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Introduction

Consider a zero-sum controller-and-stopper game:
@ Two players: the “controller” and the “stopper”.
o A state process X“: can be manipulated by the controller
through the selection of a.
o Given a time horizon T > 0. The stopper has

e the right to choose the duration of the game, in the form of a
stopping time 7 in [0, T] a.s.

e the obligation to pay the controller the running reward
f(s,X&, as) at every moment 0 < s < 7, and the terminal
reward g(X%) at time 7.

e Instantaneous discount rate: c(s, X&), 0 <s < T.
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Introduction

VALUE FUNCTIONS

Define the lower value function of the game

V(t,x) := sup inf E[/ e S X dup (s xEx o) ds
aEAtTEthT t

+e N c(u,Xj’X’a)dug(X:,x,a) ’

o A; := {admissible controls indep. of F;},
o T}r := {stopping times in [t, T] a.s. & indep. of F¢}.
Note: the upper value function is defined similarly:

U(t, x) .= inf;sup, E[- - -]. We say the game has a value if these
two functions coincide.
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RELATED WORK

The game of control and stopping is closely related to some
common problems in mathematical finance:

@ pricing American contingent claims, see e.g. Karatzas & Kou
[1998], Karatzas & Wang [2000] and Karatzas & Zamfirescu
[2005].

@ minimizing the probability of lifetime ruin, see Bayraktar &
Young [2011].

But, it has not been studied to a great extent except certain
particular cases.
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RELATED WORK (CONTI.)

One-dimensional case: Karatzas and Sudderth [2001] study the
case where X moves along a given interval on R. Under
appropriate conditions, they

@ show that the game has a value;
@ construct explicitly a saddle-point of optimal strategies
(a*, 7).
But, difficult to extend their results to multi-dimensional cases

(their techniques rely heavily on optimal stopping theorems for
one-dimensional diffusions).
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RELATED WORK (CONTI.)

Multi-dimensional case: Karatzas and Zamfirescu [2008] develop a
martingale approach to deal with this. Again, it is shown that the
game has a value and a saddle point of optimal strategies is
constructed, but under some STRONG assumptions:

o the volatility coefficient of X® has to be nondegenerate.

o the volatility coefficient of X“ cannot be controlled!
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We intend to investigate a much more general multi-dimensional
controller-and-stopper game in which both the drift and the
volatility coefficients of X“ can be controlled, and the volatility
coefficient can be degenerate.

Main Result: The game has a value (i.e. U= V) and the value
function is the unique viscosity solution to an obstacle problem of
an HJB equation.
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METHODOLOGY

@ Show: V, is a viscosity supersolution
e prove continuity of an optimal stopping problem.
o derive a weak DPP for V/, from which the supersolution
property follows.
@ Show: U* is a viscosity subsolution
e prove continuity of an optimal control problem.
o derive a weak DPP for U, from which the subsolution property
follows.
@ Prove a comparison result. Then U* < V. Since
Ur>U>V >V, we have U=V, ie. the game has a
value!!
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The Set-up

Consider a fixed time horizon T > 0.

o Q:= C([0, T];RY).

o W = {W;}icpo,1): the canonical process, i.e. Wi(w) = wr.

o P: the Wiener measure defined on Q.

o F= {Fi}tcpo,1): the P-augmentation of o(Ws,s € [0, T]).
For each t € [0, T], consider

o ' the P-augmentation of o(W;ys — W;, s € [0, T)).

o Tt:={F*'-stopping times valued in [0, T| P-a.s.}.

o A;:={F'-progressively measurable M-valued processes},

where M is a separable metric space.

o Given FF-stopping times 71,7 with 71 < 7 P-a.s., define
T} i ={r € T* valued in [r1, 7] P-a.s.}.
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The Set-up

CONCATENATION

Given w,w’ € Q and 0 € T, we define the concatenation of w and
w’ at time 6 as

(w®49w,)s = Wr]-[O,é)(w)](s)+(wg_Wé(w)+w9(w))1(9(w),T](S)’ se [0, T].
For each v € A and 7 € Ty, 1, we define the shifted versions:

9w = aw®g W)
W) = T(w ).
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The Set-up

PROPERTIES OF 7 € Tt AND a € A,

PROPERTY 0
Fix t € [0, T]. If a r.v. £ is Fh-measurable, then £ is indep. of F;.

PROPERTY 1

Fix 0 € T. Forany 7€ To.7 and o € A, T = 7;0(5)“))T and
adv e Ag(w), P-a.s.

