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Abstract

In cases of completely conforming frictionless contact, the contact area generally either decreases or stays the same under load, in

which case the extent of the contact area is subsequently independent of load and the stress and displacement fields vary linearly with the

loading parameter. Dundurs and Stippes describe such cases as receding contact problems. Here, we demonstrate that similar results

apply in the presence of Coulomb friction, in which case the extent of the stick and slip zones and the local direction of sliding are

independent of load. We also show that if there is a small initial gap or interference throughout the potential contact area, the extent of

the contact area and the stress and displacement fields will approach those of the corresponding receding contact problem as the applied

load is increased. If the interface conditions permit adhesion between the contacting surfaces, the extent of the adhesion zone shrinks to

zero as the load increases without limit. Progress of the contact configuration towards the limit is governed solely by a dimensionless load

factor involving the ratio between the applied load and the initial clearance or interference. This permits results for a variety of initial

geometries (due to tolerance variations) to be obtained from a set of finite element results for a single case. Some of these characteristics

are demonstrated using a finite element solution of a connecting rod/bushing/gudgeon pin contact. Other interesting applications are

those with complex geometries, ranging from biomechanics, as in prostheses, to the design of multiple fasteners.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Conforming contacts are found in a wide range of
applications. Limiting the attention to pinned connection
alone, the literature is replete with studies because of the
extensive use of pin joints in civil, mechanical and
aerospace structures and some design codes also provide
useful design guides [1–4]. The elastic contact problem has
also received a lot of attention from elasticians from the
early days of Bickley [5] and Knight [6] who suggested
simplified sinusoidal forms of pressure distribution, How-
land [7], Howland and Stevenson [8] and Theocaris [9] who
studied the infinite strip subject to rivet loading, and Mori
e front matter r 2006 Elsevier Ltd. All rights reserved.
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[10] (the case of a semi-infinite plate). Also, several
experimentalists attacked similar problems, initially by
photoelastic methods [11–17] and also involving ortho-
tropic materials [18]. This work, including more recent
investigations, is reviewed by Rao [19].
Fig. 1(a) shows a frictionless elastic circular pin in a

circular hole in an infinite elastic matrix, subjected to an in-
plane force F. This problem was first solved by Persson [20]
for the case where the materials of the pin and matrix are
identical and the results are described by Johnson [21,
Section 5.3]. The analysis was extended to the case of
dissimilar elastic materials by Ciavarella and Decuzzi
[22,23]. If the pin is an exact fit in the hole, it falls into
the category described as receding contact by Dundurs and
Stippes [24] in that the contact area decreases as soon as the
load is applied and then remains constant with increasing
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Fig. 1. A loaded elastic pin in a circular hole.
Fig. 2. Effect of the loading parameter F on the contact semi-angle e.

Fig. 3. Effect of Dundurs’ parameter a on the receding contact semi-angle

e. The three curves, reading from left to right, are for b ¼ �0:2; 0; 0:2,
respectively.
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load. Also, the stresses and displacements are everywhere
proportional to the applied load. The contact configuration
is shown in Fig. 1(b).

For the case with an initial clearance DR (or interference
�DR), Ciavarella and Decuzzi [23] showed that the applied
load F and the contact semi-angle e are related by the
equation

F �
F

E0DR

¼
pðaþ 1Þb2

ðb2
þ 1Þ

ða� 1Þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
þ 1

p� �
þ 2b4

h i
þ 2� 4bb2

ðb2
þ 1Þ

, ð1Þ

where b ¼ tanðe=2Þ, E0 is the plane strain modulus of the
pin and a;b are Dundurs’ bimaterial constants [25, Section
4.4.5], defined such that the pin is of material 1 and the
surrounding plate of material 2. Dundurs constants are
restricted to the range �1pap1; �0:5pbp0:5.

