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My research covers a range of problems in algebraic geometry, topology, combinatorics and number
theory. A recurring theme in my research described in Section 1 and 2 is to investigate combinatorial
patterns that appear and reappear in multiple contexts, and to explain their connection from a geometric
point of view. The introduction, the motivation and the content of my work are detailed in each of the
sections below.
• Varieties of modules, and matrix enumeration problems over finite fields (Section 1, [24, 23]);
• Cohomology of configuration spaces (Section 2, [8, 22]);
• Unit equations in the quaternion algebra (Section 3, [25]);
• Random matrices over a p-adic ring (Section 4, [9]).

1

Counting points on varieties of modules over finite fields

A central problem in algebra and representation theory is to classify finite-dimensional modules over an
algebra over a field up to isomorphism. As this problem is out of reach in general, we often consider
a geometric alternative, namely, to consider the geometric object that parametrizes the modules. This
geometric object is the variety of modules.
A prototypical example of the variety of modules is the variety of commuting matrices, also called the
commuting variety. Let R = C[x, y] be the polynomial ring in two variables, then n-dimensional modules
over R can be parametrized by the variety
Cn = {(A, B) ∈ Matn (C) × Matn (C) : AB = BA},

(1.1)

so we say that Cn is the variety of n-dimensional modules over R.
It was proved by Motzkin and Taussky [29] and Gerstenhaber [19] that Cn is irreducible. Feit and Fine
[14] found the point count of Cn over a finite field (namely, the number of commuting pairs of matrices
over a finite field), and Bryan and Morrison [5] reproved and refined the above result from the point of
view of motivic classes. The motivic class of a variety in the Grothendieck ring is the combinatorics of
how the variety is built up from other varieties via “cut-and-paste”, and it refines the knowledge of point
counting over finite fields.
Extensions and variants of the variety of modules and the commuting variety have been introduced and
studied; see [2, 6, 7, 11, 33]. Most of the study is focused on geometric problems, such as irreducibility,
description of irreducible components, and description of a certain GIT quotient. However, little had been
known about the point counts or other motivic problems about these varieties, except for a few cases
[5, 18]. The focus of my research is to fill in this gap.

1.1
1.1.1

Variety of modules over a nodal singular curve
Background

Let R be an algebra over a finite field Fq such that all quotient fields of R are finite. We define the
Cohen–Lenstra series of R as
X
1
bR (x) :=
Z
xdimFq M ,
(1.2)
|Aut M |
M

1

bR (x)
where M ranges over all isomorphism classes of finite-cardinality R-modules. The coefficients of Z
have two interpretations: they are closely related to the Fq -point count of the variety of modules over R,
and they represent the statistics of classification of modules over R. For instance,
∞

ZbFq [[t]] (x) =

2

X q n −n
1
=
xn .
−1
−2
(1 − xq )(1 − xq ) . . .
|GLn (Fq )|

(1.3)

n=1

2

This means, on one hand, that the number of n by n nilpotent matrices over Fq is q n −n , a result of Fine
and Herstein [15]. We remark that the variety of modules over Fq [[t]] is precisely the variety of nilpotent
matrices over Fq . This formula also means that the number of isomorphism classes of finite-cardinality
Fq [[t]]-modules, weighted inversely by the size of the automorphism group, is given by 1/((1 − q −1 )(1 −
q −2 ) . . . ), a number obtained from evaluating ZbFq [[t]] (x) at x = 1; see the work of Cohen and Lenstra
[10]. Moreover, the distribution of the dimension (over Fq ) of a “random” Fq [[t]]-module is encoded in the
bF [[t]] (x).
coefficients of Z
q
bF [[t]] (x) can be expressed as an infinite product of simple factors. The same can be
We notice that Z
q
said about ZbFq [[u,v]] [18]:
Y
bF [[u,v]] (x) =
Z
(1 − q −j xi )−1 .
(1.4)
q

i,j≥1

We can view these series from a geometric point of view. Let X be a variety over Fq and p be a closed
b b (x), where
point, and we define the local Cohen–Lenstra series of the pair (X, p) to be ZbX,p (x) := Z
OX,p
bX,p is the completed local ring of X at p. The series Z
bX,p (x) has a natural geometric meaning, as it
O
represents the statistics of classification of finite-length coherent sheaves on X supported at p. From this
point of view, ZbFq [[t]] (x) is a series attached to a smooth Fq -point on a curve, while ZbFq [[u,v]] (x) is attached
to a smooth Fq -point on a surface. If p is a singular point of X, we wonder how the mysterious series
ZbX,p (x) would be different from the smooth case, and how the difference possibly encodes the geometry of
the singularity (X, p).
1.1.2

