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SUMMARY

In this paper, a modular modification of the adaptive robust control (ARC) technique is presented. The
modular design has all of the original ARC properties with an estimation-based update law instead of a
Lyapunov-based update law. In this design, the controller is divided into two modules: a control module
and an identification module. A key new idea is to set a priori bounds on the time derivatives of the
estimates to be maintained by the update law. As a result, their effects on the system tracking accuracy can
be dominated by the control law. A modification is proposed for the standard gradient and least-square
update laws to guarantee the bounds. This modification also makes the controller robust against the
generalized (unparameterized) uncertainties considered in the ARC formulation while allowing asymptotic
output tracking without the generalized uncertainties. Both the ARC and the modular ARC techniques are
applied to a force control problem for an active suspension system. Simulations and experimental results
are provided to show that the update law of the modular design is less sensitive to measurement
noise which results in smaller force tracking error and smaller control gain. Copyright # 2004 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

The adaptive robust control (ARC) technique was proposed by Yao and Tomizuka [1–4] to
combine advantages of adaptive control (AC) and deterministic robust control (DRC) designs
while avoiding their drawbacks. For a class of SISO nonlinear systems in a ‘semi-strict’ feedback
form, assuming that bounds of parametric uncertainties are known, the ARC technique
guarantees steady-state tracking accuracy and transient tracking accuracy (desirable properties
of DRC) and allows asymptotic tracking at the absence of generalized uncertainties using only a
continuous control law (a desirable property of AC). The ARC technique has a number of
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successful applications and general procedures for constructing ARC controllers can be found
in several papers published in the late 1990s [1–10].

This paper presents a new modular ARC design (MARC) which achieves a controller-
identifier separation (modularity) by applying the techniques presented by Krstic et al. in
adaptive nonlinear control literatures [11, 12]. This allows flexibility in choosing estimation-
based gradient and least-square update laws in addition to the original Lyapunov-based update
law. Both of the update laws will be presented in this paper. A few important modifications are
introduced to maintain the desirable properties of the original ARC design while adding
modularity. A key idea is to set a priori bounds on the time derivatives of the estimates to be
maintained by the update law. As a result, their effects on the system tracking accuracy can be
dominated by the control law. These a priori bounds can be guaranteed by applying a
modification to the parameter update laws similar to the modification used in robust adaptive
control techniques [13, 14]. This modification also makes the controller robust against the
generalized uncertainties considered in the ARC formulation and doing so without losing
asymptotic output tracking if these uncertainties are not present.

The remainder of this paper is organized as follows. In Section 2, a basic formulation of an
ARC problem is presented. Then, the control module and the identification module of the
modular ARC are described. In Section 3, the ARC and MARC techniques are applied to a
force control problem for an active suspension system to illustrate the improved performance
achieved by the modular design. Finally, conclusions are made in Section 4.

2. MODULAR ADAPTIVE ROBUST CONTROLLERS

This paper considers an SISO nonlinear system transformable to the following parametric semi-
strict-feedback form

’xxi ¼ xiþ1 þ jiðx1; . . . ;xiÞ
Tyþ DiðtÞ; 14i4n� 1

’xxn ¼ uþ jnðx1; . . . ; xnÞ
Tyþ DnðtÞ

y ¼ x1

ð1Þ

where xi 2 R; u 2 R; y 2 R are the states, the input and the output of the system, DiðtÞ 2 R are
the generalized uncertainties, y ¼ ½y1; . . . ; yp�T 2 Rp are unknown parameters and ji :R

i ! Rp

are known smooth functions. yi and DiðtÞ are assumed to satisfy the following constraints:

yi 2 Oyi ¼
4 fyi : yim4yi4yiMg; i ¼ 1; . . . ;P ð2Þ

DiðtÞ 2 ODi
¼4 fDi : jDij4DiMg; i ¼ 1; . . . ; n ð3Þ

where yim; yiM and DiM are known constants. In addition, the functions ji are assumed to be
sufficiently smooth and functions DiðtÞ are assumed to be piecewise continuous. The main
objectives of the ARC problem are to design a controller such that:

(i) The states of the system (including those of the controller) are bounded.
(ii) The system output tracks a desired output yr; with adjustable transient output tracking

accuracy and steady-state output tracking accuracy.
(iii) The system achieves asymptotic output tracking when Dk � 0; 8k:
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The desired output, yr; is assumed to be bounded and has bounded derivatives up to the nth
order.

To solve this problem, the original ARC technique [1–4] employs two key ideas: a smooth
projection mapping and a dominating control scheme (see Appendices A and B). For each of the
estimates of the unknown parameters ðyiÞ; a projection is used to project it into a bounded set.
These projected estimates are used in the control law instead of the estimates so that their effects
on tracking accuracy of the system can be arbitrarily minimized by the dominating control
scheme. On the other hand, the time derivatives of the estimates, which also affect the tracking
accuracy, are cancelled since the adaptation scheme is known.

In this modular design, the controller is separated into a control module and an identification
module. Since the control law is to be separated from the update law, the adaptation scheme
cannot be used by the control law. However, priori bounds on the time derivatives of the
estimates are assumed to be known by the control law and maintained by the update law. As a
result, the output tracking performance of the system can be guaranteed (and adjustable)
because the effects of the time derivatives of the estimates on tracking performance can be
arbitrarily dominated using the same dominating scheme as in the original ARC technique. As
long as the bounds are independently maintained by the update law, properties of the control
module in the following section are maintained.

2.1. Controller module

The following bounds are assumed by the control module:

j ’#yy#yyij4Mi; i ¼ 1; . . . ; p ð4Þ

where #yyi is an estimate of yi and Mi; i ¼ 1; . . . ; p are known constants. Furthermore, a properly
designed projection function pið Þ is assumed for each #yyi: In particular, let *yyi ¼ yi � #yyi and
#yyip ¼ pið#yyiÞ for all i ¼ 1; . . . ; p; the projected estimation errors *yyip ¼

4 yi � pð#yyiÞ for all i ¼ 1; . . . ; p
are bounded; i.e.

j*yyipj4Pi; i ¼ 1; . . . ; p ð5Þ

where Pi; i ¼ 1; . . . ; p are known constants which can be obtained from the projections. Using
these two assumptions, the following lemma proposes a control law that guaranteed (ii) and (i)
except for boundedness of the states of the identification module.

