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a continuum treatment of growth in tissue

broad goals

2 mathematical and computational models of the processes of tisawelbpment

+ models that are physiologically appropriate and thermodyizatty valid
+ quantitative model motivated and validated by experiment

2 experiments on and characterization f vitro engineered tissue

+ model drives the controlled experiments
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a continuum treatment of growth in tissue

development of biological tissue

distinct processes of tissue developmeftaber - 1995]

2 growth { addition/loss of mass

+ densi cation of bone

2 remodelling{ change in microstructure

+ alignment of trabeculae of bones to axis of external loading

2 morphogenesi¢ change in macroscopic form

+ development of an embryo from a fertilized egg
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a continuum treatment of growth in tissue

physics of growth

2 open system with respect to mass
2 Interacting and interconverting species

2 gpecies di®using with respect to a solid phase

+ °uid, precursors, byproducts

2 mixture physics

our treatment involves the introduction of sources, sinks dnutes of mass
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a continuum treatment of growth in tissue

biological model

engineered tissuen vitro that is morphologically and functionally similar to
neonatal tissue [calve et al., 2003]
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a continuum treatment of growth in tissue

modelling background

2 cowin and hegedus [1976]: solid tissue; mass source; Iisdlersources of
momentum and energy from perfusing °uid

2 epstein and maugin [2000]: mass °ux; irreversible °uxes of raptum and
entropy

2 kuhl and steinmann [2002]: con gurational forces motivate maag
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a continuum treatment of growth in tissue

modelling of biological growth - this work

2 multiple species undergoing transport, interconversion, hasgcal and
thermodynamic interactions

2 other species deform with solid phase and di®use with respedt to |
2 fully compatible with mixture theory

2 detailed coupling of mechanics and mass balance

2 thermodynamic consistency

2 preliminary coupled computations
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a continuum treatment of growth in tissue

balance of mass
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2 tissue formed by reacting speciéssources and sinks for species

2 transport of precursors, °uid and byproducf{s°uxes for species
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a continuum treatment of growth in tissue

balance of mass - equations

for a specied] in local form, in- g

%%:: TirxemTgq=@:::;
the sources/sinks satisfy
s ' 1=0:
T=®
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a continuum treatment of growth in tissue

balance of mass - equations

for a specied] in local form, in- g

%%{@:“i rox oM,

for the solid phase
@%_, s
@t

ignoring short range motion of cells; e.qg., during initial seegof wound healing
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a continuum treatment of growth in tissue

balance of mass - equations

for a specied] in local form, in- g
%:: Tryem™ 89=®;:::;!
for the °uid phase
@ie_

@_irxwf

If sources for interstitial “uids are absent; e.g., no lymph gland
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a continuum treatment of growth in tissue

balance of linear momentum

=%

2 linear momentum balance coupled with mass transpprsources/sinks and
°uxes contribute to the momenta

2 material velocity relative to the soliV "= (1=)FM 1
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a specied] in local form, in- g
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a specied] in local form, in- g
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a specied] in local form, in- g
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a specied] in local form, in- g

relation between mass sources's and interaction forces"s,

X
(AaT+! V=0
=®
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a continuum treatment of growth in tissue

kinematics of growth
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a continuum treatment of growth in tissue

kinematics of growth

1
F=EFFY

. . . 1 T, . :
2 9" is a kinematic \growth" tensor ,F¢ = F °F° is the elastic deformation
gradient

\l
. e
2 residual stress due t&
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a continuum treatment of growth in tissue

energy, rst law

balance of energy for a speci$isin local form, in- g

&
Vg%ﬁ PIE+PTy xv“i I x ¢Qﬂ+ r3+ Vge'”i r xeﬂ(l:(M ﬂ)
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a continuum treatment of growth in tissue

energy, rst law

balance of energy for a speci$isin local form, in- g

&
1 %t: PEE+PYr xVvTir x eQM+ rl+ YAeli r xelem
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a continuum treatment of growth in tissue

energy, rst law

balance of energy for a speci$isin local form, in- g

&
1/3@@: PYE+Phr wVTir x ¢QT+ rl+ Ae"i r xelem )
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a continuum treatment of growth in tissue

energy, rst law

balance of energy for a speci$isin local form, in- g

&
Vg@@t: PLE+PYr x Vi r x ¢QMrl+ e’ r xelem )
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a continuum treatment of growth in tissue