Fig. 2 shows the relationship between the applied load
and the contact arc for the case of similar materials. If the
pin is slightly smaller than the hole ðDR40Þ, contact starts
from a point on the axis of symmetry in front of the load
and the contact arc increases with applied load, approach-
ing the receding contact value asymptotically at large
loads. For similar materials, this limiting semi-angle is
87:46�. In Dundurs and Stippes’ terminology, this is an
advancing contact problem. Alternatively, if the pin is
larger than the hole (DRo0 and hence Fo0), axisymmetric
interference stresses are developed during assembly giving a
non-zero contact pressure at zero applied load. The stresses
and displacements initially vary linearly with the applied
load, until this is large enough to cause the contact pressure
behind the load to fall to zero. This critical value
corresponds to the case b!1 ðe ¼ 180�Þ in Eq. (1) and
is given by

F

E0ð�DRÞ
¼

pðaþ 1Þ

2ða� 1Þ � 4b
. (2)

Further increase of load causes an initial rapid develop-
ment of a separation arc ðde=dF is unbounded at the
separation point) and once again the contact arc ap-
proaches the receding contact value asymptotically at large
loads, but this time from above as shown in Fig. 2. The
receding contact limit for � is shown in Fig. 3 as a function
of Dundurs’ constant a for b ¼ �0:2; 0; 0:2. In this paper,
we shall demonstrate that this behaviour is characteristic of
all problems of almost conforming contact. As the load is
increased, the contact configuration and the stress field
approach asymptotically to the solution of the correspond-
ing receding contact problem in which the contacting
bodies are completely conforming. To avoid confusion, we
shall here restrict the use of the term receding contact to this
limiting state only. Situations in which the initial contact
area due to interference decreases towards the limit will be
described as regressive contact, whilst the opposite case
where the contact area grows towards the limit will be
described as progressive contact.

2. Receding contact problems

Dundurs and Stippes [24] define a receding contact
problem as one in which there are no initial stresses and the
extent of the contact area GC under load is included within
the contact area G0 at zero load—i.e. GC 2 G0. The concept
is further explored in Dundurs [26]. The special case where
the initial contact area is retained under load ðGC ¼ G0Þ is
defined as a stationary contact by Dundurs and Stippes, but
Dundurs later abandoned this terminology, since all the
results for receding contacts also apply to stationary
contacts. However, the cases where part of the contact
area ðG0 � GCÞ separates under load are more interesting,
since the unilateral contact inequalities are then active in
the solution.
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Fig. 4. Some examples of receding contact: (a) unloaded and (b) loaded

configuration.
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Receding contact problems necessarily fall in the
category of ‘conforming’ contacts, since an extended
contact area GC must exist if a load is to be transmitted
and hence G0 must also be extended a fortiori. Some typical
examples of receding contact problems and the corre-
sponding loaded configurations are shown in Fig. 4. The
first example shows a square peg in a square hole subjected
to a twisting moment, the second shows a rigid unbounded
inclusion in a bar loaded in tension and the third shows
two rectangular elastic slabs compressed by equal and
opposite compressive forces. This last example was first
discussed by Filon [27], who already noted that separation
must occur at the edges of the slab. Later Coker and Filon
[11] showed by photoelastic studies that the contact semi-
width is approximately 1.35 times the slab thickness.
A finite element solution of this problem has since been
given by Kauzlarich and Greenwood [28]. A related
problem for an elastic layer pressed against an elastic
substrate was treated by Keer et al. [29].

The defining characteristic of a receding contact is that
the contact area decreases as soon as the load is applied
and then remains constant with increasing load, during
which the stresses and displacements are everywhere
proportional to the applied load. These properties are
easily established by writing the governing equations and
the boundary conditions for the problem. The stresses r

and displacements u are required to satisfy the governing
equations of elasticity which are here omitted in the
interests of brevity. Surface tractions s are defined as

ti ¼ sijnj, (3)

where n is the outward normal unit vector. The normal
traction is then tn ¼ s:n and we define the shear traction

ss ¼ s� tnn. (4)
Note that in three-dimensional problems, ss is a vector in
the tangent plane to the local surface.
In the contact region GC , nð1Þ ¼ �nð2Þ and we have

ðuð2Þ � uð1ÞÞ:nð1Þ ¼ 0; sð1Þs ¼ sð2Þs ¼ 0; tð1Þn ¼ tð2Þn p0, (5)

where the superscripts denote the two contacting bodies. In
the region G0 � GC that separates during loading