Contribution

My work [24] generalizes the computation of the local Cohen–Lenstra series to a singularity case. Throughout this section, let R = Fq [[u, v]]/(uv). An Fq -point p on an Fq -variety X is said to be a nodal singularity
bX,p is isomorphic to R. The modeling example of a node is when X is the
if the completed local ring O
union of two axes on a plane and p is the origin.
Theorem 1.1 (H. [24]).
bR (x) has a meromorphic continuation to all of C. Moreover,
(a) The series Z

2
1
b
ZR (x) =
Hq (x),
(1 − xq −1 )(1 − xq −2 ) . . .

(1.5)

where Hq (x) is an explicit series that is entire (convergent for all x).

2
1
b
(b) ZR (1) =
.
(1 − q −1 )(1 − q −2 ) . . .
bF [[t]] (x), we notice that (1.5)(a) says ZbR (x) = ZbF [[t]] (x)2 Hq (x) for
Comparing with the formula for Z
q
q
some entire series Hq (x). The result (together with some nonvanishing properties of Hq (x) based on its
bR (x) are double poles located at the poles of Z
bF [[t]] (x). So
explicit expression) implies that the poles of Z
q
even though the local Cohen–Lenstra series of a node is not a nice infinite product like the case of a smooth
2

point, it is “not too far” from the smooth case. In fact, Theorem 1.1(a) implies that if X is any reduced
e is a resolution of singularity of X, then Z
bX (x)/Z
b e (x) is entire.
curve with only nodal singularities, and X
X
This means that the (global) Cohen–Lenstra series of a nodal curve X is not too far from the “smooth
version” of X.
Theorem 1.1(b) computes the weighted number of finite-cardinality R-modules up to isomorphism.
Note that this is the square of the similar count for Fq [[t]]-modules. The resulting number is surprisingly
clean, given that the classification of R-modules (see [4] and its references) is much more complicated than
the classically well-known classification of Fq [[t]]-modules.
The proof of Theorem 1.1 requires counting pairs of mutually annihilating matrices and finding an
explicit form of Hq (x) in the factorization. I conjecture that the existence of a meromorphic continuation
should hold for the local Cohen–Lenstra series of other curve singularities, and moreover, the series should
have a meaningful factorization involving geometric invariants of the singularity. This problem appears
to be very challenging because the corresponding matrix enumeration problems are not as approachable.
Nevertheless, I expect that the investigation of this problem, or even a geometric proof of Theorem 1.1,
would lead to more geometric understandings about the variety of modules over the local ring at a curve
singularity. Verifying the conjecture concretely for other examples of singularities is part of my ongoing
research.

1.2
1.2.1

Variety of modules over the quantum plane
Background

Quantum deformation is another way to generalize the commuting variety. More precisely, given a nonzero
element ζ in C, we define the ζ-commuting variety to be
Kζ,n := {(A, B) ∈ Matn (C) × Matn (C) : AB = ζBA}.

(1.6)

If ζ = 1, then we get the usual commuting variety. While the commuting variety parametrizes modules
over the polynomial algebra C[x, y], the ζ-commuting variety parametrizes modules over a “deformed”
version of C[x, y], which is called the quantum plane. Specifically, the quantum plane is the noncommutative
C-algebra in variables x and y such that xy = ζyx. When ζ = 1, the quantum plane reduces to C[x, y].
When ζ ̸= 1, the quantum plane is not commutative and can be viewed as a deformation from the ζ = 1
case.
Geometric properties of the ζ-commuting variety have been studied by Chen and Lu [6], and there has
been work about the point count of other generalizations of the commuting variety, see for instance [18].
1.2.2

Contribution

My work [23] generalizes the result of Feit and Fine [14] about the point count of the commuting variety.
Fix a nonzero element ζ in Fq , and let
Kζ,n (Fq ) := {(A, B) ∈ Matn (Fq ) × Matn (Fq ) : AB = ζBA}

(1.7)

be the set of Fq -points of the ζ-commuting variety. The following result gives its count.
Theorem 1.2 (H. [23]). Let m be the smallest positive integer such that ζ m = 1; in other words, ζ is a
primitive m-th root of unity of Fq . We have the following identity of power series in x:
∞
X
n=0