Lemma 1 (Controller module design)
For the system shown in Equation (1), define a positive definite function V ¼ 1

2

Pn
k¼1 z2k; where

z1 � x1 � yr and zj � xj � aj�1 for 15j4n: The virtual control signal, aj ; are defined as

aj ¼
�c1z1 � wT

1
#yyp þ ’yyr � s1z1; j ¼ 1

�cjzj � zj�1 þ
Pj�1

k¼1

@aj�1

@xk
xkþ1 þ

@aj�1

@Y ð j�1Þ
’YY ð j�1Þ � wT

j
#yyp � sjzj ; 24j4n

8><
>: ð6Þ
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where cj are arbitrary positive constants, Y ðkÞ � ½yr;dyr=dt;d
2yr=dt2; . . . ;d

kyr=dtk�T;

w1 ¼ j1; wj ¼ jj �
Pj�1

k¼1 ð@aj�1=@xkÞjk for 24j4n; #yyp ¼ ½#yyip; . . . ; #yypp�T; and sj are defined as

sj ¼

1

4

w2T
1 P2

e1;y
þ

D2
1M

e1;1

� �
; j ¼ 1

1

4

w2T
j P2

ej;y
þ

@aj�1

@#yy

� �2
M2

e
j;
’#yy#yy

þ
Pj�1

k¼1

@aj�1

@xk

� �2D2
kM

ej;k
þ

D2
jM

ej;j

( )
; 24j4n

8>>>>>><
>>>>>>:

ð7Þ

The vector P ¼ ½P1; . . . ;Pp�T contains the estimation error bounds and M ¼ ½M1; . . . ;Mp�T

contains bounds of estimation update rate. ej;y; e
j; ’#yy#yy

and ei;j are arbitrary positive constants.
Square of a vector is defined such that, for example, M2 ¼ ½M2

1 ; . . . ;M
2
p �

T: Using the control
signal u ¼ an shown in Equation (6), the followings are obtained:

(1) If we define ej � pej;y þ pe
j; ’#yy#yy

þ
Pj

k¼1 ej;k; then

’VV4�
Xn
k¼1

ckz
2
k þ

Xn
k¼1

ek

which implies that zi are bounded. It follows that all states xi are bounded.
Transient output tracking accuracy and steady-state output tracking accuracy
are guaranteed through the function V and can be arbitrarily adjusted by varying ck
and ek [4].

(2) A Z-model of the system (model of the system in the z co-ordinates) is

’ZZ ¼ AzZ þWT *yyp þQT ’#yy#yyþ RTD ð8Þ

where Z � ½z1; . . . ; zn�T

Az ¼

�c1 � s1 1 0 . . . 0

�1 �c2 � s2 1 . . . ..
.

0 �1 . .
. . .

.
0

..

. . .
. . .

.
�cn�1 � sn�1 1

0 . . . . . . �1 �cn � sn

2
66666666666666664

3
77777777777777775

; WT ¼

wT
1

..

.

wT
i

..

.

wT
n

2
666666666666664

3
777777777777775

;

*yyp ¼

*yy1p

..

.

*yypp

2
666664

3
777775;
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QT ¼

%
0

@a1
@#yy

..

.

@an�1

@#yy

2
666666666664

3
777777777775

#yy ¼

#yy1

..

.

#yyp

2
66664

3
77775; RT ¼

1 0 . . . . . . 0

�
@a1
@x1

1 0 . . . ..
.

�
@a2
@x1

�
@a2
@x2

1 . . . ..
.

..

. . .
. . .

. . .
.

0

�
@an�1

@x1
. . . . . . �

@an�1

@xn�1
1

2
6666666666666664

3
7777777777777775

and D ¼

D1

..

.

Dn

2
6664

3
7775

Proof
see Appendix C. &

2.2. Identification module

The identification module is designed in two steps. First, a swapping model is constructed to
simplify the identification process by transforming the dynamic-system identification problem
into a static problem. The second step is to design update laws based on the swapping model.
Two update laws are presented in this paper: a gradient and a least-square update law. The
update laws are modified to obtain boundedness of the estimates and boundedness of the time
derivatives of the estimates (Equation (4)). Boundedness of the estimates is required for stability
of the identification module but does not affect the control module since the projected estimates
are used in the control law. Except for the added complexity resulting from the modification and
the smooth projection used, the following proof closely follows [12].

Lemma 2 (Z-swapping scheme)
Assuming the results from Lemma 1, consider the Z-model shown in Equation (8):

’ZZ ¼ AzZ þWT *yyp þQT ’#yy#yyþ RTD ð9Þ

and the following filters:

’OOT ¼ AzO
T þWT; OT 2 Rn�p; Oðt0Þ ¼ 0 ð10Þ

’OOT
0 ¼ AzO

T
0 þWT #yyp �QT ’#yy#yy; O0 2 Rn; O0ðt0Þ ¼ �Zðt0Þ ð11Þ
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If it is assumed further that the identification law is designed such that #yy is bounded, it can be
shown that:

(1) Z is related to the augmented states O and O0 in the following form:

Z ¼ OTy� OT
0 þ *ee ð12Þ

where

’*ee*ee � Az *eeþ RTD and *eeðt0Þ ¼ 0 ð13Þ

(2) If the generalized uncertainty D=0; we have that *ee;O and O0 are bounded. If D � 0 (or
becomes zero after a finite time), we have that *ee converges to zero exponentially. As a
result, *ee 2 L2:

(3) Let an estimate of Z be #ZZ ¼ OT #yy� OT
0 ; then the estimation error ðe � Z � #ZZÞ is related

to the parameter error *yy ¼ y� #yy by

e ¼ Z � #ZZ ¼ OT *yyþ *ee ð14Þ

Furthermore, assuming that #yy is bounded, e is bounded.

