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    The model-based image reconstruction (MBIR) technique 
has been explored extensively in CT community due to its po-
tential for low-dose CT. However, the much longer computation 
time of MBIR still restrains its applicability in practice. To accel-
erate MBIR, lots of methods have been investigated, and the 
augmented Lagrangian (AL) method has drawn more attention 
recently. By introducing auxiliary variables, the AL method de-
composes a convex optimization problem into a series of easier 
penalized least-squares problems that either have closed-form 
solutions or can be solved efficiently using proximal mappings. 
However, the AL method can be slow sometimes, e.g., in X-ray 
CT image reconstruction problems. In this poster, we present a 
new ordered-subsets (OS) algorithm based on a linearized AL 
framework that is free from the slow convergence problem in 
standard AL methods and greatly accelerates MBIR with excel-
lent gradient error tolerance and negligible overhead. 
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METHOD (CONT’D) 

We can further accelerate the proposed algorithm using OS. To 
enable OS acceleration, we simply replace the gradients in (4) 
with the approximations in (5) and incrementally perform (4) 
for M times as one outer iteration, leading to our proposed OS-
accelerable linearized AL method (OS-LALM): 

where c(k,M+1) = c(k+1) = c(k+1,1) for c = {s, x, g} and lM+1 = l1. 

    One drawback of the AL method with a fixed AL penalty pa-
rameter ρ is the difficulty of finding the value that provides the 
fastest convergence. We proposed a deterministic downward 
continuation approach that decreases ρ in a certain rate so that 
the updates generated by (6) and (7) never over-shoot or oscil-
late! Here, we consider a decreasing sequence: 

where l is a counter that starts from zero and increases by one. 

RESULTS 

where A is the system matrix, y is the noisy measurement, and 
h is a convex (and possibly non-smooth) regularization term. 
Instead of solving (1) directly, we consider solving an equiva-
lent constrained minimization problem: 

(2) 

using the (alternating direction) AL method: 

(3) 

where d is the scaled Lagrange multiplier of u (a split variable 
of the residual), and ρ > 0 is the corresponding AL penalty pa-
rameter that affects only the convergence rate. As can be seen 
in (3), the x-update is a penalized least-squares problem, and 
the Hessian of its quadratic term is A’A. This penalized least-
squares problem can be solved efficiently using the precondi-
tioned conjugate gradient (PCG) method if we can find an ap-
propriate preconditioner for the Hessian. When the Hessian is 
highly shift-variant (just like in most CT reconstruction prob-
lems), it might take many forward/back-projection operations 
for a single image update, and this greatly reduces the number 
of image updates one can perform in a given reconstruction 
time, leading to a very slow convergence rate in practice [1]! 

    To solve the problem of the challenging inner minimization 
problem, we proposed to linearize the quadratic AL penalty 
term of the x-update in (3) by its separable quadratic surrogate 
(SQS) function around x = x(k). This majorization removes the 
entanglement of x introduced by the system matrix A, leading 
to a simple x-update. Furthermore, since we focus on solving 
the regularized least-squares problem (1) with variable splitting 
scheme (2), in this case, we can rewrite our linearized AL meth-
od so that all the updates depend only on the gradients of qua-
dratic data-fitting term. That is, letting l(x) denote the quadrat-
ic data-fitting term in (1), we have the gradient-based linear-
ized AL method (a detailed derivation is in the paper): 

(4) 

The x-update in (4) can be interpreted as a generalized proxi-
mal gradient descent of the cost function Ψ with step size ρ-1t 
and search direction s, where t is the reciprocal of the maxi-
mum eigenvalue of A’A. A smaller ρ leads to a larger step size. 

(5) 

(6) 

(7) 

    We evaluated our proposed algorithm using the statistically 
weighted X-ray CT image reconstruction problem: 

where A is the system matrix of a CT scan, y is the noisy sino-
gram, W is the statistical weighting matrix, R denotes an edge-
preserving regularizer, and Ω denotes the convex set for a box 
constraint (usually the non-negativity constraint) on x. To solve 
(8) using the proposed algorithm, we simply replace A and y in 
(1) with the weighted forward projection matrix (W1/2A) and 
the weighted noisy sinogram (W1/2y), respectively, and com-
bine the edge-preserving regularizer R and the box constraint Ω 
as a general convex regularization term h in (1). 

    Now, the inner minimization problem in (4) and (6) becomes 
a constrained denoising problem. In our implementation, we 
simply solve the inner constrained denoising problem using n 
iterations of the fast iterative shrinkage/thresholding algorithm 
(FISTA) starting from the previous update as a warm-start. 
Throughout the experiment, we use G = diag{A’WA1} to major-
ize the quadratic AL penalty term. When n = 1, the computa-
tional complexity of the proposed algorithm (with OS accelera-
tion) is one forward/back-projection pair and M gradient eval-
uation of the regularization term, same as existing OS-based 
algorithms. Therefore, comparing the convergence rate as a 
function of iteration with other OS-based algorithms is fair. 

(8) 

RESULTS (CONT’D) 

CONCLUSION 
    We proposed an OS-accelerable splitting-based algorithm, 
OS-LALM, for solving penalized weighted least-squares X-ray CT 
image reconstruction problems using a linearized AL frame-
work. To further accelerate the proposed algorithm, we also 
proposed a deterministic downward continuation approach 
that avoids tedious parameter tuning for fast convergence. Ex-
perimental results showed that our proposed algorithm signif-
icantly accelerates the convergence of X-ray CT image recon-
struction with negligible overhead and greatly reduces the OS 
artifacts in the reconstructed image when using many subsets 
for OS acceleration. 

(a) (b) 

Figure 1. RMS differences between the reconstructed image x(k) and the ref-
erence reconstruction x as a function of iteration using OS-based algo-
rithms for (a) the shoulder helical scan and (b) the GEPP axial scan, respec-
tively. The dotted lines show the RMS difference using the one-subset OS al-
gorithm [2] as the baseline convergence rate. 
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Figure 2. Shoulder: cropped images from the central transaxial plane of (a) 
the initial FBP image x(0) and the reference reconstruction x [displayed 
from 800 to 1200 HU], and (b) the difference images at the 30th iteration 
x(30) - x using OS-based algorithms [displayed from -30 to 30 HU]. 
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Figure 3. GEPP: cropped images from the central transaxial plane of (a) the 
initial FBP image x(0) and the reference reconstruction x [displayed from 
800 to 1200 HU], and (b) the difference images at the 30th iteration x(30) - x 
using OS-based algorithms [displayed from -15 to 15 HU]. 

OS-SQS-M: the OS algorithm proposed by Erdŏgan et al. [2] 

OS-Nes83-M: the first OS+momentum algorithm proposed by Kim et al. [3] 

OS-Nes05-M: the second OS+momentum algorithm proposed by Kim et al. [4] 

OS-rNes05-M-γ: the relaxed OS+momentum algorithm proposed by Kim et al. [5] 

OS-LALM-M-ρ-n: the proposed algorithm with a fixed AL penalty parameter 

OS-LALM-M-c-n: the proposed algorithm with downward continuation (7) 

    Consider solving a regularized least-squares problem: 

Thanks to the ρ-dependent correction of s and g, we can arbi-
trarily increase the step size of the proximal gradient method 
by decreasing ρ. Remember that the updates in (4) depend 
only on the gradients of l. Suppose l is suitable for OS accelera-
tion; that is, l can be decomposed into M smaller quadratic 
functions l1, …, lM that satisfy the “subset balance condition”: 

METHOD 