∞

Y
|Kζ,n (Fq )|
n
x
=
Fm (xi ; q),
(q n − 1)(q n − q) . . . (q n − q n−1 )

where
Fm (x; q) :=

(1.8)

i=1

1 − xm
1
·
.
m
−1
(1 − x)(1 − x q) (1 − x)(1 − xq )(1 − xq −2 ) . . .
3

(1.9)

If ζ = 1, then m = 1, so we get
∞
X
n=0

∞

Y
|K1,n (Fq )|
1
n
x
=
,
n
n
n
n−1
i
(q − 1)(q − q) . . . (q − q
)
(1 − x q)(1 − xi )(1 − xi q −1 ) . . .

(1.10)

i=1

which recovers the result of [14]. As the first nontrivial case of Theorem 1.2, if q is odd and ζ = −1, then
m = 2, and we get
∞
X
n=0

∞

Y 1 + xi
|K−1,n (Fq )|
1
n
x
=
.
n
n
n
n−1
2i
i
(q − 1)(q − q) . . . (q − q
)
1 − x q (1 − x )(1 − xi q −1 ) . . .

(1.11)

i=1

This gives the point count of the anti-commuting variety AB + BA = 0 in odd characteristic.
The count of Kζ,n (Fq ) has a refinement that exhibits a curious phenomenon. Let
Uζ,n (Fq ) := {(A, B) ∈ Matn (Fq ) × Matn (Fq ) : AB = ζBA, A nonsingular},

(1.12)

Nζ,n (Fq ) := {(A, B) ∈ Matn (Fq ) × Matn (Fq ) : AB = ζBA, A nilpotent}.

(1.13)

and
Theorem 1.3 (H. [23]). Let m, ζ be as before. We have the following identities of power series in x:
(a)
∞
X
|Kζ,n (Fq )|
n=0

|GLn (Fq )|

n

x =

∞
X
|Uζ,n (Fq )| n
x
|GLn (Fq )|

n=0

!

∞
X
|Nζ,n (Fq )|
n=0

|GLn (Fq )|

!
x

n

,

(1.14)

where we recall that |GLn (Fq )| = (q n − 1)(q n − q) . . . (q n − q n−1 ).
(b)
∞
∞
X
|Uζ,n (Fq )| n Y
x =
Gm (xi ; q),
|GLn (Fq )|

n=0

(1.15)

i=1

where
Gm (x; q) :=

1 − xm
.
(1 − x)(1 − xm q)

(1.16)

(c)
∞
X
|Nζ,n (Fq )|
n=0

|GLn (Fq )|

where
H(x; q) :=

xn =

∞
Y

H(xi ; q),

(1.17)

i=1

1
.
(1 − x)(1 − xq −1 )(1 − xq −2 ) . . .

(1.18)

Theorem 1.3 refines Theorem 1.2 by computing |Uζ,n (Fq )| and |Nζ,n (Fq )|, which are the building blocks
of |Kζ,n (Fq )| in light of Theorem 1.3(a). If ζ = 1, then Theorem 1.3 recovers the computation of |U1,n (Fq )|
and |N1,n (Fq )| by Feit and Fine.
We now explain the curious phenomenon. Bryan and Morrison [5] noted that |U1,n (Fq )| and |N1,n (Fq )|
are not separate and independent building blocks of |K1,n (Fq )|, but they “determine” each other using
ingredients from algebraic geometry (over commutative rings). However, for general ζ, |Nζ,n (Fq )| does not
seem to be able to recover |Uζ,n (Fq )| because |Nζ,n (Fq )| does not depend on m (the order of ζ as a root of
unity) but |Uζ,n (Fq )| does, as can be observed from Theorem 1.3. One could argue that it is still possible
to recover |Uζ,n (Fq )| from |Nζ,n (Fq )| together with the geometry of the quantum plane xy = ζyx, since
the geometry of xy = ζyx would depend on m. Investigating this possibility may lead us to interesting
observations about the geometry of the quantum plane.
4

2

Cohomology of configuration spaces

The study of configuration spaces is an area where topology, number theory and combinatorics interplay
frequently. For a topological space X, the (unordered) configuration space of X is defined as
Conf n (X) := {(x1 , . . . , xn ) ∈ X n : xi ̸= xj for i ̸= j}/Sn ,

