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Implications of Thermoplastic 
Instability for the Design of Brakes 
Thermal distortion in brakes due to frictional heating causes localized contact and 
high temperatures (hot spots) with consequent thermal damage to the sliding 
components. This paper examines the effect of brake design and operating 
parameters on the maximum temperature reached. Previous solutions for steady-
state sliding are reviewed and the effects of hot spots being in intermittent contact 
due to the geometric design of the brake are discussed. Approximate solutions for 
transient thermoelastic contact are extended to the case of uniform deceleration to 
determine the duration of the stop for which thermoelastic effects will be 
significant. If the stop is sufficiently slow for hot spots to develop, the temperatures 
will generally be high. However, high temperatures are also reached in sufficiently 
rapid stops due to the high rate of energy dissipation. An optimum is found between 
these extremes. 

1 Introduction 
It is now well established that the interaction between 

frictional heat generation, thermal distortion, and elastic 
contact can cause the development of nonuniform contact 
pressure between nominally conforming sliding solids on a 
scale larger than that of the individual asperity. This process, 
generally known as "thermoelastic instability," is particularly 
severe in friction brakes because of the relatively large 
quantities of heat generated. It leads to the development of 
high local temperatures known as "hot spots" with the 
consequent danger of material degradation or failure under 
thermal stress. Experimental evidence of high temperatures 
and thermal damage is widespread in both railway and air
craft applications as well as under laboratory conditions 
[1-8]. 

Thermoelastic instability is a complex process and it is 
difficult for the brake designer to predict whether a given 
system will be susceptible to it. Two possible approaches are 
to carry out full scale service trials on the proposed system or 
to develop a computer simulation based on suitable assump
tions about the mechanism of the process (e.g., [9]). However, 
both methods are expensive and time consuming and, even 
when the results are available, it is difficult to determine 
which of the many design parameters should be changed to 
improve the thermoelastic behavior. 

In this paper we shall attempt to answer this question by 
examining a number of admittedly highly idealized ther
moelastic frictional problems which have relatively simple 
solutions. 

2 Steady-State Solutions 

Braking systems are generally used for the purpose of 
retardation and are therefore essentially transient in their 
operation, except when drag braking to maintain constant 

speed down gradients. The conditions developed in con
tinuous operation at the highest service speed provide an 
upper limit to the severity of the process which is useful as a 
background to the more involved transient behavior. 

Solutions have been obtained [10, 11] for the steady-state 
sliding contact between a rigid thermal insulator and a 
conducting elastic half-space in two-dimensional and 
axisymmetric geometries in the absence of wear. In these 
analyses, it is assumed that the coefficient of friction, n, is 
constant throughout the contact area and that the coupling 
between tangential and normal tractions can be neglected. 
Under these idealized conditions, thermoelastic effects cause 
the contact to be restricted to a band or a circle respectively, 
whose half-width (radius) is 

a„ = 
CK(\-v) 

aixGV(\ + v) 
(1) 
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see [11] where a, K, G, v are the coefficient of thermal ex
pansion, thermal conductivity, modulus of rigidity and 
Poisson's ratio respectively for the half-space, and V is the 
sliding speed. The numerical constant C takes the value 1.158 
for two-dimensional and 2.006 for axisymmetric geometries. 
If both solids are deformable, the quantity (1 - v)/G should 
be replaced by [(1 - vx)/Gy + (1 - "2)/G2] where the suffices 
1,2 refer to the properties of the two solids. Thermoelastic 
load concentration cannot develop if the dimension of the 
thermoelastic contact area defined by equation (1) is greater 
than that of the nominal contact area in the practical system. 
It is therefore possible to define a critical speed, V0, below 
which thermoelastic instability does not occur. This concept 
was introduced by Burton [11] who also demonstrated that a 
similar criterion governs the initial growth of a small 
disturbance in contact pressure between two conforming 
sliding solids in a two-dimensional geometry. 

Equation (1) is based on the assumption that all the fric
tional heat flows into one of the two bodies. This would be the 
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case if the other body had a very low conductivity or if the 
configuration were such as to impose a large resistance to heat 
transfer away from it. Both these conditions are reasonably 
well satisfied for composition brake blocks sliding against a 
steel railway wheel, or for composition brake pads against a 
cast iron disk. 