PROPERTY 2

Given T € Tt and o € As,
o 7t =17, P-as.
o For (s,x) € [0, T] x RY, X2 (') = X3¥%(w') for all
re s, T], P-as.
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The Set-up

ASSUMPTIONS ON b AND o

GivenT €T, € EZ which is F,-measurable, and o € A, let
X762 denote a R9%valued process satisfying the SDE:

dX?g’a = b(t7 Xt‘r,&ay Oét)dt + U(t) Xtﬂ&a? at)th’ (1)

with the initial condition X7'%% = ¢ a.s.

Assume: b(t, x, u) and o(t,x, u) are deterministic Borel functions,
and continuous in (x, u); moreover, 3 K > 0 s.t. for t € [0, T],
x,y€RY andue M

‘b(ta)(? U) - b(t’y’ U)| + |O-(t’X7 U) - U(tvyv U)| < K‘X _.y|7

(2)
|b(t, x, u)| + |o(t,x, u)] < K(1+ |x]),

This implies for any (t,x) € [0, T] x RY and o € A, (1) admits a
unique strong solution X",
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The Set-up

ASSUMPTIONS ON f, g, AND ¢

f and g are rewards, c is the discount rate = assume f,g,c > 0.

In addition, Assume:

o f:[0,T] xRY x M+ R is Borel measurable, and f(t, x, u)
continuous in (x, u), and continuous in x uniformly in u € M.

e g:RY— R is continuous,

e c:[0, T] x RY s R is continuous and bounded above by
some real number ¢ > 0.

o f and g satisfy a polynomial growth condition

|F(t,x, u)| + [g(x)| < K(L+[x|P) for some p>1.  (3)
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The Set-up

REDUCTION TO THE MAYER FORM

e Set F(x,y,z):=z+ yg(x). Observe that

V(t,x) = sup inf E[ZP¥100 4 ybolag(xhxe)]
acAt Tet{T

= sup inf E[F(XL¥LOaY]
CVG.AL'T€7—1‘ET [ ( )]

where XEX¥50 = (XE%0 ylxye ztxyze)
o More generally, for any (x,y,z) € S := R x R?, define
\_/(RX,}/,Z) = sup inf E [F(xg&y,z,a)] _

acA: TE th
Let J(t,x; a,7) := E[F(X2*")]. We can write V as
V(t,x) = sup inf J(t,(x,1,0); a, 7).

acA TC 1

(4)
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The Set-up

CONDITIONAL EXPECTATION

Fix (t,x) € [0, T] xS and « € A. Forany 8 € T, 7 and 7 € Ty T,

E[F (X% | Fol(w) = J (G(w),X;’x’o‘(w); 04'9"“,7'9"") P-as.

)
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Supersolution Property of V.,

For (t,x,p,A) € [0, T] x RY x RY x MY, define
1
Hé(t,x, p,A) :== —b(t, x,a) — ETF[O’O”(t,X, a)A] — f(t, x, a),

and set
H(t,x,p,A) := inf H(t,x,p, A).
aeM
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Supersolution Property of V.,

SUPERSOLUTION PROPERTY OF V.,

PROPOSITION 3.2

The function V, is a viscosity supersolution on [0, T) x R to the
obstacle problem of an HJB equation

max {C(t,x)w - %Mt/ + H(t, x, Dxw, D?w), w — g(x)} > 0.
(5)
Proof: Let h € C12([0, T) x RY) and (tg, x0) € [0, T) x RY be s.t.
0= (Vu—h)(to,x0) < (Va—h)(t,x), ¥ (t,x) € [0, T) xR\ (to, xo).
If V(to,x0) = g(x0), trivial. If V(tp,x0) < g(x0), want to show

oh
0< C(to,Xo)h(to,Xo) — a(to,Xo) + H(-, th, DEh)(to,Xo). (6)

Yu-Jui Huang On the Multi-Dimensional Controller and Stopper Games



Supersolution Property of V.,

PROOF (CONTI.)

@ Assume the contrary. Then 3 (o € M such that

dh
0> c(to, x0)h(to, x0) — 5 (to, X0) + H%(-, Dxh, D2h)(to, o).

o Define h(t,x) := h(t,x) — |t — to|> — |x — xo|*. Note that
(h, Oth, Dxh, D2h)(to, x0) = (h, O¢h, Dych, D2h)(to, x0). Thus,
can choose r > 0 with tg +r < T s.t.

0> c(t, x)h(t, ) - %(t,x) + HO (., Dch, DZh)(t0, x0). (7)

for all (t,x) € B.(to, x0).
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Supersolution Property of V.,

PROOF (CONTI.)