(2.1)

where the symmetric group Sn acts on X n by permuting coordinates. When X is a quasi-projective variety
over a field, then Conf n (X) is also a variety. Consider the configuration space of the affine line A1 , both
over C and Fq . Over C, the set of C-points of Conf n (A1 ) has an analytic topology that can be identified
with the topological space Conf n (C), whose i-th Betti numbers hi (Conf n (C)) were computed by Arnol’d
[1]:
(

(1, 0, 0, . . . , 0, . . . ), n = 0, 1;
h0 (Conf n (C)), h1 (Conf n (C)), . . . =
(2.2)
(1, 1, 0, . . . , 0, . . . ), n ≥ 2.
Over Fq , the set of Fq -points of Conf n (A1 ) can be identified with the set of monic square-free polynomials
in Fq [t] of degree n. We have
(
qn,
n = 0, 1;
|Conf n (A1 )(Fq )| =
(2.3)
n
n−1
q −q
, n ≥ 2.
We note the apparent connection between (2.2) and (2.3):
X
|Conf n (A1 )(Fq )| =
hi (Conf n (C))(−1)i q n−i .

(2.4)

i≥0

This connection turns out to be meaningful: the results (2.2) and (2.3) imply each other due to a result
of Kim [27] that the mixed Hodge structure on H i (Conf n (C)) is pure of weight 2i. Using the purity result
of the mixed Hodge structure, one can reach a formula about the mixed Hodge numbers hip,q (Conf n (C)) of
Conf n (C), a notion due to Deligne [12] that can be almost viewed as a common refinement1 of the Betti
numbers and the Fq -point count:
(
X
(xyu)n ,
n = 0, 1;
i
n
n−p n−q
2n−i
hp,q (Conf (C))x
y
(−u)
=
(2.5)
n
n−1
(xyu)
−
(xyu)
,
n
≥
2.
i,p,q≥0
Substituting x = y = 1, we recover (2.2). Substituting u = 1 and xy = q, we recover the right-hand
side of (2.3).
It is definitely not the case in general that the point count and the Betti numbers of the configuration
space recover each other. However, there do exist other phenomena that occur in parallel in Betti numbers
and in point count of configuration spaces, to be detailed in the following sections. The focus of my research
is to explore such phenomena and explain the analogy by providing a common refinement of both sides.
To make the analogy more transparent, we use the notion of virtual Poincaré polynomial in place of
the point count. The virtual Poincaré polynomial of a smooth compact complex variety encodes its Betti
numbers in the coefficients. The notion of virtual Poincaré polynomial is then extended to all complex
varieties so that it behaves well with respect to cut-and-paste and cartesian product, just like the point
count. The virtual Poincaré polynomial of a complex variety is determined by the point count of this
variety over “enough” finite fields, a result of Nicholas Katz [20, §6]. If X is a smooth complex variety of
complex dimension n, the virtual Poincaré polynomial P vir (X) = P vir (X; u) ∈ Z[u] can be computed in
terms of the mixed Hodge numbers:
X
P vir (X; u) =
(−1)i hip,q (X)u2n−p−q ,
(2.6)
p,q,i≥0

so the mixed Hodges numbers give a refinement of the virtual Poincaré polynomial.
1

P
The mixed Hodge numbers do refine the Betti numbers because hi = p,q≥0 hip,q . However, the mixed Hodge numbers
only refine the virtual Poincaré polynomial, a slightly coarser notion than the point count, though they are closely related.
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2.1
2.1.1

Punctured elliptic curve
Background

A punctured elliptic curve E ∗ is a natural generalization of the affine line in the following sense. Note that
A1 = P1 \ pt, the projective line with one point punctured. So E ∗ is the genus-1 analogue of the genus-0
case A1 . Over C, a punctured elliptic curve has the topology of a punctured torus.
Vakil and Wood [37] found a motivic formula of Conf n (X) for any quasi-projective variety X. By a
motivic formula, we mean a formula like [Pn ] = [pt] + [A1 ] + · · · + [An ] that states how a variety is built
up from other varieties via cut-and-paste. In particular, the motivic formula for Conf n (X) implies the
following formulas for the point count and the virtual Poincaré polynomial of Conf n (E ∗ ) of a punctured
elliptic curve:
•

∞
X

|Conf n (E ∗ )(Fq )|tn =

n=0

(1 − αt)(1 − βt)(1 − qt2 )
,
(1 − qt)(1 − αt2 )(1 − βt2 )