3 Effect of Load and Speed 

It should be noted that the steady-state thermoelastic 
contact radius a is independent of the applied normal load, P. 
This arises because the frictional heating which distorts the 
half-space and the contact pressure which restores conformity 
in the contact regions are both directly proportional to load. 
Hence, a change in load will cause a proportional change in 
stress, displacement, and temperature throughout the system, 
but does not require a change in contact geometry. 

By contrast, an increase in speed causes a reduction in 
contact area as well as increasing the frictional heating and 
hence has a greater effect on the maximum temperature 0max. 
If we approximate the pressure in the contact circle by the 
Hertzian distribution, the temperature at the center of the 
contact region for the axisymmetric geometry is found [23] to 
be 

a _ 3>MVP _0.mali
2V2PG(l + u) 

8a0K ^ ( l - * ) 

An immediate deduction from this result is that, for a given 
rate of energy dissipation (fiVP), the maximum temperature 
can be reduced by using a material with low coefficient of 
friction and increasing the normal load to compensate. The 
authors know of no cases in which this result has been put to 
practical use, though railways have achieved some im
provement in thermal behavior by using composition brake 
blocks of low elastic modulus (5)—i.e., reducing G in 
equations (1,2). "Low friction" composition blocks are 
available with a friction of about 0.6 times the normal. Their 
purpose is to provide a direct replacement for cast iron 
blocks, but most are found to have a high modulus and in at 
least one case were withdrawn after severe cracking of wheel 
tires. 

4 Location of Hot Spots 

The theoretical solutions described above show that, if one 
solid is a thermal insulator, the hot spot will be stationary 
with respect to the other (conducting) solid and consequently 
moves over the insulator at the sliding speed V. This is 
confirmed experimentally in the case of steel railway wheels 
braked by composition blocks which develop hot spots fixed 
with respect to the wheel [5]. 

The more general problem of two conducting solids has 
never been satisfactorily analyzed because of the difficulty 
introduced by moving heat sources in the thermoelastic 
problem. However, Burton, Nerlikar, and Kilaparti [12] have 

solved the related problem of the growth of a pressure 
disturbance between two conducting sliding solids in complete 
contact and show that the disturbance moves with respect to 
both solids. This is not confirmed experimentally. For 
example, steel wheels braked by cast iron blocks exhibit some 
hot spots fixed in the block and some in the wheel [3] and hot 
spots are found to be stationary with respect to one solid even 
for the apparently symmetrical case of similar materials [13]. 
Burton [14, 15] gives a plausible explanation of this result as 
an effect of surface films of low conductivity. 

5 Effect of Intermittent Contact 

In most braking systems, the frictional material is not co
extensive with the mating surface and hence a hot spot 
developed on and moving with the latter will experience 
periodic heating and loading. This will influence the thermal 
and contact stress fields differently, since the thermal 
response is much slower than the elastodynamic. The tem
peratures and thermal distortions produced will therefore be 
those due to the heat input averaged over the cycle, with a 
superimposed periodic variation which will generally be small 
except at very low frequencies. By contrast, the elastic 
displacements as the hot-spot passes under the friction surface 
will be those due to the entire applied load P. 

It follows that the contact radius (equation (1)) will be 
increased by the ratio m between the instantaneous and 
average heat inputs to the hot spot. In the case of a tread 
braked railway wheel, this is the ratio (wheel cir-
cumference/(number of brake blocks x block length)). We 
note that the ratio \/m is the 'coefficient of mutual overlap' 
defined by Kragelskii [16]. 

The design of the braking system also affects the number of 
hot spots in the wheel which are simultaneously active. For 
example, a pivoted brake block must ride on at least two spots 
and if there are several independently loaded blocks this 
number will be correspondingly increased. If the kinematics 
of the system demand that there be n spots in contact at any 
instant, the total number around the wheel circumference will 
be at least mn. In fact, the inherent instability of the process 
makes it probable that this minimum number will be the 
actual number of hot spots in the steady-state, since in a 
statically indeterminate situation, the most heavily loaded 
spots tend to grow at the expense of the others. If the heat 
input inVP) is assumed to be shared equally between all these 
hot spots, we can include these effects in equations (1,2) by 
writing 

«n = 
mCK{\ - v) 

aixGV(l + u) 

0.186ot/t2 t^PGU + p) 
~m2nK2{\ - v) 