ðuð2Þ � uð1ÞÞ:nð1ÞX0; sð1Þs ¼ sð2Þs ¼ 0; tð1Þn ¼ tð2Þn ¼ 0. (6)

The inequalities in (5) and (6) state, respectively that the
normal contact traction must be compressive and the gap
between the separated surfaces must be positive. The
remainder of the boundaries of the bodies comprise a
region GD, where

u ¼ U (7)

and a region GN , where

s ¼ T (8)

and U ;T are prescribed displacements and tractions,
respectively.
Suppose the solution r; u of this problem is known for

some particular U ;T. The governing equations and the
contact boundary conditions (5)–(8) are homogeneous, so
it is clear that the solution lr, lu will also satisfy these
equations and correspond to proportional loading lU , lT,
where l is a scalar multiplier. Furthermore, the inequalities
in (5, 6) will also be satisfied by lr, lu as long as l40.
Thus, the postulate that the contact area is independent of
l and the solution varies linearly with l satisfies all the
conditions of the problem and hence defines the solution,
in view of the Fichera’s uniqueness proof [30].

3. Coulomb friction

This elementary proof can easily be extended to the case
where the contact is governed by Coulomb friction. In this
case GC must be divided into a slip region GS and a stick
region GC � GS. In GS,

ðuð2Þ � uð1ÞÞ:nð1Þ ¼ 0; tð1Þn ¼ tð2Þn p0,

sð1Þs ¼ �sð2Þs ¼ �
f ð_uð2Þ � _uð1ÞÞtð1Þn

j_uð2Þ � _uð1Þj
(9)

and in GC � GS,

ðuð2Þ � uð1ÞÞ:nð1Þ ¼ 0; tð1Þn ¼ tð2Þn p0,

_uð2Þ � _uð1Þ ¼ 0; sð1Þs ¼ �sð2Þs ; js
ð1Þ
s jo� f tð1Þn , (10)

where the dot denotes differentiation with respect to time t.
At sufficiently low loading rates, the problem can be
treated as quasi-static, in which case the instantaneous
loading parameter l can be treated as a time-like variable
as long as the loading is monotonic. With the postulate of
linearity with l, it then follows that _uð2Þ � _uð1Þ has the same
direction as uð2Þ � uð1Þ and the time derivatives in (10) can
be integrated from the initial condition to define the
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equivalent static problem

ðuð2Þ � uð1ÞÞ:nð1Þ ¼ 0; tð1Þn ¼ tð2Þn p0,

sð1Þs ¼ �sð2Þs ¼ �
f ðuð2Þ � uð1ÞÞtð1Þn

juð2Þ � uð1Þj
(11)

in GS and

ðuð2Þ � uð1ÞÞ:nð1Þ ¼ 0; tð1Þn ¼ tð2Þn p0,

uð2Þ � uð1Þ ¼ 0; sð1Þs ¼ �sð2Þs ; js
ð1Þ
s jo� f tð1Þn , (12)

in GC � GS.
Suppose now that we have a solution r; u of (7, 8, 11,

12) for given U ;T. It follows as in the frictionless case that
the solution lr, lu will also satisfy (11, 12), including the
inequalities and will correspond to proportional loading
lU , lT. Furthermore, since r; u increase linearly with l, it
is clear that this solution also satisfies the incremental
problem (9, 10). Thus, we conclude that the contact, stick
and slip regions will remain unchanged throughout the
loading process, as will the direction of incremental slip at
any point in the slip region.1

4. Almost conforming contact problems

We next consider a problem that is ‘almost conforming’
in the sense that the initial gap between the bodies is small
throughout the potential contact region. The best way to
identify problems of this category is to start with a receding
contact problem as defined in Section 2 and then modify it
to include a small initial gap or interference between the
bodies. For example, in the first case of Fig. 2, we might
make the square insert slightly too large or too small for
the hole in the unloaded case and in the third case, the
contacting surfaces of the slabs might be slightly convex. In
fact this latter case for the infinite layer was solved by Tsai
et al. [31].