(2.7)

where α, β are a pair of conjugate complex numbers satisfying αβ = q that appear in the Hasse–Weil
zeta function of the underlying elliptic curve E;
•

∞
X

P vir (Conf n (E ∗ )(C); u)tn =

n=0

(1 − ut)2 (1 − u2 t2 )
.
(1 − u2 t)(1 − ut2 )2

(2.8)

If we replace α and β in (2.7) by u, and q = αβ by u2 , then we get the right-hand side of (2.8).
Therefore, the virtual Poincaré polynomial in (2.8) encodes essentially the same information as the point
count.
2.1.2

Contribution

Using the data of hi (Conf n (E ∗ )(C)) computed by Drummond-Cole and Knudsen [13], Gilyoung Cheong
and I [8] discovered a striking resemblance between the Betti numbers and the virtual Poincaré polynomial:
X
hi (Conf n (E ∗ )(C))(−u)2n−i tn = 1 + (u2 − 2u)t + (u4 − 2u3 + 2u2 )t2
(2.9)
n,i≥0

+ (u6 − 2u5 + 4u4 − 4u3 )t3
+ (u8 − 2u7 + 4u6 − 5u5 + 3u4 )t4 + . . .
∞
X
n=0

P vir (Conf n (E ∗ )(C); u)tn =

(1 − ut)2 (1 − u2 t2 )
(1 − u2 t)(1 − ut2 )2

(2.10)

= 1 + (u2 − 2u)t + (u4 − 2u3 + 2u)t2
+ (u6 − 2u5 + 4u3 − 4u2 )t3
+ (u8 − 2u7 + 4u5 − 5u4 + 3u2 )t4 + . . .
The two power series in u, t are the same except that the powers of u skip occasionally in (2.10), while
there is no skip in (2.9). In particular, while the power series in (2.9) that encodes the Betti numbers of
Conf n (E ∗ ) is unlikely to be rational, it can be read off of a rational series in such a subtle way.
We stated the precise pattern of the resemblance between the two power series, and gave and proved a
common refinement of (2.9) and (2.10).
Theorem 2.1 (Cheong and H. [8]). Keeping the notation above, we have
6

(a) The Betti numbers of Conf n (E ∗ )(C) satisfy
X

(−1)i hi (Conf n (E ∗ )(C))u2n−w(i) tn =

n,i≥0

where

(
3i/2,
w(i) :=
(3i − 1)/2,

(1 − ut)2 (1 − u2 t2 )
,
(1 − u2 t)(1 − ut2 )2

(2.11)

i even;
i odd.

(2.12)

(1 − xut)(1 − yut)(1 − xyu2 t2 )
,
(1 − xyu2 t)(1 − xut2 )(1 − yut2 )

(2.13)

(b) The mixed Hodge numbers of Conf n (E ∗ )(C) satisfy
X

(−1)i hip,q (Conf n (E ∗ )(C))xn−p y n−q u2n−w(i) tn =

n,i,p,q≥0

where w(i) is the same as before.
The particular formula for w(i) says that the power skipping in (2.10) occurs periodically, following the
pattern already shown. Theorem 2.1(b) implies Theorem 2.1(a) by letting x = y = 1. If we replace u by 1
and then replace x and y by u, then (2.13) becomes (2.10).
The key geometric input behind the proof of Theorem 2.1 is a purity statement about the mixed Hodge
structure, where the significance of w(i) becomes evident.
Theorem 2.2 (Cheong and H. [8]). The mixed Hodge structure on the rational cohomology group
H i (Conf n (E ∗ )(C); Q) is pure of weight w(i), where w(i) is the same as in Theorem 2.1. In other words,
hip,q (Conf n (E ∗ )(C)) = 0 unless p + q = w(i).
Theorem 2.2 allows the known motivic formula (2.10) to recover (2.9), since the purity statement
pinpoints the precise mixed Hodge numbers that contribute to each coefficient of (2.10).
The proof of Theorem 2.2 uses the Leray spectral sequence for the inclusion F (E ∗ , n) ,→ (E ∗ )n described
by Totaro [36], where F (E ∗ , n) is the ordered configuration space, which is closely related to Conf n (E ∗ )
because Conf n (E ∗ ) is a quotient of F (E ∗ , n) by the symmetric group Sn . Apart from this spectral sequence,
the proof also relies on unusually favorable properties that are specific to one-punctured varietie.
Gilyoung Cheong and I are working on generalizing our work to higher genus cases, where the purity
statement analogous to Theorem 2.2 turns out to be false.