(3) 

(4) 

where P is the total normal force applied—i.e., the sum of the 
forces applied to the several blocks. 

a 
«o 
A 
b 

c 
G 
k 
K 
m 

= contact radius 
= steady-state contact radius 
= see equation (6) 
= dimensionless contact radius, 

a/a0 

= specific heat 
= modulus of rigidity 
= thermal diffusivity 
= thermal conductivity 
= proportion of time that a given 

hot spot is in contact 

M = 
n -

P = 
q = 

Q = 

r = 
R = 
t = 

'o = 

mass of braked system 
= number of hot spots in contact 

at any given time 
applied normal load 
heat generated per unit area per 
unit time 
strength of instantaneous heat 
source 
radial coordinate 
r/4k(t-tt) 
time 
a\/Ak 

ts = duration of stop 
T = dimensionless time, t/t0 

Ts = ts/tQ 

V = sliding velocity 
V0 = initial velocity 
a = coefficient of thermal 

expansion 
6 = temperature 

0, = see equation (24) 
ix = coefficient of friction 
v = Poisson's ratio 
p = density 
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Fig. 1 Variation of contact radius b( = a/a0) and temperature 0 at the 
center of the hot spot for constant speed sliding b(0) = 15 

These results provide a relatively simple explanation of the 
experimental observation of Parker and Marshall [1] that 
shorter brake blocks give lower maximum temperatures 
(through increasing m). 

If a single block is replaced by several separately pivoted 
blocks of the same total length, n will be increased while m 
remains the same. This gives a proportional decrease in 0raax 

for a given rate of energy dissipation (/xKP). By contrast, if we 
replace the single block by several of the same length, the 
consequent increase in total block length reduces m and more 
than compensates for the increase of n in equation (4) 
resulting in an increased 0max. This result is also supported by 
experimental observations [17]. 

6 The Transient Problem 

Thermoelastic problems are considerably more complicated 
when the conditions are transient, since the temperature 
ceases to be a harmonic function and potential function 
solutions are less useful. However, an approximate solution 
has been obtained for the axisymmetric problem [18] using 
results for the thermal distortion of a half-space due to a 
transient point heat source on the surface [19], The method is 
based on a Hertzian approximation to the instantaneous 
contact pressure distribution. The controlling integral 
equation can be represented nondimensionally by using the 
steady-state radius a0 (see equation (1) above) as a reference 
length and t0=al/4k as a reference time, where k is the 
thermal dif fusivity of the half-space. 

If sliding starts from a condition of isothermal Hertzian 
contact as time t = 0 and subsequently proceeds at constant 
speed and load, we find that the variation of contact radius, a, 
with time is determined by the equation 

l/b(T)3 = l/b(0)3 

T(l-(l+A2)e-A2WTi 

where 

+ L 2 7 7 L HT.Y 

A2=b(Tx)
2/(T-Tx) 

T=t/t0 and b(T)=a(T)/a0 

(5) 

(6) 

(7) 

For details of the derivation of this result, the reader is 
referred to reference [18]. At large values of T, equation (5) 
predicts a contact radius which differs from the exact steady-
state solution by 22 percent, thus affording some measure of 
the degree of approximation involved in the use of a Hertzian 
pressure distribution. At small values of T, A becomes large 

and the integral equation reduces to a simple form with the 
solution 

b{T)= b(0)- 0.4255 r . (8) 

In other words, the initial reduction of contact radius is linear 
with time. A numerical solution (18) shows that this linear 
behavior persists until b has fallen below about 3. Typical 
results for an initial contact radius b(0)= 15 are given in Fig. 
1. 

7 Variation of Temperature 

Once the contact radius is known as a function of time, the 
temperature in the heated region can be written down by 
superposition of the solution 

Qe-r
2Mk, 

— (9) 
4pc(irkty/2 V ; 

for the temperature on the surface of a semi-infinite solid at a 
time t after a quantity of heat Q was released at a radius r on 
the surface [20]. 

The assumed Hertzian pressure distribution implies an 
instantaneous rate of heat generation 

q(r,t) = 
3liPV^a2-r2 

2ira3 (10) 

and hence the temperature at the center of the heated region at 
time / is 

Jo Jo 

<'i) 2Trrq(.r,t)e-r2Mk«-<Odrcltl 

4pc(wk(t-tx)y 
(11) 

3/xPK 

o 2pcir3/2ka(Tx)
3 f Ry/A2-R2e-R2 dRdTx (12) 

Jo 

where 

R2=r2/Ak(t-tx) 

The inner integral can be expressed in the numerically more 
convenient form. 

