the name  of  
Boussinesq and  of  certain related non-ax isymmetr ic  problems. We shall 
find the dis tr ibut ion of  tangent ia l  t rac t ion  within the circle a t> r I> 0 on the 
surface of  the semi-infinite elastic solid which is necessary to produce pre- 
scribed tangent ia l  surface displacements within this circle, the  rest  of  the 
surface being stress free. The semi-infinite solid is considered to  occupy  the 
space z > 0 in the  cylindrical polar  co-ordinate sys tem r, 0, z. 
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Wi th  this notat ion,  a formal s ta tement  of  the above boundary  conditions is : 

normal  surface t rac t ion:  Pzz = 0, z -- 0, all r, 0, 

tangent ia l  surface t rac t ions :  Prz = P0z -- 0, z -- 0, r > a, 

tangent ia l  surface displacements:  
ur, u 0 prescribed funct ions of  r, 8, z = 0, a >/r >/0. 

Various par t icular  solutions of  this problem are known,  no tab ly  those 
involving symmetr ic  torsion of  the semi-infinite solid abou t  the z axis. 
Weinstein 1 derived the solution for a solid containing a penny-shaped  crack in 
torsion abou t  its axis of  s y m m e t r y  and  P a y n e  2 showed t h a t  this and other  
solutions can be obtained from existing results by  vir tue  of  a mathemat ica l  
ana logy between ax isymmetr ic  torsion and axisymmetr ic  indentat ion.  

I n  this paper,  we shall demons t ra te  the existence of  another ,  more general, 
ana logy between these classes of  problems, which is no t  restr icted either to 
torsional or to axisymmetr ic  systems. 

2. R E P R E S E N T A T I O N  OF T A N G E N T I A L  S U R F A C E  
D I S P L A C E M E N T  AND T R A C T I O N  BY P O T E N T I A L  F U N C T I O N S  

The tangential displacement at the surface of the semi-infinite solid is a vector with 
two components (e.g. ur, ue). I t  is convenient to define this vector in terms of the gradient 
of a potential function in order to facilitate the transformation of co-ordinate systems. 
Following the methods of two-dimensional elasticity, we find that the most general 
definition of this type requires two independent scalar functions ~:, ~7, in terms of which 

u ~ = ~ .  ~y u , = ~ y . ~ .  (1) 

I t  is easily verified that ff n, t are two orthogonal directions, inclined to x, y 
respectively at some angle 0, we have 

u . = 0 n  ; u t = ~ * ~  (2) 

(see, for example, Dugdale, s Section 1:6). 
A more compact statement of equation (2) is 

a~ • . ~  
u .  + i u  t = - ~  * ~ ' ~ ,  (3) 

where 
= ~ + i v .  (4) 

The tangential surface traction (components p~, P0,) also lends itseff to this form of 
representation. We shall use the two stress functions 4, ~b, where 

P"" = H - g /  p,, = ~ - . ~ .  (5) 

We define the surface dilatation, e, by the equation 

0u. 0u, 
e = ~ + W '  (8) 

= V" ~ (7) 
from equation (1). 
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Similarly, we define the surface rotation, o~, by  

Ou, Ou~ 
= 

= V2~. 
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(8) 

(9) 
Equations (7) and (9) provide a convenient means of finding ~, ~/, for a given displace- 

ment  field. 

3. T H E  C O N C E N T R A T E D  T A N G E N T I A L  F O R C E  

I f  a concentrated tangential  force, P ,  acts at  the origin on the boundary  of the semi- 
infinite solid z > 0, in the direction of the x axis, the surface displacements will be 

P(1  + v) I vx2\ 
- -  [l-, ,+-;r),  <1ol 

P(1 +v) vxy 
u v = lrEr  s , (11) 

P ( I + v )  ( 1 - 2 v ) x  (12) 
us = 2~rErS 

(see Love d, Art. 166), where E, v, are Young's modulus and Poisson's ratio respectively, 
for the material. 

From equations (7), (9), (10) and (11) we have 

V 2 ~ =  P(1-v2)  x 
Ir E r  a ( 13 ) 

and 

giving 

V2~/ = P ( l + v ) y  
~rEr a (14) 

P x (15) 

4. D I S P L A C E M E N T  P O T E N T I A L  D U E  TO A D I S T R I B U T I O N  
OF T A N G E N T I A L  T R A C T I O N  

We suppose that  the semi&n_finite solid is subjected to tangential  tractions defined by 
equation (5), where ~b, ~b are single-valued functions. This condition will ensure that  there 
are no concentrated forces acting a t  the surface. 