The corresponding frictionless contact problem can then
be defined through the boundary conditions

ðuð2Þ � uð1ÞÞ:nð1Þ ¼ �g0; sð1Þs ¼ sð2Þs ¼ 0; tð1Þn ¼ tð2Þn p0

(13)

in GC and

ðuð2Þ � uð1ÞÞ:nð1ÞX� g0; sð1Þs ¼ sð2Þs ¼ 0; tð1Þn ¼ tð2Þn ¼ 0

(14)

in G0 � GC , where g0 defines the initial gap between the
bodies, which generally varies throughout G0. Interference
in the unloaded state is indicated by a locally negative value
of g0. The remaining boundary conditions are defined as
before by Eqs. (7) and (8).
1Note that in the absence of a uniqueness proof for the contact problem

with Coulomb friction, we cannot rule out the possibility of there being

more than one solution of the problem. Indeed, if multiple solutions of (7,

8, 11, 12) exist, each of them will define a solution of the incremental

problem satisfying the conditions established above.
For a given system, the stress and displacement fields
depend only on the inhomogeneous terms g0;U ;T and this
dependence can be expressed symbolically in the equation

u ¼Fðg0;U ;TÞ, (15)

where the function Fðg0;U ;TÞ includes information about
the extent of the contact region. Consider now the field

~u ¼ lFðg0;U ;TÞ, (16)

where l is a positive scalar multiplier. It is clear that this
field satisfies all the homogeneous equations and inequal-
ities in (13, 14) and it will also satisfy the inhomogeneous
conditions corresponding to a gap function lg0 and
loading lU ; lT. It follows that

lFðg0;U ;TÞ ¼Fðlg0; lU ; lTÞ. (17)

This result is true for all g0;U ;T and hence we can replace
g0 by g0=l, to obtain

Fðg0; lU ; lTÞ ¼ lF
g0

l
;U ;T

� �
. (18)

If the loading parameter l is increased without limit, we
therefore have

lim
l!1

Fðg0; lU ; lTÞ

l
¼Fð0;U ;TÞ. (19)

In other words, at sufficiently large loads, the form of the
solution, including the extent of the contact area, tends to
that of the corresponding receding contact problem,
regardless of whether g0 is positive (progressive contact)
or negative (regressive contact). This of course is exactly
the behaviour described in Section 1 for the pin-in-hole
problem. The same behaviour has been reported for
gudgeon pin/connecting rod ends by Parlamento [32] and
for pin-lug joints by Kumar et al. [33].

4.1. Load factors and stress concentration factors

In the particular example of the pin-in-hole problem of
Fig. 1, we saw that the extent of the contact area depends
on the load only through the dimensionless load factor F,
which is essentially a ratio between the applied load and a
measure of the initial gap g0. Similar results also apply to
the more general problem. Suppose we define a ‘normal-
ized’ gap function ĝ0, such that

g0 ¼ aĝ0, (20)

where ĝ0 is a dimensionless function describing the shape of
the gap and a is a positive scalar multiplier with dimensions
of length. Substituting this result in (17) and setting
l ¼ 1=a, we obtain

Fðg0;U ;TÞ ¼ aF ĝ0;
U

a
;
T

a

� �
. (21)

The function F defines the form of the displacement and
stress fields and hence the extent of the contact area, which
therefore depends only on the load factors U=a;T=a. For
the special case of the pin-in-hole problem, the initial gap is
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uniform around the circumference, so we can take ĝ0 ¼ 1
for progressive contact. We then have a ¼ DR, showing
that the contact semi-arc depends only on the ratio F=DR,
as is clear from Eq. (1).

The load factor can also be made dimensionless by
dividing by the elastic modulus, giving for example F ¼
F=ðaEÞ for two-dimensional problems, where the load F is
here defined as an applied force per unit thickness. For
three-dimensional problems, we would also need to
introduce a length L characterizing the dimension of the
components, defining F ¼ F=ðaELÞ, where F now has the
dimensions of force. These definitions permit general-
ization to classes of geometrically similar systems of
various materials, assuming that Poisson’s ratio is the
same for all. In problems where the loading is characterized
by an imposed displacement U, the appropriate loading
parameter is F ¼ U=a for both two and three-dimensional
problems.

The stress field for both progressive and regressive
contact problems approaches the receding contact limit
asymptotically with increasing load factor F and the
limiting solution can be expected to provide a good
approximation if F is large compared with unity. This
behaviour is illustrated in Fig. 2, where the contact arc is
within a few degrees of the limit for jFj410.