[AR^fAT^R2e~R2dR=-A--e-A2\AeR2dR (13) 
Jo 2 2 Jo 

The function 

$; 
e*2dR 

is related to the probability integral and is discussed by Miller 
and Gordon [21]. Equation (12) can be expressed in the 
dimensionless form 

40„ 
• i ; 

(A)dTx 
(14) 

b(Txf 
using equations (2, 13). 

Representative results are plotted in Fig. 1 for 6(0)= 15. 
Notice that the temperature is initially very low and then 
increases rapidly towards 0/0max = 1 when the contact radius is 
near to the steady state value. 

During the initial linear phase (see equation (8)) the rate of 
reduction of contact radius 

da 

di = U03k/a0 (15) 

depends only on the thermal diffusivity k and the steady-state 
radius a0. Thus the choice of materials and operating con
ditions for good steady-state behavior (large a0) will also 
favor a slow transient response with a consequent further 
reduction in maximum temperature. 

As a rough guide, significantly high temperatures are likely 
to be developed when the extrapolation of the linear portion 
of theft, Tcurve cuts the horizontal axis—i.e., afteratime 
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Fig. 2 Variation of contact radius ratio (dotted lines) and temperature 
(solid lines) during uniform deceleration for b(0) = 15 and various values 
of the dimensionless stopping time Ts 

T= 2.356(0) 

or in dimensional terms 

t-
«o«(0) 

(16) 

(17) 
1.703* 

from equation (15), where a(0) is the value of a at / = 0. 

8 Uniform Retardation 

If the speed, V, varies during the brake application, the 
controlling integral equation (5) can be retained in dimen
sionless form by referring all dimensionless parameters to the 
initial speed V0, in which case an additional factor (V/V0) 
appears under the integral sign, i.e., 

1 1 

b(TY b(0y 

+ 1.277 
•T(V(TtyV0)il-(l+A2)e-A )dTi 

° 6(r,)4 (18) 

In the particular case of uniform retardation from V0 to 
zero, 

V{Tl)/V0 = l-Tl/T,. (19) 

where 

Ts = 4kts/al (20) 

and ts is the duration of the stop. 
Figure 2 shows the variation of temperature and contact 

radius during the stop for 6(0) = 15 and several values of 
dimensionless stopping time r , . It is clear that Ts has a large 
effect on the maximum temperature reached during the stop, 
high temperatures being reached only when the stop is long 
enough for the contact radius to approach its steady state 
value. 

We also notice that the contact radius reaches a minimum 
and the temperature a corresponding maximum at about the 
same time and the time T taken to reach this condition is 
relatively insensitive to 7^ as shown in Table 1. 

50 75 100 150 200 400 
Value of T 
at which 8 
is a maximum 38 51 54 55 58 52 
for 6(0) = 15-

These values can be compared with the estimate of equation 
(16), which states that high temperatures can be expected in 
constant speed braking when T= 35 for 6(0) = 15. 

If Ts becomes very large, the speed falls very slowly and 
conditions approximate more closely the constant speed 
results. At the other extreme, if Ts is small (say 50 for 

Ts=250/ 

/ 

150/ 

-5§5 

-v 1 1 1 

k i o o / \ \ 

/ 75S ^\\~~~~~~~~^ 

/ / ^ \ " 

^L^-^=^zrrr^ !^--C50 = 

1 1 1 

0.2 0.4 0.6 

T / T , 

Fig. 3 Effect of dimensionless stopping time Ts on the variation of 
temperature during the stop, for constant initial kinetic energy b(0) = 15 

(f>tf 

' max 

Fig. 4 Effect of dimensionless stopping time Ts on the maximum 
temperature reached during the stop for b(0) = 5,10,15 

6(0)= 15), there is insufficient time during the stop for hot 
spots to develop and maximum temperatures are 
correspondingly lower. 

9 Constant Initial Kinetic Energy 

For a practical deceleration test, the duration of the stop, ts 

depends upon the frictional force JXP. In fact 

t,= 
a\Ts MV0 

4k MP 
(21) 

where M is the mass of the system referred to the radius of the 
braking surface. 