2.2
2.2.1

Puncturing an already noncompact variety
Background

From the motivic formula of the configuration space due to Vakil and Wood [37], removing a point has an
easily described effect on the point count and the virtual Poincaré polynomial of the configuration space.
Let X be any quasi-projective variety over C or Fq , and let p be a C-point (Fq -point) of X. Consider the
open subvariety X ∗ = X \ p, then we have
∞
X

∞

P

vir

n=0

and

1 X vir
(Conf (X )(C))t =
P (Conf n (X)(C))tn
1+t
n

∗

n

(2.14)

n=0

∞
X

∞

1 X
|Conf (X )(Fq )|t =
|Conf n (X)(Fq )|tn .
1+t
n

∗

n

n=0

n=0
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(2.15)

The analogous story for Betti numbers is much more sutble and case-by-case. In fact, it is surprising
that a pattern exists at all. Napolitano [30] showed that if X is any connected noncompact topological
surface, and p is a point of X, then for X ∗ = X \ p,
H (Conf (X ), Z) ∼
=
i

n

∗

∞
M

H i−t (Conf n−t (X), Z).

(2.16)

t=0

He noted that this splitting relation does not hold if X is compact. Kallel [26] extended this splitting
with field coefficients to higher dimensions: if X is a closed connected oriented manifold of real dimension
2d with r ≥ 1 points punctured (in particular, X is never compact), and p is a point of X, then for
X ∗ = X \ p,
∞
M
i
n
∗
∼
H (Conf (X ), F) =
H i−(2d−1)t (Conf n−t (X), F),
(2.17)
t=0

where F is any field. If we take F = Q, then (2.17) implies
X

hi (Conf n (X ∗ ))(−u)i tn =

X
1
hi (Conf n (X))(−u)i tn ,
1 + u2d−1 t

(2.18)

i,n≥0

i,n≥0

whose resemblance with (2.14) can be seen more directly.
2.2.2

Contribution

My work [22] gives a common refinement of the motivic formula (2.14) and the splitting theorem in terms
of Betti numbers (2.18).
Theorem 2.3 (H. [22]). Let X be a conncected compact smooth complex variety of dimension d with r ≥ 1
points punctured (in particular, X is never compact). Let p be a point of X, then for X ∗ = X \ p, we have
X
hip,q (Conf n (X ∗ ))xp y q (−u)i tn
p,q,i,n≥0

=

1
1 + (xy)d u2d−1 t

(2.19)

X

hip,q (Conf n (X))xp y q (−u)i tn .

p,q,i,n≥0

If x = y = 1, then (2.19) becomes (2.18). In (2.19), if we follow the substitution u 7→ 1, x 7→ u−1 , y 7→
7→ tu2d , then we recover (2.14), where we note that

u−1 , t

1
1
1
7→
=
.
d
2d−1
−1
−1
d
2d−1
2d
1+t
1 + (xy) u
t
1 + (u u ) (1
)(tu )

(2.20)

It is worth noting that the very formula (2.19) implies that the mixed Hodge structure on H i (Conf n (X ∗ ))
is not pure in general, even in the case where H i (Conf n (X)) is pure.
Theorem 2.3 is further generalized and refined in the same work. As an application, (2.17) holds for
more classes of higher dimensional noncompact smooth varieties.
We say the rational cohomology of a complex manifold X to be pure of slope λ if the mixed Hodge
structure on H i (X; Q) is pure of weight λi for all i. In particular, for any i such that λi is not an integer,
this condition forces H i (X; Q) to be zero.
Theorem 2.4 (H. [22]).
(a) Theorem 2.3 holds more generally if X is a connected noncompact smooth complex variety whose
rational cohomology is pure of slope λ for some rational number 1 ≤ λ ≤ 2.
8

(b) Theorem 2.3 also holds if X is such a variety with r ≥ 0 points punctured.
(c) If X is as in (b), then we have an Sn -equivariant formula for the rational cohomology of the ordered
configuration space F (X ∗ , n) of X ∗ :
H i (F (X ∗ , n), Q) ∼
=