Proof

(1) Differentiating Equation (12), we get

AzZ þWT *yyp þQT ’#yy#yyþ RTD ¼ AzO
TyþWTy� AzO

T
0 �WT #yyp þQT ’#yy#yyþ ’*ee*ee

Note that *yyp ¼ y� #yyp; the above equation becomes ’*ee*ee ¼ AzðZ � OTyþ OT
0 Þ þ RTD:

Using Equation (12), we obtain Equation (13).
(2) Let RTD ¼ ½r1; . . . rn�T and a positive definite function V ¼ 1

2

Pn
k¼1 *ee2k; it may be shown that

’VV4
Xn
k¼1

ð�c0 *ee
2
k þ rk *eekÞ ð15Þ

where c0 ¼ mini ðciÞ: Equation (15) implies that *ee is bounded whenever R is
bounded. Since R is a continuous vector function of X (and is defined for any
value of X), they are bounded if X is bounded. Similarly, O0 is also bounded since W is
also a continuous function of X : For boundedness of O; we consider a positive
definite function V ¼ 1=2jOj2F ¼ 1=2 trfOTOg; where j jF is the Frobenius norm. It can be
shown that

’VV ¼ 1=2 trfOðAZ þ AT
ZÞO

T þ OTW þWTOg

4 � c0 trfOO
Tg þ trfWTOg

4 �
c0

2
jOj2F �

Xn
i¼1

�
c0

2
jOi j

2 þ wT
i Oi

n o
where Oi is the ith column vector of O:

By completing the square we have

d

dt

1

2
jOj2F

� �
4�

c0

2
jOj2F þ

jwi j2

2c0
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which implies boundedness of all elements of O because W is bounded. When D � 0;
Equation (15) becomes ’VV4�

Pn
k¼1 c0 *ee

2
k or V4Vðt0Þe�2c0t; i.e. *ee converges to zero

exponentially.
(3) Equation (14) is obtained directly by using Equation (12). Boundedness of e follows

directly from Equation (14) since O; #yy and *ee are all bounded. &

2.2.1. Parameter update laws

The parameter update laws used in this paper have the form

’#yy#yy ¼ Gfmð#yyÞ þYðOeÞg; #yyiðt0Þ 2 Oyi 8i ¼ 1; . . . ; p ð16Þ

where G is a matrix depending whether a gradient or a least-square update law is used, mð#yyÞ ¼
½m1ð#yy1Þ; . . . ; mpð#yypÞ�

T;

mið#yyiÞ ¼

ðyim � #yyiÞ; #yyi5yim

0; yim4 #yiyi4yiM

�ð #yiyi � yiMÞ; #yiyi > yiM

8>>><
>>>:

ð17Þ

YðOeÞ ¼

Oe; jOej4M0

M0 Oe
jOej

; jOej > M0

8><
>: ð18Þ

and M0 is an adjustable constant. For a gradient update law, G is a positive definite constant
matrix. For a least-square update law, G is a covariance matrix where

’GG ¼ �GTOOTGf ð19Þ

where Gðt0Þ 2 Rp�p is a positive definite matrix, and

f ¼
M0=jOej when jOej > M0

1 otherwise

(

Furthermore, a covariance resetting is also used with

Gðtþr Þ ¼ rrI

where rr is a positive constant and tr is the time for which
%
lðGÞ=%llðGÞ4r51; for a positive

constant r: Note that this covariance resetting still allows G to be arbitrarily small.
Without the modification functions mð Þ; Yð Þ and f; the update laws become standard update

laws based on Equation (14) when *ee ¼ 0 ðD � 0Þ: In fact, when the general uncertainty does not
exist ðD � 0Þ; asymptotic output tracking can be proven. However, we will first establish

boundedness of #yyi and
’#yiyi#yiyi; 8i; whether or not D � 0: This is guaranteed because of the functions

mð Þ and Yð Þ: To understand how they work, consider a case where a gradient update law is used

with a diagonal matrix G: For each yi; we have
’#yy#yyi ¼ gifmið#yyiÞ þYiðOeÞg where gi is the i; i

component of the matrix G and YiðOeÞ is the ith component of the vector YðOeÞ: Next, consider
a scalar system, ’xx ¼ að�xþ cÞ; where a is a positive constant and jcðtÞj5cM : It is clear that x in
this system is bounded because c is bounded. It is also clear that ’xx is bounded since x and c are
bounded. In fact the bound on ’xx can be made arbitrarily small if cM can be adjusted arbitrarily
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small. The function mið Þ works similarly to the function �x but by attracting the estimate #yyi;
toward the set Oyi rather than to zero. Furthermore, because the magnitude of YiðOeÞ cannot be

larger than M0; it can be easily shown that both #yyi; and
’#yy#yyi are bounded. In fact,

’#yy#yyi is bounded by
2giM

0 which can be arbitrarily adjusted to satisfy Equation (4).
When G is not diagonal, we will consider the more complicated case of a least-square update

law where G may not be diagonal and can be time varying. Let V ¼ 1
2
*yyT *yy and hi ¼ *yyi � mið#yyiÞ;

then we have
’VV ¼ � *yyTGf*yy� hþYðOeÞg4�

%
lðGÞj*yyj2 þ j*yyj%llðGÞfjhj þM0g

4 %llðGÞj*yyjf�j*yyj
%
lðGÞ=%llðGÞ þ jhj þM0g

where h ¼ ½h1; . . . ; hp�T: Since
%
lðGÞ=%llðGÞ is bounded from below by r; we have ’VV4r%llðGÞj*yyj

f�j*yyj þ ðjhj þM0Þ=rg: Since jhi j4yiM � yim (see Figure 1), it follows that ’VV40 whenever *yy is
outside the set

S¼4 f*yy : j*yyj 4
1

r

X
i

ðyiM � yimÞ
2

 !1=2
þM0

8<
:

9=
;g

Because, *yy starts inside S; we have that *yyðtÞ 2 S; 8t50; i.e. #yy is bounded. Since j*yyi j5jmið#yyiÞj; it
follows from Equation (16) that

j ’#yy#yyj4r0
1

r

X
i

ðyiM � yimÞ
2

 !1=2
þM0

8<
:

9=
;þM0

0
@

1
A

where r0 ¼ maxðrr; %llðGðt0ÞÞÞ: This bound can be set arbitrarily small by adjusting r0; r and M0:
Properties of the update laws are summarized below.

Fact 1: The estimates #yyi; 8i are bounded.

Fact 2:
’#yyi;8i are bounded and the bounds can be adjusted arbitrarily to satisfy Equation (4).

Fact 3: *yyTmð#yyÞ5mð#yyÞTmð#yyÞ; 8yi 2 ½yim; yiM �: This is true since (i) jyi � #yyij5jmið#yyiÞj; and (ii)
ðyi � #yyiÞ and mið#yyiÞ always have the same sign whenever mið#yyiÞ=0 (see Figure 1).