In practical engineering problems, concern is generally
with the highest value of some stress measure and it is
conventional to define a stress concentration factor (SCF)
that is the ratio of this maximum stress to some reference
value that is calculated using mechanics of materials
arguments. It should be clear from the above arguments
that the SCF in almost conforming contact problems will
tend to the receding contact limit at sufficiently large loads.
Also, the SCF is a unique function of the load factor F.
These results provide a rigorous proof of surmises of
previous authors based on the results of finite element
studies (e.g. Ref. [34]).
4.2. Multiple loading scenarios

In general, the externally applied traction T is a vector
function of position and hence has infinitely many degrees
of freedom. The scenario implied by Eq. (19) is that in
which all the applied tractions increase in proportion with
l, whilst maintaining constant direction. Other more
general loading scenarios might be envisaged. For example,
we may start with tractions

T ¼ T1 þ T2 (22)

and then increase T1 whilst keeping T2 constant. For this
case, we can write u ¼Fðg0;T1;T2Þ, in which case an
argument analogous to that leading to (17) gives

lFðg0;T1;T2Þ ¼Fðlg0; lT1; lT2Þ. (23)

Once again, this equation applies for all values of
g0;T1;T2, so we can replace g0 by g0=l and T2 by T2=l,
obtaining

Fðg0; lT1;T2Þ ¼ lF
g0

l
;T1;

T2

l

� �
. (24)

We then increase l without limit, obtaining

lim
l!1

Fðg0; lT1;T2Þ

l
¼Fð0;T1; 0Þ. (25)

In other words, the stress state and the contact configura-
tion tends to the receding contact limit associated with the
applied load T1 that is being increased. The load T2 that is
maintained constant can be thought of as altering the
initial conformity of the contact in much the same way as a
change in the gap function g0, but these effects are
eventually swamped by the deformations associated with
the increasing load T1.
This example also brings out the fact that the receding

contact solution is a function both of the initial conforming
contact geometry and the nature of the applied loading.
For example, the inclusion problem of Fig. 4(a) (second
example) would behave differently if subjected to biaxial
instead of uniaxial loading.

4.3. Frictional problems

Similar arguments can clearly be used for the problem
with Coulomb friction, showing that stick and incremental
slip zones and slip directions will also tend to the values
obtained in the receding contact problem at large values of
l. However the effect of the incremental friction law is
qualitatively different during the evolution of progressive
and regressive contact.
For regressive contact, there will initially be stick with

non-zero contact pressure throughout G0. In general, a
finite applied load will be required to initiate slip, after
which a slip zone will grow with increasing load. At some
higher level of load, a separation zone will form in the slip
zone and will then also grow with increasing load. In
particular, regions that have once slipped will not revert to
stick and hence the displacement condition in the stick
zones at any stage in the loading process remains the same
as at the initial zero load state (i.e. homogeneous). Thus,
the boundary conditions for the problem can all be stated
in terms of the instantaneous state. In fact they are the
inhomogeneous equivalents of the ‘static’ equations (11)
and (12).
By contrast, for progressive contact, the contact zone

and stick zone will generally both grow with increasing
load, so that there will be locations where slip gives way to
stick. The displacements in the stick zones will therefore
depend on the conditions at the instant when a given point
made this transition and the solution is history dependent.
This is a special case of the result established by Dundurs
and Comninou [35] that frictional problems are history-
dependent if and only if there are ‘advancing stick zones’—
i.e. instants at which points experience the transition from
slip or separation to stick. In some special cases, the
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Fig. 5. The conrod/bushing/gudgeon pin assembly: (a) three-dimensional

finite element mesh and (b) diameters and tolerances at the contact

interfaces.
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incremental problem is self-similar, permitting a relation to
be established between the progressive solution and a
related stationary contact problem [36,37], but this result
cannot be extended to cases where there is an inherent
geometric length scale.

Note however that even in the case of progressive
contacts, the configuration and stress state tends to the
receding contact limit at large loads. This is because the
locked in displacements in the advancing stick zones
ultimately become a small proportion of the total
displacements.