∞
M

IndSSnn−t H i−(2d−1)t (F (X, n − t), Q)(−d · t),

(2.21)

t=0

where the isomorphism is understood both as Sn -representations, and as mixed Hodge structures up to
semisimplification. The notation (−d · t) denotes the Tate twist, which does nothing to the underlying
vector space but shifts the degrees in the mixed Hodge structure.
Theorem 2.3 is a special case of Theorem 2.4 because a one-punctured compact smooth complex variety
is pure of slope 1, namely, the i-th rational cohomology is pure of weight i. Other cases that satisfy the
hypothesis of Theorem 2.4 include:
• X is the affine space Cd , or the complement of a hyperplane arrangement therein. In this case, X is
pure of slope 2.
• X is the torus (C∗ )d , or the complement of a union of 1-codimensional subtori therein. In this case,
X is pure of slope 2.
• X is the complement of a smooth plane curve in P2 . In this case, X is pure of slope 3/2.
Theorem 2.4(c) recovers (2.19) by taking Sn -invariants on both sides, so it is a refinement of Theorem
2.3.
The proof of these results uses the Leray spectral sequence arising from an arrangement of subvarieties,
developed by [3, 32, 35]. This spectral sequence is a generalization of the spectral sequence of Totaro [36],
and it allows computing the cohomology of Conf n (X) from the cohomology of the variety Y that contains
X as an open subvariety. The crux of my proof is finding the suitable choice of Y (as there are abundant
choices present). For example, if X is a smooth compact complex variety with r ≥ 1 points removed, it is
important that we let Y be the same compact variety with exactly one of those points removed.
I am working on generalizing Theorem 2.4 further, aimed at unifying the special cases where this
theorem holds.

3
3.1

Unit equations on quaternions and other division algebras
Background

A unit equation is an equation of the form x1 + · · · + xn = 1, where xi ranges from some multiplicative
group of “units”. The fundamental theorem in the study of unit equations is, if Γ1 , . . . , Γn are finitely
generated multiplicative subgroups of C× , then the unit equation x1 + · · · + xn = 1 only has finitely
many nondegenerate solutions with xi ∈ Γi , where a solution is nondegenerate if no subsum equals to 1.
Moreover, there are effective bounds for the solutions. This theorem has applications [21, 28] to the study
of Diophantine equations (polynomial equations asking for integer solutions) and arithmetic dynamics (the
behavior of iterations of algebro-geometric maps, such as polynomials and rational functions).
One way to apply the unit equations is to study the dynamics of a geometric object X by studying
the set of endomorphisms of X using the unit equations whenever applicable. For example, Odesky [31,
Theorem 1.2.3] shows that if f and g are non-injective regular self-maps on an elliptic curve E over C,
then they must have a common iterate whenever there exist a forward orbit of f and a forward orbit of
g that intersect at infinitely many points. The key is reducing the problem to a unit equation on the
endomorphism algebra End(E), where the finiteness theorem applies. The same technique works if E
9

is replaced by a high dimensional analogue, namely, an abelian variety A, as long as a version of the
finiteness theorem holds for unit equations on End(A), which may not be commutative. This motivates
the study of unit equations on noncommutative algebras. Little has been known about unit equations in
the noncommutative setting, where many important techniques (such as p-adic completion) do not exist.

3.2

Contribution

I proved an effective finiteness result [25] for unit equations on the algebra Ha of quaternions
√ a+bi+cj +dk
with a, b, c, d being real algebraic numbers. The norm of a quaternion a + bi + cj + dk is a2 + b2 + c2 + d2 .
Theorem 3.1 (H. [25]). Let Γ1 , Γ2 be semigroups of H×
a generated by finitely many elements of norms
′
′
×
greater than 1, and fix a, a , b, b ∈ Ha . If Γ1 is commutative, then the equation
af a′ + bgb′ = 1

(3.1)

has only finitely many solutions with f ∈ Γ1 and g ∈ Γ2 . Moreover, there are effective bounds for the
solutions (f, g).
We point out that Γ2 need not be commutative, and even though Γ1 is commutative, the product af a′
need not be commutative. Theorem 3.1 implies an analogue of Odesky’s orbit intersection result, where E
is replaced by an elliptic curve in positive characteristic. I conjectured that a generalization of Theorem
3.1 holds for any finite dimensional division algebra over Q and all choices of finitely generated semigroups.
It turns out that the generalized statement holds if all the semigroups are commutative [25, Propositions
1.5 and A.2], which implies an analogue of Odesky’s orbit intersection result for any simple abelian variety
in any characteristic [25, Corollary 1.7], since the endomorphism algebra of a simple abelian variety is a
division algebra in general. The current method does not work if both Γ1 and Γ2 are noncommutative,
and tackling the conjecture even for the simplest examples of noncommutative Γ1 and Γ2 require new
techniques to be introduced.