Figure 1. Functions pið#yyiÞ and mið#yyiÞ:
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Fact 4: mð#yyÞ 2 L2 implies that ð#yyp � #yyÞ 2 L2: This fact is a direct result of jmið#yyiÞj5j#yyip � #yyij;
which can be seen in Figure 1.

Fact 5: For the least-square update law, GðtÞ is symmetric, positive definite and G�1

is non-increasing for any x: Hence, G�1 is positive definite and xTGx is non-decreasing for
any x:

It is important to emphasize that these facts are independent of how O or e is defined. As a
result, they do not get affected by the control law, the generalize uncertainty D or the filters in
Lemma 2. They can be used to establish boundedness of the system states using Lemma 1 and
the filter systems using Lemma 2. Next, we present properties of the update laws when D � 0
which will be used to show asymptotic output tracking of the system.

Lemma 3 (Properties of the Update Laws when D � 0)
Given the systems described in Equations (9)–(11), and the update laws of Equation (16), we

have (1) e 2 L2; (2) mð#yyÞ 2 L2; (3)
’#yy#yy 2 L2; (4) O

T *yy 2 L2:

Proof
See Appendix D. It will be sufficient here to note that Facts 1 and 2 imply the results from
Lemmas 1 and 2 which are used in this proof along with Fact 3. Note that the proof can be
easily applied when D ¼ 0 after some finite time as well. &

Theorem 1 (Modular ARC)
Given a system in the form of Equation (1), a modular ARC controller can be constructed using
the controller module (Lemma 1 ðu ¼ anÞÞ; and the identification module (Equations (10), (11)
and (16)). The resulting Modular ARC controller has the following properties:

(1) The system states and control signals are bounded.
(2) The system output has adjustable transient tracking accuracy and steady-state tracking

accuracy.
(3) The system output tracks the desired output ðyrÞ asymptotically when D � 0:

Proof

(1) Boundedness of X ; #yyi;O and O0 was shown in Fact 1, Lemmas 1 and 3. The control
signals are bounded since the control law is continuous and its parameters are bounded.

(2) This follows directly from Fact 2 and Lemma 1.
(3) This statement is equivalent to Z ! 0: Using Barbalat’s Lemma, it is adequate to show

that ’ZZ is bounded and Z 2 L2: Boundedness of ’ZZ can be deduced from Equation (9),
since #yy is bounded (Fact 2), *yyp is bounded by definition, Z and X are bounded (from
Lemma 1), and the matrices Az;WT; and QT are bounded (because they are continuous
functions of Z and X). Let

cT ¼ OT
0 � OT #yy ð20Þ

Using Equations (12) and (20), we have

Z ¼ OTy� ðOT
0 � OT #yyÞ � OT #yyþ *ee ¼ OT *yy� cþ *ee ð21Þ
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From Equation (21), it is clear that since *ee 2 L2 (Lemma 2(2)) and OT *yy 2 L2 (Lemma 3),
c 2 L2 implies that Z 2 L2: Therefore, it is only needed to show that c 2 L2:
Differentiating Equation (20), we have

’ccT ¼ Azc
T � OT ’#yy#yy�QT ’#yy#yyþWTð#yyp � #yyÞ ð22Þ

Let T ¼ �QT ’#yy#yyþWTð#yyp � #yyÞ; Equation (22) can be rewritten as

’ccT ¼ Azc
T þ T ð23Þ

Using Fact 4, and Lemma 3 ðmð#yyÞ 2 L2Þ; we have ð#yyp � #yyÞ 2 L2: Since
’#yy#yy 2 L2 (Lemma 3)

and both Q and W are bounded, T 2 L2: With T ¼ 0; let V ¼
Pn

k¼1
1
2
c2
k; similar to the

proof of Lemma 2, we can see that V4Vðt0Þe�2c0t: Therefore, the state transition matrix
of Equation (23) satisfies jFðt; tÞj4ke�aðt�tÞ; for some positive k and a: Hence, the
solution of Equation (23) satisfies

jcðtÞj4ke�atjcð0Þj þ k

Z t

0

e�aðt�tÞjTðtÞj dt

and we have Z t

0

jcðtÞj2 dt4
k2

a
jcð0Þj2 þ 2

k2

a2

Z t

0

jTðsÞj2 ds

Since T 2 L2; we have c 2 L2: &

3. SIMULATION AND EXPERIMENTAL RESULTS

In this section, the ARC and MARC techniques are applied to a force control problem for an
active suspension system [10, 15]. For the force control problem, the objective of the controller is
to make the actual force follow the desired force generated by an outer-loop controller closely.
Numerous papers have been published on the outer-loop designs but most of them did not
consider the force dynamics and assumed that accurate force can be generated as desired. Since
designing a good force controller is not trivial, a number of papers have been published on the
force control problem (e.g. References [16–19]). A solution is to use the ARC controller [10].
However, it is found from experience by the authors that the update law of the ARC controller
usually gives diverging estimates in this force tracking application. As a result, the controller
becomes reliant on high gains to provide good tracking. A high gain controller may not be
desirable in active suspension applications where quality of the sensors and computing power
may be limited and where high-frequency modes of the hydraulic actuator are usually neglected.
As a result, the MARC technique was applied which resulted in improved estimation.

The main objective of this section is to provide a comparison between an ARC and an MARC
controller in terms of tracking accuracy and identification accuracy. It is important to note that
these results are not intended for proving that the modular design is better than the original
design. However, it is our purpose here to show that, modular design can be beneficial in certain
applications. For a hydraulic actuator, the dynamics of the force sub-loop is

’FFa ¼ y1½k1ð ’xxw � ’xxcÞ � k2Fa þ k3u� þ d
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where Fa is the actuator force (N), y1 is an unknown parametric uncertainty (which arises from
fluid bulk modulus, pipe flexibility, etc. and could change significantly but slowly), k1; k2 and k3
are known vehicle/actuator parameters, ’xxw � ’xxc is the rate of change of suspension stroke which
is treated as a measured disturbance, u is the virtual control input resulting from a feedback
linearization scheme, and d is the general uncertainty. It is important to note that the equation is
in a form slightly different from Equation (1). However, the procedure is only needed to be
modified slightly for this simple system if we also assumed that the unknown parameter is
positive, i.e. 05y1m5y15y1M : Finally, for simplicity, d will not be considered. It may be
included to check if the controller’s states will be bounded as claimed but this is not our
intention.