energy, rst law

balance of energy for a speci$isin local form, in- g

&
Vg@@t: PLE+PYr x Vi r x ¢Q+ rf+%4e’i r xelem T
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a continuum treatment of growth in tissue

energy, rst law

balance of energy for a speci$isin local form, in- g
/g__ PLE+PYhr xVTirx ¢QM+rl+ deli r xelem T

where the interaction terms satisfy the relation,

x H H 1 1 l
AgTe(v + v+ T €T+ ékV+Vﬂk2 + el =0
=®
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a continuum treatment of growth in tissue

entropy, second law

. Tem T
s —i rx "¢M 7] 5

. . 1
X 1/3@‘" X Hps rx¢Qﬂ+rxH¢Qﬂ

combine rst and second laws to get the dissipation inequality
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a continuum treatment of growth in tissue

constitutive relations

constitutive hypothesise’ = &f(F el. Z )

constitutive relations consistent with the dissipation inequal

pi= %—eﬂ , + hyperelastic material
= @ﬂ; 81 + thermal physics
Q= i K% xp; 89 =+fourierlaw
uck u 08u 2 R® (semi-positive de nite conductivity
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for °ux of each transported species

U 1

MT=DT il/gFT%t+1/£FTg+ Firx ePVir x(ei u

u¢D'u, 08u2R3

+ D Vis the mobility
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for °ux of each transported species

U 1

MT=DT il/gFT%t+1/£FTg+ Firx ¢PTir x(e"i u

+ driving force due to inertia
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for °ux of each transported species

v 1

MT=D" i 1/£FT%+1/£FT9+ Firx ¢PTir x(e"i u

+ driving force due to gravity
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for °ux of each transported species

v 1

MT=DT ; 1/£FT%+ AFTg+F'r x ¢PTi 1 x(e"i pl

+ driving force due to stress gradient { darcy's law
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for °ux of each transported species

v 1

MT=D" i 1/£FT%+ AFTg+ Fr x ePTir x(e'i pl)

+ driving force due to a chemical potential gradient
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a continuum treatment of growth in tissue

reduced dissipation inequality

with the constitutive relations ensuring the non-positivenegscertain terms the
entropy inequality is reduced to

®F @&@% Tr VT4 14y T @/ﬂ )| 1 ﬂﬂ'ﬂ
D . /g@g/@.P vis Avic ot +(r xVYFiI vV
S S l
+ 1T el Zkv + vk
=® 2
x M @ i _ ¢ﬂ
© BV VD i rx P (v V) ARV ev o

=®
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a continuum treatment of growth in tissue

preliminary coupled computations

2 biphasic model

+ worm-like chain model for collagen
+ nearly incompressible interstitial °uid with bulk compressibility of watef = 2 :25 GPa

2 °yid mobility D " from swartz et al. [1999]

2 \arti cial" sources:
=K (Y% % ) V=]

ni

2 entropy of mixing:
. K !

mix — | m'og Ve
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a continuum treatment of growth in tissue

preliminary coupled computations
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a continuum treatment of growth in tissue

preliminary coupled computations - evolution of elds

view stress gradient-driven °ux

view gravity-driven °ux. view inertia-driven °ux
view concentration gradient-driven °ux

view total °ux

view stress

view °uid source
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a continuum treatment of growth in tissue

summary and further work

2 physiologically consistent continuum formulation descripigrowth in an open
system

2 relevant driving forces arise from thermodynamics { couglwith mechanics

2 consistent with mixture theory

+ formulated a theoretical framework for the remodelling preiul

+ engineering and characterization of growing, functional bgpéal tissue

+ ses, oct 1215, 2003



a continuum treatment of growth in tissue
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a continuum treatment of growth in tissue

biological model - morphological comparison

morphological comparison of the engineered constructs to 2 ddyneonatal rat
tendon

[calve et al., 2003]
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a continuum treatment of growth in tissue

biological model - mechanical comparison

comparison of the stress-strain response of the engineeoegtouct to embryonic
chicken tendon

[calve et al., 2003]
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a continuum treatment of growth in tissue

cauchy stress

1, .
cauchy stress)®¥%1= PTF " is symmetric
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a continuum treatment of growth in tissue