4.4. A brief comment about adhesion

The classical formulation of the contact problem given
above assumes that no tensile tractions can be transmitted
at the interface, but this is an approximation which
becomes increasingly inaccurate as attention is focussed
on micro and nanoscale contact. Johnson et al. [38]
idealized the effect of adhesion by including the surface
energy associated with the atomic potentials at the inter-
face. The problem then becomes similar to that of linear
elastic fracture mechanics (LEFM) and in particular the
extent of the adhesion zone is determined by the condition
that the tensile tractions be singular with a multiplier
analogous to the critical stress intensity factor KIc. It is
clear that the contact area in receding contact problems
with adhesion cannot jump to the final value at arbitrarily
small loads, since this would require the provision of a
finite amount of surface energy. Furthermore, the surface
energy becomes a decreasing proportion of the total strain
energy as the load is increased, implying that adhesion will
play a progressively smaller role in the process and the size
of the adhesion zone will shrink.

If the adhesion zone is sufficiently small, its effect on the
pressure distribution could be described as a local
perturbation ‘patched’ into the asymptotic field at the edge
of the contact area, where the contact pressure without
adhesion has the universal form p�C

ffiffi
r
p

and r is the
distance from the separation point. This patching techni-
que has been successfully used for a variety of local
effects in contact problems by Hills and co workers [39–41].
In the resulting asymptotic problem, the only length scale is
the ratio KIc=C, from which we conclude that the extent of
the adhesion zone will vary inversely with the applied load
at sufficiently large loads.

5. Example

To illustrate some of these results in a practical context,
we consider the automotive connecting rod/bushing/
gudgeon pin assembly of Fig. 5. The diameters of the
contact surfaces with appropriate tolerances are shown in
Fig. 5(b). The bushing is a thin annulus which is an
interference fit in the small end of the connecting rod
(conrod). The gudgeon pin is a loose fit in the bushing (to
allow for lubrication and relative motion). All three
components are made of steel ðE ¼ 210GPa; n ¼ 0:3Þ
except that the bushing has a very thin coating of bronze
alloy for tribological purposes, which was not modelled in
the finite element analysis.
A three-dimensional finite element analysis was per-

formed on this assembly using the mesh of Fig. 5(a), which
includes about 37,000 elements and 25,000 nodes. The
loading condition was chosen to be that at top dead centre
(TDC) at the beginning of the induction stroke, when the
small end is pulled by the maximum inertial forces exerted
by the piston assembly. To mimic the actual machining and
fitting of the three mechanical components, the finite
element analysis included the following three steps:
(i)
 The bushing is press fitted into the conrod small end,
using appropriate interference data from Fig. 5(b). In
the calculations, we used the maximum possible
diametral interference (largest bushing in smallest
hole) of 0.085mm. We also considered the case of
zero interference, since this defines the receding
contact limit.
(ii)
 Since the small end is not axisymmetric, the press
fitting operation produces a small amount of ovaliza-
tion of the bushing inner surface, which is therefore
removed by a boring operation so as to restore a
perfectly cylindrical inner surface.
(iii)
 The gudgeon pin is then loaded against the bushing/
conrod assembly. As in step (i), we used the maximum
possible diametral clearance of 0.046mm as well as the
case of zero clearance representing the receding
contact limit.
The contact between the bushing and the conrod was
assumed to be frictional with f ¼ 0:1, whereas frictionless
contact conditions were assumed at the pin/bushing
interface. Loading from the piston through the contact
interface between the piston bosses and the gudgeon pin
was simulated by applying an appropriate uniform
pressure directly to the lower portion of the pin cylindrical
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Fig. 6. Contact semi-arc at the gudgeon pin/bushing interface and the bushing/conrod interface as a function of applied load.
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surface. A preliminary study in which the piston was also
modelled showed this to be a satisfactory approximation.

Fig. 6 shows the contact semi-arc at both interfaces as a
function of the applied load. The load is here presented in
dimensional terms so that the evolution of two contact arcs
can be related, but we recall that the load can be
normalized in order to generate similar results for other
degrees of clearance or interference. We note that the
contact (progressive) arc has almost reached its receding
contact limit before separation starts at the bushing/conrod
interface. This is to be expected, since the design
parameters should be chosen so as to preclude separation
or even slip at this interface. The receding contact limit for
the semi-arc was established by a separate FE calculation
using zero interference and clearance and found to be
97:06� for the contact interface and 98:63� for the bushing/
conrod interface.