3.1. ARC controller

The original ARC force controller has the following form:

u ¼ u1a þ u1s ð24Þ

’#yy#yy1 ¼ g1t1 ð25Þ

where t1 ¼ z1ðk1ð ’xxw � ’xxcÞ � k2Fa þ k3u1aÞÞ; g1 is an arbitrary positive gain. The adaptive and
robust control signals are computed from

u1a ¼
1

k3
�k1ð ’xxw � ’xxcÞ þ k2Fa þ

1

#yy1p
ð ’FFd � c1z1Þ

� �
ð26Þ

and u1s ¼ �s1z1; where

s1 ¼
1

4y1mk3

1

e11
P2

1ðk1ð ’xxw � ’xxcÞ � k2Fa þ k3u1aÞ
2 þ

1

e12
d2
M

� �

c1; e11 and e12 are positive control gains, Fd is the desired force and z1 � Fa � Fd: Defining
V1 ¼ 1

2
z21; it can be shown that

V1ðtÞ4e�2c1tV1ðt0Þ þ
e11 þ e12

2c1
ð27Þ

which is used to guarantee tracking performance according to (ii). Asymptotic tracking when
d ¼ 0 can also be proven by showing that

’VV24� c1z
2
1 for V2 ¼

1

2
z21 þ

1

g1

Z *yy1

0

ðy1 � pðy1 � nÞÞ dn

For details, please refer to Reference [10].
The ARC controller needs the signal ’FFd in its control law. As an alternative to differentiating

’FFd; the following command signal filter is used:

’nn ¼ �afnþ Fd

Y ¼
1

�af

" #
nþ

0

1

" #
Fd
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where af is positive constant, n 2 R;Y ¼ ½Fdf ; ’FFdf �T; and Fdf is the filtered desired force signal.
Fdf and its derivative, ’FFdf ; are used in the ARC controller instead of Fd and ’FFd: This will also be
used in the MARC controller.

3.2. Modular ARC controller

Note that for a first-order system, the adaptation speed does not show up in the design. Since
ARC and MARC differ in how they treat the adaptation speed, their control laws are exactly the
same. As a result, this problem is perfect for comparing their update laws because any
performance difference can be attributed directly to the update laws. For the identification
module, we chose to use the least-square update law since it is in general more robust. The
Z-dynamics for this example problem is

’zz1 ¼ Azz1 þ *yy1pw1 þ d

where Az ¼ �c1 � #yy1pk3s1 and w1 ¼ k1ð ’xxw � ’xxcÞ � k2Fa þ k3ula � k3s1z1: The least-square

identification law is
’#yy#yy1 ¼ Gfmð#yy1Þ þYðOe1Þg; where e1 � z1 � O#yy1 þ O0; ’GG ¼ �G2O2f; ’OO ¼

AzOþ w1 and ’OO0 ¼ AzO0 þ w1
#yy1p:

In the following simulations, the desired force signal Fd ¼ 200 sinð0:5� 2ptÞ þ 100 sinð3:1�
2ptÞ þ 50 sinð1:1� 2ptÞ: The parameter values used are c1 ¼ 140; e11 ¼ e12 ¼ 60000; dM ¼ 0;
y1m ¼ 0:6y1; y1M ¼ 1:4y1; #yy1ðt0Þ ¼ 0:8y1; g1 ¼ 5� 10�5 and af ¼ 62 ð10 Hz command signal
filter bandwidth). The plant parameters are k1 ¼ 2:6� 10�6; k2 ¼ 0; k3 ¼ 1:75� 10�6 and y1 ¼
3:8� 1011: The signal ’xxw � ’xxc is generated from a suspension model using a transfer function
from Fa to ’xxw � ’xxc as described in Reference [10]. A sampling rate of 2000 Hz is used for all of
the measurement and input signals. The measurement noise was implemented using a band-
limited white noise generator with its standard deviation matched to that of the corresponding
signal measured from the University of Michigan Active Suspension Test Rig [15]. For the extra
parameters of the MARC controller, we use Gð0Þ ¼ 1 while functions mð Þ and Yð Þ are chosen
such that they will not become active. Furthermore, the covariance resetting is not required
since

%
lðGðtÞÞ=%llðGðtÞÞ ¼ 1; 8t:

The simulation results are shown in Figures 2 and 3. Figure 2 shows tracking errors between
the actual force and the desired force ðFdf Þ: In terms of RMS values (root mean square value),
force error of MARC controller is about 50% less (5.45 for ARC and 2.71 for MARC). Figure 3
shows the difference between the virtual control signals uðtÞ and their ideal values (u1a when the
estimate is correct). This plot can be considered to show unnecessary input signals generated by
the controller. Since the control laws of the two controllers are identical, larger input signal and
larger force error of the ARC controller can be traced back to the term ð ’FFd � c1z1Þ=#yy1p and its
inaccurate estimate (to be shown in the next paragraph).

Trajectories of the estimates are shown in Figure 4 where measurement noises are generated
as described above with their standard deviations set at 100, 50, 25 and 1% of the measured
value. Similarly, Figure 5 shows effects of the noises on the estimation accuracy of the
controllers. It can be seen that the estimates from the ARC controller will not converge when
the noise levels are larger 50% (the estimates are allowed to be lower than 0:6y1 in this plot).
This figure shows that the estimation accuracy of the MARC controller is much less sensitive to
measurement noise.

Estimation accuracy is verified experimentally using the University of Michigan Active
Suspension Test Rig under a realistic road excitation and an LQ outer-loop controller (for
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calculating the desired force). For details on description of the test rig, the outer-loop controller,
the road excitation and the parameters used please refer to References [10, 15]. Figure 6 shows
trajectory of the estimate of the ARC controller. As predicted by the simulation, the estimate
diverges to the lower bound, which makes the control law use higher gain according to the
term ð ’FFd � c1z1Þ=#yy1p: In fact, high gain instability may occur if the lower bound y1m is too
small as shown by the actual control signal isn (roughly proportional to the virtual signal u)
after around 28 s:

Figure 2. Force tracking simulations.