4
4.1

Random matrices over a p-adic ring
Background

For a prime p, consider the ring Zp of p-adic integers and equip the additive group Matn (Zp ) of n by n
matrices with the Haar measure with total measure 1. Questions can be asked about the distribution of
a certain quantity associated to a random matrix. Friedman and Washington [16] proved the following
formulas about the distribution of the cokernel : Let H be a finite abelian p-group, then
lim

Prob

(coker A ∼
= H) = |Aut H|−1

n→∞ A∈Matn (Zp )

lim

Prob

n→∞ A∈GLn (Zp )

∞
Y
(1 − p−i ),

(4.1)

i=1

(coker(A − 1n ) ∼
= H) = |Aut H|−1

∞
Y

(1 − p−i ),

(4.2)

i=1

where 1n is the n × n identity matrix and the probability measure on GLn (Zp ) is the restriction of the
measure on Matn (Zp ) but with the total measure normalized to 1. The formulas mean that the cokernel
of a random Zp -matrix (or a random invertible Zp -matrix minus the identity) distribute according to the
Cohen–Lenstra distribution, which assigns to a p-group a probability inversely proportional to the size of
automorphism group.
Random matrices over a finite field also produce the Cohen–Lenstra distribution, but in greater generality. Fulman’s result [17] implies that the distribution of the nilpotent parts of the rational canonical
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forms of polynomials of a random matrix in GLn (Fq ): let P1 (t), . . . , Pr (t) be distinct monic irreducible
polynomials in Fq [t] \ {t} of degrees d1 , . . . , dr , and H1 , . . . , Hr be finite-cardinality Fq [[t]]-modules, then
Prob (Pj (A)[t∞ ] ∼
= Hj , 1 ≤ j ≤ r)

lim

n→∞ A∈GLn (Fq )

(Q
r
=

′
j=1 |Autκj [[t]] (Hj

⊗Fq κj )|−1

Q∞

i=1 (1

− q −idj )−1 ,

0,

Hj is of the form (Hj′ )⊕dj ;
otherwise,

(4.3)

where κj is the field extension of Fq of degree dj , and Pj (A)[t∞ ] denotes the Fq [[t]]-module associated
to the nilpotent part of the rational canonical form of Pj (A). This result means that the nilpotent part
of Pj (A) follows a variant of the Cohen–Lenstra distribution, and the nilpotent part of P1 (A), . . . , Pr (A)
distribute independently as n → ∞. The nontrivial generality of (4.3) lies in that the polynomials Pj (t)
may not be of degree 1.
The motivation of my research is to understand the relationship between these results by investigating
the cokernel distribution of a polynomial of a random Zp -matrix.

4.2

Contribution

In [9], Gilyoung Cheong and I found a common generalization of (4.1) and (4.2).
Theorem 4.1 (Cheong and H. [9]). Let P1 (t), . . . , Pr (t) ∈ Zp [t] be monic polynomials whose reductions
mod p are distinct irreducible polynomials in Fp [t]. Suppose deg Pr (t) = 1, then given a finite abelian
p-group H, we have

lim

Prob

n→∞ A∈Matn (Zp )

coker P1 (A) = · · · = coker Pr−1 (A) = 0
coker Pr (A) ∼
=H



= |Aut(H)|−1

r Y
∞
Y
(1 − p−i deg Pj )

(4.4)

j=1 i=1

This formula specializes to (4.1) if we take r = 1 and P1 (t) = t, and it specializes to (4.2) if we take
r = 2, P1 (t) = t and P2 (t) = t − 1. Since the degrees of P1 , . . . , Pr−1 can be higher than 1, Theorem 4.1
can be viewed as an analogue of (4.3) in the context of p-adic matrices.
The proof makes use of the combinatorial technique of cycle index used by Stong [34] as well as the
Cohen–Lenstra series (in the sense of Section 1.1) of the variety A1Fq \ {P1 , . . . , Pr }, with an explanation
available in [8, §8.2]. Cheong and I made a conjectural generalization of Theorem 4.1 that involves pgroups H1 , . . . , Hr , where H1 , . . . , Hr−1 are no longer required to be zero. Investigating this conjecture will
certainly involve new techniques, and it would be an exciting project in the future.
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