@ Define ( € A by (; = (o for t > 0. Take (tpn, xn) in By(to, X0)
s.t. (tn, Xn, V(tn,%n)) = (to, X0, Vi(to, Xx0)). For n € N, set

Op = inf {5 >ty | (s, X ) ¢ Br(thXO)} €Ty

e By applying the product rule to Yst”’x”’l’%(s,X;"’X"’C),

n,Xn, 1,6 T nsXn,
h(tn,xn)_E[Y;n “h(O, Xgm )
On L Y
+/ yImxn LG | ch — 5t H(., Dxh, D?h) + f (s,Xst"’X",Co)ds}
tn

On
<E [Y;:’X"’l’ch(en,Xet:’xn’c) _|_/ Ystn,Xnyl,Cf(s’Xstn,XmC’Co)ds:|

tn
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Supersolution Property of V.,

PROOF (CONTI.)

e More generally, it holds for all 7 € T, 7 that

h(tn, xn) =E [Ygt:’AXT”’l’CE(G,, AT, XImXnC)

O AT

OnNT
n - h . -
- / yrmle (ch — gt + H(-, Dxh, DZh) + f> (s, Xgm™, Co)ds}
tn

OnNT
< E |:Y0t:/7\);'_7717<h(9n /\ 7_’ thyxlhc) + / Ystnyxnzlvcf(s’ Xstl'l:Xn7<7 Co)ds}
tn

OnNT

-
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Supersolution Property of V.,

PROOF (CONTI.)

e Since (h — V)(tn,x,) — 0, can find A € N large enough s.t.
forall 7€ Ty, 1

V(ta, xa) <E [Yfﬁ“ﬁ’l‘h(@ﬁ AT, X[0C)

05T OaNT

OaNT n
+/ Ystﬁ’xﬁ’l’cf(S;X;ﬁ’Xﬁ’Ca CO)d5:| _ 5 (8)
t;

il
OuAT O5NT OsNT

— ]E |:Ytﬁzxf7:17<h(0ﬁ AT Xtﬁzxfnc) + Ztﬁ:Xﬁ71707<:| _ Q
) 2'

How to get a contradiction to this??
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Supersolution Property of V.,

PROOF (CONTI.)

By definition of V,

V(ta,x3) > inf E[F(XP0a10s07y]

7—67—1*;;7,T
> E[F(Xz’(xﬁ’l’o)’a*)] —n/4, for some 7 € ’7;:"T

> B\ Y2t h(0n A7, X2 4+ 27t | — -

~
—~ 3

The blue part is the weak DPP we want to prove!
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Supersolution Property of V.,

WEAK DPP 1

PROPOSITION 3.1

Fix (t,x) € [0, T] x S and € > 0. Take arbitrary o € A;, 0 € T

and ¢ € USC([0, T] x RY) with ¢ < V. We have the foIIowing:’

(1) E[g*(8,Xg™)] < oo;

(11) If, moreover, E[g~ (6, X;™“)] < oo, then there exists a* € Ay
with o} = as for s € [t, 0] such that

E[F(XE%)] > E[YE5 Y o(T A0, XE5%) + Z5%5 5% — 4e,
(10)

for any 7 € T+
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Supersolution Property of V.,

In Bouchard & Touzi [2011],
@ Problem: sup, 4, J(t,x; @).
@ show weak DPP by using LSC of J(t, x; a) in (t,x).
In our case,
o Problem: sup,c 4, inf e7e J(t,x; o, 7).
o show weak DPP by using LSC of inf,c7: J(t,x;a,7) in
(t,x)??
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Supersolution Property of V.,

CONTINUITY OF AN OPTIMAL STOPPING PROBLEM

Fix t € [0, T]. Then for any a € Ay, the function

G%(s,x):= inf J(s,x;a,T)

TETsS,T

is continuous on [0, t] x S.

Idea: Express optimal stopping problem as a solution to RBSDE;
then use continuity results for RBSDE.

Proof: For s € [0,t] and x = (x, y, z) € S, define the function
F29):Q x[s, T x R — R by

FEX)(r,y) = F(r, XS, ) — c(r, XS%)y.
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Supersolution Property of V.,

PROOF (CONTI.)

Moreover, set £ := g(X7°%) and S, := g(X7™%) for r € [s, T].
Let (D7, 37, K% s < r < T) be the unique solution to the
RBSDE associated with the data (¢, 7, S).