Figure 3. Control signals of ARC and MARC algorithms.
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For the MARC controller, it is found that the estimate is not as accurate as predicted
by the simulations, possibly due to friction in the actuator. However, being an estimation-
based identification, the update law can be easily modified by noting that the measured
force Fm ¼ Fa þ kf ð ’xxw � ’xxcÞ; where Fa is the force resulting from hydraulic pressures only
and the friction is modelled simply as a damper with an unknown constant kf : Hence,

Figure 4. #yy1 estimation trajectory.

Figure 5. Effects of noise level on parameter estimation.
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we have

e1 ¼ OT *yy1 þ *kkf ð ’xxw � ’xxcÞ þ *ee1 ð28Þ

where e1 is calculated using the measured force; i.e. e1 ¼ Fm � Fd � O#yy1 þ O0; *kkf ¼ kf � #kkf and
#kkf is an estimate of kf : Using Equation (28), the update law is modified as

’#yy#yy1 ¼ g1ðP1 þ p1Þðmð#yy1Þ þYðOe1ÞÞ

’PP1 ¼ � P2
1O

2f

’#kk#kkf ¼ g2ðP2 þ p2Þð ’xxw � ’xxcÞe1

’PP2 ¼ � P2
2ð ’xxw � ’xxcÞ

2

where small constants ðp1; p2Þ and adaptation gains (g1 and g2) are also added. These additions
are not necessary in actual applications and are added here only for better interpretation of the
results. For example, because of the unmodified update law almost always converges in actual
implementations, initial conditions of the update law may be set up to get good estimates. This
is no longer possible. Time trajectories of the estimates are shown in Figure 7. Note also that,
although not used in the control law, the estimate of kf helps to improve the accuracy of e1; and
hence the accuracy of the estimate of #yy1: Nevertheless, it is possible to include the friction in the
model when designing the control law, but the controller will need .xxw � .xxc signal which is
usually quite noisy.

Figure 6. Experimental result of LQ-ARC ð#yy1ðt0Þ ¼ 2y1Þ:
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4. SUMMARY AND CONCLUSIONS

In this paper, a modular adaptive robust control technique was developed. The modular design
has all of the original ARC properties with an estimation-based update law instead of a
Lyapunov-based update law. In the modular ARC design, the controller is divided into two
modules: a control module and an identification module. The system’s output tracking accuracy
is guaranteed by using a priori knowledge of the bound of the unknown parameters and the
bound of the generalized uncertainties as well as an arbitrarily set bound on the time derivatives
of the estimates. This estimation speed bounds can be guaranteed independently of the control
law by using the proposed modifications which also help to guarantee boundedness of the
identifier, especially when there are general uncertainties. Although it may yet to be proven
about the exact advantage and disadvantage of the proposed modular design compared the non-
modular one, the simulations and experimental results show that proposed controller can be
beneficial for active suspension applications.

APPENDIX A: SMOOTH PROJECTION MAPPING

Let #yyi denote and estimate of yi; pið Þ be the smooth projection function, and #yyip ¼ pið#yyiÞ denote
the projected #yyi: The smooth projection function pið Þ is assumed to satisfy the following
properties: (1) 8#yyi 2 Oyi ¼

4 fyi : yim4yi4yiMg;pið#yyiÞ ¼ #yyi; ð2Þ 8#yyi;pið#yyiÞ 2 O#yyip
¼4 fyi : yim � epi4

yi4yiM þ epig where epi is a known positive constant; (3) pið#yyiÞ is a monotonic function; (4) The
derivatives of pið#yyiÞ exist and are bounded up to a sufficiently high order. Properties 1–3 are
illustrated in Figure A1. In short, pið Þ maps #yyi into a known bounded region smoothly while it

Figure 7. Experimental result of LQ-MARC ð#yy1ðt0Þ ¼ 0:5y1Þ:
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acts as an identity map when the estimate lies between yim and yiM : Therefore, *yyip ¼
4 yi � #yyip is

bounded, specifically, j*yyipj4pið1Þ � pið�1Þ4yiM � yim þ 2epi:
An example of the smooth projection function can be constructed by combining three

piecewise continuous functions as follows:

pið#yyiÞ ¼

yim � Fð�#yyi þ yimÞ; #yyi5yim

#yyi; yim4#yyi4yiM

yiM þ Fð#yyi � yiMÞ; #yyi > yiM

8>>><
>>>:

Let FðxÞ ¼ epi �CðxÞ;8x > 0; where CðxÞ ¼
R x
0 e�atn dt: The constant a is calculated from a ¼

ðGð1=nÞ=nepiÞ
n where GðxÞ is the Euler gamma function. To see that the projection will be

continuous and non-decreasing, note that F 0ðxÞ ¼ e�axn : Clearly, F 0ð0Þ ¼ 1;F 00ð0Þ ¼ F 000ð0Þ
¼ � � � ¼ F ðnÞð0Þ ¼ 0; and that F 0 > 0; 8x > 0:

APPENDIX B: PROPOSITION 1: DOMINATING CONTROL SCHEME

Consider a function in the form

f ðu;xÞ ¼ FðxÞfAðxÞ þ ug ðB1Þ

where FðxÞ is a known function of x;AðxÞ is unknown, and u is the input signal to be designed.
Assuming the uncertainty AðxÞ is dominated by a known function AMðxÞ such that

jAðxÞj4jAMðxÞj; 8x

then for any e > 0; a control signal

uðxÞ ¼ �FðxÞ
1

4e
AMðxÞ2 ðB2Þ

yields

f ðuðxÞ;xÞ4e; 8x

Furthermore, FðxÞuðxÞ40:

Figure A1. Smooth projection mapping.
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Proof
Substitute Equation (B2) into Equation (B1), and completing the square, we have

f ðxÞ ¼ �
AMðxÞ2

4e
FðxÞ � 2e

AðxÞ

AMðxÞ2

� �2
�4e2

AðxÞ2

AMðxÞ4

( )
4e

AðxÞ2

AMðxÞ2
4e &

APPENDIX C: PROOF OF LEMMA 1

The backstepping is the key technique of this proof. By applying the virtual control ðajÞ shown
in Equation (6) successively, the results can be obtained as follows.