Realistic service conditions for this problem correspond
to a load of about 50 kN, from which we conclude that the
bushing/conrod interface is short of the value required to
cause separation (85 kN), whilst the progressive pin/
bushing contact ð� � 90�Þ is close to the receding contact
limit. Note however that these calculations were performed
using the maximum values of the stated tolerances.
Corresponding results for smaller clearances and interfer-
ences can be calculated based on the arguments of Section
4.1. In particular, the load of 50 kN would correspond to
incipient separation at the bushing/conrod interface at a
load of 50 kN if the initial diametral interference were

0:085� 50

85
¼ 0:050mm,

and the diametral clearance at the pin/bushing interface
were

0:046� 50

85
¼ 0:027mm.

The critical diametral interference is just at the tolerance
limit, suggesting the possibility of slip and fretting damage
in this extreme case. Note also that any consequent relative
rotation of the bushing and the conrod small end may close
the lubrication hole and cause seizure due to oil starvation.
6. More applications

The above example illustrates one possible application of
the results obtained in the paper, but is by no means
exhaustive of its potentiality. In fact, the literature on
conforming contact is, as seen in the introduction, very
wide. In practise, most examples studied in the literature,
design guides and standard codes do not recognize the
linearity of the receding contact case, let alone the reduced
dependence on loading. Limiting attention to the case of
pinned connections, in recent years various aspects have
been covered, including orthotropic materials, multiple
fasteners, effect of clearance or interference, and friction
[42–46,48–52]. Our results apply to all these extensions,
since the only assumptions we made are those concerning
small displacements at the boundary and no restrictions
were placed on the material properties other than that of
linear elasticity. The problem is of particular relevance in
the aerospace arena, because of the wide use of fastener
connection systems. Not only do the present results
simplify the future analysis of these problems, but also a
number of previous results can be re-interpreted for
different conditions, because of the parametric dependence
of load factors suggested here.
For example, in the case of multiple fasteners [47]

subjected to a single type of loading, if the initial gap is the
same for all contacts, and uniform around the circumfer-
ence, we can still take ĝ0 ¼ 1 for progressive contact. We
then have a ¼ DR, showing that the contact semi-arc
depends on each contact only on the ratio F=DR, as is clear
from Eq. (1). Hence, the problem can be studied as a
function of the single load factor F as in our example.
Separate curves will be obtained for each individual
contact, but this methodology will still be very powerful
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in reducing the number of runs in the typical FEM study of
the problem.

A particularly interesting application is that of fretting in
pinned connections. In the case of an exact fit, the problem
is linear even in the presence of friction (as proved above)
and the entire cycle of load can be followed easily since the
extent of the stick and slip zones does not change with
load, and any combination of load or traction and
displacement (as is sometimes used in the analysis of
fretting [45]), can be obtained immediately from a single
analysis. Of course, with regressive or progressive contact,
the problem ceases to be strictly linear, but the closer we
are to the receding limit case, the more approximately
‘linear’ the problem will be, and hence we can often neglect
the change of regions of contact or stick-slip.

Other possible areas of interest are those of inclusions or
fiber-matrix contact where the interest is in failure [53], or
in biomechanics, such as in the contact of natural or
artificial joints [54,55].

7. Conclusions

We have shown that in problems of almost conforming
contact, the contact area tends asymptotically to the
solution of the corresponding receding contact problem—
i.e. the case in which the clearance or interference is
identically zero. This result also holds if Coulomb friction
conditions are assumed at the interfaces, in which case the
extent of the stick and slip zones also tend to the receding
contact limit.

Progress of the stress state towards the limit is governed
by a load factor which is a ratio between the applied load
and a measure of the clearance or interference. Thus, if
finite element results are obtained for a range of loads and
a single value of clearance (say), results for other values of
clearance can be obtained by scaling. This is useful in
situations where the clearance is subject to uncertainty as is
generally the case due to machining tolerances. A related
useful practical result is that the stress concentration factor
depends only on the load factor.
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