By El Karoui, Kapoudjian, Pardoux, Peng & Quenez [1997],

= essinfE[/ e Ir X g (1 X% ) dl

TGT,j r

+ o fr'r C(U,Xj,x,a)dug(xjv)(,a) | fr , r € [S’ T]

and Y5~ is continuous on [0, t] x R¥.

Observe: G%(s,(x,1,0)) =™
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Supersolution Property of V.,

ProoOF oF WEAK DPP I

Recall that we want to prove the following weak DPP:

WEAK DPP

Fix ¢ > 0. For any (t,x) € [0, T] x S, a € A, 0 € T and
@ € USC([0, T] x RY) with ¢ < V, there exists a* € A; with
oy = as for s € [t,0] s.t. forany 7 € T,

E[F(XE57)] > B[V Yo(T A 0, XE0%) + ZE25V 5% — 4e.

Classical method for DPP: using measurable selection
arguments; but very involved, not flexible...

We prove “Weak” DPP, which requires NO measurable selection
arguments.
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Supersolution Property of V.,

Proor or WEAK DPP I (CONTI.)

Step 1: Separate [0, T] x S into small pieces. By Lindelof covering
thm, take {(t,',X,')},'eN s.t. UiEN B(t,',X,'; r(tf’x")) = (0, T] x S,
with B(t;, x;; rl0) i= (t; — r{&%) 1] x B (x:)-
Take a disjoint subcovering {A;}ien s.t. (ti, xi) € A;.
Step 2: Construct desired control ot in each A;. For each
(t;,x;), by def. of V, 3 alti) € A, s.t.

inf  J(t;, xi; 59 1) > V(t, %) — €. (11)
7'67;:’;7—

Set ¢(t,x,y,z) := yp(t,x) + z. For any (t',x") € A;,

G (¢ X' E G (4, %) — £ = V(ti, %) — 2¢
sC

> @(ti, x;) —2e > @(t',x') — 3e.
usc
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Supersolution Property of V.,

Proor or WEAK DPP I (CONTI.)

Step 3: Construct desired control o« on the whole space
[0, T] x S. For any n € N, set B" := Uj<j<,A; and define

ag = lig (s)as
+1o.1(s) <as1(3n)c(e, X5 + 3 14,0, x;’x’a)agff”)> €A,
i=1
Step 4: Estimations.
E[F(XE*")] = EIF (X)L o] + EIF(XE)1r20)]
> E[1gr<py@(7, X)) 4+ E[F(XE*) L7 0y],
because g > V > ¢ implies
FXEXe) = yorrag(xtee) 4 Zexee

t,x,y,x t,x, o t,x,y,z,o. __ = t, X,
> Y‘r’ 7’ ()O(T7XT’ ’ )+Z'r’ v = (,O(T,XT’ ’ )



Supersolution Property of V.,

Proor or WEAK DPP I (CONTI.)

By Lemma 2.4 and Properties 1 & 2,
E[F (X5 )1 ;20 Follan (6, X5™)

= 1(rsgy > (0, X5 ol 709) 1,4 (6, X5™)
i=0 (12)

> 1{T>0}ZGOZt X;) 0 xtxa)lA (9 tha)
i=0
> 120 [B(0, X5™%) = 3¢]1m(0, X5*%).
Thus,
EIFOG* )] 2 B [RIFOGH )Ly Folla (0. X))

>
— t, X, t,x,o
> E[l00(0, Xy )1n(6, Xy™7)] — 3e.
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Supersolution Property of V.,

Proor or WEAK DPP I (CONTI.)

Step 5: Conclusion.
E[F(XE%")] = EIF(XE*)1,<)] + EIF(XE5)1129)]
> B[L{r <o 3(m, XE5)] 4+ E[L 5y 3(6, X5 1 (0, X)) — 3=.
Take n* € N large enough s.t.

E[F(XF*" )] 2 E[L{r <oy (7, X7 + El[Lir20,5(6, X5™)] — 4e
=E[p(7 A0, XD — 4e

= E[Y 5% 0(r A0, XESY) + Z555 — 4e,

for any 7 € T+

Done with the proof of weak DPP !
Done with the proof of supersolution property of V,!!
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Subsolution Property of U*

SUBSOLUTION PROPERTY OF U*

PROPOSITION 4.2

The function U* is a viscosity subsolution on [0, T) x R? to the
obstacle problem of an HJB equation

max {c(t,x)w — %—V: + H.(t,x, Dyw, D?w), w — g(x)} <0.