Step 1:

Let z1 ¼ x1 � yr and V1 ¼ 1
2 z

2
1 ðC1Þ

Differentiating Equation (C1) and substituting Equation (1) and letting z2 ¼ x2 � a1;
we obtain

’VV1 ¼ z1z2 þ z1ða1 þ j1ðx1Þ
Tyþ D1ðtÞ � ’yyrÞ ðC2Þ

According to Equation (6), the virtual control signal for x2 is

a1 ¼ �c1z1 þ ’yyr � wT
1
#yyp � s1z1 ðC3Þ

where wT
1 ¼ jT

1 and s1 ¼ 1
4
j2T
1 P2=e1;y þ D2

1M=e1;1
� �

: Using Equations (C2) and (C3),
we have

’VV1 ¼ z1z2 � c1z
2
1 þ z1ð�s1z1 þ jT

1
*yyp þ D1Þ

From Proposition 1 and the facts that *yy2kp4P2
k and D2

k4D2
kM ; the above equation can be

written as

’VV14z1z2 � c1z
2
1 þ e1;y

Xp
k¼1

*yy2kp
P2

k

þ e1;1
D2
1

D2
1M

4d1z1z2 � d1c1z21 þ e1

where e1r ¼ e1;y þ e1;1: Using Equations (C3) and (1), the dynamic equation for z1 is

’zz1 ¼ �c1z1 � s1z1 þ z2 þ wT
1
*yyp þ D1

Step j: Let zj ¼ xj � aj�1 and Vj ¼ Vj�1 þ 1
2
z2j : Differentiating zj ; we have

’zzj ¼ zjþ1 þ aj þ jT
j yþ Dj �

Xj�1

k¼1

@aj�1

@xk
ðxkþ1 þ jT

kyþ DkÞ �
@aj�1

@#yy
’#yy#yy�

@aj�1

@Y ð j�1Þ
’YY ð j�1Þ ðC4Þ

Differentiating Vj and applying Equation (C4), we have

’VVj4 ’VVj�1 þ zj ’zzj4�
Xj�1

k¼1

ðckz2k þ ekÞ þ zj�1zj þ zj

�
zjþ1 þ aj þ wT

j yþ Dj

�
Xj�1

k¼1

@aj�1

@xk
ðxkþ1 þ DkÞ �

@aj�1

@#yy
’#yy#yy�

@aj�1

@Y ð j�1Þ
’YY ð j�1Þ

� ðC5Þ
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where

wj ¼ jj �
Xj�1

k¼1

@aj�1

@xk
jk

From Equation (6), the virtual control aj is

aj ¼ �cjzj � zj�1 þ
Xj�1

k¼1

@aj�1

@xk
xkþ1 þ

@aj�1

@Y ð j�1Þ
’YY ð j�1Þ � wT

j
#yyp � sjzj ðC6Þ

where

sj ¼ �
1

4

w2T
j P2

ej;y
þ

@aj�1

@#yy

� �2
M2

e
j;’#yy#yy

þ
Xj�1

k¼1

@aj�1

@xk

� �2D2
kM

ej;k
þ

D2
jM

ej;j

( )

Substitute Equations (C6) into Equation (C5), we have

’VVj4 �
Xj�1

k¼1

ðckz2k þ ekÞ þ zjzjþ1 � cjz
2
j þ ej;y

Xp
k¼1

*yy2kp
P2

k

þ e
j; ’#yy#yy

Xp
k¼1

’#yy#yy2k
M2

k

þ
Xj
k¼1

ej;k
D2
k

D2
kM

4 �
Xj
k¼1

ðckz2k þ ekÞ þ zjzjþ1

where ej ¼ pej;y þ pe
j; ’#yy#yy

þ
Pj

k¼1 ej;k: Finally, from Equation (C4), the dynamic model of zj is

’zzj ¼ �zj�1 � cjzj � sjzj þ zjþ1 þ wT
j
*yyp �

@aj�1

@#yy
’#yy#yyþ Dj �

Xj�1

k¼1

@aj�1

@xk
Dk

Step n: For step n; the above procedure still applies. However, the virtual control will be used
as the control law; i.e. u ¼ an and znþ1 � 0: Given Vn ¼ Vn�1 þ 1

2
z2n; it can be shown that

’VVn4�
Pn

k¼1 ðckz
2
k þ ekÞ and

’VVn4� knVn þ ke ðC7Þ

where kn ¼ 2 mink ðckÞ and ke ¼
Pn

k¼1 ek: Note that both kn and ke are positive constants. Since
Vn is positive, it is clear from Equation (C7) that Vn converge to the set fVn : Vn4ke=kng with
an exponential rate larger than or equal to kn: As a result, the transient tracking accuracy and
steady-state tracking accuracy can be tuned by adjusting kn and ke=kn; respectively (however,
they also affect Vnð0Þ; see [4] for details about a technique to keep Vnð0Þ constant). Furthermore,
from Equation (C7), zi are bounded. As a result, all states of the system are bounded. To obtain
Equation (8), we simply combine the zj dynamics from each step. &

APPENDIX D: PROOF OF LEMMA 3

Owing to space limitation, we will consider only the case of a least-square update law. This
proof can be applied for the gradient update law with minor modifications. To prove (1) and (2),
let

V ¼
1

2
*yyTG�1 *yyþ

Z
c0

Xn
k¼1

1

2
*ee2k ðD1Þ
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where Z > 1 and c0 ¼ mini ðciÞ:Differentiating Equation (D1) and apply Equations (16), (19) and
(15), we have

’VV4 � *yyTG�1 ’#yy#yy�
1

2
*yyTG�1 ’GGG�1 *yy� Z *eeT *ee

4 � *yyTmð#yyÞ � *yyTYðOeÞ þ
f
2
*yyTOOT *yy� Z *eeT *ee

From Fact 3 and Equation (14), we obtain

’VV4� mð#yyÞTmð#yyÞ � *yyTYðOeÞ þ
f
2
ðe� *eeÞTðe� *eeÞ � Z *eeT *ee ðD2Þ

There are two cases to be considered.