Thus, the reference temperature #max is 

(22) radx &a0K 2alpcTs 

from equations (2,21) and depends inversely upon 7^. 
For conditions in which the initial kinetic energy {ViMV1) is 

prescribed, a better picture of the dependence of temperature 
upon Ts and hence on the braking force P) is obtained if we 
plot 

= l=el(3^) 
\ 2 a 3 p c / ' 

In other words, 6 is compared with the temperature 

0,=3JWyJl/2flfV 

(23) 

(24) 

which is independent of T^. 
We note that alpc is the thermal capacity of a cube of 

material of side «0 and hence 0, is the temperature which 
would be achieved if the initial energy were contained as heat 
in one third of such a cube. 
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This condition is extremely severe so that the computed 
values of 6/6, tend to be small compared with unity. 

Note that if these results are used for a configuration which 
gives several hot-spots (see 5 above), the kinetic energy per hot 
spot should be used in equation (61) [i.e., ViMV^/imn)} and 
a0 should be calculated from equation (3). 

Figure 3 shows the variation of 6/6, with T/Ts for an initial 
radius b(0) =15 and various values of Ts. The situation is very 
complex, but can be explained by dividing the range of values 
of Ts into two regimes: 

(i) Rapid Stops (Ts<50). With rapid stops, there is 
insufficient time for hot spots to develop-in fact, for very 
low values of Ts, there may be little change in the contact 
radius during the process. 

In this regime, maximum temperature tends to occur at the 
mid-point of the stop and is approximately proportional to 
T~ul as in other constant deceleration situations with un
changing geometry (e.g., [22]). 

(ii) Slow Stops (Ts> 100). If the stop is slow enough for 
hot spots to develop, these will generally determine the 
maximum temperature. In other words, the maximum 
temperature will coincide with the minimum contact radius 
(cf. Fig. 2). For very slow stops, hot spots may be fully 
developed before significant reduction in speed has occurred 
in which case 6 = 0max and hence: 

6/6,=\/Ts (25) 

from equation (23). 
This limiting solution (6max/6,) is shown in Fig. 4 where the 

maximum value of (6/6,) is plotted against Ts for b(0) = 5, 10, 
15. The figure is plotted on a log/log scale to show up the 
dependence of 6/6, on T~W2 at small values of Ts. 

From the above discussion, the curves in Fig. 4 can be 
interpreted as transitions between the two limiting solutions. 
The transition is quite rapid and there is a range of conditions 
in which a reduction in braking force causes an increase in 
maximum temperature, through extending the stop to a 
sufficient duration for hot spots to develop. This behavior is 
more pronounced when b{Q) is large, which for a given 
mechanical system corresponds to the case of high initial 
speed. 

10 Discussion - Implications for Design. 

In principle the above analysis could be used to predict the 
maximum hot spot temperature achieved during a brake 
application and the time taken to reach it. However, a major 
difficulty is presented by the fact that many of the parameters 
involved in the calculation (notably G and /M) are strongly 
influenced by temperature. It is a comparatively simple matter 
to build such dependence into the solution of the problem, 
but, particularly for conventional composition braking 
materials, there is a serious lack of appropriate data. 

Under conditions representative of railway braking 
practice, the predicted temperatures are sufficiently high to 
indicate that plastic deformation under thermally reduced 
yield stress or even local melting may be a limiting factor in 
the development of hot spots. An elastic analysis is clearly 
incapable of modeling such behavior, but of course as a 
design problem we are seeking to avoid such extreme con
ditions. The main deductions from the analysis of simple 
cases are 

(i) that any change leading to an increase of the steady-
state radius a0 (equation (3)) will pay off in terms of reduced 
maximum temperature and slower transient response 
(equation (17)). Notice particularly the effects of number of 
blocks and kinematics discussed in Section 5. 

(ii) short periods of intense braking can produce lower 
maximum temperatures than longer more moderate ap
plications (see Fig. 4) because hot spots take some time to 
develop. It would be possible to take advantage of this result 
by sequencing brake applications to a number of surfaces 
instead of applying all brakes equally and continuously. 
Notice also that the critical time for the development of hot 
spots is proportional to thermal capacity as well as the factors 
influencing a0 (equation (17)). 
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