We further suppose tha t  there is some finite closed region outside which the surface 
is stress free. In  this unstressed region we shall take ~b, ~b to be zero. These restrictions 
require tha t  ~b, ~b should approach zero at  the boundary of the stressed region. 

Consider the displacement potential at  an arbi trary point  (A) due to the traction on 
an element of surface at  another point  (B). We choose A as the origin of a polar co- 
ordinate system, relative to which B has co-ordinates (r, 0). The area of the surface 
element is (r d0 dr). 

From equation (15) we have 

d~ = (--~--~ (I--v 2) ipa,(1 +u)~ 
] r d O d r  (16) 

and hence 

1--v ~Ir 04 a~'~ ds ~ -.----~- ~ -.~--.~! dSdr; 

1 + v  I a~. 0 ~  
d~ = -- ~ ~r ~ + D}  dO dr. 

(17) 

(18) 
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We now integrate over the st~rface, noting that  

- ~ d 0  = ~-~d0 = 0, (19) 

since 4, ~b have been assumed to be single valued. Thus, 

1 - v ~ / ' 2 ~  ?o~ 04 
= - Jo 3o  r dr dO, (20) 

The conditions which we have imposed on the function ~ ensure that  the integrand 
of the first term is zero for all 0, provided that  ~ is bounded at  A. 

Hence, 
~a = -- -- ~ ( 1 - r ' ) ~ d r d O  (22) 

J0 ao ~rE 

By a similar argument,  we also have 

( ' ~  ( l  + v) ~b dr dO 
"qa = (23) 

J0 j0 ~rE 

5. A N A L O G Y  W I T H  T H E  N O R M A L  I N D E N T A T I O N  P R O B L E M  

Equations (22) and (23) reveal an important  analogy between tangential  and normal 
loading of the semi-infinite solid. The normal surface displacement (uz) of the semi- 
infinite solid at the origin due to a distribution of normal pressure p (r, 0) is 

u s = f 2 " (  ° ° ( 1 - r 2 ) p d O d r  (24) 
JO JO ~E 

(see Timoskenko and Goodier, s Art. 139). which has the same form as equations (22) 
and (23). Note that  in all these results the choice of origin of co-ordinates is arbi trary 
and hence equations (22)-(24) apply throughout the surface plane, provided only that  
4, ~b, p are suitably defined relative to the appropriate origin. 

Various methods a-8 have been developed for finding the pressure distribution p, 
necessary to produce a proscribed displacement us, over a closed (usually circular) region 
and we can use these methods directly to find corresponding solutions to the problem 
defined in Section 1. 

As an illustrative example, it is well known that  the pressure distribution, 

P = c ~ j ( a 2 - r 2 ) ,  a>~r>~O, ) 
(25) 

J -~ 09 r > a ,  

produces a paraboloidal depression defined by 

us = vrc(1--v ~)4E(2a2-r~) , a>~r>~O (26) 

(Timoshenko and Goodier 6, Art.  140). 
By virtue of the analogy between equations (22) and (24), it follows that  a stress 

potential 
9~ = c~/(a~--r~), a~r>>-O, t 

(27) 
= 0, r > a ,  

corresponding to a tangential  stress distribution 

c r  
Prz ---- ~/(a~_ru ) a>>-r>~O, 

= 0 r > a ,  (28) 

P0~ = 0 a l l r ,  
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f rom equa t ions  (2), (27), will  produce  a d i sp lacement  po ten t i a l  

= rrc(1--v 2) (2a2-- r s) 
4E , a >~ r >~ O, 

and  hence  d isp lacements  
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(29) 

Irc(1-v~)r a~r>~O } 
u,  = 2E (30) 

u 0 = 0 all  r. 