Case 1: When jOej4M0 (where M0 is the bound of the magnitude of Yð Þ), Equation (D2)
becomes

’VV4� mð#yyÞTmð#yyÞ � *yyTOeþ 1
2
eTe� eT *ee� Z� 1

2

� �
*eeT *ee

since f ¼ 1 in this case. Using Equation (14), we obtain

’VV4� mð#yyÞTmð#yyÞ � Z� 1
2

� �
*eeT *ee� 1

2
eTe ðD3Þ

Case 2: When jOej > M0; we have

’VV4� mð#yyÞTmð#yyÞ � *yyTOe
M0

jOej
þ

f
2
ðe� *eeÞTðe� *eeÞ � Z *eeT *ee

Since f ¼ M0=jOej in this case, using Equation (14), we have

’VV4 � mð#yyÞTmð#yyÞ � ðe� *eeÞTefþ
f
2
ðe� *eeÞTðe� *eeÞ � Z *eeT *ee

4 � mð#yyÞTmð#yyÞ �
f
2
eTe� Z�

f
2

� �
*eeT *ee

Since f41; Cases 1 and 2 can be combined to obtain

’VV4� mð#yyÞTmð#yyÞ �
f
2
eTe� Z� 1

2

� �
*eeT *ee ðD4Þ

Since e and O are bounded (Lemma 2), there exists a constant m such that 05m5f=2: Equation
(D4) implies that ’VV4� mð#yyÞTmð#yyÞ and ’VV4�meTe: These two equations imply that both mð#yyÞ 2
L2 and e 2 L2: To see that, integrate both side of the second equation to obtainZ 1

0

eTe dt4
1

m
fVð0Þ � Vð1Þg

which is obtained by dividing the integral into interval not including reset points ðtrÞ and note
that at these points, we have

Vðtþr Þ � VðtrÞ ¼ 1
2
*yyTðG�1ðtþr Þ � G�1ðtrÞÞ*yyT

Since G�1ðtþr Þ ¼ I=r0 and G�1ðtrÞ5I=r0; it follows that Vðtþr Þ � VðtrÞ is negative and can be
dropped from the right side of the question. Since V is always positive and is non-increasing, its
limit ðVð1ÞÞ exists. As a result, we have that e 2 L2:
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(3) From Equation (16), we haveZ 1

0

’#yy#yyT ’#yy#yy dt4 2%llðGTGÞ
Z 1

0

mð#yyÞTmð#yyÞ þYðOeÞTYðOeÞ dt

4 2%llðGTGÞ
Z 1

0

mð#yyÞTmð#yyÞ dtþ
Z 1

0

eTOTOe dt
� �

4 2%llðGTGÞ
Z 1

0

mð#yyÞTmð#yyÞ dtþ %llðOTOÞ
Z 1

0

eTe dt

� �
Since mð#yyÞ 2 L2; e 2 L2; and G and O are bounded, we have

’#yy#yy 2 L2:
(4) Since e 2 L2; and *ee 2 L2; it follows from Equation (14) that OT *yy 2 L2: &

REFERENCES

1. Yao B, Tomizuka M. Adaptive robust control of a MIMO nonlinear system with guaranteed transient performance.
Proceedings of the 34th IEEE Conference on Decision and Control, New Orleans, LA, 1995; 2346–2351.

2. Yao B, Tomizuka M. Adaptive robust control of a class of multivariable nonlinear systems. IFAC World Congress,
vol. F, 1996; 335–340.

3. Yao B, Tomizuka M. Adaptive robust motion and force tracking control of robot manipulators in contact with stiff
surfaces. American Society of Mechanical Engineers, Design Engineering Division 1996; 91:143–150.

4. Yao B, Tomizuka M. Adaptive robust control of SISO nonlinear systems in a semi-strict feedback form. Automatica
1997; 33(5):893–900.

5. Yao B. High performance adaptive robust control of nonlinear systems: a general framework and new schemes.
Proceedings of the IEEE Conference on Decision and Control 1997; 3:2489–2494.

6. Yao B, Al-Majed M, Tomizuka M. High performance robust motion control of machine tools: an adaptive robust
control approach and comparative experiments. IEEE/ASME Transaction of Mechatronics 1997; 2(2):63–76.

7. Yao B, Bu F, Reedy J, Chiu GTC. Adaptive robust motion control of single-rod hydraulic actuators: theory and
experiments. IEEE/ASME Transactions on Mechatronics 2000; 5(1):79–91.

8. Xu L, Yao B. Adaptive robust control of mechanical systems with nonlinear dynamic friction compensation.
Proceedings of the American Control Conference 2000; 4:2595–2599.

9. Bu F, Yao B. Observer based coordinated adaptive robust control of robot manipulators driven by single-rod
hydraulic actuators. Proceedings}IEEE International Conference on Robotics and Automation 2000; 3:3034–3039.

10. Chantranuwathana S, Peng H. Force tracking control for active suspensions}theory and experiments. Proceedings
of the 1999 IEEE International Conference on Control Applications, Hawaii, vol. 1, 1999; 442–447.

11. Krstic M, Kokotovi P. Adaptive nonlinear design with controller-identifier separation and swapping. IEEE
Transaction of Automatic Control 1995; 40(3):426–440.

12. Krstic M, Kanellakopoulos I, Kokotovic P. Nonlinear and Adaptive Control Design. Wiley: New York, 1995.
13. Ioannou PA, Sun J. Robust Adaptive Control. Prentice-Hall lnc.: Englewood Cliffs, NJ, 1996.
14. Narendra KS, Annaswamy AM. Stable Adaptive Systems. Prentice-Hall: Englewood Cliffs, NJ, 1989.
15. Chantranuwathana S. Adaptive robust force control for vehicle active suspensions. Ph.D. Dissertation, University of

Michigan, 2001.
16. Alleyne A, Neuhaus PD, Hedrick JK. Application of nonlinear control theory to electronically controlled

suspensions. Vehicle System Dynamics 1993; 22:309–320.
17. Alleyne A, Hedrick JK. Nonlinear adaptive control of active suspension. IEEE Transactions on Control Systems

Technology 1995; 3(1):94–101.
18. Kim E. Nonlinear indirect adaptive control of a quarter car active suspension. Proceedings of the 1996 IEEE

International Conference on Control Applications, Dearborn, MI, September 1996; 61–66.
19. Rajamani R, Hedrick JK. Performance of active automotive suspensions with hydraulic actuators: theory and

experiment. Proceedings of the American Control Conference, June 1994; 1214–1218.

Copyright # 2004 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2004; 14:581–601

ADAPTIVE ROBUST CONTROL 601