Worm-like chain model for solid collagen

L, A !
Nk r L r
Be(F < 15) = H s ;L
AN 2L 4L r=L) 4
b Ar _ !
Nk 2A 1 2 2
4" 2L=A L 41 2A=L)
B o T 2
2 =@ D+2°1.E®
—1q 2 €2 e2 2 e2. e_p e
M= a’, ¥+, 5+c25, ,i= N;¢"N,
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a continuum treatment of growth in tissue

Mass Balance - Equations

For a species, in the integral form
’ Z Z Z
n AKX ;0dv = X Hdv g M (X t) eN dA; 891= ®;:::;! (1)
- 0 -0 @ o

FD
14 being the mass concentration of speceand %4 = Y
E®

The sources/sinks satisfy

T=0: (2)

- ®
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a continuum treatment of growth in tissue

Balance of Linear Momentum - Equations

For a specie$| in the integral form written in- ¢ is

4 Z Z Z Z
m ANV +Vvhdv = Ygdv+ YUgldv+ | TV + vy
-0 -0 Z -0 Z -0
+ SIWNdA; (v+VvhMTeNdA  (3)
@ o @ o
X #
q'= q' (4)
#=®;#6
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a continuum treatment of growth in tissue

On application of balance of mass, in local form, for the entirstsyn

X @ X X
BV VD= Hg+alh+ 1 x ¢S]
o @ E® = ®
X
i rx(V+VvHMT (5)
E®
Relation betweer s andqg's,
(“Ag"+1 V=0 (6)

E®
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a continuum treatment of growth in tissue

Balance of Angular Momentum - Equations

2 |n a purely mechanical theory, balance of angular momenturplies3.= 34" .

2 For a single specie% in integral form in- o,

Z Z
% CENV VY = £+ g+ (v + vdv
- 0 'OZ
+ £ v+Vvh- MYNJAT)
@ o
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a continuum treatment of growth in tissue

On simpli cation,

00 1 1
Z Z
vedvidv = 2@es’i (v+Vvh- ' KFTKAV ()
o o I
On localizing,
lar. 1 IPIR LIS SR D T 1y, 10T
sty vi- Arity T ET = F 'St vi. UAFi ty (9)

But, (V- FIiVvhFET = v v which implies the symmetryS"TF T = F(ST)T

This implies the partial Cauchy stresses are symmet#¢:= (3T
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a continuum treatment of growth in tissue

Balance of Energy - Equations

42 v 1 Z
n 1A el + ékv+vﬂk2 dv = Mge(v +VH+ rlydv
-0 -0 Z
+  YAgTerv + vidv
Z u M 1 7 T T
+ T el ékV+V'"k2 + 4" dv
Z W o T 1

1
+ V+VvhesT; mT el+ ékv+v“|<2 i Q1 ¢N dA; (10)
@ o
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a continuum treatment of growth in tissue

On simpli cation localizing, and summing over ll

3
X @& — 1. 1. T. )l ) T
1%—— S.F_+S.rxV|rx¢Q+ro+1/£e
= ® @t = ®
X
i r xel¢(M (11)
=®

Whereel satis es the relation,

Il u i l l
AgTerv + v+ T el+ ékv+v“k2 + e =0 (12)
=®

+ ses, oct 1215, 2003



a continuum treatment of growth in tissue

The di®erent terms - Mechanics

In the reference con guration o,

! Tis the source/sink term for speciefs

M "is the mass °ux term for specidf

S'is the partial st Piola-Kirchho® stress on specigs
N is the outward normal at the surface

g is the body force acting on the entire system
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a continuum treatment of growth in tissue

The di®erent terms - Mechanics

In the current con guration- ¢,

Yl is the source/sink term for speciefs

m Vis the mass °ux term for speciefs

¥ is the partial Cauchy stress on specls

n is the outward normal at the surface

g is the body force acting on the entire system
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a continuum treatment of growth in tissue

The di®erent terms - Mechanics

V is the velocity of the solid phase
V Tis the material velocity relative to the solid phase de nedas$= (1 =4)FM 1
q" is the net force exerted on specifidy all other species in the system
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a continuum treatment of growth in tissue

The di®erent terms - Energy

e' is the internal energy of each specigs

F is the deformation gradient

Q'is the heat °ux term for specie$§

rl is the heat supplied to specidigoer unit reference volume

e is the internal energy transferred to specffom all other species
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