This  represents  a un i fo rm ax i symmet r i c  d i la ta t ion  of  the  surface wi th in  t he  circle 
a >t r I> 0. The  d i l a ta t ion  

~c(1 - v  ~) 
e = 2E ' (31) 

f rom equa t ions  (7) and  (29). 
The  same solut ion used in con junc t ion  wi th  equa t ion  (23) shows t h a t  a stress 

d i s t r ibu t ion  

c r  
poz=-- /(a~_r2), a~r~O,  

= O, r > a ;  (32) 

p,~ = O, a l l r ,  

p roduces  a d i sp lacement  

u r = 0, 

uo = ~rc(l+v) r ) (33) 
2E , a ~ r ~ > 0 .  

This  solut ion represents  a cons tan t  ro t a t ion  of  t he  circle a/> r I> 0 abou t  t he  origin and 
corresponds to  t he  case in which a r igid c i rcular  cyl inder  is jo ined  to t he  semi-infini te  
solid ove r  t he  circle and  is t hen  twis ted  abou t  its axis.  The  ro ta t ion  

Ire(1 +v)  
¢o ---- 2E (34) 

6. T H E  G E N E R A L  A X I S Y M M E T R I C  S O L U T I O N  

The  genera l  solut ion of  t he  ax i symmet r i c  t angen t ia l  d isp lacement  p rob lem presents  
no new difficulties. W e  first express t he  requi red  d isp lacement  wi th in  the  circle a/> r >/0 
in t e rms  of  t he  d isp lacement  po ten t ia l s  ~, 7, us ing equa t ions  {7) and  (9). W e  t h e n  solve 
separa te ly  for t he  d i s t r ibu t ion  of  t he  stress funct ions  ¢,  ~b, respect ive ly ,  necessary to  
produce  these  potent ia ls ,  m a k i n g  use of  the  analogies  be tween  equa t ions  (22) and  (24) 
and one of  the  known  me thods  for solving equa t ion  (24). Since we requi re  t he  con tac t  
pressure p on ly  in equa t ion  (24), t he  me thods  of  Green e and  Segedin 7 p rove  to  be the  
mos t  s t ra ight forward .  F ina l ly ,  we f i n d  the  corresponding t angen t i a l  stresses in the  
region a I> r I> 0 by  subs t i tu t ing  for ~b, ~b, in equa t ion  (2). 

The  solut ion of  t he  corresponding inden ta t ion  p rob lem has been v e r y  ex tens ive ly  
discussed in the  c i ted  references and  elsewhere and  will  no t  be  considered here.  However ,  
we no te  t h a t  t h e  comple te  solut ion out l ined  above  compares  f avourab ly  in m a t h e m a t i c a l  
s impl ic i ty  wi th  o the r  me thods  (for example ,  t he  use of  W e s t m a n n ' s  ~ solut ion for t he  
elast ic half-space in shear}. 

7. R E S T R I C T I O N S  O N  T H E  S T R E S S  P O T E N T I A L  
A N D  S I N G U L A R I T I E S  

I n  Sect ion 4, we laid down cer ta in  condi t ions  on the  va lues  of  ¢ ,  ~b, some of  which can  
now be re laxed.  
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(a) S tep  changes in  stress potent ial  

Suppose there exists a step change ~b 0 in the stress function ~ across some line S. 
We could regard such a step as the limiting case of a ramp of slope ~0/8 and width 8. 
From equation (2), the stress normal to S will be 

P.= = ¢0/8 (35) 

and hence the ramp corresponds to a force ~0 per uni t  length of line, which remains 
constant  as we approach a step by allowing ~ to tend to zero. The force acts normal to 
the line of the step in the direction of increasing ~. 

Similarly, a step change, ~b 0, in the stress function ~b corresponds to a force ~b 0 per uni t  
length, tangential  to the line of the step. 

(b) " P o i n t  force"  s ingulari t ies  

Analogues of the point force normal to the surface can be found by supposing that  
~, ~b are zero everywhere on the surface except over a small circle of radius 8 with its 
centre a t  the origin. 

I f  ~ = C0 over this circle, there will be a radial force C0 per uni t  length acting around 
the circumference towards the origin. I f  we allow ~ to approach zero whilst (Ir8~0) 
remains constant  and equal to ~0, we generate a singularity which we can describe as a 
centre of dilatation by analogy with the corresponding singularity in two-dimensional 
elasticity. The displacement potential due to this singularity is 

~)°(1 -v~) (36) 
= ~ E r  

The corresponding singularity in ~b is the "centre of rotation",  ~b 0, which represents a 
concentrated moment  acting about  an axis normal to the surface and which produces the 
displacement potential  

~Fo(1 +v) (37) 
= w e t  

The formal analogy between these singularities and the normal displacement 

P( 1 - v ~) 
uz = lrEr ' (38) 

due to a normal point force P,  provides an alternative method of deriving the results of 
Section 4. 