Proof: Assume the contrary, i.e. 3 h € CY2([0, T) x RY) and
(to,x0) € [0, T) x R? s.t.

0 = (U*—h)(to, x0) > (U*—h)(t,x), ¥V (t,x) € [0, T)xR\ (o, X0),

and

h
max {c(to,xo)h - gt + H.(to, X0, Dxh, D2h), h — g(xo)} (to, x0) > 0.
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Subsolution Property of U*

PROOF (CONTI.)

Since by definition U < g, the USC of g implies
h(to, x0) = U*(to, x0) < g(x0). Then, we see from (13) that

Oh
C(to,Xo)h(to,Xo) — a(to,Xo) + H*(~, D, h, D)%h)(to,XQ) > 0.

Define the function l~1N(t,x) = h(t,x) + |t — to|? + |x — x0|*. Note
that (h, O:h, Dxh, D2h)(to, x0) = (h, O¢h, Dxh, D?h)(to, x0). Then,
by LSC of H,, 3 r >0 with tg+r < T s.t.
. oh , -
c(t,x)h(t,x) — a(t,x) + H?(-, Dxh, Dz h)(t, x) > 0, (14)

for all a € M and (t,x) € B.(to, x0).
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Subsolution Property of U*

PROOF (CONTI.)

Define 7 > 0 by net’ := = Mingg, (1, XO)( h) >
Take (t,%) € B (to,xo) st. [(U—h)(},%)| < 77/2 For a € A;, set

0" = inf {s >t ‘ (5, XI5 ¢ By(to, %) } € Ty 7.
Applying the product rule to th’l’ah( XSH(O‘), we get

E(?,&):E[Y;ax’l’o‘ (0%, X5

J

. - h . - PN
+ yb&la <ch - g + H(-, Dyh, D2h) + f) (s,X;’X’O‘)ds]
>E [

9&
t
o .
Ye ,1,ah(9a Xetaxa)+/ Yst’x’l’af(S,Xst’X’a,Oés)ds:| +77
t
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Subsolution Property of U*

PROOF (CONTI.)

By our choice of (%,%), U(%,%) +n/2 > h(%,%). Thus,

A A DS o< DS 2
U(%,%) > E | Y2 h(6%, X2 + / yERLaf(s XE5Y ag)ds +g,
t
for any o € A;.

How to get a contradiction to this??
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Subsolution Property of U*

PROOF (CONTI.)

By the definition of U,

<E [F (X%’&’l’o’&)} + g, for some & € A;.
tx,1,4 5,6 1,%,1,0,& n.,.n
< B[ Vi (0, X35 + 2,8 }+4+¢

The blue part is the weak DPP we want to prove!
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Subsolution Property of U*

WEAK DPP II

PROPOSITION 4.1

Fix (t,x) € [0, T] x S and £ > 0. For any a € A, 6 € T, and
¢ € LSC([0, T] x RY) with ¢ > U, there exists 7*(a, 0) € Tir
such that

]E[F(Xf_zi(’a)] S E[Y;:X7y7a¢(9’ Xatzx7a) + Z@t7X7y:Z:a] + 46.
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Subsolution Property of U*

Weak DPP I

o is for V(t,x) = sup,e4,infrere J(t, X a,7).

o the proof relies on LSC of innyeTtt’T J(t,x;a,7) in (t,x).
Weak DPP II,

e is for U(t,x) = infrethTSUPaeAt J(t, x; o, 7).

o the proof might rely on USC of sup,c 4, J(t,x;,7) in
(t,x)??
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Subsolution Property of U*

CONTINUITY OF AN OPTIMAL CONTROL PROBLEM

LEMMA 4.3

Fix t € [0, T]. For any 7 € T;f1, the function L7 : [0, t] x S
defined by

L7(s,x) := sup J(s,x;a,T)
aEAs

is continuous.

Idea of Proof: Generalize the arguments in Krylov[1980] for
control problems with fixed horizon to our case with random
horizon.
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Subsolution Property of U*

Proor orFr WEAK DPP II

Step 1: Separate [0, T] x S into small pieces. By Lindelof covering
thm, take {(t,',X,')},'eN s.t. UiEN B(t,',X,'; r(tf’x")) = (0, T] x S,

with B(thxi; r(t;,Xi)) = (ti — r(ti,Xi), t,-] X Br(ti,x,-)(X,').