(c) Behaviour  of  ~,  ~b at large values of  r 

I n  Section 4, we assumed that  there is some finite closed region outside which ¢, ~b 
are identically zero, bu t  it is clear from equation (21) that  the argument would still be 
valid provided that  r~, r~b -~ 0 as r -~ ~ .  I f  this condition is not  satisfied, it will usually 
be possible to meet it by "subtracting out" a uniform state of stress, as in the solution 
of crack problems. 

8. N O N - A X I S Y M M E T R I C  P R O B L E M S  

Although every normal identation solution has a tangential  displacement analogue 
and vice versa, not  all these solutions represent physically possible situations. An axi- 
symmetric example is provided by the fiat-ended punch problem, the tangential  analogue 
of which has an unacceptable singularity, involving an infinite concentrated force, at  the 
outer radius r = a. This is not  a serious difficulty in the axisymmetric case since all 
physically possible axisymmetric tangential  displacement problems prove to have well- 
behaved indentat ion analogues. 

However, when we t ry  to extend the method to non-axisymmetric systems, using the 
results of Green, 6 we find that  this is no longer the case. The simplest example is provided 
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by the tilted punch "solution". A normal pressure distribution 

2cEx } 
P =~'(1--v ~)~/(az-r~) ' a>~r>~O, 

(39) 

= O, r > a ,  

is known to produce a normal displacement 

u, = cx, a ~ r ~ O .  (40) 

I f  we write ~ for u~ and ~ for p, following the analogy between equations (22) and (24) 
and substitute in equation (1) we obtain 

uz = c, u v = O, a>~r>~O, (41) 

which corresponds to the "rigid body" displacement of the circle a>~r>>-O in the x 
direction, relative to the extremities of the solid. 

However, the corresponding stress distribution from equations (5) and (39) has a 
physically unacceptable singularity at r = a. 

The actual stress distribution needed to produce the displacements defined by equation 
(41) can be shown by integration of the point tangential force solution (equations (10) 
and (11)) to be 

2cE 
Pxz ---- ~(1 +v) (2-v)  ~](a~--r~) ' 

= O, r > a ,  

Pvz---- 0, a l l r  

which corresponds to the stress potentials 

2c E ~] ( a 2 -- r~)x 
¢ = -- ~r(1 +v) (2- -v) r  ~' 

2cE ~/(a ~ -- r2)y ~ = +  
~r(1 +v) (2--v) r ~' 

¢ = t b = O ,  r > a .  

a>~r>~O, 

(42) 

a>~r>~O, 1 
a >~ r >~ O, 

(43) 

These potentials in turn have no physically possible indentation analogue because of the 
singularity at r -- 0, which is self-cancelling in the tangential displacement problem. The 
results of equation (42) have been derived using a different method by Mindlin. le 

9. C O N C L U S I O N  

The  ana logy  be tween  no rm a l  and  t angen t i a l  d i sp lacement  of  the  surface 
of  the  semi-infinite solid, deve loped  in Sect ion 4, enables  us to  give a general  
solut ion to  the  mixed  b o u n d a r y  value  p rob lem in which the  t angen t i a l  surface  
d i sp lacement  is specified as an  a x i s y m m e t r i c  func t ion  inside the  circle a >/r 1> 0, 
and  the  t angen t i a l  surface t r ac t ion  is zero outs ide  this  circle. The  m e t h o d  finds 
i ts  p r i m a r y  app l ica t ion  in p rob l ems  for  which on ly  surface values  of  s tress and  
d i sp lacement  are required,  since these  can be  found  d i rec t ly  w i thou t  ana lys ing  
the  s t a t e  of  s tress wi th in  the  solid. 

A similar  app roach  can be used for  corresponding n o n - a x i s y m m e t r i c  
problems,  b u t  i t  fails ff  the  inden ta t ion  analogue  has  a s tress s ingular i ty  a t  
the  b o u n d a r y  of  the  con tac t  area.  
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