Take a disjoint subcovering {A;}ien s.t. (ti, xi) € A;.
Step 2: Construct desired stopping time (&%) in each A;. For
each (t;,x;), by def. of U, 3 r(tixi) ¢ 7:“,-tiT s.t.

sup J(ti, xi; o, 7)) < U(t7, %) + €. (15)
a€Ay;

Set ¢(t,x,y,z) := yp(t,x) + z. For any (t',x") € A;,
L

ti,x;) ti,x;)

(tl7X/) S LT( (t”X,) +e S U(t”XI) +2€
usc

< @(t,',X,') +2e< @(t’,x’) + 3e.
Isc
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Subsolution Property of U*

Proor Oor THE WEAK DPP II (CONTI.)

Step 3: Construct desired stopping time 7 on the whole space
[0, T] x S. For any n € N, set B" := Uj<j<,A; and define

n
7_!1 = T].(Bn)c(e, X;’X’a) + Z T(thxf)lAl.(e, X27X7a) E 7-1:7'
i=1
Step 4: Estimations.

E[F (XY = E [F(X20Y) 1 (0, X))
+ E [F(XE0) 1 gy (6, X5™Y)]
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Subsolution Property of U*

Proor or WEAK DPP II (CcoNTI.)

By Lemma 2.4 and Properties 1 & 2,
E[F (X22%) | Fol(w) 1pn(6(w), X5 (w))

B ZJ ( ), X5 (), G,w,T(fiva)) 1a,(0(w), X5 (w))

< ZLTt WXj tha( )) lAi(Q(w),Xg’X’a(w))

< [gb (H(w), sza(w)) + 36] 1gn(0(w), X;’X’a(w)).
Thus,
B [FOXE")160(0. X)) = B [BIFOCET) | oL (0, X5
< E[3(0, X" )1an(0, X5™ )] + 3¢ < E[3(0, X™)] + 3e.
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Subsolution Property of U*

Proor or WEAK DPP II (CcoNTI.)

Step 5: Conclusion.
BIF(XEX™)] < B(0, X5 ")+ 3=+ BIF (X L(gn)e (6, X))
Now, take n* € N large enough s.t.

E[F(X72)] < E[p(6, Xy™)] + 4e
= B[V (0, XF0) 4 ZEX 29 1 4e.

Done with the proof of Weak DPP II!
Done with the proof of the subsolution property of U*!!
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OUTLINE

© COMPARISON
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Comparison

To state an appropriate comparison result, we assume
A. forany t,s € [0, T], x,y € R, and u e M,

1b(t, %, u)—b(s, y, W)+l (£, x, u)—a (s, y, u)] < K(|t—s|+|x—y]).
B. f(t,x, u) is uniformly continuous in (¢, x), uniformly in u € M.

The conditions A and B, together with the linear growth condition
on b and o, imply that the function H is continuous, and thus
H = H,.
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COMPARISON RESULT

PROPOSITION 5.1

Assume A and B. Let u (resp. v) be an USC viscosity subsolution
(resp. a LSC viscosity supersolution) with polynomial growth
condition to (5), such that u(T,x) < v(T,x) for all x € RY. Then
u<vonl0,T) xR

Idea of Proof: Generalize the arguments in Pham[2009].
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Comparison

U*(Tv ) = V*(T.v )

For all x € RY, Vi (T,x) > g(x).

Proof:Fix a € A. Take (tm,xm) — (T, x) with t,, < T. Then

V(tm, Xm)
-
> it B[ [ ymeders xmm a)ds i g(xinne)
TS, T tm
Tm 1
> E |:/ th,Xm,l,af(s’Xthm,Oé’as)ds + Y:,':’Xm’l’ag(xqf:’x'"’a)] _ E
tm

Note that 7,,, — T, since 7, € T mT and t,, — T. Then by
Fatou's lemma, liminf o V(tm,xm) > g(x). Since (tm, Xm) is
arbitrarily chosen, conclude V. (T,x) > g(x).
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MAIN RESULT

Assume A and B. Then U* = V, on [0, T] x R?. In particular,
U=Von|0,T]x RY, i.e. the game has a value, which is the
unique viscosity solution to (5) with terminal condition
w(T,x) = g(x) for x € R9.
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SUMMARY

@ A much more general setting: We consider a zero-sum
controller-and-stopper game in which

o the state process X is multi-dimensional;

o both the drift and the volatility coefficients of X< can be
controlled;

o the volatility coefficient of X* can be degenerate.

@ Main Result: the game has a value and the value function is
the unique viscosity solution to an obstacle problem of an
HJB equation.

o Future Work:

e How to construct a saddle-point of optimal strategies?
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Thank you very much for your attention!

Q&A
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